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Abstract

We prove an existence result for solutions of nonlinear elliptic unilateral problems having natural growth
terms and L! data in Orlicz—Sobolev spaces.
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1. Introduction

Let £2 be an open bounded subset of RY, N > 2, with the segment property and let f €
L'(£2). Consider the following nonlinear Dirichlet problem:

A(w) +g(x,u,Vu) = f, (1.1)

where A(u) = —div(a(x, u, Vu)) is a Leray—Lions operator defined on D(A) C W(} Ly ($2),
with M is an N-function and g(x, s, ¢) is a nonlinearity having the same sign of s and satisfying
the following natural growth condition:
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lgCe, s, O] <b(Isl) (cx) + M(Ig])).

In the variational case (i.e., where f € W—'E 77 (£2)), it is well known that Gossez and Mustonen
solved the following obstacle problem in the case where g(x, u, Vu) = g(x, u):

MEK¢,

(Aw), u—v)+ fg(x u)u—v)dx <(fyu—v), YveKyNL®(2), (1.2)
2

where K is a convex subset in W(} L (£2) given by
K¢ ={ve WyLy(2): v> ¢ ae.in 2},

where ¢ is a measurable function satisfying some regularity condition. Contributions in this
direction include, for equations, [3,7,11].

In the general case where f belongs to L!(§2), many results have been obtained in this case,
see, for example, [2] if g = g(x, u, Vu) satisfying further the following coercivity condition:

lg(x.s.0)| = Blg|P for|s| > A. (1.3)

Recently, the condition (1.3) is removed by the authors in [6].

It is our purpose in this paper to prove an existence theorem for unilateral problems corre-
sponding to (1.1) without assuming the A; condition on the N-function M. So that, we generalize
all previous works [4-6,8,12,13].

As examples of problems to which the present result can be applied (see also Remark 3.2),
we give:

— div(exp(|Vul) Vi) + uexp(—u) exp(|Vul)|Vul|* = f,
—div(|VulP "2 Vulog®(1 + |Vul)) + u|cos() || Vu|” log* (1 + |Vul) = f
w1thf€L (£2),p=2land @ > 0.

2. Preliminaries

2.1. Let M:R*T — RT be an N-function, i.e., M is continuous, convex, with M(¢) > 0 for
> 0, M(t) — 0ast— 0and M(t)
Equ1valently, M admits the representation: M@t) = fé a(s)ds, where a : Rt — R is nonde-
creasing, right continuous, with a(0) =0, a(t) > 0 for ¢ > 0 and a(¢) tends to co as t — o0.
The N-function M conjugate to M is defined by M(t) = fo a(s)ds, where a:RT — Rt is
given by a(t) = sup{s: a(s) <t} (see [1]).
The N-function is said to satisfy the A, condition, if for some k > 0,

MQt) <kM(@t) Vi>0, 2.1)

when (2.1) holds only for ¢ > some #y > 0 then M is said to satisfy the A, condition near infinity.
We will extend these N-functions into even functions on all R.
Let P and Q be two N-functions. P < O means that P grows essentially less rapidly than Q,

P
i.e., for each € > 0, ) — Qast— oo.

This is the case if and only if lim,_, o, 22 0 _

Py —
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2.2.  Let £2 be an open subset of RN . The Orlicz class K p;(£2) (respectively the Orlicz space
L (£2)) is defined as the set of (equivalence classes of) real valued measurable functions u on
£2 such that:

f M(u(x)) dx < 400 (respectively /M(@) dx < +oo for some A > 0).
Q 2

L (£2) is Banach space under the norm

lull. =inf{x - 0: /M(@) dx < 1}
2

and K7(£2) is a convex subset of L (£2).

The closure in Lj;(£2) of the set of bounded measurable functions with compact support in £
is denoted by E);(£2). The equality Eps(§2) = Lps($2) holds if only if M satisfies A, condition,
for all ¢ or for ¢ large according to whether §2 has infinite measure or not. The dual of Ej;(£2)
can be identified with L3;(£2) by means of the pairing fg uvdx, and the dual norm of L3;(§2)
is equivalent to ||.|l37 - The space Ly (£2) is reflexive if and only if M and M satisfy the A,
condition, for all ¢ or for ¢ large, according to whether £2 has infinite measure or not.

2.3.  We now turn to the Orlicz—Sobolev space, WLy (2) (respectively WULEN(£2)) is the
space of all functions u such that u and its distributional derivatives up to order 1 lie in L ;(£2)
(respectively Ejs(82)). It is a Banach space under the norm

Il v =Y | D%ul,,-

<1

Thus, WL (§2) and W' Ep(£2) can be identified with subspaces of product of N + 1 copies
of Ly ($2). Denoting this product by ITL s, we will use the weak topologies o (ITL y, I1E3;)
and U(HLM, HLM).

The space WO1 Ep)(82) is defined as the (norm) closure of the Schwartz space D(£2) in
W!E ) (£2) and the space W Ly (£2) as the o (ITLy, I[TE7;) closure of D(£2) in W' Ly (£2).
We say that u, converges to u for the modular convergence in W' L, (£2) if for some A > 0

D%u,, — D%u
M — dx -0 forall |o| < 1.

This implies convergence for o (ITL s, I1L3;).
If M satisfies A, condition on RT, then modular convergence coincides with norm conver-
gence.

2.4. Let W_ILM(.Q) (respectively W_IEM(.Q)) denote the space of distributions on §2
which can be written as sums of derivatives of order < 1 of functions in Ly; (respectively
E;3;(£2)). It is a Banach space under the usual quotient norm.

If the open set §2 has the segment property then the space D(§2) is dense in W&L m(£2) for
the modular convergence and thus for the topology o (ITL s, ITLy;) (cf. [9,10]). Consequently,
the action of a distribution in WL 7 (£2) on an element of W(} L (£2) is well defined.
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2.5.  We recall some lemmas introduced in [3] (see also [11]) which we will be used in this
paper.

Lemma 2.1. Let F:R — R be uniformly Lipschitzian, with F(0) = 0. Let M be an N -function
and let u € WYLy (2) (respectively WYEp(82)). Then F(u) € WYLy (82) (respectively
WUYE N (2)). Moreover; if the set D of discontinuity points of F' is finite, then

0 {F/(u)%u ae. in{x € 2: u(x) ¢ D},

—F) =
0x; 0 a.e.in{x € 2: u(x) ¢ D}.

Lemma 2.2. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. We suppose that the set of
discontinuity points of F' is finite. Let M be an N -function, then the mapping F: WLy (2) —
WLy (82) is sequentially continuous with respect to the weak* topology o (ITL y, M E3).

2.6. We give now the following lemma which concerns operators of the Nemytskii type in
Orlicz spaces (see [3]).

Lemma 2.3. Let 2 be an open subset of RN with finite measure. Let M, P and Q be N -functions
such that Q < P, and let f:2 x R — R be a Carathéodory function such that for a.e. x € §2
and for all s € R,

|f(x, )| <cx) + ki P~ M(kals)),

where ki, ky are real constants and c(x) € Eg(82). Then the Nemytskii operator Ny defined by
Nyu)(x) = f(x,u(x)) is strongly continuous from

1 1
PlEm(R2), — ) ={u € Ly(82): d(u, EM(.Q)) < —
ka ka
into Eg(S2).
3. The main result
Let £2 be an open bounded subset of RV, N > 2, with the segment property. Let
Ky ={veWyLy(2): v=1 ae in 2},

where ¥ :£2 — R is a given measurable function. Let M and P be two N-functions such
that P < M. Let A(u) = —div(a(x,u, Vu)) be a Leray—Lions operator defined on D(A) C
W) Ly (£2) into W™L3;(£2) where a: 2 x R x RV — R¥ is a Carathéodory function satisfy-
ing forae. x € 2 and forall ¢, ¢’ e RY (¢ #¢') and all s € R,

laGe.s. )| <hCo) +ki P~ M(kalsl) + kM M (kal]), 3.1
(a(x,s,0) —alx,s,¢)) (¢ -t >0, (3.2)
a(x,s,0) (¢ = Vi) = aM(|¢]) —d(x) (3.3)

with D(x) € Ky NL®(R2) N Wy Ep(82),d € L'(2), a, ki, k2, k3, ks > 0 and h € Eg;(2).
Furthermore, let g: 2 x R x RY > Rbea Carathéodory function such that for a.e. x € 2
and forall s e Rand all { e RV,
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g(x,5,2)s >0, (3.4)
lg(x,s,0)| < b(Is])(cx) + M(I¢1)). 3.5)

where b: Ry — R is a continuous and nondecreasing function and c(x) is a given nonnegative
function in L'(£2).
Now, assume that

Ky NWyEp($2) isdense in Ky (3.6)
for the modular convergence in Wé Ly ($2). Finally, we assume that
felL(2). (3.7)

We define by TOI’M (£2) as the set of measurable functions u:$2 — R such that Ty (u) €
WOILM(.Q) N D(A), where T (s) = max(—k, min(k, s)), Vs € R, Vk > 0.
We shall prove the following existence theorem.

Theorem 3.1. Assume that (3.1)—(3.7) hold true. Then there exists at least one solution of the
following obstacle problem:

ueT,™(9),

u>vaein, gx,u,Vu)elL (),

/a(x,u,Vu)VTk(u—v)dx—i—/g(x,u,Vu)Tk(u—v)dx (Py)
Q Q

g/ka(u—v)dx, Vv e Ky NL®(R), Vk > 0.
2

Remark 3.1. If v € W Ep(2) N L™ (£2) or if there exists ¥ € Ky N L®(2) N W] Ep(£2)
such that ¢ — v is continuous then (3.6) is satisfied.
Note that if M satisfies the A, condition, then the density (3.6) is trivially satisfied.

Remark 3.2. Let m : R — R be continuous, odd, strictly increasing from —oo to +o00 and con-
sider the Dirichlet problem

Vu

_div<a(x, wym(|Vul) Val

> +g(u)m(|Vu|)|Vu| =f inf2,

where a(x,u) is a Carathéodory function such that « < a(x,u) < B and g is a continuous
function satisfying g(s)s > 0. Then, the assumptions (3.1)—(3.5) of Theorem 3.1 hold true (see
Remark 8 of [12]).

Proof of Theorem 3.1. Step 1: A priori estimates.
For the sake of simplicity, we assume that d(x) = 0. Let now A such that A > ||V|, ¥ =
(%)2 and ¢p(s) = exp(ysz). It is well known that

Vs e R. (3.8)

b(A 1
¢ (s) — b®) )|¢>(s)| > -,
o 2
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Consider the approximate problems:
u, € Ky N D(A),
(AGun), up — w) +fgn(x, tn, Vi) — w)dx < f fa Gy — w)dx, (3.9)
2

2
Yw € Ky,

where g,(x,s,¢) = T,(g(x,s,¢)) and f, is a sequence of smooth functions which converges
strongly to f in L'(£2).

By Proposition 1 of [12], there exists at least one solution u, of (3.9). By taking v = u,, —
3¢ (25|, (un — D)), as test function in (3.9), with § = exp(—4y ||\7||C2>o), we obtain

a(x,u,, Vu,)V(u, — \7)¢/(T2”17H00(Mn — 17)) dx

{lun—71<2|Vll 0}

+/gn(xvun»vun)(p(TZHEHoo(un —0))dx
2

< / Fud (oo i — D)) dx
2

which gives, since g, (x, u,, Vi, )@ (T2)5) 5 (4n — V)) 2 0 on the set {x € 2: |u,| 2 [[V]loo},

a(x, un, Vup)V(un — 0@ (Toyp) (n — 1)) dx

{lun—v]<2Vlloo}
+ / gn (X, ttn, Vi) §(Tayp)o (n — D)) dx
{lunl<lVllco}

S/fnd’(Tznﬁlloo(un —))dx.
2

Thanks to (3.5), one easily obtains

a(x, un, Vup)V(up — 0@ (Toyp) (n — 1)) dx

{lun—v1<2||V]lco}

< / b(119l100) [ (Tayoi, Gt — )| () + M(I¢1)) dix + C
{lunl<lVlloo}

which implies

aM (IVun))[¢' (T2 (n — ) = b(IIVll00 ) (T25)00 (n — D)) ] dx < C
{lun—1<2[Vlloo}
and by using (3.9), one easily has
M(|Vun|)dx <C, Vn,

{lun—v1<2|[V]l oo}
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consequently

M(|Vuy|)dx <C, Vn.

{lun|<lIVlloo}

1423

(3.10)

On the other hand, the choice of w = u, — Tx(u, — v) as test function in (3.9) with v € Ky,

yields

(AGun), Ti(uy —v)>+fgn<x,un,wn>Tk(un—v)dx</fnTk<un—v)dx,

Q
Yv e Ky, Yk >0.

Take now, v = ¥ as test function in (P,), we obtain for every k > 0,

a(x,uy, Vu,)V(u, —v)dx + / &n(x, up, Vuy) Ty (u, —v)dx

{lun—vl<k} {lunl<lVllco}

< f JnTk(uy, — V) dx.
2

Consequently from (3.5) and (3.10), one easily has

a(x,u,, Vuy,)V(u, —v)dx < Ck.
{lun =<k}

Thus by using (3.3) (with d(x) = 0) we obtain

o / M(IVuy,|)dx < Ck.
{lun—vI<k}

Finally, we have for any / > 0,

/ M(|Vuy|)dx < f M(|Vup|)dx < C(h+]lco)

{lun|<h} {lun—v|<h+V]loo}

which shows that

/M(]VTh(un)Ddx <C(h+ 17ll0).
2

thanks to Lemma 5.7 of [9] there exist two positive constants ¢ and c¢; such that

fM(v)dx 6‘1/M e |Vol)dx, Vve WiLu($2).

Choosing, now v = W in (3.14) and using (3.13), we get

/M(|Thc(:n)|>dx < c3(h + ||‘7||00)
2

(Pn)

3.11)

(3.12)

(3.13)

(3.14)
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which implies that

c3(h 4 IVlleo)

meas{ |u,| > hi <
(il = 1} < 250

) Vns Vk> ||\7||OO'

We have for any 6 > 0
meas{|u, — up| > 8} <meas{|u,| > h} + meas{|u| > h}
+meas”Th(un) — Th(um)| > 8}
which gives

o 23(h + [[Plloo)

meas{|u, — up| > 8} < T + meas{| Ty (un) — Th (um)| > 8} (3.13)
2

Thanks to (3.13), we deduce that (7}, (1)) is bounded in W(} L y7(£2) and then we can assume
that (7} (1)) is a Cauchy sequence in measure in £2.

Let € > 0, then by (3.15) and the fact that ﬁ — 0 as t — o0, there exists h(e) > 0 such
that 2

meas{lun —Upy| > 8} <e foralln,m >n0(h(e),8).

This proves that (1) is a Cauchy sequence in measure and then converges almost everywhere to
some measurable function u. Finally, we deduce from (3.13) and Lemma 4.4 of [9], that

Ty(uy) — Tp(u) weakly in W(%LM(.Q) foro(IILy, 1 E7;), strongly in Ep(£2).
(3.16)

Let us show now, that (a(x, Ty (u,), Vi, (uy)), is bounded in (LM(.Q))N. Letp € (Ey )V,
then by using (3.2), one easily has for every k > 0,
a(x,un, Vuy)(ksp) — Vodx
{lun—V1<k}
< / a(x,up, Vup)(Vuy, —Vo)dx — / a(x, un, kag)(Vup — kag) dx
{lun—DI<k} {lun =<k}
which gives by (3.11)

a(x,uy, Vuy)(kgp) — Vvdx < Ck — / a(x, uy, kap)(Vu, — kap)dx.
{lun—9<k} {lun—71<k}

Since ¢ is arbitrary in (Ep(£2)Y, we choose n = ksp — Vi in the last inequality with
Iz, 2y~ =1 and we find

a(x,uy, Vuy)ndx < Ck — / a(x,up,n+v)(Vu, —n—Vv)dx
{lun—7|<k} {lun—7|<k}

which implies by using (3.1), that

a(x,up, Vup)ndx < Ck,ﬁ,
{lun—vI<k}
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where Cy 5 is a constant which depends on k and v but not on 7.

Consequently by using the dual norm, one has |a(x, u,, Vuy)|X{ju,—5 <k} is bounded in
(Ly(s2)N.

On the other hand, we have

fa(x,Th(un),VTh(un))ﬁdx </|a(x,un,Vun)|X{|u,,f\7)|<h+|\a||m}77dx
2 2
which gives by Holder inequality

/ a(x, Tu(un), VT )1 dx < 2[aCe, . Vitn) Xy ~51<h+18lo0) | 1 - 2y
Q
where we have used the fact that ||n||z,, )~ = 1. So that a(x, Ty (un), VT (un)), is bounded
in (Ly;(2)".
Step 2: Convergence of truncations.
Thanks to the assumption (3.6), there exists a sequence w; € Ky (£2) N WULE(§2) which
converges to Ty (u) for the modular convergence in WOIL Mm(£2).
Consider now the function 6,,, m > 0 defined by

On(@)=1— ’Tm(un - Tm(un))|

Let vym,j = un — N6 (Uun — E)¢(Z£)7 with n = exp(—4l/k2), zn = Tr(un) — Ti(wj) and m >
k 4+ [P]loo, with k 2 ||D]loo. The use of v, ;,, ; as test function in (P,) gives, for all 2 > 0,

(AGun). T (9 tn — 9 (1)) + / (st Vi) T (06 (1 — D) (21)) dlx
2

< [ £ tn = D19 .
2
and by taking & > 2k we obtain

(A(un)» Om (un — ‘_})QS(ZrIz)) + / 8n(x, un, Vun) O (u, — \7)¢(Zﬁ) dx
2

< / SnOm(un — D)d)(zrjz)dx
2
which gives

f 0 Cx. s Vi) [V T tn) — VT (W) 1 — 98 (21) dix
2

+ / a(x, un, Vip)(Vuy — Vﬁ)ey/n (up — ﬁ)d’(Z}{) dx
2

+/gn(x,un,Vun)9m(un — D)¢(z) dx
2

</fn0m(un —0)¢(24) dx. (3.17)
2
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Denote by €!(n, j), €?(n, j), ... various sequences of real numbers which converge to zero
when n and j tend to infinity in this order. Since g, (x, u,, Vit,)0m ()¢ (z5) > 0 on the sub-
set {x € £2: |u,(x)| > k}, we deduce from (3.17) that

f 4ttt Vi) [V TicCtn) — VT () |6t — 91 (21) dx

2

+/a(x, tn Vit) Vity = V6, (uy — ‘7)¢(Z'r/;) dx

2
+ / 8n(x, tn, Vi) O (uy — 17)‘P(erl) dx
{lun| <k}
</fnem<un — (k) dx =€ . ). (3.18)
2

For the first term of the left-hand side of the last inequality, we have

/ a(x, tp, Vi) [VTi n) — VT (W )]0 (n — D)@' (27) dox
2
= a(x, tn, Vi) [VTin) — VT (W) |0 n — D)9’ (27) dx
{lun | <k}
- f a(x, un, Vup) VT (w ;)0 (u, — ﬁ)d’/(zﬁ) dx,
{lun|>k}

by using the fact that 6,, (v, — V) = 0 on the set {x € £2: |u,| > 2m} and 6,,(u,, — V) = 1 on the
set {x € £2: |u,| <k}, since m > k + ||V|| 0, We obtain

/a(x, ttn, Vitn)[VTic(n) — VTe(w)]0m (0 — 0)¢' (24) dx
2
= / a(x, un, Vup)[VTi(un) — VTk(wj)]qﬁ’(z{;)dx
{Jun | <)
- / a(x, ty, Vit ) VT (W )0y (0 — D)@' (23) dx.
{2mjuq|>k)

The second term of the right-hand side of the last equality reads as

- / a(x, Tom (tn), ¥ T () )V T (w )6 — D)’ (21) dlx
(] >k}
=— / Bom V Tk )0 (u — D) dx + €2(n, j).

{lul>k}
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Since VT (1) =0 on {|u| > k}, we deduce that

- / a(x, uy, Vi)V T (w;)0n (n — D)@' (zn) dx = €(n, j),
(2m=un|>k}
where we have used the fact that
a(x, Tom(un), Vo (un)) = ham  weakly in (LM(.Q))N for o (ITL3;(82), TEy (£2)).
Denote now by x; s and x, respectively the characteristic functions of the sets .Qs] ={x e £2:
VT (w;)| <s}and 2y = {x € £2: |VT;(u)| < s}. We have

a(x, un, Vun)[VTe ) — VI (w))|¢' (z) dx
{uen] <)

= /[a(x, Tic(un), VT (un)) — a(x, Te(un), VT (w;j) xjus) |
2

X [VTi(un) — VTe@) xj 5|9 (z3) dx

+/a(x, T (un), VTi(w) x5 ) [V T (un) — VTk(wj)Xj,s]W(Zﬁ)dx
2

_/a(x, T ). VT ) VT Xy, ' (ch) . (3.19)
2

The second term of the right-hand side of (3.19) tends fQ\Qr a(x, Ty (u),0)VTi(u)dx, as n and
Jj tend to infinity. Indeed, since ’

a(x, Tr(un), VTk(wj)xj,s)qﬁ’(z{;) — a(x, T (u), VTk(wj)xj,s) strongly in (EM(.Q))N
by Lemma 2.3 and

VTi(un) = VTi(u)  weakly in (Lyr(£2))" for o (ITLy(2), T E;(2)).
For what concerns the third term, one can remark that

/a(x, Ty (uy), VTk(wj)Xj,s)[VTk(un) - VTk(wj)Xj,s](p/(Z{z') dx
2

=/a(x,Tk(u),VTk(wj)Xj,s)[VTk(u)—VTk(wj‘)Xj,s]dx
Q
= [ ale. B, 0B dx + €.
2\82
where we have used the fact
. N
a(x, T (u), VTk(wj)Xj‘s) — a(x, Ti (u), VTk(u)Xs) strongly in (EA—,,(.Q))
and

Ti(w;j) — Ti(u) for the modular convergence in W(; Ly (82).
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The third term of (3.19) tends to — f_Q hiVTi () x2\0,dx as n, j — oo since

a(x, Te(un), VTi(un)) = hx  weakly for o (ITL3;(£2), [TEy (£2))

while VTk(w])xQ\_Q, € Ey(£2) and VTk(wj)XQ\Q] — VT (u) x2\52, as j tends to infinity.
Consequently, from (3.19) we have

/ a (et Vi) [V TicCtn) — VT ()] (1) 1) dx
2

=f[a(x, Ti(un), VT () — a(x, Te(un), VIr(wj) xj.s)]
2

x [VTi(un) — VTe(w)) x5 ]9 (z2) dx

—/thTk(M)X_Q\_QS dx + / a(x,Tk(u),O)VTk(u)dx+e3(n,j). (3.20)
Q 2\ 24
On the other hand,

‘/a(x, un, Vi) (Vu, — V)0, (u, — 17)4)(1,];) dx

< 2¢ (2k)
m

a(x,u,, Vu,)(Vu,, — Vo) dx

{m<|uy—v|<2m}

and by using u, — Tp, (4, — v — Tp,,(u, — v)) as test function in (3.8), we obtain

< 2¢(2k) / |fuldx. —(3.21)

{lun—v|2m}

‘/a(x, un, Viy) Vu, — VD)Gr/n(un — V) (zn)dx

If we denote by K}, ;,,; the third term of the left-hand side of (3.19), one has by using the fact
that

0<On(u, —v) <1, (3.22)

K| < / b(k) (c(x) + M(IVunl))|6(zh)| dx

{lun| <k}
<b(k)/c(x)|¢> (e dx + 28 () a(x, TiCun), Vi)V Tic )| (21) | dx
2
<t j)+— () [a(x, Te(un), VT (un)) — a(x, Te(un), VI(w;)xj.s)]
2
X [VTe(un) = VTew)) x5 ]|6(zh)| dx, (3.23)

indeed, we have
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/a(x, Te(tn), VT () Y Tilatn) | (24) | dx
2

= /[a(x, Tic(un), VTi(un)) — a(x, T(un), VIi(w;) x).s)]
2

x [VTx(un) — VTi(w))xs.s ]| (zh)| dx

+/a(x,Tk(un),VTk(un))VTk(w,-)x,»,s|¢(z{;)|dx
2

[ @l Tt VI 1) [V Tkt = VT ]l (el [ G24)
2
It is easy to see that the second term of the right-hand side of the last equality can be reads as

fa(x, Te(utn), VT ) VT w)) s |9(21) | dx
2

=/thTk(wj>xj,s|¢(Tk<u>—Tk(w,-))| by =, ),
2

where €/ (n) is a sequence which converges to 0 as n — oo for j fixed.
For the third term of the right-hand side of (3.24), it is easily seen that

fa(x, Te(un), VTi(w ) x.5) [V T n) = VT ) xjs]|6(z0) | dx = €% (n, j).
22
Combining (3.20), (3.21) and (3.23) we obtain

/[a(x, Ti(un), VTi(un)) — a(x, Te(un), VIi(w;) x).s)]
2

. b k .
x [VTi(un) — Vﬂ(w,-)x,-,s](d(zé) - %!zﬁ(zé)\) dx

<67(n,j)+/thTk(u)xrz\gs dx + ¢ (2k) / | fuldx
2 {luy—v1>m)

+ / |la(x, Te(u), 0) || VTi(w)| dx
2\
which implies, by using (3.8)

/ [a(x. TeCun). VTe(un)) — a(x, Tclun). VTt ) [V TicCt) — VTe(w)) ]
2

<27, j)+2 / BV T () g, dx + 4 (26) / fuldx

2 {lun—v|Zm}

+ / 2|a(x, Ti(u), 0) || VT (u)| dx. (3.25)
2\2s
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Remark now that

/[a(x, Ti(un), VTi(un)) — a(x, Ti(un), Vi) x5) | [V Tk ) — VT () x5 | dx
2

= / [a(x, Ti(un), VT () — a(x, Te(un), VIr(wj) xjs)]
2
X [VTi(un) = VTi(w)) xj.s | dx

+ / (. Te(un), V) [V TeCw ) s — V() 1] dx
2
—/a(x,Tk(un),VTk(u)xs)[VTk(un)—VTk(u)xs]dx
2

+ / a(x, TeCtn) VT (W) 1.0 [V Tic i) — VTic(w;) ] . (3.26)
2

We argue as above to show that

/ a(x, Tilun), VTe(e)) [VTe(w ) X — V() x5] dx = €3, ),
2

- f (. TiCutn). VT ) ) [V T Ct) — Vi) 5] dx
2

__ / a(x, Te(). 0)V T () dx + €2 (n. j)
2ie,

and

/a(x, Tic(un), VT ;) xj,s) [V (n) — VT (wj) xj,s ] dx
2
- / a(x, Te(w), 0) VT () dx + € (n, j).
2\ 82

Consequently, one has

/ [a(x, Te(un), VT (un)) — a(x, Te(un), VT @) x5) [V T un) — VT () x5 | dx
2

= /[a(xa Ty (un), VTk(un)) - a(xa Ty (un), VTk(wj)Xj,s)]
2
x [VTiun) = VTi(wj) x| dx

—l—/a(x, Ti(un), VT ) [V ) xjs — VI xs ] dx + €' (n, ). (3.27)
2
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Let now r <s, then

/[a(x, Ti(un), VTi(un)) — a(x, Te(un), VT ) |[V Tk (un) — VT (u)] dx
-Qr

< / [a(x, Telun), VTe(n)) —a(x, Telun), VT @) xs) [V T ) — VT () x5 ] dx,
2
hence, from (3.27) and (3.25)

/[a(x, Ti(un), VTi(up)) — a(x, Te(up), VI ) |[V Tk (n) — Vi (u)] dx
2,

<2e7<n,j>+e“(n,j)+2fthTk(u>xmgsdx+4¢(2k) f | ful dx
2 {‘un|>m}
+ / 2|a(x, Ti(u), 0) || VT (u)| dx.
2\ 825

By letting respectively #, j, m and s to infinity, one easily has

nlirrolo [a(x, Ti (uy), VTk(u,,)) — a(x, T (uy), VTk(u))][VTk(un) — VTk(u)] dx =0
2
and then as in [4]
Vu, — Vu ae.in 2. (3.28)

On the other hand, we have from (3.25) and (3.27)

/a(x, Ty (uy), VT (un))VTk(un)dx
2

< [ ale. Tt VI0) Y Ty, dx
2

+ [ ale. T, VT ) [V Tt = VT Jdx +€!lon,
2
+2/thTk(u)X_Q\_QS dx +2 / |a(x, Ti(u), 0) VT (u)| dx
2 2\82
rago [ ifldx,
{lun|Zm}
by passing to the limit sup on n, one has

limsup/a(x, Tic(un), VT () V Ty (un) dx

n——+00
2

< limsup/ a(x, T (uy), VTk(un))VTk(u)XS dx

n——+00
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+ limsup/ a(x, Ty (uy), VTk(u)XX)[VTk(un) — VTk(u)Xs]dx

n——+00

+ limsupe'' (n, j) +2/thTk(M)XQ\Qs dx
n——+00 o

+2 / |a(x,Tk(u),O)VTk(u)|dx+4¢(2k) / | fldx. (3.29)
02\82 {lu|Zm}

The second term of the last inequality tends to f oa(x, Tr(u), VT (u)) VT (u) x5 dx since

a(x, Te(un), VTi(un)) = a(x, Te(w), Vi (u))
weakly in (LM(.Q))N for (T(HLM(.Q), HEM(.Q)),
while VT (u)xs € Ep($2).
The third term of inequality (3.29) tends to f oa(x, Tr(w), 0)VTi(u) X2\, dx since
a(x, Ty (uy), VTk(u)Xs) — a(x, T (u), VTk(u)xs) strongly in (EM(.Q))N,
by Lemma 2.3 while VT (u,) tends weakly to VT (u). Consequently, we get, by letting j to
infinity

limsup/a(x,Tk(u,,),VTk(un))VTk(un)dx

n——4o00
< / a (o, Te), VT ) VT ) s dx +2 f eV () @, dx
2 2
+ 4¢ (2k) / |f|dx+3/|a(x,Tk(u),O)VTk(u)|xg\gs dx.
{lul=m) 2

By using the fact that a(x, Ty (1), VT (u))VTi(u), la(x, Tr(u), 0) VT ()| and hy V Ty (u) belong
to L1(§2) and by letting s — oo, we get since meas(£2 \ £2;) — O,

limsupfa(x, Tic(un), VT (n))V Ti () dx

n——+o0o
2

< /a(x, Ti(u), VT () VTic(u) dx + 46 (2k) / | f|dx
2 {lul>m}
and by letting m — 0o, we obtain
limsup/a(x, Ty (uy), VTk(u,,))VTk(u,,)dx < /a(x, T (u), VTk(u))VTk(u) dx
n—+00 o
which gives by Fatou’s lemma

lim a(x,Tk(u,,),VTk(u,,))VTk(un)dx=/a(x,Tk(u),VTk(u))VTk(u)dx. (3.30)

n—-+o00
2 2
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Step 3: Passage to the limit.

Let now v € Ky N L*°(£2), then there exists a sequence v; € Ky N WUE ¥ (£2) such that
v; —> vin WOIL m (§2) for the modular convergence.
By using T;,(v;), h = ||v]lco, as test function in (P ), one has

/a(x, Ty (uy), VTHun)VTk(un — Th(vj)) dx + / gn(x, uy, Vun)Tk(u,, — Th(vj)) dx
2 2

</fnTk(un—Th(v,-))dx, (3.31)
2

where H =k + h.
On the one hand,

fa(x, T (un), VT ) VT (un — Th(v))) dx
2

= /a(x, T (un), VT un) — a(x, Ty n), VI(0)) X))V Tk (n — Tn(v)) x5 ) dx
2

+/a(x, Tr (un), VT3 (0j) Xjs) Vi (n — Tn(vj) xj.s) dx
2
+ / a(x, T (un), VI (un))VTi(v)) dx,
{IVTi(v))=s}
by using Fatou’s lemma and the fact that VTj,(v;) € (Ey )V,
a(x, Ty (u), VTH (up)) — a(x, Ty (), VTy () foro(ITLy;, ITEy)
and
a(x, Ty (uy), VTh(vj)Xj,s) — a(x, Tyu), VTh(vj)Xj,s) strongly in (EM(.Q))N,

we obtain as n and s — 00,

1iminf/a(x, Uy, Vun)VTk(un — Th(vj)) dx

n—-+o0o
2

> /a(x, u, Vu)VTy (u — Th(vj)) dx. (3.32)
Q
About the second term of (3.31), one can write

/gn(xa Un, vMn)Tk(un - Th(vj)) dx
2

= / &n(x, up, VMn)Tk(un - Th(vj)) dx
{lunl<h}

+ / 8n(x, uy, Vun)Tk(un - Th(vj)) dx
{lun|>h}
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and consequently by using Fatou’s lemma in the first term of the last inequality and the conver-
gence (3.30) in the second

limsup/gn(x, Uy, Vun)Tk(un — Th(vj)) dx > / glx,u, Vu)Tk(u — Th(vj)) dx. (3.33)

n——+o0o
2

Combining (3.31)—(3.33) to obtain finally

/a(x,TH(u),VTH(u))VTk(u—Th(vj))dx+/g(x,u,Vu)Tk(u—Th(vj))dx
2 2

< [ - Tiwp)dx
2
in which we can pass to the limit in j thanks to the modular convergence of v}, to obtain

/a(x, u, Vu)VTy(u —v)dx +/g(x, u, Vu)Tp(u — v)dx < / fTi(u —v)dx,
2 2 2
where we have used the fact that 7j,(v) = v since & 2> ||v| . This completes the proof. 0O
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