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Abstract

This paper investigates the existence of minimal and maximal solutions of periodic boundary
value problem for first order impulsive integro-differential equations of mixed type by establishing
a comparison result and using the method of upper and lower solutions and the monotone iterative
technique.
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1. Introduction

Differential equations with impulses provide an adequate mathematical model of many
evolutionary processes that suddenly changg Btate at certain moments (see [1,2,4-10]).
In this paper, we consider the periodic boundary value problem for first order impulsive
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integro-differential equations of mixed type (PBVP),

x'(t) = f(t,x@), [Tx](0), [Sx](t)), t#u, tel,
Ax(ty) = I (x(t)), k=12,...,p, Q)
x(0)=x(2m),

wheref € C(J x R x R x R, R), J =[0,2r], I € C(R, R), Ax(ty) = x(t;}) — x (1),
Wherex(t,j) andx(t, ) denote the right and left limits of (1) atr =# (k=1,2,..., p),
O<h<tr< - <fh<---<tp<2m,

t

2
[Tx](t):/K(t,s)x(s)ds, [Sx](t):/H(t,s)x(s)ds,
0 0
KeC(D,Ry),D={(t,s)eJ xJ:t>s}, HeC(J x J,Ry), Ry =[0, +00).

Monotone iterative technique coupled with the method of upper and lower solutions
has been widely used in the treatment of existence results of initial and boundary value
problems for nonlinear differential equationgecent years (see [3—11]). The basic idea is
that using the upper and lower solutionsaawsinitial iteration one can construct monotone
sequences from a corresponding linear problem, and these sequences converge monotoni-
cally to the minimal and maximal solutions of the nonlinear problem. When the method is
applied to impulsive differential equations, it usually need a suitable impulsive differential
inequality as a comparison principle.

The results in the paper are inspired by D.J. Guo, V. Lakshmikantham, and X.Z. Liu
in [6], X.Z. Liu and D.J. Guo in [7], Y.B. Chen and W. Zhuang in [11]. In Section 2, we
establish a comparison pripte, i.e., Lemma 2.2. In Section 3, we discuss the existence
and uniqueness of the solutions for a linear periodic boundary value problem for impul-
sive integro-differential equation, i.e., Lemmas 3.1, 3.2. Finally, by use of the monotone
iterative technique and the method of upper and lower solutions, we obtain the existence
theorem of extremal solutions for PBVP (1).

2. Preliminariesand comparison principle

Let PC(J,R) = {x: J — R, x(t) is continuous everywhere except somet which
x(t) andx(t]j') exist andx(z, ) = x(t)}. Evidently, PC(J, R) is a Banach space with
norm |lx| pc = SURe, Ix(®)|. Let J' = J\{t1, 2, ..., 1}, 2 = PC(J,R) N CX(J', R).
A functionx € £2 is called a solution of PBVP (1) if it satisfies (1).

Let ko =max{K (t,s): (t,s) € D}, ho=max H(t,s): (t,s) € J x J}. We list the fol-
lowing assumptions for convenience:

(Ag) There exist functiona, 8 € 2, a(t) < B(t) (Vt € J) such that
o (1) < f(t,a(0), [Tal@), [Sa)(t) =1, t#t, t€], @)
Aa(ty) < Ir(a(ty)) — gk, k=12,...,p,
and

{ﬂ’(t) z [, B0, [TBID), [SBI(D) +1p, tF#u, 1€, 3)
AB (1) Z I (B(1) + Lpx, k=1,2...,p,
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where forM > 0,N1 >0,N>>0,0< Ly <1 (k=1,2,...,p), andr,, 78, Lk, lak
(k=1,2,..., p) are given by

0, if 2(0) < a(27),
T = { (Ml | Nako® 4 7 N o) [a(0) — a(2)], if @(0) > (2),
_|G if B(0) > B(2n),
= { (M2 | Nako'® 4 7 Noo)[B(27) — BO)], if B(O) < B(27),
0, if «(0) <a(27),
bk =\ Litk [4,(0) — a(2m)],  if (0) > (2),
L if B(0) > p(2n),
PE= | B 1B2n) — BO)],  if B(O) < B(2n),

that is,a(r) andB(¢) are lower and upper solutions of PBVP (1), respectively.
(A1) Thefunctionf € C(J x R x R x R, R) satisfies

f(t,u,v,w)—f(t,zZ,f),u_))2—M(u—zZ)—Nl(v—f))—Nz(w—II)),

wheneverx(t) < i < B), [Talt) < v < [TBI@), [Sa](t) S w s w <
[SB1(t), t € J, whereM >0,N1>0,N> > O.
(A2) The functiongl; € C(R, R) satisfy

I (x) — I () 2 —Lg(x — y),
whenever () < y<x < B (k=21,2,...,p),and0< Ly <1 (k=1,2,..., p).

Lemma 2.1 [1]. Assume that

(Bo) the sequencfy} satisfied o<t <tr<--- <ty <---Withlimg_, o0 tx = +00.
(B1) m € PCY(Ry, R) is left continuous af fork =1,2, ....
(B2) fork=1,2,...,t > 1o,

m'(t) < pOm(t) +q@), t#un,  m(t") <dimn) + b,
wherep, g € C(R4, R), d; > 0andby are real constants.

Then,

t

m(t) < m(to) ]_[ dkexp</p(s)ds) / ]_[ dkexp</p(o)d6)q(s)ds

o<t <t 10 s<trp<t

+ > Il & exp(/p(s)ds>bk.

o<ty <t tp<tj<t

Lemma22. Letxp=0, 1,11 =27. Assume thak < $2 satisfies

m'(t) < —Mm(t) — N1[Tm](t) — No[Sm](t) —rpp, t#t, t€J, )
Am () < —Lim (1) — Lk, k=1,2,...,p,
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where constant3/ >0, N1 >0, N2> 0,0< Ly <1 k=1,2,...,p), andry,, Ly (k=
1,2,..., p) are given by

(o if m(0) < m(2n),

Fm = { (Ml | Nﬂ]?tz + 7 Naho)[m(0) — m(2m)],  if m(0) > m(2r),
% if m(0) <m(2n),

ke = ZL:[m(O) ~m@m)], it m©) > m(2n).

1—Ly))?
Mﬁl(leO + Nzl’lo) (e4JTM — 1) < {H0<tk<2n'( k)}

= 2

; (5)
0 [li<q<2r(1—Li)ds

thenm(t) <Oforre J.
Proof.

Casel. m(0) < m(2n). Letu(r) = m(t)eM! fort € J. Thenu € £2 satisfies

u'(t) < —N1 fé k*(t,s)u(s)ds — N2 027r h*(t,)u(s)ds, t#t,teJ,
Au(ty) < —Liu(ty), k=12....p, (6
u(0) < u(2m)e ™M,

wherek*(t, s) = K (t, )eM=) n*(t,s) = H(t, s)eM=%) . We now prove
u(t) <0 forrel. (7)

Assume that (7) is not true. Then, there are two cases:

(a) there exists] e J such that(s}) > 0, andu(z) > 0 fort e J;
(b) there exist;, t5 € J such thau(z}) > 0 andu(z5) < 0.

In case (a): (6) implies that

u'(t) <0, t#ty, t€J,
Au(ty) <0, k=21,2,...,p.

This means that(z) is nonincreasing iy, and therefore

u(0) = u(ty) > 0, (8)
and

u(0) > u(2w) > u(0)e”™ > 0, 9)

which contradicts (8).



12 Z.He, X. He / J. Math. Anal. Appl. 296 (2004) 8-20

In case (b): letink; u(r) = —x. Theni > 0, and there exists < 5 < ;41 for somei
such thatu(t;) = —A or u(ti+) = —X. We may assume thafz;) = —A (since, in case of
u(t;h) = —A, the proof is similar). From (6), we have

t 2
u' (1) gkleO/eM(’_S)ds+AN2h0/eM(’_S)ds <AMo, t#t, tel,
0 0

whereMo = M~Y(N1kg + Nohg)(eZ™™ — 1).
Consider the inequalities

u' (1) < AMo, t#1, t €ty 2],
u(t) <A—Lu@w), k=i+1i+2,...,p,
and Lemma 2.1 implies

uy <u(g) [ @-Lo+ [ J] @-LotMo)ds. (10)

#
15<tp<t i s<tp<t

Lets =2m in (10), then
2
u@r) < —x ]_[ (1— Ly) + AMo ]_[ (1— Ly)ds. (11)
15 <tk <2m i s<tp<2m
If u(27) > 0, then (11) gives
- l_[t6‘<tk <27 (1= Ly) S H0<tk<2n(l —Ly)
ftogn H5<tk<27r (1—Ly)ds fOzn 1_[5<tk<271(1_ Li)ds

which contradicts (5). So, we hau¢2r) < 0, and by (6)1(0) < u(27)e~¥™M < 0. Hence

0<1tf <2m. Lett; <t] <tjiq1 for somej.
We first assume thaf < 1. Soi < j. Letr =] in (10), then

Mo (12)

"
y

O<uth)<-» [] A-Lo+ | ] @-LoGMo)ds, (13)

1o <tk <ty g sk <tf
which gives
. Ht5‘<tk<tf(1 —Ly) N ]_[0<tk<2n (1-Lyp)
JE e @ Lo ds Jo Ty = Lo ds’

and this contradicts (5).
Next we assume thaf < 5. So j <i. Consider the inequalities

u'(t) < AMo, t#t, tel,
u(td) <A—Lou(n), k=12,...,p,

Mo
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and Lemma 2.1 implies

u)y <u©) [] A-Lo+

O<t <t

Letr =17 in (14), then

O<u(f) <u© [] (A—Li)+rMo

*
O<ty<tf

which implies

u(0) ]_[ (1— L) > —AMo

*
O<tr<tf

By (6), we obtain

*

Iy
—AMp

0 O<tx<ty

From (11), (16), we have

X
I

t
/ ]‘[ (1— L) (AMo) ds.
0

s<tp<t

*

I
[T a-zoas,
0 S<tk<t]
q
]_[ (1— Ly)ds.
0 S<tk<ty

]_[ (1— Ly)ds <u(@n)e~ &M ]_[ (1—Ly).

*
O<ty<tf

—)\MO/ ]_[ (1—Ly)ds <e &M ]_[ (1—Lk){—k ]_[ (1—Ly)

*
0 S<t<t]

or

[T a-o ] a-

O<tp<tf 15 <tk <2m

Hence

{ I1 (1—Lk)}2< [T a-zo ]

*
O<ge <t

O<t <27

O<t<tf 15 <tk <2m
2n
+aMo | ] (1—Lk)ds},
@ s<ty<2m
2
Lo<Mo [] a-Lo [ J] @-Lods
O<te <ty o s<ty <21
0
i
+ Moe”™ | ] (- Luyds.
0 S<tk<ty

A-Ly [] @-Lo

15 <tk <2m O<n <27

13

(14)

(15)

(16)



14 Z.He, X. He / J. Math. Anal. Appl. 296 (2004) 8-20

2n

<Mo [] a-Lo [ @a-o | J] @-rLods

O<t<tf O<t <27 « S<lp<2m

fo
"
Iy

+ MoeZ™ ]_[ (1—Lyp) ]_[ (1— Ly)ds

O<f <27 0 S<tk<t]
2
< Mo(e”™ 4-1) ]‘[ (1— Ly)ds,
0 s<tp<2m

which contradicts (5). This proof is complete in the cag@) < m(2x).
Case2.m(0) > m(2r). Letm(t) = m(t) + g(r), where

80 = o [m(© = m(@n)]
then

g(0) =0, g2r)=m@O0) —m2rx), and g)>0 forreJ.
Hence, we have

m(0) =m(0) =m(2r) + g(2n) = m((2r),
and

m' (1) =m'(t) + g'(t)
< —Mm(t) — N1[Tm](t) — N2[Sm](¢)
Mit+1  Nikot?
B ( 2 + 4
= —Mi(t) — Na[T(0) — Nal S (1)
t
+N1/K(t,s)%[m(0) — m(2m)]ds
0

1
+ nNzho) [m(0) —m(2m)] + Z[m(O) —m(2m)]

2
+ Nz/ H(t.)5=[m(©0) —m(2m)]ds
0

2
_ (N tko” nNzho) [m(0) — m(2m)]
A

< —Mim(1) — N1i[Tm](1) — N2[Sm](1), t#u, 1€,

L
A1) = Am (1) < ~Lim(t) = - [m(©) = m(2m)]

=—Lm(ty), k=1,2,...,p.
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In view of Case 1, we see thait(r) <0 fort € J. Thereforem(t) <0 forr € J. Thus the
proof of Lemma 2.2 is complete.O

Corollary 2.1. Let§ = max{ty — tx—1: k=1,2,..., p + 1} (whererg =0, 1,41 = 2r).
Assume thain € 2 satisfies(4), and constantsyf > 0, Ny >0, N2 >0,0< Ly <1
k=121,2,...,p). If

I1_,(1—Lo)?

M~ (N1ko + N2ho) (e”™ — 1) < : (17)
( ) 1"'25:11_[11::;1(1_ L)
thenm(t) <Oforte J.
Proof. Assume that inequality (17) holds, we have
2 p Int1
]_[ (1—Ly)ds =Z / ]_[ (1—Ly)ds
0 S<tk<2m n=0 o+ s<ty<2m
p p
=Y [1A- Lo —ta1) + (tpra—1p)
n=1k=n
p p
<5{1+Z]_[(1—Lk)}. (18)
n=1k=n

Using (17) and (18), we see that inequality (5) holds. So, Lemma 2.2 yields: thp& O
forreJ. O

3. Linear periodic boundary value problems

Consider the following periodic boundary value problem for a linear impulsive integro-
differential equation (PBVP):

w'(t) + Mu(t) = —N1[Tul(t) — No[Sul(t) + o (1), t#tk, teJ,
Au(ty) = —Lgu(tp) + Ik (n (1)) + Lin (1), k=1,2,...,p, (19)
u(0) =u2r),

where constant$/ > 0, N1 >0, N2>0,and 0< Ly <1 (k=1,2,...,p), [ € C(J,R)
(k=1,2,...,p),0 € PC(J,R),andn € £2.

Lemma 3.1. u € £2 is a solution of PBVR19)if and only ifu € PC(J, R) is a solution of
the following impulsive integral equation

2n
u(t) = / G(t,5){o(s) — N1[Tul(s) — N2[Sul(s)} ds
0

+ Y G ) (—Liu) + Ie(n@) + Lin(®)), ¢ € J, (20)
O<t <27
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where

1 —M(t—s)
G(t,s) = {e ) 0<s <t <2,

1—e2TM | o~MCrti=s) <t <s < 2m.
Proof. Assume that: € £2 is a solution of (19). By the variation of parameters formula,
we get
t
u(t) = u(@e M + / e MU= (s) — N1[Tul(s) — Na[Sul(s)} ds
0

+ 3 MO (L) + I (n(@0) + Lin () (21)

O<t <t

Settingr = 27 in (21) and using the boundary conditie0) = u(27), we obtain

2
1
w0 =1—— {f e M@ =) (5 (s) — Na[Tul(s) — No[Sul(s)) ds
0

£y e Lku(tk)+1k(77(tk))+Lk77(tk))}' (22)
O<n<2m

Substituting (22) into (21), we see that PC(J, R) satisfies (20).
If u e PC(J, R) is a solution of (20), then € C1(J’, R) and

{ u'(t) + Mu(t) = —N1[Tul(t) — No[Sul(t) + o (1), t#ni,tel,
Au(ty) = —Liu(ty) + Ie(n(t)) + Lin (), k=12,...,p

Settingr = 0, 2t in (20), respectively, we have

2
ur) = H;—ZWM {/ e M@ =) (5 (s) — Na[Tul(s) — No[Sul(s)) ds
0

n Z o M@r— tk) (=Liu() + Ik (n() + Lk’?(tk))}

O<t <21

=u(0).

Thereforeu € 2 is a solution of (19). Thus Lemma 3.1 is provedi

Lemma 3.2. Assume that > 0, N1 >0, N2 >0,and0< Ly <1 (k=1,2,..., p),
IyeCU,R) (k=1,2,...,p),0c € PC(J, R), n € 2, and the following inequality holds

21 M~ (N1ko + N2ho) + 7— 537 Z Ly <1 (23)

Then PBVR19) possesses a unique solutionsn
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Proof. For anyu € £2, consider the operatdr defined by the formula

2
(Fu)(1) = / G(t,9){o(s) = Na[Tul(s) — Na[Sul(s)} ds
0
+ Y G ) (—Leu(t) + Ie(n() + Lin(w), 1€ J.
O<itp <27

ThenFu e $2,i.e.,.F2 C 2.
For everyu,v e £2,t € J, we have

2

|(Fu)(®) — (Fu)(@)| < / G(t,5){No|[[Tul(s) — [Tv](s)|
0
+ No|[Sul(s) — [Sv](s)|} ds
+ Y Gt ) Lifu) — v(w))|

O<t <21

- 1 5
< {271M l(le0+N2h0)+msz}”M—U”PC-
k=1

Hence

| Fu — Fvllpc = sujq(Fu)(r) — (Fo)(0)| < allu — vl pc,
te

where
1 p
o = 2n MY (N1kg + Noho) + (i Z Ly <1
k=1

Thus the operatoF is a contraction oif2. That is, there is a unique element §2 such
thatu = Fu. This u is the unique solution of PBVP (19). The proof of Lemma 3.2 is
complete. O

4, Main result

Theorem 4.1. Assume that conditionsig)—(A2) hold and the inequalitieg5) and (23)
hold. Then, there exist monotone sequeneg&)}, {8, (t)} with ¢g = «, Bo = B such that
iMoo @ (1) = p(2), liM,— 00 B (t) = r () uniformly onJ, andp, r are the minimal and
the maximal solutions of PBVR), respectively, such that

QLo Loy KPpSKXxSrB < <P P1<Po onlJ,

wherex is any solution of PBVR1) such thatx(r) < x(z) < () on J.
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Proof. Let [a, B8] = {x € £2: «a(t) < x(¢t) < B(t), t € J}. For anyn € [«a, B8], consider
PBVP (19) with

o) = f(t,n@), [Tnl(®), [Sn)(®)) + Mn(t) + N1[Tn](t) + N2[Sn] ().
By Lemmas 3.1 and 3.2, PBVP (19) possesses a unique solutiofe. We define an
operatorA by u = An, then the operatof has the following properties:

() o <A, AB < B;
(i) A is monotone nondecreasing i, 8], i.e., for anyni, n2 € [«, 81, n1 < n2 implies
An1 < Ana.

To prove (i), sein = ag — a1, Whereas = Aag, thenm(0) — m(2m) = ap(0) — o(27)
sincea1(0) = a1(27), and
m' (1) = ah(t) — o} (1)
< f(t, a0(®), [Taol(t), [Saol(t)) — rag
—{=Max(t) — N1[Ta1](t) — N2[Sa1](r)
+ f(t, 20, [Tl (1), [Saol (1)) + Mao(t) + N1[Taol(t) + No[Seol (1) }
=—Mm(t) — N1[Tm](t) — No[Sm](t) — 1y, tFt, tE€J,
Am(ty) = Aap(tr) — Ao ()
< Do) — lagk — [—Lrea () + I (o)) + Lreo(t) |
=—Lim(ty) =Lk, k=1,2,...,p,
wherery,, i, lagk, Imk (k=1,2, ..., p) are given by
0, if m(0) <m(2m),
fao = Im = { (Mitd | Niko® 4 7 No o) (m(0) — m(27)], if m(0) > m(27),
0, if m(0) <m(2m),
laok =k =) Lk [;(0) — m(27)],  if m(0) > m(2r).

By Lemma 2.2, we geti(r) <0onJ,i.e.,a < Ax. Similar arguments show thatg < 8.
To prove (ii), letny, n2 € [a, B] such thaty; < n2 onJ and setm = u1 — uz, where
u1 = An1, u2 = Anz. Using (A1), (A2), and (19), we get
m'(t) = u'l(t) — u/z(t)
= {—Mu1(t) — N1[Tu1](t) — N2[Su1l(t) + f (. n1(0), [Tn1l(®), [Sn1l(2))
+ Mn1(t) + N1[Tn1)(t) + N2[Sn1] (1)}
— {=Muz(1) — N1[Tuz](t) — N2[Suz](t)
+ f(t, m200), [Tn21 (1), [Sn21(1)) + Mn2(t) + Na[Tn2l(t) + Na[Sn21(1) }
< —Mm(t) — Ni[Tm](t) — N2[Sm](1), tF1t, t€J,
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Am(1) = Aur(ty) — Auz(ty) = [—Liua (i) + I (n1(@)) + Lina (@) ]
— [~ Lru2t) + I (n2(tx)) + Lin2(t) ]
g _Lkm(tk)s k=1721"'1p1
and it is clear thain(0) = m(27). In view of Lemma 2.2, we have:(r) < 0 on J, that
is,us <ugzonl.

It is now easy to define the sequendes(r)}, {8, (¢)} with ap = @, fo = B such that
A1 = Aay, Bur1=AB, (n=0,1,2,...). From (i), (ii), we obtain

ap <o <o <Koy <P <K PP Po ond,

and eachy,, 8, € 2 (n=1, 2, ...) satisfies

2
o (1) = f G(t, $){on-1(s) — Na[Tan](s) — Na[Se, 1(s) } ds
0
+ Y G (~Lean @) + I(an-1(0) + Lian-1()), 1€ J,
O<t <27
2
B(t) = f G(t,5){Gn-1(s) — N1UTBul(s) — N2l SBal(s)} ds
0
+ Y G (—LiBa() + I (Bu-1(1)) + LiBu-1(1)), 1€ J,
O<t <21

where

on—1(t) = f(t, an—1(0), [Tatn—11(t), [Satn—1](t)) + May_1(t) + N1[Tetp—11(2)
+ No[San—11(2),
Gn-1(t) = f(t. Ba—1(t), [TBn-11(1), [SBu—1](t)) + MB,_1(t) + N1[TBn—11(r)
+ Na[SBn—11(1).
Therefore there exigt, r such that lim_ o o, (1) = p(2), liMy— 00 Bn (t) = r(¢) uniformly
onJ. Clearlyp, r satisfy PBVP (1). To prove that, r are minimal and maximal solutions
of PBVP (1), letx (z) be any solution of PBVP (1) such thatk [«, 8]. Suppose that there

exists a positive integersuch thaty, (1) < x(¢) < B,(¢t) onJ. Then, settingn = o, +1 — x,
we have

m'(t) = o, 1 (1) — x'(1)
={—Mayny1(t) — N1[Tans11(t) — N2[Sou41](2)
+ f(t, an(0), [Tan] (), [San (1))
+ Mot (t) + Na[T o (1) + Na[Se, 1)} — £ (2. x(2), [Tx](2), [Sx](2))
< — Mm(t) — Ni[Tm](t) — No[Sm](t), t# 1t t € J,
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Am(ty) = Adp41(tx) — Ax (1)
= [~ Lot 1(t1) + I (n (1)) + Lien (1) ] — Ik (x (%))
<—Lim(ty), k=12,...,p,

m(0) =m(2m).

By Lemma 2.2, it follows thain(r) < 0 on J, that is,a,4+1(¢) < x(¢) on J. Similarly,
we obtainx () < B+1(t) on J. Sinceap(t) < x(¢) < Bo(r) on J, by induction we get
a, (1) < x(t) < Bu(t) onJ for everyn. Therefore, we obtaip (1) < x(t) < r(t) onJ by
taking limit asn — oco. The proof of Theorem 4.1 is completen
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