J. Math. Anal. Appl. 356 (2009) 769-792

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Riesz extremal measures on the sphere for axis-supported external fields
J.S. Brauchart®!, P.D. Dragnev?, E.B. Saff*:2

4 Center for Constructive Approximation, Department of Mathematics, Vanderbilt University, Nashville, TN 37240, USA
b Department of Mathematical Sciences, Indiana-Purdue University, Fort Wayne, IN 46805, USA

ARTICLE INFO ABSTRACT
Article history: We investigate the minimal Riesz s-energy problem for positive measures on the d-
Received 29 January 2009 dimensional unit sphere S? in the presence of an external field induced by a point charge,

Available online 26 March 2009

! ¢ and more generally by a line charge. The model interaction is that of Riesz potentials
Submitted by D. Khavinson

[x —y|~ with d — 2 < s < d. For a given axis-supported external field, the support and
Keywords: the density of the corresponding extremal measure on S? is determined. The special case
Balayage s =d —2 yields interesting phenomena, which we investigate in detail. A weak* asymptotic
Equilibrium measures analysis is provided as s — (d —2)*.

Extremal measures © 2009 Elsevier Inc. All rights reserved.
Minimum energy

Riesz kernel

Weighted energy

1. Introduction and results
1.1. Potential-theoretical preliminaries

Let S := {x e R¢*t1: |x] =1} be the unit sphere in R4*!, where || denotes the Euclidean norm, and let o = oy be the
unit Lebesgue surface measure on S¢. Recall that, using cylindrical coordinates

x=(V1-uxu), -1<u<1, xes™ @

we can write the decomposition

dog(x) = (‘Z’)_: (1= u?)"* " dudoy_; (). 2)

Here wy is the surface area of SY, and the ratio of these areas can be evaluated as

Wd_1

3)

1
o [ = VITE[2) 4 LT/
T r(d+1)/2) rd

Given a compact set E C S¢, consider the class M(E) of unit positive Borel measures supported on E. For 0 < s <d, the
Riesz s-potential and Riesz s-energy of a measure u € M(E) are given, respectively, by
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where ks(X,y) := [x —y|~° is the so-called Riesz kernel (for s =0 we use the logarithmic kernel ko(X,y) := log(1/|x —y|)
instead). The s-energy of E is W(E) := inf{Zs(n): ©n € M(E)} and if W(E) is finite, there is a unique measure U g
achieving this minimal energy, which is called the s-extremal measure on E. The s-capacity of E is defined as cap,(E) :=
1/W(E) for s > 0. (In the logarithmic case s =0 we define capy(E) := exp{—Wy(E)}, cf. (27).) A property is said to hold
quasi-everywhere (q.e.) if the exceptional set has s-capacity zero. For more details see [13, Chapter II]. We remind the reader
that the s-energy of S¢ is given by

r'drd-s)/2)

dy _
WS(S )_ FTA2d—5/2) 0<s<d. (4)

The weighted s-energy Zq (1) associated with a non-negative lower semi-continuous external field Q : E — [0, oo] and
its extremal value Vo are given by

To (1) :=Is(m+2/Q(x)du<x>, Vo :=inf{Zo (u): e M(E)}.

A measure g € M(E) such that Zg(uq) = Vq is called an extremal (or positive equilibrium) measure on E associated
with Q (X). The measure ¢ is characterized by the Gauss variational inequalities

U¥ ) +Q(x
U () +Q(x

where

)>Fq qe.onkE, (5)
) < Fq everywhere on supp(itq), (6)

FQ = VQ —/Q(X)d/LQ(X).

For simplicity, we suppressed in some of the above notation the dependence on s; that is, Zqo =Zg 5, lq = Mq,s, etc. We
note that for suitable external fields (e.g. continuous on E = S%), the inequality in (5) holds everywhere, which implies that
equality holds in (6).

The existence, uniqueness, and characterization-related questions concerning equilibrium potentials with external fields
in the most general setting can be found in [22-24]. We remark that the logarithmic potential with external fields is treated
in depth in [20].

When Q =0 and capg(E) > 0, the extremal measure (g is the same as the measure pg = g s.

In [5] Riesz external fields

Qaq(X) :=QagsX) :=qlx—a|™ onE=8%d-2<s<d, 7)

were considered, where ¢ > 0 and a is a fixed point on S%3 The motivation for that investigation was to obtain new
separation results for minimal s-energy points on the sphere (cf. [3,11,12]). In the current work we extend that investigation
to Riesz external fields Qa4 with a ¢ S? and develop a technique for finding the extremal measure associated with more
general axis-supported external fields.

1.2. Signed equilibrium

We note that for d =2 and s =1 it is a standard electrostatic problem to find the charge density (signed measure) on
a charged, insulated, conducting sphere in the presence of a point charge q placed off the sphere (see [9, Chapter 2]). This
motivates us to give the following definition (see [4]).

Definition 1. Given a compact subset E C RP (p > 3) and an external field Q, we call a signed measure ng o =g, Qs
supported on E and of total charge ng, o (E) =1 asigned s-equilibrium on E associated with Q if its weighted Riesz s-potential
is constant on E, that is

U5 (x)+ Q(x) = Fg.q for all x € E. ©

The choice of the normalization 7, g (E) =1 is just for convenience in the applications here. Lemma 2.1 below establishes
that if a signed equilibrium ng o exists, then it is unique.

In [7] Fabrikant et al. give a derivation of certain signed Riesz equilibria on suitably parametrized surfaces in R?, includ-
ing spherical caps when Q (x) = 0. We remark that the determination of signed equilibria is a substantially easier problem

3 The case d =1, s =0, where a is a point on the unit circle was investigated in [14].
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than that of finding non-negative extremal measures, which is the goal of this paper. However, the solution to the former
problem is useful in solving the latter problem.

Our first result establishes existence of the signed s-equilibrium associated with the Riesz external field Qaq, a ¢ s,
defined in (7). We assume that a lies above the North Pole p := (0, 1), that is a=(0,R) and R > 1 (the case R <1 is
handled by inversion).

Throughout, 2F1(aéb;z) and zﬁl(a;b R z) denote the Gauss hypergeometric function and its regularized form* with series
expansions
o0 o0
a,b (@n(b)y " ~ (a,b (@n(b)n 2"
F 7 = —, F 7 = _— 1, 9
21<c z) Z (©)n n! 2 ¢ z ZF(rH—c)n! 12l < )

n=0 n=0

where (a)g:=1 and (a), :=a(@+1)---(@a+n—1) for n > 1 is the Pochhammer symbol. The incomplete Beta function and
the Beta function are defined as

X
B(x; &, B) :=/v°’—1(1 —v¥$ldv, B, p):=B(;a,p), (10)
0
whereas the regularized incomplete Beta function is given by

I(x; a,b) :=B(x; a, b)/B(a, b). (11)

Theorem 2. Let 0 < s < d and R > 1. The signed s-equilibrium n, = 154, Qq g5 O S? associated with the Riesz external field Qagq
a = Rp, is given by

qu? @) q(R? —1)¢=s

d =9’ (x)d L i) =1 — . 12

Na(X) =ny(x)do (x), 1) + WS~ W.(SDHx—ais (12)
Furthermore, U? (a) = [ ks(a,y) do (y) has the following representation:

UZ @ = (R+1)""F; (S/ 24/ 2;4R/<R+1)2>. (13)

We remark that in the Coulomb case d =2 and s =1, the representation (12) is well known from elementary physics
(cf. [9, p. 61]).

The next result explicitly shows the relationship between g and R so that q,, coincides with the signed equilibrium
and has as support the entire sphere.

Corollary 3. Let 0 <s <d, R=a| > 1. Then supp(uq,,) = S? if and only if

o0

WS R+ (s/2k @2 (4R*
q g (R —1)d —Us (a)_z[l_ (d)k] k! (R+1)s+2k’

(14)
k=0

Insuch a case, (1q, , = 7a-

Remark 4. Observe that the right-most part of (14) is a strictly decreasing function of R for R > 1. Thus, for any fixed
charge q there is a critical Rq given by equality in (14), such that for R > Ry the extremal support is the entire sphere.

1.3. The Newtonian case s =d — 1

The following example deals with the classical case of a Newtonian potential (relative to the manifold dimension). The
example answers a question of A.A. Gonchar; namely, how far from the unit sphere should a unit point charge be placed so
that the support of the extremal measure associated with the external field exerted by the charge be the entire sphere?

Example 5. Let d >2, s=d—1, g=1 and a= (0, R). Then W(S% =1 (cf. (4)) and from the mean-value property for
harmonic functions we can write

U?@=1/R"" for R>1.

Thus (14) in this case is equivalent to the inequality

4 Which is well defined even for ¢ a negative integer.
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12R+DR-D=R"™ or 12(0+2)p 9~ (p+D',

where p measures the distance between the unit charge and the surface of the sphere. Equality holds if p is an algebraic
number satisfying

P(d; p):=(p" =2 - p)(p+ D" +p? =0,
or on expanding the polynomial P(d; p),

d-1 d—1

> Ca)re-lG) ()r=e

m=0 m=0

The monic polynomial® P(d; p) with integer coefficients has odd degree 2d — 1. Furthermore, P(d;1) < 0 and hence
P(d; p) has at least one positive root; but, by Descartes’ Sign Rule, this is the only positive root. This simple root py
must be in the interval (1, 2], since P(d; p) > 0 for p > 2. Asymptotic analysis shows that

p+ =1+ (log3)/d+ O(1/d%) as d— oo.

Of particular interest is the case when d = 2. Then one easily computes that the distance between the point charge and
the surface of the sphere is given precisely by the golden ratio p, = (1 4+ +/5)/2. We note that the fact that the inequality
R —12> py implies supp(iq,,) = S? follows from an elementary physics argument.

1.4. The Mhaskar-Saff Fs-functional and the extremal support

An important tool in our analysis is the Riesz analog of the Mhaskar-Saff F-functional from classical logarithmic potential
in the plane (see [15] and [20, Chapter IV, p. 194]).

Definition 6. The F;-functional of a compact subset K c S¢ of positive s-capacity is defined as
Fs(K) = Ws(1<)+fQ(X)dMK(X), (15)

where W (K) is the s-energy of K and ug is the s-extremal measure (without external field) on K.
Remark 7. We caution the reader that (15) is the negative of the F-functional defined in [15,20].
Remark 8. When d — 2 < s < d, there is a remarkable relationship between the signed s-equilibrium and the Fs-functional.
Namely, if the signed s-equilibrium on a compact set K associated with Q exists, then Fs(K) = Fi g, where Fg o is the
constant from (8). Indeed, if ng ¢ exists, we integrate (8) with respect to pg and interchange the order of integration to
obtain the asserted equality.

The following optimization property is the main motivation for introducing the Fs-functional.

Theorem 9. Let d — 2 < s < d with s > 0 and Q be an external field on S%. Then the Fs-functional is minimized for Sq :=supp(iq)-

The next theorem provides sufficient conditions on a general external field Q that guarantee that the extremal sup-
port Sq is a spherical zone or a spherical cap.

Theorem 10. Let d — 2 < s < d with s > 0 and the external field Q : S — [0, co] be rotationally invariant about the polar axis;
that is, Q (z) = f (&), where & is the altitude of z = (/1 — £2Z, £) (see (1)). Suppose that f is a convex function on [—1, 1]. Then the
support of the s-extremal measure (Lo on S% is a spherical zone; namely, there are numbers —1 < t; < t < 1 such that

supp(p) = iy, = {(V1—uX, u): t1 Su<ty, X€ si-1 }. (16)

Moreover, if additionally f is increasing, then t; = —1 and the support of j1q is a spherical cap centered at the South Pole.

It is easy to see that the external field Qa4(z) =q|1 — 2R + R?|~5/2 is rotationally invariant about the polar axis and is
an increasing and convex function of the altitude & of z. Therefore, from Theorem 10 we conclude that the support of the
extremal measure fq,, on S? is a spherical cap. In view of Theorem 9 we thus need only to minimize the F;-functional

5 Properties of these polynomials will be investigated in a future publication.
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over the collection of spherical caps centered at the South Pole in order to determine Sq. For this purpose, in consideration
of Remark 8, we first seek an explicit representation for the signed equilibria for these spherical caps.
Denote by X; the spherical cap centered at the South Pole

Y=Y 1y (17)

(cf. (16)), and let 7 be the signed s-equilibrium on X; associated with Qa 4. Using M. Riesz’s approach to s-balayage as
presented in [13, Chapter IV], we introduce the following s-balayage measures onto X:

€ = €5 :=Bals(8a, Zy), Ve = v s :=Bals(o, Xy), (18)

where 8, is the unit Dirac-delta measure at a. Recall that given a measure v and a compact set K (of the sphere S?), the
balayage measure D := Bals(v, K) preserves the Riesz s-potential of v onto the set K and diminishes it elsewhere (on the
sphere S?). We remark that in what follows an important role is played by the function

®s(t) = Ws(SY) (1 +qllech)/lIvell, d—2<s<d. (19)

The next assertion is an immediate consequence of the definition of the balayage measures in (18). In Lemmas 24 and 25
below we present explicit formulas for their densities. Their norms are calculated in Lemmas 30 and 29, respectively. Below
we combine these formulas to give an explicit form for the density of the signed equilibrium. The only statement requiring
further proof is the formula for the weighted s-potential (22) when & > t. We shall do this in Section 5.

Theorem 11. Let d — 2 < s < d. The signed s-equilibrium n; on the spherical cap X C S* associated with Qa,q is given by

e =[@s(0)/Ws(S*)Jve — ger. (20)
It is absolutely continuous in the sense that for X = (v/1 — u?X, u) € X,

uz)d/Zfl

Wd— _
dne(x) = n{(u)s)—;(l - dudog_1 (),

where (with R = |a| and r = +v/R?2 — 2Rt + 1)
L1 ) (1= a0 - 1,d/2 t—u
M) = & Td=s/2) (1 —u) <1 —t) :ésmﬁl (1 —d-s)/2 1—u>
qR+D — /1 1d2  R-1D*t—u
a rd 2F1<1—(d—$)/2’ r2 1—u>}' (21

Furthermore, ifz = (y/1 — £2Z, &) € S¢, the weighted s-potential is given by

U (@) + Qaq(@) = &5(), z€ X,

” B 1 R+1?*&E—t d—s 5)_ (g—t_b 5) 4
Us (Z)+Qa,q(z)—‘ps(t)+qpsl< 211 2 2 Ds(1) 1 14 2 '2) z2eS°\ X, (22)

where p = /R%2 — 2R& + 1 and I(x; a, b) is the regularized incomplete Beta function.

The corresponding statement for the case s =d — 2 is given in Theorem 15.

Remark 12. According to Remark 8 we have from Theorem 11 that Fs(X;) = @,(t). Concerning the minimization of this
function, we derive the following result.

Theorem 13. Let d — 2 < s < d. For the external field Q4 ¢(X), a= (0, R), R > 1, the function @(t) has precisely one global minimum
to € (—1, 1]. This minimum is either the unique solution tg € (—1, 1) of the equation

Dg(t) = q(R + )" /(R2 = 2Rt + 1),

or to = 1 when such a solution does not exist. Moreover, to = max{t: 1 > 0}. The extremal measure pq,, on st is given by Nty
(see (20)), and supp(iq, ) = Zt,-

Note that, in view of formulas (46) and (47) for | €| and |v¢| given below, the equation in Theorem 13 can be written
in terms of hypergeometric functions.
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Fig. 1. The weighted s-potential of n; for t > tg, t =tp, and t < to versus altitude & of z for d =2, s=1/2, q=1, and R = 3/2, cf. Theorems 11 and 13.
Insets show the respective density 7;.

Remark 14. The restriction on the parameter s arises in the process of applying the balayage method and the principle of
domination. It is a topic for further investigation to extend the range of s for which the conclusion of Theorem 13 remains
true.

Fig. 1 gives an overview of the qualitative behavior of the weighted s-potential of 7; on S¢ associated with Q and its
density with respect to og|y, for s in the range d —2 < s < d and the choices t < tg, t =tp and t > to. We remark that the
tangent line to the graph of the weighted s-potential becomes vertical as & — t* for t # tp and is horizontal for t =ty < 1
(cf. Remark 31).

1.5. The exceptional case s =d — 2

In this case M. Riesz's approach [13, Chapter IV] has to be modified. Somewhat surprisingly it turns out, as shown in
Lemmas 33 and 36, that the s-balayage measures from (18)

€ =€ g2 =Balg_3(a, Zt), Ve =V g2 =Balg_2(0, Z¢) (23)

exist and both have a component that is uniformly distributed on the boundary of X;. Moreover, unlike the case d — 2 <
s < d, the density for uq,,, where s =d — 2, does not vanish on the boundary of its support. We introduce the measure

Br(X) =8 ) - 0q_1X), x=(V1—uXu).
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— a2~ is given by

Theorem 15. Let d > 3. The signed s-equilibrium 1), on the spherical cap X associated with aa,q(x) =q|x
e = [@a-2(0/Wa—2(8)]5e — &, Pg—2(D) := Wa—a(8%) (1 +qll&)/ITell,

where ¥; and &; are given in (23). More explicitly, for x = (~/1 — u?X, u) € $¢

(x)
Xt

_ RZ_]Z
dife (%) = Baal) ~ ¢ aR"~ 1) ]dad

R2 — 2Ru + 1)4/2+1

1
Wq—2(S%) [

1-—t 1=
+ ?(1 - tz)d/z ][‘Dd—z(f) -

q(R +1)?

m] dBe(x). (24)

Furthermore, for any fixed t € (—1, 1), the following weak* convergence holds:

Vs —> Dy, €rs —> &, ass— (d—2)". (25)
The function ®4_5(t) has precisely one global minimum tq € (—1, 1]. This minimum is either the unique solution tq € (—1, 1) of

— d/2

By o(t) =q(R +1)2/(R2 — 2Rt + 1),

or to = 1 when such a solution does not exist. Moreover, to = max{t: 7; > 0}.
The extremal measure Kg,, 0N S* with SUPP(MQM) = X, is given by

(X). (26)

Dy_a(to R—12R2—2Rt0+1 12
d’uQa‘q (X) = dThO (X) = d 2( ) - ( ) ( ) lof]
ity

Wa_(S%) (RZ — 2Ru + 1)d/2+1

In Lemmas 33 and 36 we give the s-potentials of the balayage measures V; and €; from which the weighted s-potential
of 7j; at every ze S? can be easily obtained.

Remark 16. As can be seen from (24), depending on the sign of the coefficient of 8, the signed equilibrium #; has positive
or negative charge on dX; unless t =tg, in which case the charge on the boundary disappears (see Fig. 2).

Next, we describe the results when d =2 and s = 0. The external field in this case is Q (x) = Ea,q(x) =qlog(1/|x — a|).
The balayage process for logarithmic kernels preserves the mass of the measures, but changes the potentials by a constant.
Hence, ||Vt o]l = [|€c.0ll = 1, and thus @4_»(t) = 1+ q. However, the Mhaskar-Saff functional Fo(X;) from (15) is no longer
equal to @4_»(t) (cf. Remark 12 and Lemma 40). The logarithmic energy satisfies

Wo(K) = lim dW,(K)/ds| _,. (27)
s—0t -

For K = S? we have Wy(S?) = 1/2 — log2 < 0. Since Theorem 10 can be extended to s =0 if d = 2, we deduce that
Sg =supp(ig) will be a spherical cap X,. Direct calculations show that the Mhaskar-Saff functional Fo for spherical
caps is still minimized for Sg. Fig. 2 shows the qualitative behavior for the weighted potential in the logarithmic case.

(Note, that for t # to the tangent line to the graph of the weighted logarithmic potential at £ — t™ is not vertical like in
the case d — 2 < s <d (cf. Fig. 1), but it becomes horizontal if t =ty < 1.)

Theorem 17. Let d = 2 and s = 0. The signed s-equilibrium 1, o on the spherical cap X associated with aaﬁq(x) =qlog(1/|x—a|)is
given by

Neo=(1+qgVt 0 — qéto,
where Uy o = Balg(02, Xt) and € o = Balg(8a, X¢). For x = (v/1 — u2xX, u) € X

q(R +1)?

_ q(R? —1)2
d =|14g-—2" "7 |4 At
.o () [ Ta 72 RZ — 2Rt + 1

(R2 —2Ru +1)2

] dp(x).

1—t
(x)+—|:1+q
X 2

Forz=(y/1—£2%,£) e S! the weighted logarithmic potential of ¢ o satisfies

Ul @) + Qag@ = Fo(Z), z€ X,

14t RZ —2Rt+1
+ +glog4+, zeSz\Z‘t,
1+& 2 °R2—_2RE+1

i — 1
Ugt'o () + Qagq(@) = Fo(Xp) + 5 log

where Fo(X}) is given below in Lemma 40.
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Fig. 2. The weighted logarithmic potential of 7o for t > to, t =to, and t < tp versus altitude & of z for d =2, s=0, ¢ =1, and R = 2, cf. Theorem 17. Insets
show the respective density ’7;,0- The dot indicates the component on the boundary of X.

The Mhaskar-Saff functional Fg is minimized for Xy,, where

2 2
to=min{1, R+ D™ —1} =min{1,1_ M}.
2R+ RAT )

Moreover, to = max{t: 7j¢ o > 0}.
The logarithmic extremal measure jig ,on S? with supp(,uaaq) =Xy is

2 482
(R —1) ] Ay (28)

(RZ—2Ru+1)2 5

duaa‘q (X) = dﬁfo,o(x) = |:1 +q—

Remark 18. In general, the density ﬁto,o(”) in (28) does not vanish on the boundary of Xy,. In fact, if tg € (—1, 1), then

ulergo Mt 0) =[(1+)/q][4gR — (R = 1D*]/(R+ 1)* > 0.

1.6. Axis-supported external fields

It is well known that the balayage of a measure can be represented as a superposition of balayages of Dirac-delta
measures. Using this, we extend our results to external fields that are axis-supported s-potentials.

Definition 19. We call an external field Q positive-axis supported, if

Q(x):/lx—Rp|_sdk(R), xe$d, (29)

for some finite positive measure A supported on a compact subset of (0, co).
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Remark 20. Since Bals(8(1/r)p, Sd) =R Bals(8rp, Sd), we can restrict ourselves to measures A with support in [1, c0). It is
possible to generalize the setting to fields supported on both the negative and positive polar axis as well. This generalization
shall be reserved for a later occasion.

We begin with a result, which generalizes Theorem 2 and Corollary 3 to axis-supported external fields Q.

Theorem 21. Let 0 < s < d and Q be as in (29) with supp(A) C [1, o0). Then

dii (%) = m{}'s(Sd) - /(R2 ~ 1) (R? = 2Ru +1)* dk(R)} do (%).

Moreover, supp(iLq) = S (that is wq = 1,)ifand only if

Fi(s?) > /(R + DTSR = 1) dAR).

The next assertion deals with the signed equilibrium measure 7, on spherical caps X; C S? associated with the axis-
supported external field Q.

Theorem 22. et d — 2 < s < d and Q be as in (29) with supp(A) C [1, co). The signed s-equilibrium 1j; on the spherical cap X
associated with Q is given by
e = [®s(0)/Ws(S) Jue — &, Bs(t) := W(S) (1 + 1&l1) /I vell,

where v is defined in (18) and & := Bals(A, X¢) = [ Bals(8gp, Zr) dA(R). For x = (v/1 — u?X, u) € X; the signed s-equilibrium
can be written as

B uz)d/Z—l

- - Wq— _
dfje (%) = ij; (u, R)j)—;(l du dog_; (®),

where

., 1 rd) (=P e\ 1.d/2  t-u
R =y s Td—s/2) (1 —u) (1 —t) {ng(t)zF] <1 —d-9)/2 m)

R+1d—s . R—1? t-—
/ (R+1) _ REDT e 1,d/2 ;¥ ).
(R?2 — 2Rt +1)4/2 1-(d~-s)/2" R2 — 2Rt+11—u
Furthermore, the function & (t) has precisely one global minimum in (—1, 1]. This minimum is either the unique solutiont; € (—1, 1)
of the equation

By(t) = /(R + 1) (R2 = 2Rt +1) P da(R),

or t, = 1 when such a solution does not exist. Moreover, t, = max{t: fj; > 0}, g = 7t,, and supp(iq) = X,, where g is the
extremal measure on S9.

Theorem 22 can be also extended to the case s=d — 2 when d > 3 and also to the logarithmic case s =0 for d = 2. For
details, we refer the reader to [2].

The remainder of this paper is structured as follows. In Section 2 we show the uniqueness of the signed equilibrium and
prove Theorem 2 and Corollary 3. In Section 3 a suitable Kelvin transformation of points and measures is considered and
explicit formulas for the densities of the measures in (20) are found in Lemmas 24 and 25. Furthermore, the norms of these
measures are computed. The proofs of Theorems 9, 10, and 13 are given in Section 4. The weighted s-potential of the signed
equilibrium is given in Section 5. Section 6 considers the special case s =d — 2 and the proofs of Theorems 15 and 17 are
provided. Finally, in Section 7 we prove the generalization of the results to axis-supported external fields.

2. Signed equilibrium associated with an external field

First, we consider some preliminaries on the Kelvin transformation (spherical inversion) of points and measures. Inver-
sion in a sphere is a basic technique in electrostatics (method of electrical images, cf. Jackson [9]) and in general in potential
theory (cf. Kellog [10] and Landkof [13]). Kelvin transformation (of a function) is linear, preserves harmonicity (in the classi-
cal case), and preserves positivity. We shall make use of this method and of balayage to conveniently infer representations
of the signed equilibrium associated with an external field from known results.
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2.1. The Kelvin transformation

Let us denote by Ky the Kelvin transformation (stereographic projection) with center a = (0, R) and radius +/R? — 1, that
is for any point x € R9*1 the image x* := Kz(x) lies on a ray stemming from a, and passing through x such that

Ix—al|x* —a]=R*>-1. (30)
Thus, the transformation of the distance is given by the formula

* :(Rz—l)&, x,y e S (31)

[x* = y7|
x—ally—al

-y

It is easy to see that Kg(S%) =S¢, where K sends the spherical cap Ag := {(+/1 — u?X, u): 1/R<u<l1, xe S} to
Br:={(~1—u2X,u): —1<u<1/R, XeS% 1} and vice versa, with the points on the boundary being fixed. In particular,
the North Pole p = (0,1) goes to the South Pole q := (0, —1). The image of x = (+/1 — u2X,u) is x* = (/1 — (U*)2X, u*),
where

(R+1)2
R2 —2Ru+1

The last equation is derived from the similar triangles proportion

1+u*= 1 —u). (32)

X —q|/lqg—al =[x —pl/Ix—al

and the formulas |x* — q|2 =2(1 4+ u*), x—p|?=2(1—u), |q—a|=R+1, and |x —a|? = R — 2Ru + 1. Finally, we point
out that

|x* — a|_d do (x*) = [x —al "4 do (x), (33)

which can be easily seen from the relation (x* —a)/|x* —a|=(x—a)/|x—a|.
Next, we recall that given a measure A with no point mass at a, its Kelvin transformation (associated with a fixed s)
A* =ICrs(A) is a measure defined by

A (x*) == (R* — 1) 1x — a| S dAx). (34)
The s-potentials of the two measures are related as follows (e.g. [5, Eq. (5.1)])
* di*(y") Ix —al* di(y) x—al®
UX (x*) = = = UX(x). 35
0= ey = @R yE - e 9

Note that the Kelvin transformation has the duality property Kr s(A*(x*)) = A(X).
2.2. Signed equilibrium

We first establish the uniqueness of the signed equilibrium, provided it exists.
Lemma 23. Let 0 < s < d. If a signed equilibrium ng o exists, then it is unique.

Proof. The lemma follows from the positivity of the s-energy of signed measures. Indeed, suppose 11 and 1, are two signed
equilibria on E associated with Q. Then

Ul'x) +Qx) = Fq, UPX)+Q(x)=F, forallxeE.
Subtracting the two equations and integrating with respect to n; — 12 we obtain
L =) = [ [0 00 = U2 0] do — ) =0
and from [13, Theorem 1.15] we conclude that 77 = n; (see also [8, Section 5]). When d =2 and s =0 instead of [13,

Theorem 1.15] we could use [21, Theorem 4.1] to prove the assertion of the lemma. When d > 2 and s =0 we could use [18,
p. 6]. Note that 11 — 13 is the difference of two signed measures with total charge 1. O

We are now in a position to find the signed equilibrium for the external field Qa4 defined by a point charge q at a
(see (7)).
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Proof of Theorem 2. We apply the Kelvin transformation (30) to the s-potential

a dea(x) _ (R
US (Z):/ IZ_X‘S’ dEa(X) :Wda(x), O =0g.
sd

From (31) and (33) (recall that Kg($%) = S%) we obtain

1 1
U§“(z):|z—a|’$/d—da(x*): -,
/ Ws(S9|z* —x*J 1z - al
S

where we used that U? (z*) = W; (S%) for all z* € SU. Hence, €5 = €; (see (18)). For 1, defined in (12), we therefore derive

U (@) + Qag(@ = Ws(S?) +qUZ @) for all ze S

In addition, one similarly finds

/(RZ - 1)‘H|x —af X dox) = /|x* —a|’do (x*) = U? (a),
sd sd

and consequently 7,(S?%) = 1. Therefore, 1, is the required signed equilibrium.
Finally, to derive (13), using (2) and (3), we evaluate

1
dog(x - - -
U% @) = |xod(a\)5 = 2L [(1— )" (R —2Ru +1) S/Zduz(R—H)_SzF](
- d
sd -1

S/Z’dd/z;le/(R 1 1)2).

In the last step we used the standard substitution 2v =1 + u and the integral representation of the hypergeometric func-
tion [1, Eq. 15.3.1]. O

The proof of Corollary 3 is an easy consequence of the uniqueness of the extremal measure associated with an external
field.

Proof of Corollary 3. The (strictly decreasing) density n}(x) in (12) attains its minimum value at the North Pole p. So, non-
negativity there implies that 1, > 0 everywhere else on S¢, in which case it coincides with the extremal measure on SY.
On the other hand, if supp(uq,,) = S?, then the variational inequalities (5) and (6) yield HQa, = Ma; and n3(X) is again
non-negative at p. What remains to show is that the inequality in (14) is equivalent to n}(x) > 0, which can be seen by
using |p —a| = R — 1. Finally, using the series expansion of (13) and

- o (d/2)  (4R)
R+1DY/R=-1 = {1 - [4R/R+ 1]} 2= _BRY
k(R4

we derive the second part of (14). O

3. The s-balayage measures v; and €;

In this section we show that for s in the range d — 2 < s < d, the measures v; and €; are absolutely continuous with
respect to the normalized area surface measure oy (restricted to the spherical cap X¢) and we find their densities.

3.1. The balayage measures

We now focus on the two balayage measures in (18). The second one, v;, has already been found in [5, Egs. (3.19)
and (4.6)].5 It is absolutely continuous in the following sense:

d/2—1

dve(x) = (14 Je(x)) wj)—;](l — uz) dudoy_1(X), xe X, (36)

where X is the spherical cap centered at the South Pole (see (17)) and

sin(w (d —s)/2) (1 —t)d-5/2 /l vaR2=1(1 — y)@=9/2

b4 (t — u)@=9/2 1—-u—(1-0twv
0

JeX) =

6 Here, we use normalized surface area measure.
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It is convenient to obtain a closed form for J;(X) in terms of (regularized) hypergeometric functions (cf. (9)). By [1,
Eq. 15.31]

_r@d/2d-5/2 (1-t\"(t—u (5*‘“/2? 1.d2 1-t

The application of [1, Eq. 15.3.6] yields an expansion near u ='t,

B rdp2 (1-c\7?/c—u\C2 _ 1.d)2 t—u

Substituting the last relation into (36) and simplifying we get the following lemma.

Lemma 24. Let d — 2 < s < d. The measure v; = Bals (o, X¢) is given by

dve(®) = v/ (u) “’;’;‘ (1-12)"* " dudoy1(®), xe 3, (37)
d

where the density v{(u) is given by

Lo rd (1= re—u\P? 0 14 t-u
ve(u) = F(d—s/2)<l—u) (1—t> 2F1<1—(Ul—s)/2’ m) (38)

To determine the s-balayage ¢;, we recall the formulas for the Kelvin transformation of measures and the relation of
the corresponding potentials (see (34) and (35)). Let A* be the extremal measure on X} := Kg(X¢), normalized so that its
potential US” (x*) =1 on X{. Then, using (30) and (35) we derive just as in [5, Section 3, Eq. (3.7)] that

€)= (R* = 1) ™2 Krs (2 (x*)). (39)

Since the image X of Xy is also a spherical cap, this time centered at the North Pole, we can utilize a formula similar
to (37) for its extremal measure. If X = {x: —1 <u < ¢}, then X} ={x: 1> u* > t*}, where u* and t* are related to u
and t by (32). If we set v} :=Bal(o, X}"), then A* = vt*/Ws(Sd); hence we get

Wd—1

da*(x*) = (x*)’(u*)w_dp — @)’]"* du* dog_q (%), (40)

where the density is given by

, Id/2)/WsSh [ 1+ 65\ fur — o\ D2 1,d2  uf—t*
() () = ( 5 o
rd-—s/2) 1+u* 14+ 1-(d—59)/2" 14u*

(We remark that the last formula (up to a normalization constant) for the special case d =2 was first derived by Fabrikant
et al. [7].) From (32) we get

14u* RZ—2Rt+1 1-u

- . ; 41
1+¢* RZ—2Ru+1 1-t (41)
from which it follows that
- R? -1 a d2—1
1- *2d/21d*= —_ 1—2/ du. 42
[ (U ) ] u RZ —2Ru +1 ( u ) u ( )
Substituting (41) and (42) in (40) and using (39) and (34) we obtain
Lemma 25. Let d — 2 < s < d. The measure €; = Bals (83, X¢) is given by
der(x) = €/(u) wj),1 (1- uz)d/z_1 dudoy_1(X), xe X, (43)
d
and setting r2 := R% — 2Rt + 1, the density is given by
Caye L _T@ REDTE (1 VoYL 1d2 R-1?tu )
ST Wesh rd—s/2) 1—u 1—¢ PMN1-d-9/2" 12 1-u)
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3.2. Positivity of the signed equilibrium of a spherical cap
The following lemma establishes a condition for positivity of the signed equilibrium

Wd— — —
dne (%) =} (u) S)—dl (1— )" dudog_; (®).

Lemma 26. Let d — 2 < s < d. If for some y > 0 we have n{(u) > 0 foru € (t — y, t), then

Ds(t) = qR+ 1% 5/r%,  r2=R?>—2Rt+1, (45)

and, consequently, nj(u) >0 forall -1 <u <t <1.

Proof. Using (21) and the non-negativity hypothesis for n;(u), we get

_)d-9)/2 _ d—s j.d
limﬁ[(t _ u)(dfs)/Zn;(u)] _ ra/2)a _ t) {Ds(t) —q(R+ 1) /rf} - 0.
u—t W SHI(d—s/2)I'(1—(d—5)/2)

In particular, the expression in braces is non-negative for d —2 < s < d.
For R %1 we have (R —1)? < r2. Thus, the first hypergeometric function in (21) is strictly larger than the second one for
all -1 <u <t and d—2 <s <d. Hence, using ®s(t) > q(R + 1)45/r%, we have

) 1 rdp2 (1-t\Y?(e—u\cP2 1,d2  t—u qR+ 175
”f(”)>ws<Sd>F<d—s/2)(1—u> (1—t> 2F]<1—<d—s>/2’1—u>{¢$(t)_ rd }20’

which shows that n;(u) >0 for all -1<u<t. O

Remark 27. We note that in the limit R — 1 relation (45) becomes the same as in [5, Eq. (5.9)]. It also follows from the
proof of Lemma 26 that the sign of the difference @,(t) — q(R + 1)d*$/rd is determined by the sign of n{(u) near the
boundary of the spherical cap X, that is for u near t~, and vice versa.

Remark 28. Equality in relation (45) yields lim,_,,- n;(u) = 0. This follows from (21) and series expansion (9).

3.3. Norms of the measures in (20)

Lemma 29. Letd — 2 < s < d. Then

du. (46)

t
lecl AL f A+ w11 — w52
t =
-1

I'(d—s/2)I"(s/2) Wg(S9) (R2 — 2Ru + 1)4/2

Proof. Substitution of (43) and (44) into ||| = ”j,—j I, /)1 —u?)¥2~1du and further simplifications (see [2, Appendix]
for details) yield

r'd/2) I'd/2) wg_1 (R+1)4-3
rd—s/2) I'(s/2) wg Wg(SHrd

1 —d)2
1 —_
x (1 — xy)~9/2 / V211 — xy)d=s/2-1 (1 - Xi—}(j?v) dv,

leel) =214=>/21 a-0"a+p?

where x = (1+1)/2 and y = (R — 1)2/r2. Substituting

_(R+D*1—t x(1—y) 4R 1+t
o2 27 1—xy (R+1)2 2

1—xy

)

and (3) we get the Euler-type integral of an Appell function [6, Eq. 5.8(5)]

1

27521 (d) 1 1+¢ 47921 4R 1+t \ 7Y
— R D51 5/2/ s/2—1 1— 1 — ' .
I = ra—srem w.en " T AT 2 " ®+2 2z 4

0
A change of variables 1+ v = (1 + t)u yields (46). O
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Lemma 30. Letd — 2 < s <d. Then

21741 (d) t s/2—1 d—s/2-1
Vel = mf(HH) 1—u) du=1-1((1-1t)/2;d —s/2,5/2). (47)
-1

Proof. We proceed as in the proof of Lemma 29. In fact, the densities €/ and v; differ by a multiplicative factor (R + 1)d-s/
[W,(S%rd] and a factor (R — 1)2/r? in the argument of the hypergeometric function. From (37) and (38)

1
s/2 d—s/2—1
el = —— L@ <1“> /vs/2—1<1 _ ﬂv) dv.
2
0

rd—s/2)r's/2)\ 2

A change of variable 1+ u = (1 +t)v yields the first part of (47).
A manipulation of the integral (extending the integral over the complete interval [—1, 1] and using the standard substi-
tution 2v =1 — u) yields the second part of (47). O

4. The extremal support and measure: Proofs of Theorems 9, 10, and 13
Our first proof deals with the minimization property of Sq.

Proof of Theorem 9. Let K be any compact subset of S¢ with positive s-capacity. For the considered range of the parame-
ter s, we have that the potential of the extremal measure px = i s satisfies the following (in)equalities

UM x) =Ws(K) qe.onK, UM <Ws(K) on S (48)

This follows trivially from the general theory (see [13, Chapter II]) for d — 1 < s < d, with the inequality holding on the entire
space R4, To derive (48) for the extended range, we observe that for K =S this is obvious (pg = ag). If ¢\ K is non-
empty, there is a spherical cap X that contains K. The s-potential of uy equals Ws(X) everywhere on X (see [5]), so the
measure v := [W(K)/Ws(X)]uk has a potential that equals W(K) on X. Since Ué“‘ (x) < Ws(K) on supp(uk) (see [13,
p. 136(b)]), we could derive the inequality in (48) by comparing the potentials of yx and v and applying the restricted
version of the Principle of Domination as given in [5, Lemma 5.1] (for s =d — 2 we adapt the argument in Lemma 5.1
using [13, Theorem 1.27]). Since UX¥ (x) > W,(K) q.e. on K (see [13, p. 136(a)]), we conclude the equality in (48) as well.

Clearly, F5(Sq) = Fq (see (5) and (6)). We now show that for any compact set K C S with positive s-capacity we
have F(K) > Fs(Sq). Indeed, let us integrate (5) with respect to k. Since g has finite energy, the inequality holds also
Mk-a.e. and, using the inequality in (48), we conclude that

W5 (K) ?/UéLK(X)dMQ(X)Z/UéLQ(x)dlLK(X)>FQ —/Q(X)dMK(X),

which proves our claim. O
Next, we prove sufficient conditions on Q, that guarantee that the extremal support is a spherical zone (cap).

Proof of Theorem 10. Convexity of f (&) implies that Q (z) is continuous and the existence and uniqueness of the extremal
measure (g follows from standard potential-theoretical arguments (see [22,23]). The rotational invariance of Q (z) implies
that the extremal support is also rotationally invariant. Hence, there is a compact set A C [—1, 1] and an integrable function
g:A— RT, such that the extremal measure and its support are given by

dug (%) = g(u)dudoy_1(X), supp(iq) ={(V1—u?X,u): ucA, Xe sd-1 }.

We show that A is connected. For this purpose we adapt the argument given in [15]. Suppose A is not connected. Then
there is an interval [«, 8] C (—1, 1), such that [o, BN A ={«, B}. Let A~ :=AN[-1,a] and AT := AN[B, 1]. For

x=(V1-u2xu), ueA UAY, xes™!,  z=(/1-822¢), te(p), zes',

we represent the weighted s-potential of o as follows:

|z —xJ*
gd—l A— At

o
Ué‘Q(z>+Q<z>=/g<u>(/ Ll(x))du—FQ(Z) =:/g(u)x(u,s)du+/g(u>x<u,s)du+f<s),
A

where «(u, £) has been evaluated in [5, Section 4] for the case & >u (u € A™) to be
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do - (R
O (49)
§d-1
_ —s/2 2. p ($/2,1—=d—s)/2 1+ul-¢
= 1-wa+e) 2F1< a2 Toaiie (50)
_ i": (/21— (d—5)/21+wk  (1—8)k (51)
- prt (d/2)ck!(1 — u)k+s/2 1+ é)k+s/2 :
By symmetry we derive that when £ < u (u e A™)
> —(d— a0k k
k(L £) = Z (8/2)k(1 = (d—5)/2) (1 —w)* (1+§) (52)

S @DKATueR Ak

It is easy to verify that the functions

A-5%a+e2, a+ef/a-ek2 k=0,1,2,...,

are strictly convex for & € (—1, 1). Hence, from (51) and (52) we derive that « (u, &) is a convex function in & on («, 8) for
any fixed u € A~ U AT. Therefore, using the convexity of f(£) we deduce that the weighted s-potential is strictly convex on
[a, B]. This clearly contradicts the inequalities (5) and (6), which proves (16).

Now suppose that, in addition, f(&) is also increasing. If t; > —1, for u € [t1, t2] and & € (—1,t1), the kernel is calcu-
lated using (52), in which case we easily obtain that 9« (u, £)/0& > 0. This yields that the weighted s-potential is strictly
increasing on [—1, t1], which contradicts (5) and (6) similarly. O

Proof of Theorem 13. The external field is given by

Qag@ =q/la—z =q|R* —2Re +1| "> = (), z=(J1-£2¢)es,

where f'(§) > 0 and f"(§) > 0 for £ € [-1,1]. By Theorem 10, supp(iq,,) is a spherical cap centered at the South Pole.
So, by Theorem 9 we have to minimize the Fs-functional over all such caps. Recall that (see (19) and Remark 12)

Fs(Ze) = &s(t) = W (SY) (1 +qllecll) /Ilvell.

Applying the Quotient Rule and using (46), (47), and the Fundamental Theorem of Calculus, we get (note that ||v;| > 0 for
t>—1and |v]/ >0 for —1 <t <1)

dos gl Ivell — (1 +qllelDllvell’ ||vt||/[ d ||et||/]
= =— &g (t) — qWs(S
de vell2/Ws(S) lvell L° s )nvtn/
! R+ 1)4-s 4
__lwll [q)s(t)_q( +d) ]:,_uvtn A (53)
el r el

where r = r(t) = v/R? — 2Rt + 1. Observe, that A(t) — oo as t — —1. Hence, there is a largest tg € (—1, 1] such that
A(t) > 0 on (—1,tg). If to =1, then P(t) is strictly decreasing on (—1,1) and attains its minimum at t = 1. (We note
that A(1) > 0 is equivalent to the condition in Corollary 3.) If to < 1, then by continuity A(tg) = 0. Clearly, @;(t) <0 on
(—1,tp) and ®/(tp) = 0. Suppose, ®;(t) =0 for some T € (-1, 1). Then A(t) =0. Applying the product rule we get
d?o ’ dq(R 4+ 1)4—5R
s oy ol gR +1) ]

_ o/() — _llvel dg(R + 1)*SR
de2 2 e L? rd+2

= lvell rd+2 t=t

Hence, any zero of @/ is a minimum of &;. Since @ is twice continuously differentiable on (—1,1) (see Lemmas 29
and 30), the latter observation implies that &g has only one local minimum in (—1, 1), namely tg, which has to be also a
global minimum. Observe, that ®/(t) <0 for t € (—1,tp) and @.(t) > 0 for t € (tg, 1). From (53) we conclude that A(t) >0
on (—1,tg) and A(t) <0 on (tg,1). This shows that &(t) has precisely one global minimum in (—1, 1], which is either
the unique solution ty € (—1,1) of the equation A(t) =0 if it exists, or top = 1. Moreover, A(t) > 0 if and only if t < to.
By Lemma 26 and Remark 27 we have to = max({t: 7 > 0}. Clearly, Sq,, = Zt,, from the minimization property. Since the
signed equilibrium for X, is a positive measure, by the uniqueness of the extremal measure we derive that q,, = . O
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5. The weighted s-potential of ; on S? \ ¥;: Alternative proof of Theorem 13

In this section we complete the proof of Theorem 11, namely formula (22) on S¢\ X. For z= (/1 — £2Z, &) with & > ¢
the s-potential of n; is given by

t
0w = [ S0 =20 [ewomw( - )
-1

Iz —x*

where «(u, &) is given in (50). Using appropriately chosen constants C and c; the densities of €; and v; in (20) both can be
written as (cf. Lemmas 24 and 25)

/ 1=\ (t—u\TV2E (d/2)n pt—u)'
Vf(”)zc<1_u) (1——r> ,;rmﬂ—(d—s)/m(cf]—u)'

Hence, it is sufficient to study the s-potential of dy; = y/ doy| .
Using the series representation (51) of «x (u, &) and integrating term-wise we get

Carg—1/wg ZZ (/2)m( —(d —5)/2)m(d/2)n [1-§
(A +&)72 «mid/Dm(n+1-(d—-5)/2)[1+¢

m
ul'z) = ] 2" Hmn (6 1),

where Hp, n(t; u) is the integral (the second step follows from [16, Eq. 2.2.6(9)])

t

t — u)'—@=9/2(1 4 yymtd/2-1
Hmnnu)=~1 _t)d—s/Z/ (t—u) 1+u) @
=1

a1- u)m+n+1+s/2

_rm+d/rn+1-d-s)/2) (1- £)4=5/2(1 4 ¢)ym+nts/2
B r(m+n+1+s/2) (1 —tym+d/2(1 4 yn+1-d=5)/2"
Putting everything together, we arrive at
d,
UF gy = p-s1¢ @t _T@2) (1-t @92 1140\
s wg T(1+s/2)\ 2 1+&

o o (5/2m(Wn(1 = (d = $)/2)m /2 (1= T+\"( H14+1)"
X2 (A +5/2)mpnm'n! <1+€l—t) (fT> '

m=0n=0

The double sum in the last expression is, in fact, the series expansion of the generalized F3-hypergeometric function (cf. [17,
Eq. 7.2.4(3)])

F3(a a,b, b ) ZZ (@m(@)n(B)m (b W wl 2] < 1.

c m!n!
o= ©Omin

Moreover, the F3-function in question is of the form [17, Eq. 7.2.4(76)]
Fs (a, c— a,cb, c— b; w. z) — (1 — 2+b—C,F, (a,cb; Wiz wz).
Letr=+R2—2Rt+1and p=|z—a|=+/R2—2RE+1.For¢,=1,C=1I(d/2)/I"'(d—s/2), and using (3), we have

. 146\  [(s/21—d—s)/2 1+t
Ut (@) = Wy(S? )Asd(H_S) Fl( 1+5/2 @)

For ¢ = (R—1)?/r? and C = (1/W(S)) ' (d/2)/ I (d — s/2)(R 4+ 1)95 /14, we get

1/1+6\? 21— (d—s)/2 p>1+t
Ugt @) = sd—< ) m(s/’ ( 5)/;p——>.

1+& 1+5s/2 2 1+¢
The normalization constant Ag 4 is given by
A, rd/2) —1/sF s/2,1— (d—s)/241
T T -9 a+s2) 1+s2 )

(The last relation holds by [1, Eq. 15.1.20].) Note that the hypergeometric functions above can be expressed in terms of
(incomplete) Beta functions (see (10)). Thus
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1+t s d—s 1 (p?>14+t s d—s
U@=w,8)Il —:2.— ), Uf@==I5—riz.— ). 54
5'(@) s()<]+52 2) f@=" 21 2 (54)
which are valid for z € ¢\ X,. Hence, using (20), we obtain
14+t s d—s 214t s d—s
U@ = g1 s S E2S) Ay (2 1 HE S E2S)
1+€°2° 2 ps \r214&72° 2
Application of the functional equation I(x; a,b) =1 —1(1 — x; b, a) gives (22).

Next, we provide an alternative proof of Theorem 13. The (series) expansion

I(z:a.b) = [[(@+b)/T ()] (1 — 2)°F (1 b z),

applied to (22) yields for & >t > —1

_+\d=9)/2 s/2
Ugt(l)+Q(z)=:ps(t)+F(d/z)(é f) <1+t>

rs/2)\1+¢ T+e
— (d/2)n E—t\"(qR+1DITR24+2R+17"
X§r<n+1+(d—s>/z)<1+g>{ r [RZ—ZRH-l] _‘ps(t)}'

If (R + 1)4=5/r? > @y(t), then the above infinite series is a positive function for 1> & > t. An immediate consequence in
such a case is the inequality

U@+ Q@ > &s(t), zeS'\ X

In particular, the last relation holds when t =t is a solution of q(R + 1)4~5/r = &,(t). But then from Lemma 26 we have
that the signed equilibrium is a positive measure. Since it satisfies the Gauss variational (in)equalities (5) and (6), it is the
extremal measure g on S4. Easily, we derive that tq = max{t: n; > 0}.

Remark 31. An interesting observation is that for t = to we could factor (¢ —t)/(1+£) (to get [(¢ —t)/(1+£)]'+@=9/2) and
using product rule, it follows that

U@+ Q@)} /0] i+ =0.
It can be also shown that for q(R + ])d*S/rd %+ @4(t) one has

0 rd/2) d—s ; d —d —s)/2— -
—{Uf@ 7)) = R+ 1D/ = o)} (1 + 062 — ) @=271 4 O(( — @9/
ag{ F@+ Q@) F((d_s)/z)r(s/z){[m + D =0} +0) () +0(¢ -0 )
as £ — t*. Thus, the partial derivative with respect to £ of the weighted s-potential of the signed s-equilibrium #; is
singular at the boundary of X; when approaching it from the “outside” if t is not a solution of the equilibrium condition.
The sign of this partial derivative is determined by the difference in curly braces, see Fig. 1.

6. The exceptional case s = d — 2: Proof of Theorems 15 and 17

The proof of Theorem 15 will be split into several lemmas. We first find the s-balayage of a point charge y =
(V1 —=v2y,v) eS?\ X; onto X;. Set

€y = €y,r.d—2 = Balg_2(dy, Zy).

To determine ey we proceed as in [5, Section 3] (see also [13, Chapter IV]). We apply an inversion (stereographical pro-
jection) with center y and radius +/2. The image of S¢ is a hyperplane passing through the origin. The image of X is a
hyperdisc of radius T =+/1—t2/(v —t). The (d — 2)-extremal measure on this d-dimensional hyperdisc is the normalized
(unit) uniform surface measure on its boundary di*(x*) = 741 dog_; ((X* —b*)/T), where b* is the center of this hyperdisc.
The potential of A* is found to be

) doa (& ~b)/0)
Ud—z(x ) =T / |(z* —b*)/T — (x* —b*)/T|4-2
Sd—l

=TWy (8" ) =1.

Using the Kelvin transformation of this measure as given in Section 2.1 (cf. (34) and (35) with R2 — 1 = 2), we compute that

dey®) =2(v — (1= 2)"* ' x—y| ! doy_1(X), xedx.
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The corresponding balayage for d — 2 < s <d was found in [5, Eq. (3.12)]:

dey s(X) =

2sm(n(d—s>/2>< )“’ ey o ®
t—u ' '

T Ix —yd

The following lemma establishes the relationship between €y s and ey.

Lemma 32. Let d > 3. Let dy; := % du, —1 <u < t. Then ||ys|| — 1 and ys —> &, as s — (d — 2)T. Consequently,

€ys —> €y, as5 — (d—2)7T.

Proof. We compute

t
Iyl :/ sin(m(d —s)/2) , sin(w(1—(d—s)/2)) t)F(d*S)/z.

7T(t —u)d=9/2 U= T(1—(d—-59)/2) a+
21

Clearly, ||ys|l <2 and ||ys|| = 1 as s — (d —2)™. Let f be a continuous function on [—1, t]. Then what we have to prove is
that

t
. sin(w (d —s)/2)
i, [ e e @ =10
-1

By ||ysll — 1 as s — (d — 2)™, this is equivalent to

t
. sin(r (d —5)/2)
s—>l<:1r£12)+/ Tt —u)d=9/2 [fa) - f©]du=
-1

Suppose now that f(x), where x = (+/1 — u2X, u), is a continuous function on S¢. Then as s — (d — 2)* we have

llmffdeys_llm/< / fx )dod l(x)>2(v )<d—5)/2(1 —uz)d/%1 dys(u)

=2v - (1-)"*" 1(/ o 241 %) 1(")) =ffdey,
Xt

Ix -yl
which completes the proof of the lemma. O

Next, we determine the balayage measures in (23). We shall use that B¢, which is the unit charge uniformly distributed
on the boundary of X, has (d — 2)-potential

dos 1 (X _1-d/2 1-d/2 ife>

Ugr—z(z) _ / 04 1§X)2 _ { (1-1) 1+8) if&>t, (55)

lz—x|"2 L+ -5 ife <t
Sd-1, y=t
where z = (/1 — £2z, u) € S%. This follows from (51) and (52).
Lemma 33. Let d > 3. The measure v; = Baly_» (04, X¢) is given by
_ an1—t o\d/2—

D (%) = dog| 5, %) + Wy_2(8) —— (1 — 2)"* 7 dse(u) dog_1 (®). (56)
The (d — 2)-potential of V¢ is given by

Uy ,@ =Wy o(s), zex, (57)

UY @ = Wao(SH)A+0¥2 11 +6)'792 < Wy (s9), zes\ 5. (58)

Remark 34. It is interesting that the (d — 2)-potential of VU, can be expressed using the potential of 8; (cf. (55))

Ul @ =Wy, (1 - Ul @, zesi\ 5.
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Remark 35. In the proof of Lemma 33 and Lemma 36 below we shall obtain the balayage measures constructively. Alterna-
tively, one could get this from the potential (in)equalities (57), (58) and (61), (62).

Proof of Lemma 33. It is well known that

Balg_3 (04, Xt) = 04l 5, + Balg—2(0dlge\ x,» Zt)- (59)

By the principle of superposition we have for x € 9 X;

1
W4— d/2— nd do,
Baly_2(0alga 5, Z) = / ey dog(y) =271 )" 1(/(1_ e >f d9410) dv)ad | ®).

S\ 5 t

The inner integral can be computed using (52) with s =d

/ x -yl dog_1(y) = 1/[2(v — ) A + V)21 - ¥, (60)
Sd—]
Hence,

1

Wd— _ _ _
Balda(adwgd\z[,zf):C‘j)—dl<1+t)d/2 1( f (1—v)?2 1dv)crd1(x)
t

Wq— _ _ _
= E—wdl A+07*711 - 041 (X) = q5,04-1(X), X €)Xy

Using Wy_>(S%) = (4/d)(wy_1/wq) and (59) we derive (56).
Eq. (57) holds because of the balayage properties. Using (55) we have
1—t (1+6)d/2-1
2 A+paT

1+t (1+0)d/2-1

> (ypmet T W)

@ = / lz— x>~ dog (%) + 45, U5 (@) = Wy_»(S%) ——
Xt

from which follows (58). O

Lemma 36. Let d > 3. The measure €; = Balg_, (8a, X¢) is given by

dé;(x) = €;(u) doy| 5, (X) + qe, dd¢ (u) dog_q (X),

where the density €;(u) and the constant qe, are given by

e = (R? = 1)2/W4_5(S%) C 1—t(R+1)? (1- )2
=R ey T Ty '
The (d — 2)-potential of €; is given by
Us,@=lz—-a=Up,@. zex, (61)
US L, @=r"91+0"1 1+ 62 < Ul @@, zes'\ X (62)

Proof. As in the proof of Theorem 2 we evaluate

€a:=Baly_(8a,SY),  d€a(x) =& (u)doy(x).
Using balayage in steps and (59) we get

Balg_3(da, 2t) = €alx, + Balg_z(€alse, 5, Zt)-
By the principle of superposition we have for x € 9 X;

2 @d—1 (R ) a +t)d/2_l 1 - t)d/z

d wq We_a(S9) 3R 01 ® =40 (),

Balg_>(€alsa\ 5, Zt) = / € (Mey(x) dog(y) =
S\ %

where we applied (60) and used the change of variable w = (R — 1)2/(1 — v) + 2R.
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Similar computations with the substitution w = (R + 1)2/(1 4+ u) — 2R (see also (55)) lead to (62). That is, for z € S\ X;
one has
z €/ (u) dog(x 2wi1 R=1% (A+0%? 1-tR+1)? A+0)d/?1
Usiz(z):_/. = dd(z)HaUgiz(Z):—wd L 3 d = ()12 1 ( —: rot )d2 1
|z — x|~ d wg Wy_p(SHrd (1+&)d/2- 2 r (1 +&)d42-

P
1 (1+piet
T opd-2 (1 +€)d/2—1 :
As in the proof of Lemma 33 the balayage properties imply Eq. (61). O

The weak* convergence in (25) is shown next.
Lemma 37. Let t € (—1, 1) be fixed. Then
Vs —> D, €rs —> &, ass— (d—2)%.
Proof. The result follows easily from the following representation

Bmw&mbum®+few®ww,uaw%,
S\ %

and the weak* convergence ey s N €y ass— (d— 2T, O

The norms ||V¢|| and ||&| are obtained from Lemmas 29 and 30 by taking the limit s — (d — 2)™, which is justified by
weak* convergence shown in Lemma 32.

Lemma 38. Let d > 3. Then

_ o d-2 ) F (1221 — w2 S, d-2 d \ dj2-2 dr2
ledi= == ®+1) / (R2 —2Ru +1)4/2 du, ”WHZTWFZ(S )/(]+u) (1w
1 -1

Completion of the proof of Theorem 15. Proceeding as in the proof of Theorem 13, but using now (r = r(t) =

~/RZ —2Rt+1)

By (O =1Vl /Iel[@a—2(®) — q(R + 1> /1] =: = [ 5e]l'/ 1P| A D),

it follows that the global minimum of ®4_, is either the unique solution ty € (—1, 1) of the equation A(t) =0, or tg=1. In
particular, A(t) > 0 if and only if t < tp.

The explicit form (24) follows from Lemmas 33 and 36. If n; > 0 then A(t) >0, so t < tp. On the other hand, it is easy
to see that if t = to, then 7, given in (26) is > 0 because of (R — 1)2 < R? — 2Rtp + 1 < R?> — 2Ru + 1. Therefore, we have
that to = max{t: 7 > 0}, UG, = ey, and supp(u@.q) =X O

The proof of Theorem 17 is also split into several lemmas. We must check that Theorem 10 also holds in the case d =2
and s =0. Then we can make use of the fact that the support S Tag of the extremal measure on S? is a spherical cap.

Adaption of the proof of Theorem 10 for d = 2 and s = 0. The kernel

1

. _ 11 [log(2—2ué —2v1—-u?/1-¢&21)
Kko(u, &) ._/log X do1(X) = —EE/ N> dr
st -1

—3log(1+8) — jlog(1 —u), &>u,
—Jlog(1—&) — Jlog(1+u), &<u,

replaces «(u,&) in (49). (For the computation we used [20, Lemma 1.15].) It is easy to verify that the kernel xo(u, &) is
strictly convex for & € (—1,1) for any fixed u € (—1,1). Hence, we may use the arguments of the proof of Theorem 10
appropriately adapted ford=2 and s=0. O

:—%log(l—ué—l—l&—ul):{ (63)

It should be emphasized that in the logarithmic case balayage preserves mass, and that the logarithmic potentials of a
measure and its logarithmic balayage onto a compact set K differ by a constant on K.
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Lemma 39. Let d = 2 and s = 0. The measure V¢ o = Balg(02, Xt) is given by

_ 1—t¢ _
dvt,0(X) = dos| 5, (X) + 5 dée (u) doq (X) (64)

and ||V¢,0(X)|| = 1. The logarithmic potential of V¢ g is given by

1+t log2

““’(>———%—Elog<1+r)—wo(2t> ze 5. (65)
14+t log2 1

”f“()_i—"%—qog(ws) zes%\ 3.

The measure V; g is the logarithmic extremal measure on X.

Proof. Using (63) we show that (64) satisfies the balayage properties. For z € X;

D, \ 1+t log2
UM @) = U @) — Uy * V¥ @) + —2 Cyg=tz) = - —§ - —log<1 +6) = Wo(Zp).

For ze §*\ X

t
Up(z) = %/(/logl |dm(x)) du + —/ |z X do1(X)
2_‘1 5 u=t
1+t log2 1+t
=5 3 log(l +&) =Wo(Z) + 5 log Tre < Wo(Zp).

Since it can be easily verified that ||[V¢ ol =1, it follows that ;o is a probability measure on X; with constant logarithmic
potential on X;. By uniqueness of the logarithmic extremal measure iy, on X; one has px, =Vro. O

Lemma 40. Let d = 2 and s = 0. Then the Mhaskar-Saff functional Fy for spherical caps X is given by

1+t (R—=1)72%log(R2—2Rt+1) 1 log2 (R4 1)2log(R + 1)2
Fo(Z) =1+ = +4 Che ~ S log(l+0— - —g = . (66)

It has precisely one global minimum tg € (—1, 1]. This minimum is given by
to=min{1, (R> — 2Rqg +1)/[2R(1 + )]}

Proof. By Lemma 39 and |x — a|?> = R — 2Ru + 1 we obtain (with 5, 0 = Vr.0)

/Gaﬁq dM}:t,0=Q/10g T ldgz(x)-HJ—/l g dG] (x)
P
1+t (R+1)%log(R+1)2 N (R —1)%log(R% — 2Rt + 1)
=17 8R a 8R '

Substitution of the last expression and Wy (X;) from (65) into

Fo(®) := fo(Er)ZWo(Et)-i-/aa,q dups0,

yields (66). Observe, that Fy(t) — oo as t — —1. Furthermore,

- 2
Fot) = RA+q—-1) [1+t_ (R+1) }

2(1+t)(R2 —2Rt+1) 2R +9q) |

If -1 <t <1, then the sign of F|(t) is given by the sign of the linear function in the brackets, which is negative at
t=—1.If (R+1)> >4R(1 +q), then Fi(t) < 0 everywhere on (—1,1), and Fo(X;) is strictly monotonically decreasing
on (—1,1) and has a global minimum at t = 1. Otherwise, if (R 4+ 1)2 < 4R(1 + q), then Fi(t) has exactly one zero to :=
(R? —2Rq + 1)/[2R(1 + )] on (—1,1), and is negative on (—1,tp) and positive on (tp, 1). Clearly, Fy(t) achieves global
minimum on (—1, 1] at tg. This completes the proof. O
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Lemma 41. Let d = 2 and s = 0. The measure € o = Balo(8a, Xt) is given by

(R? = 1)2 1—t (R+1)?2

dg X)=—————do X R S—
to() (RZ_2Ru+1)2 2 ()+ 2 RZ_2Rt+1

dd¢(u) do (X)

and €0l = 1. The logarithmic potential ofe[vo is given by

¢ 1. R?—2Rt+1 (R+1)>? (R+1)?
Us%z) =U%@z) + = lo lo , ze Xy,
o @=Ul@+ g =+ —gp 8 g1 2%
1. RZ—2RE+1 (R+1)>? (R +1)2
Et0 83 d
z z)+ =1lo lo , zeS\ X
Vi@ =Ug@ + 5 log — =" 8R B RZ_2Rt+1 \ 2t

Proof. Let z € X;. We write

U= </ /) (R2— 2;u]f 1? (/ og |zi_x| don ®> du > RZ(f ;R]t)jr 1 flog iz - x|, 171
st
Using relation (63) we arrive at
U@ =~ log(R? ~ 2R& +1) + C(R: 1),
where
2 _ 2 2
CRD:= % log : 2(12itt;— : * = ;Rl) log Rz(f ;th)—l— 1
Let z€ S?\ X;. Then
Ust(2) = / — 1 (flog*dm (i)> qug 10 R b? /log ! do1(X).
(R2 — 2Ru—|—1)2 J |z — x| 2 R2 —2Rt—i—1Sl 1z —X| |,
Using relation (63) and evaluating the integral one gets after some simplifications
Ugt'o(z) = —% log[2(1+&)] + (R ;RUZ log Rz(f ;R]t)i T

which yields the representation outside of ;. For ze S? \ X;
R?—2RE+1 1+t
RZ-2Rt+11+¢&

since the logarithmic term is negative for & > t. Hence, €; o has the properties of a logarithmic balayage measure. Finally, it
can be easily verified that ||€; o]l =1 (for details cf. [2]). This completes the proof. O

€0 _ r7r%a 1 Sa
Ug* @ =Ug'@ +CR.0 + 5 lo <U2@ +CR,1),

Proof of Theorem 17. Lemmas 39 and 41 imply that ¢ = (1 + q)Vr,0 — g€¢,0 is, indeed, the logarithmic signed equilib-
rium on X; associated with Qa4 as can be seen from its weighted logarithmic potential given in the theorem. Using

r=+/R>—2Rt+1 and p =+R? —2Ru + 1, we can write

2 _1)2 _ 2

dij,0(x) = [1 +q- g
where x € X. If 70 > 0, then 14+q—q(R+1)%/(R*—2Rt+1) >0, so t < tg. On the other hand, it is easy to see that if t = tq,
then 7, 0 given in (28) is > 0 because p < p and (R — 1)2 < R? — 2Ru + 1. Therefore, we have that ty = max{t: Nty,0 = 0},
K@,, = Mto.0, and supp(pg, )= Xp. O

Zt

7. Axis-supported Riesz external fields

In this section we shall prove Theorems 21 and 22.

Proof of Theorem 21. Direct calculation shows that

Fs(8Y) | o (R? — 1) doy(x) _F(sY d duR) g
Wash m‘/( m)d“m_ws@d)ws(s)_ o )

Ul @ = Q@).

where we used the Kelvin transformation for points (cf. proof of Theorem 2).
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The second part follows from the uniqueness of the s-extremal measure on S¢

in particular, [18,19]) and the fact that the density is minimal at the North Pole. O

associated with Q (Lemma 23 and,

Proof of Theorem 22. By construction 7 is of total charge one. From
Us 0 = / U () da(R) = f x—Rp|*dA(R) = Q(X). X& X,

and U:f(z) = WS(Sd) on X, we get Usf"(z) = qgs(t) = Fs(X¢) on X¢ (Remark 8).
By definition of v, €, and Bals(8gp, Xt) = &r,g We can write

LB 1 _ _ ([ %0 1
"= ot g ) R / E“Rd”R"/ [ws@d) T E"R]dm)’

where subscript R indicates the dependence on the parameter R. Thus

dije(x) = [ / it (u, R)dMR)]%(l —2)"* N dudoy_ (%), xex,
d

where, when using Lemmas 24 and 25 and letting y = (¢t — u)/(1 — u), we have

o L1 T@2 (1t 42 (p D72
et B = P sdy 1l rd—s/2)\1—u 1—t
soooi (142 Y _IMREDTE L 1d2  (R=1)
x {@s(f)2F1<1_(d_s)/2, J’>—r—sz1 e 1T
We claim that the density (the integral in square brackets) is either positive for all u € [—1, t], or is positive on some interval
[—1,t:) and negative on (tc,t]. It suffices to consider the function h(u) obtained by integrating the above expression in
braces against dA(R). Using series expansions we get

oo

B (d/2)y* - IMIR 4+ 1) /R —1\*
h(”)_zr(lcm—(dfs)/z){/[‘ps“)_ () ]d“’”}'

k=0

The coefficients in braces form an increasing sequence with positive limit as k — oo. Hence, either all coefficients are
positive, or the first n are negative and then all others are positive. So, for y € A; :=[0, (1 4t)/2] we obtain

oo
a
g(y):E k—’:y", ax <0 for k<n and a; >0 for k >n.
k=0

We have that g (y) > 0 on A, so g»~V(y) is strictly increasing on A;. Since g™~ 1 (0) =a,_1 <0, there is a y,_1 in A;
such that g™~ (y) is negative on [0, y,,_1) and positive on (¥y_1, (1 +t)/2]. Indeed, if such a y,_; does not exist, we get
a contradiction, because g™~ (y) will be negative on A;, which would imply that g®=2(y) is decreasing and negative
on A¢, and so on. This argument yields g(y) <0 on A, which is impossible because the total charge of 7j; is one.

By iteration one can show a sequence Yy > ¥1 > --- > Yy—1 such that g™ (y) is negative on [0, y;) and positive on
(Ym» (1 +1t)/2] for every m=0,1,...,n — 1. This establishes our claim (t. = yp).

We now can complete the proof of the theorem as follows. If #; is not a positive measure, then there is a t; such that
the density of 7j; is positive on [—1,t;) and negative on (t1, 1]. Then the signed equilibrium for X, is given by

ey =iy = Bals(7iy . Zy) — (|77 || = [Bals (77, Z) [)ver /11ve I

If it is still not a positive measure, then there exists a t; such that 7j;, has positive density on [—1, t;) and negative one on
(t2, t1]. Continuing the argument we derive a decreasing sequence {t;} with the property that 7, is positive on [—1, ti41)
and negative on (ty41, tx]. The limit of this sequence is the number ¢, defined in Theorem 22. Thus, t; = max{t: 7 > 0},
Hq =1, and supp(uq) = X, .

The Mhaskar-Saff functional F; is minimized for X, . Since F5(X;) = & (t) (cf. Remark 8 and beginning of this proof),
we will show similar as in the proof of Theorem 13 above that t; is, in fact, the unique solution in (—1, 1] of the relation

At) = Bs(t) — /(R + )P (R? = 2Rt +1) P daR) =0, (67)

or t; =1 when such a solution does not exist.
Using Quotient Rule and ||&|" = d||&l/dt = [ ||&r|l’dA(R), we obtain

() = —llvell'/ IVl A ).
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Observe that A(t) — oo as t — —17. Hence, by the above relation, @ (t) is strictly monotonically decreasing on (—1,t) for
some maximal t' € (—1, 1] (cf. (47)). If ¢ =1, then t, = 1. Otherwise, t’ <1 and ®,(t') = 0 meaning that t’ is a solution
of (67). Arguing as in the proof of Theorem 13 we have that every solution to € (—1, 1) of (67) is actually a local minimum
of @,(t) because of <15$”(t0) > 0. We conclude that ®,(t) can have at most one minimum in (—1,1). Consequently t; =t’.
We also infer that A(t) >0 on (—1,t;) and A(t) <0 on (t;,1]. O
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