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Abstract

We consider the boundary value problems: (¢, (x'(1))) + g @) f(z,x(#),x(t — 1),x' (1)) =0, ¢p(s) =
Is|P=2s, p>1,1€(0, 1), subject to some boundary conditions. By using a generalization of the Leggett—
Williams fixed-point theorem due to Avery and Peterson, we provide sufficient conditions for the existence
of at least three positive solutions to the above problems.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we consider the existence of triple positive solutions for the delay differential
equation with one-dimensional p-Laplacian

(6p (') +q@) f(t, x(0), x(t — 1), x' (1)) =0, 1€ (0, 1), (1.1)
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subject to one of the following two pairs of boundary conditions:

{x(t)=€(t), —1<r<0, (12)
x(1) =0,
{x(t)zé(t), —1<r<0, (13)
x'(1) =0,

where ¢, (s) = Is|P~2%s, p > 1. By positive solution to the above problems, we mean a function
x(t) that is positive on 0 < ¢t < 1 and satisfies the differential equation (1.1) and the boundary
conditions (1.2) or (1.3), respectively.

In recent years, there has been much attention focused on the existence and multiplicity of pos-
itive solutions for nonlinear ordinary differential equations and functional differential equations,
see [5—17] and references therein. The Guo—Krasnosel’skii fixed point theorem [1,2], Leggett—
Williams fixed point theorem [3], and a generalization of Leggett—Williams fixed point theorem
due to Avery and Peterson [4] play an important role in the above studies.

In [12], Bai et al. studied the two-point boundary value problems by using a generalization of
Leggett—Williams fixed point theorem [4]

") +q@) f(t,x(0),x'(1)) =0, te(0,1),

x(0) =0=x(1),

x(0)=0=x'(1).

Very recently, with the same method, Shu and Xu in [13] investigated the problem

") +q@) f(t,x@),x' ¢t —1)=0, te(0,1),
x()=§0), —-1<r<0,
x(1)=0.
Jiang [14] used a fixed point index theorem in cones to study the existence of at least one
positive solution for the problem
x"(t) + f(t,x(t — r)) =0, te(,1), >0,
x®) =0, —-t<r<0,
x(1)=0.
In [15], Bai et al. considered the existence of multiple positive solutions for the one-
dimensional p-Laplacian boundary value problems

(¢p (') +q@) f(t. x(0),x' (1)) =0, 1€(0,1),
agp(x(0)) — B, (x'(0) =0,  yd,(x(1)) + 8¢, (x'(1) =0,

and
(6, (x'()) +q@) f(t. x(0),x' (1)) =0, 1€(0,1),
x(0) — g1 (x"(0)) =0,  x(1) + g2(x'(1)) =0.

The author [16] studied the boundary value problems
(6o (x' ) +q@) f(t,x(1),x' (1)) =0, 1€(0,1),
x(0) =0=x(1),

x(0) =0=x'(1).
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By using a Leary—Schauder alternative and the Guo—Krasnosel’skii fixed point theorem, Jiang
et al. [17] established the existence of single and multiple nonnegative solutions to the problem

(6p(x' D)) +qO) f(t,x(t — 1)) =0, 1€, D\ {z},
x()=§&@1), —-t<r<0,
x(1)=0.

Motivated by the above works, we investigate the problems (1.1)—(1.2) and (1.1)—(1.3). Our
main results will depend on an application of a fixed-point theorem due to Avery and Peterson [4].

For the convenience of the reader, we present here the necessary definitions from the theory
of cones in Banach spaces.

Definition 1.1. Let E be a real Banach space. A nonempty convex closed set P C E is said to be
a cone provided that

(i) au e P forallu € P and all @ > 0 and
(i) u, —u € P implies u = 0.

Note that every cone P C E induces an ordering in E givenby x < yif y —x € P.

Definition 1.2. The map « is said to be a nonnegative continuous concave functional on a cone
P of areal Banach space E provided that o : P — [0, 00) is continuous and

a(tx +(1— t)y) >ta(x)+ (1 —ta(y)

forallx,ye Pand 0 <r < 1.
Similarly, we say the map B is a nonnegative continuous convex functional on a cone P of a
real Banach space E provided that 8: P — [0, oo) is continuous and

Blrx + (1 =1)y) <1Bx) + 1 =0)B(y)
forallx,ye Pand 0 <t < 1.

Definition 1.3. An operator is called completely continuous if it is continuous and maps bounded
sets into pre-compact sets.

Let y and 6 be nonnegative continuous convex functionals on P, o be a nonnegative contin-
uous concave functional on P, and i be a nonnegative continuous functional on P. Then for
positive real numbers a, b, ¢, and d, we define the following convex sets:

P(y,d)={xeP|yx) <d},

P(y.a.b,d)={x e P|b<a(x), y(x)<d},

P(y,0,a,b,c,d)={x € P|b<a(x), 6(x)<c, y(x)<d}
and a closed set

R(y,¥,a,d)={x e Pla<yx), y(x)<d}.

The following fixed-point theorem due to Avery and Peterson is fundamental in the proofs of
our main results.
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Theorem 1.1. [4] Let P be a cone in a real Banach space E. Let y and 6 be nonnegative
continuous convex functionals on P, o be a nonnegative continuous concave functional on P,
and ' be a nonnegative continuous functional on P satisfying ¥ (Ax) < Ay (x) for 0 < A <1,
such that for some positive numbers M and d,

ax)<Y(x) and x| <My (), (1.4)

for all x € P(y,d). Suppose T : P(y,d) — P(y,d) is completely continuous and there exist
positive numbers a, b, and ¢ with a < b such that

S1) {xe P(y,0,a,b,c,d) |a(x) > b} #Dand a(Tx) > b forx € P(y,0,a,b,c,d);
(82) a(Tx)>bforxe P(y,a,b,d) with0(Tx) > c;
(S83) 0¢ R(y,v¥,a,d) and ¥ (Tx) <a for x € R(y, ¥, a,d) with Y (x) =a.

Then T has at least three fixed points x1, x2, x3 € P(y, d), such that

y(xi)<d fori=1,2,3;
b <a(x);

a<y(x) witha(x) <b;
¥ (x3) <a.

In this article, it is assumed that:

(Cl) feC(0,1]x[0,00) x [0,00) x R, [0, 00));

(C2) q(r) is nonnegative measurable function defined on (0, 1) and there exist a natural num-
ber k > 3 and t9 € (1/k,(k — 1)/k) such that g(f9) > 0. Furthermore, g(¢) satisfies
0< [y q(t)dt < oo;

(C3) £&(t) e C[—1,0],&() >00n[—1,0) and £(0) = 0.

Denote M = [} q(t)dt, Q = max_;<;<0&(1).
In Section 2, we assume that

12 1/2 1 s
(H1) /¢pl(/q(r)dr> ds+/¢pl</q(r)dr)ds<oo
0 s 172 1/2
holds. Then, we can let
1/2 1/2 1 s
cl=max{f¢;1</q<r)dr>ds, ¢;‘</q<r>dr)ds},
0 s 1/2 1/2
and
1/2 172

(k—1)/k s
C2=min:/¢;l<fq(r)dr> ds, / ¢;1(/q(r)dr> ds}.
1/2

17k s 1/2
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In Section 3, we assume that

1 1
(H2) /45;1 (/q(r) dr> ds < 0
0 s

holds. Then we let

1 1 (k—1)/k
C3=/¢;1(/q(r)dr> ds, c4—/¢ ( / q(r)dr) ds
0 N

1/k

Here ¢;1 (s) = |s|1/([’_l) sgn(s) is the inverse function to ¢, (s).
2. Triple positive solutions of (1.1)—(1.2)

Throughout this section, suppose condition (H1) holds. Let X = (C'[0, 1], || - ||) be our Ba-
nach space with the maximum norm

x|l :max{ max , max |x’(t)|}.
0<r<1 o<r<1
Let
P={xeX|x(t)>0, x(0)=x(1) =0, x is concave on [0, 1]} C X.

Let the nonnegative continuous concave functional «, the nonnegative continuous convex
functionals 6, y, and the nonnegative continuous functional i be defined on the cone P by

Y(x)=0(x)= [max o(x)= min ‘x(t)‘
<<l r<i<l—¢

y(x) = max
0<r<1

Lemma 2.1. [12] If x € P, then maxog;<1 |x(2)] < 1

5 Maxo<s<1 X/ (1)
Lemma 2.2. [6] If x € P, then x(t) > t (1 — t) maxog, <1 [x(1)].

Lemma 2.3. [f x(¢) is a positive solution to the problem

(6o (X' D)) +q@ f(t,x(), x(t = D +w(t —1),x'®)) =0, 1€(0,1), .1
{x(t):O, —-1<1 <0, 22)
x(1)=0,
where
w(t)z{é(t), -1<1<0,
0, 0<r<l,
then x(t) = x(t) + w(t), —1 <t < 1, is a positive solution to BVP (1.1)—(1.2).

Proof. It is easy to check that x(¢) satisfies (1.1) and (1.2).

So we focus on BVP (2.1)-(2.2).

By Lemmas 2.1 and 2.2, their definitions, and the concavity of x, the functionals defined
above satisfy:
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=y x), ]l = max{f(x), y (x)} = y (x), (2.3)

for all x € P(y,d) C P. Therefore, condition (1.4) is satisfied.
For x € P, we define

t t
u(t): =/¢;l </q(r)f(r,x(r),x(r -D+wr— 1),x/(r)) dr) ds
0 K

1 s
- /¢;l(fq(r)f(r,x(r),x(r —D+wer—1),x1) dr) ds
1 '

for 0 <t < 1. Clearly, u(¢) is continuous and strictly increasing in (0, 1) and u(0+4) < 0 <
u(1—). Thus, u(¢) has zeros in (0, 1). Let o be a zero of u(t) in (0, 1). Then

o o

/¢>;1 </q(r)f(r, x(r),x(r — D)4+ w(r —1),x'(r)) dr) ds
0 N
1 K
=/¢;1 (/q(r)f(r,x(r),x(r - D+w@ - 1),x’(r)) dr) ds. | 2.4)

Theorem 2.1. Suppose (H1) holds. In addition, assume that there exist numbers a, b, d with
0 <a <b < (k—1)d/(2k*) such that the following conditions are satisfied:

(H3) St u,v,w) < %qﬁ,,(d) SJor (t,u,v,w) €[0,1] x [0,d/2] x [0, Q] x [—d, d],

k*b
(H4) f(ﬂu,v,w)?(bp(m)

(t ye|L At b kzb 0 d,d
for (t,u,v,w G[E,T}X[,m]x[,Q]X[— ,d],

(H5) ft,u,v,w) < q)p(cil) for (t,u,v,w) € [0, 1] x [0,a] x [0, Q] x [—d, d].

Then the boundary-value problem (2.1)—(2.2) has at least three positive solutions x1, xo, and x3
satisfying

max |xi’(t)| <d, fori=1,273,
0<1<

b < min
T<gi-
s
a < max |x2(t)|, with  min |xz(t)| <b,
0<r<1 < <l1— E
max |x3(1)| <a. (2.5)
0<r<1

\\
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Proof. Problem (2.1)—(2.2) has a solution x = x(¢) if and only if x solves the operator equation

x(t) = (Tx)(@)
fo Y qr) frox(r),x(r = D)+ w(r — 1), x'(r))dr)ds, 0<t <oy,

= fz ¢, (f(;xq(r)f(r,x(r),x(r —D+w@ —1),x'(r))dr)ds, ox<t
0, —1<
where o is defined in (2.4).

From the definition of T' and above discussion, we deduce that for each x € P, Tx € P.
Moreover, (T x)(oy) is the maximum value of 7 on [0, 1].

We can prove that this operator, 7 : P — P, is completely continuous. The proof is similar
to that given for Lemma 2 in [11], so we omit it here. We now show that all the conditions of
Theorem 1.1 are satisfied.

If x € P(y,d), then y(x) = maxog,<i|x'(r)] < d. From Lemma 2.1 we have
maxo<<1 1¥(1)] < § and

Jnax, |x(t = D+ w — 1| < [ ax |x(t— D]+ max |w(t— D

= max |x(t)|+ max }w(t)|
—1<r< —1<1<0

= _max l¢()]

Then assumption (H3) implies f (¢, x(),x(t — 1) + w( — 1), x'(¥)) < %(ﬁp (d). On the other
hand, for x € P, Tx € P, Tx is concave on [0, 1], and max;eo,17 [(Tx)’ ()| = max{|(Tx)"(0)],
I(Tx)' (1)1}, so

y(Tx) = max ](Tx)’(t)}

= tmax {|

(T (]}

=max{qbp1 (/q(r)f(r,x(r),x(r —D4+wr— l),x/(r)) dr),

0
1

¢;1 ( /Q(V)f(r,x(r),x(r —D+wer—1),x'(r) d’)}

Ox

Oy 1
<d- ¢, (%) max{qs;l (/q(r)dr), ¢, ( /q(r) dr) }
0 Ox

i 1 -1
<d-¢, (M)«p,, (M) =

Hence, T: P(y,d) — P(y,d).
To check condition (S1) of Theorem 1.1, we choose

(1) = 4k2bt 12+ kzb 0<r<1
T =TT 2) Tk=1 SES S
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It is easy to see that xo € P(y,0,, b, £ = lb d) and a(xg) = min1<l<1 |xo(t)| = xo(l) =
4b > b, and so {x € P(y, 0, «, b,k 1b d) | a(x) > b} # . Hence, 1fx€P(y,9 o, b, o 1b d),
then b < x(1) < £o7b, |x'(1)| <d for 1/k <1< (k—1)/k, and

max |x(t—1)+w(t—l)| max |x(t—1)|+ max |w(t—1)|
<i<l-4 F<i<l—¢ SASEY:
= max |x(t)| + max |w(t)|
~(1-p<is— ~(-p<is—¢
= max |S(t)|
—(-p<i<—¢
<0

From assumption (H4) and Lemma 2.2, we have

a(Tx)=_ min |(Tx)()]
11

XX

Skl |(Tx) )]
> ——— max
k2 o<t *

k=17 (T /
= 7[(}51, /q(r)f(r,x(r),x(r —D+wr—-1),x (r)) dr)ds
0 K

;1(/Q(V)f(",x(r),x(r—1)+w(r—1),x’(r))dr> ds

1/2

> _"k‘zlmin{f¢;l</q(r)f(r,x(r),x(r—1)+w(r—1>,x’(r>)dr) as,
0

N

1 s
/¢pl</q(r)f(r,x(r),x(r—1)+w(r—1),x/(r))dr> ds}
12 12

)dr)

1/2 1/2
{/(f’p (/Q(V)f(V,X(r),x(r—1)+w(r_1)’x/(r)
1/k
(k=1)/k P
¢’;1< [ 4O Cx0x0 =0 i - 1>,x’<r>)dr) ds}
1/2 1/2
k=1 Kb 12 1/2 k=1)/k s
e ol e T el
1/k 2 0
b
—C—zcz—b

This shows that condition (S1) of Theorem 1.1 is satisfied.
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Secondly, from (2.3) and b < %d, we have
k—1 k*
K k-1

1
0T >

a(Tx) =

b=b,

forall x € P(y,a,b,d) with 0(Tx) > kszlb. Thus, condition (S2) of Theorem 1.1 is satisfied.
We finally show that (S3) of Theorem 1.1 also holds. Clearly, as ¢(0) = 0 < a, we have
0¢ R(y,¥,a,d). Suppose that x € R(y, ¥, a,d) with ¥ (x) = a. Then, by (HS), we have

Y (Tx) = [max |(Tx)(@)|
=/¢p](/q(r)f(r,x(r),x(r— 1) +w(r — 1),x’(r))dr> ds
0 N
1 s
=f¢;1</q(r)f(r,x<r),x<r— )+ w(r — 1),x’<r))dr> ds
1/2‘ 172
émax[/d)pl</q(r)f(r,x(r),x(r— )+ w(r — 1),x’(r))dr> ds,
0 N
1 K
/¢;1< /q(r)f(r,x(r),x(r— D+ w(r — l),x/(r))dr) ds}_

1/2 1/2

In fact, if o, = 1/2, the above inequality holds; if o, < 1/2, we have

¥ (Tx) =/¢;1 (/q(r)f(r,x(r),x(r —D4+wr— 1),x/(r)) dr) ds
0

N

1/2

=/¢;1(/q(r)f(r,x(r),x(r—1)+w(r— 1),x’(r))dr

0

N

—i—/q(r)f(r,x(r),x(r —D+w@ - 1),x’(r))dr) ds
12
oy 1/2
</¢;1</q(r)f(r,x(r),x(r—1)+w(r—1),x/(r))dr) ds
0 N
12
< /¢;1(/q(r)f(r,x(r),x(r—1)+w(r—1),x’(r))dr> ds,
0

N

1/2

if oy > 1/2, we have
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N

1
wam:/@;(fqu@mmﬁu—n+w@—nww»m)w

Ox

1/2

1
:fgb;]( /q(r)f(r,x(r),x(r —D4+wr— 1),x’(r))dr

Ox

+/QWf@M”JU—D+wO—DJ%DW>w
12
1 K
<f¢;1</q(r)f(r,x(r),x(r—1)+w(r—1),x’(r))dr) ds
Ox 1/2
1 s
</¢?(/q@f@ano—n+wo—nwvnw)w.
1/2 1/2

So, the above inequality holds. Thus,

Y (Tx) = o‘élf‘él‘(”)(’)‘

=/¢;l (/q(r)f(r,x(r),x(r - D+w@ - 1),x/(r)) dr) ds
0 s

1 s
=f¢,:1 ( /q(r)f(r,x(r),x(r D 4w —1),x0) dr) ds

1/2 1/2

gmax{/¢;1</q(r)f(r,x(r),x(r—1)+w(r—1),x’(r))dr> ds,
0 s

N

1
/¢pl</q(r)f(r,x(r),x(r—1)+w(r—1),x/(r))dr> ds}

1/2 1/2
1/2 1/2 1 s
< Ci]max{/@,](/q(r)dr) ds, ¢p]</q(r)dr> ds}
0 s 1/2 1/2
a
=—.C|y=a.

Cy

So, condition (S3) of Theorem 1.1 is satisfied. Therefore, an application of Theorem 1.1 im-
plies the boundary-value problem (2.1)—(2.2) has at least three positive solutions x, x2, and x3
satisfying (2.5). The proof is complete. O

So, in this section, we have the main result.
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Corollary 2.1. Suppose the assumptions of Theorem 2.1 hold. Then the boundary value problem
(1.1)=(1.2) has at least three positive solutions X;(t) = x;(t) + w(t), i = 1,2, 3, where x;(t)
satisfies (2.5).

3. Triple positive solutions of (1.1)—(1.3)

Now we deal with problem (1.1)—(1.3). The method is similar to what we have done above.
Throughout this section, suppose condition (H2) holds. Define the cone P; C X by
Pr={xeX|x(t) >0, x(0)=x'(1) =0, x is concave and increasing on [0, 1]}.

Let the nonnegative continuous concave functional ¢, the nonnegative continuous convex
functional 0y, y1, and the nonnegative continuous functional yr; be defined on the cone P; by

yi(x) = [%]!x/(t)l =x'0), Y1) =6;(x)= ,2}5‘,’i]|x(’)| =x(1),

1
aj(x)=min ‘x(t)‘:x(%) forx € Py.

re[f.1-¢]
Lemma 3.1. [12] If x € Py, then x(1) < x'(0).

Lemma 3.2. If x(¢) is a positive solution to the problem

(6p (') +q@) (£, x(0), x(t — D) +w(t — 1), x'1)) =0, 1€(0,1), (3.1
x()=0, —-1<r<0,
{ (3.2)
x'(1)=0,
where
0, 0<r<,
then x(t) = x(t) + w(t), —1 <t < 1, is a positive solution to BVP (1.1)—(1.3).

So we focus on BVP (3.1)-(3.2).
With Lemma 3.1 and the concavity of x, the functionals defined above satisfy

1
) <@ <O =y, ixll = max{6 (x), y1(x)} =y1(x), (3.3)
forall x € Pi(y,d) C P.

Theorem 3.1. Suppose (H2) holds. In addition, assume that there exist numbers a,b,d with
O<a<b< (k— l)d/k2 such that the following conditions are satisfied:

(H6) ft,u,v,w) < %(ﬁp(d), for (t,u,v,w) €0, 1] x [0,d] x [0, Q] x [—d, d],

kb
(H7) f(tvusvvw)>¢p<c_4>v

2

1 S ami JV) PRSI N0 d.d
fOr(,M,U,LU)E[%,T}XI: ,m ]X[,Q]X[— , ],
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(H8) ft,u,v,w) < qﬁp(%), for (t,u,v,w) €0, 1] x [0,a] x [0, O] x [—d, d].

Then the boundary-value problem (3.1)—(3.2) has at least three positive solutions x1, xa, and x3
satisfying

max |xi’(t)| <d, fori=1,273,
0<r<1

b < min |x1(t)

3

i<l
a < max |x2(t)|, with min |x2(t)| <b,

0<r<1 F<i<t
max |x3(t)| <a. 3.4
0<r<1

Proof. Problem (3.1)—(3.2) has a solution x = x(¢) if and only if x solves the operator equation
x(1) = (Tx)()

— fotqb;l(fslq(r)f(r,x(r),x(r—1)+w(r—1),x/(r))dr)ds, 0<t<
0, -1t

1’
<0.

We can prove that this operator, T : P| — Pj, is completely continuous. We now show that all
the conditions of Theorem 1.1 are satisfied.

From the definition of T, we deduce that for each x € P;, Tx € P;. Moreover, (T x)(1) is the
maximum value of T on [0, 1].

If x € P(y1,d), then yi(x) = maxogi<i|x'(1)] < d. From Lemma 3.1, we have
maxog <1 [x(t)| <d, and

[x(t - 1) + 'lU(t - l)j”ogtg] = [X(f) + w(t)]|71<t<0 = w(t)|—1<t<0
=&0)|-1<r<0 < 0.
Then assumption (H6) implies f (¢, x(¢), x(t — 1) + w( — 1), x'(¢)) < %d)p(d). On the other
hand, for x € Py, Tx € Py, Tx is concave on [0, 1], and max;e(o,17 |(Tx)' ()| = [(Tx)'(0)], so
yi(Tx) = max |(Tx) ()|
1€[0,1]

= (%) 0]
1
:Q’);l (/q(r)f(r,X(r),x(r —D4w— 1),x/(r)) dr)

0

1
1
<d-¢;1(ﬁ)¢;1</q(r>dr)

0
1
=d~¢;l<ﬁ) ¢, (M) =d.

Hence, T: P(y1,d) — P(y1,d).
To check condition (S1) of Theorem 1.1, we choose

2 2

bt —1)*
k—l( )+k—1

xo(t) =— b, 0<tr<1.
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It is easy to see that xo € P(y1,01,1,0b, kk—_zlb,d) and «aq(xg) = minte[% -1 |xo(t)| =
xo(}) > b, and so {x € P(y1, 61,1, b, %b, d) | a1(x) > b} # @ Hence, if x € P(y1, 61, a1, b,
Kb, d), then b < x(1) < £5b, [¥' (1) < d for 1/k <1 <1 — 1/k. From assumption (H7), we

have

ai(Tx) = !(Tx)(r>| - rgax [(Tx) (@) ——(Tx)(l)

=

(/q(r)f(r,x(r),x(r —D4+w(r— 1),x/(r)) dr) ds

s

min
A
1
0

(k=1)/k
/¢p ( / q(r)f(rvx(r)vx(r_1)+w(r_1),x/(r))dr> dS
1/k

(k=1)/k
/d)p( / q(r)dr)ds

?T‘l'—‘

This shows that condition (S1) of Theorem 1.1 is satisfied.
Secondly, from (3.3), we have

1 k
a1(Tx) > EGI(TX) > mb > b,

forall x € P(y1, a1, b,d) with 61(Tx) > %b. Thus, condition (S2) of Theorem 1.1 is satisfied.

We finally show that (S3) of Theorem 1.1 also holds. Clearly, since ¥1(0) =0 < a,
0 ¢ R(y1,V¥1,a,d). Suppose that x € R(y1, ¥1,a,d) with ¥1(x) = a. Then, by assump-
tion (H8), we have

Y1(Tx) = Orélng(TX)(t)!

1 1
:/¢p1(/Q(V)f(V7X(V),X(V—1)+u)(r—l),x/(r))dr> ds

C_/ (/ i)

N

a
<—-C3=a.
C3

So, condition (S3) of Theorem 1.1 is satisfied. Therefore, the boundary-value problem (3.1)—(3.2)
has at least three positive solutions x1, x2, and x3 satisfying (3.4). The proof is complete. O

So, in this section, we have the main result.
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Corollary 3.1. Suppose the assumptions of Theorem 3.1 hold. Then the boundary value problem
(1.1)—(1.3) has at least three positive solutions X;(t) = x;(t) + w(t), i = 1,2, 3, where x;(t)
satisfies (3.4).
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