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1. Introduction

In an attempt to find efficient g-shift operators to deal with basic hypergeometric series identities in the framework
of the g-umbral calculus [1,2,10], Chen and Liu [7,8] introduced two g-exponential operators, Fang [9] introduced a new
g-exponential operator, Chen and Gu [6] introduced a Cauchy operator for deriving identities from their special cases. In
this paper, motivated by their work, we study some applications of the Cauchy operator for basic hypergeometric series.

Following [5] we will define the g-shifted factorial by

n—1 o0
@@o=1, @aou=[](1-0ad"), (@ Qo=][](1—ad"),
k=0 k=0

where a is a complex variable. And for convenience, we always assume 0 < q < 1 throughout the paper.
For a complex number ¢, we define

@ Qo = (@: @)oo/ (aq*: q) .. (1.1)

We also adopt the following compact notation

@,a2,...,0m; Pn = (@1; Pn(@2; Pn ... @m; Pn, n=0,1,2,...,00.

In this paper, we will frequently use the following property

(ag'"/c1q) . = (—a/0)"q(2) (c/a: Qn(@q/c; oo, N=0.1.2,...,00. (12)
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The g-binomial coefficient and the g-binomial theorem are given by

. o . .

[n] _ (RN and Z (@ @Pn o _ (@ Q)oo’ X <1, (13)

k1 (@ D@ Oni = (@ Dn (X; @)oo

respectively.
Recall that the g-difference operator is defined by
f(@) — f(aq)

Do{f@} = — Y (1.4)

and the Leibniz rule for Dy is referred to the following identity
Di{f@g@} Zq’“k " [ } Dg{ f(@}Dg{g(aq")}. (15)

The following relations are easily verified.

Proposition 1.1. Let k be a nonnegative integer. Then we have

o) =

q (at; @)oo N (at;q)oo’

D{(at: 9o} = (—)q®) (atq*: q) .
Dk{ @v; Qoo @vg; 9)so

_ ko
(at; @)oo }_t v/ D (at; @)oo

We recall that Chen and Gu [6] introduced the Cauchy operator

T(a, b; Dg) = Z (@ Pn

1 (bDg)", (16)
n=0 (q’ Q)n

as the basis of parameter augmentation which serves as a method for proving extensions of the Askey-Wilson integral, the
Askey-Roy integral and so on.

Liu [12] established two general g-exponential operator identities by solving two simple g-difference equations. Zhu [15]
established the following g-exponential operator identity by solving a simple g-difference equation.

Proposition 1.2. Let f(a, b, c) be a three variables analytic function in a neighborhood of (a, b, ¢) = (0, 0, 0) € C3, satisfying the
q-difference equation

(c—b)f(a,b,c)=abf(a,bq,cq) —bf(a,b,cq)+ (c —ab) f(a, bq, c). (1.7)

Then we have
f(a,b,c)=T(a,b: De){f(a.0,0)}. (1.8)
Proof. We write (1.7) in the form

c{f@b,c)— f(a,bg,c)} =b{f(a,b,c)— f(a,b,cq) —af(a,bg,c)+af(a,bg,cq)}. (1.9)

Now we begin to solve this g-difference equation. From the theory of several complex variables (see, for example, [14]), we
may assume that

fa.b,c)=>Y"An(a cb" (110)

n=0

and then substitute the above equation into (1.9) to obtain

o0 o0
¢y (1-q")An@ b => {An(@.c) — An(a. cq) — aq" An(a. ©) + aq" An(a, cq) }b" .
n=0 n=0

Equating coefficients of b", we readily find that, for each integer n > 1,
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1— aqn—]
Aﬂ(aac)= ] _qn Dq,c{An_](a,C)}.
By iteration, we easily deduce that
(@ @n
An(a,c) = ——=D" lAq(a,c)}. (1.11)
" (@ Dn ot }

It remains to calculate Ag(a, ¢). Putting b = 0 in (1.10), we immediately deduce that Ag(a, c) = f(a, 0, ¢). Substituting (1.11)
back into (1.10), we find that

o0

;Qn(bDy)"
f(a,b,c>=2%{f(a,o,c>}:T(a,b;Dw{f(a,o,c)},
n=0 >

which completes the proof of proposition. O

If we take a =0 and then substitute ¢ with a in Proposition 1.2, it reduces to Theorem 1 of [12]. Proposition 1.2 tell us
that if a analytic function f(a,b,c) in three variables a, b and c satisfies g-difference equation (1.7), then we can recover
f(a,b,c) from its special case f(a,0,c). To get f(a,b,c) we should use the Cauchy operator T(a, b; Dq) to act on f(a, 0, c).

In Section 2, we verify four operator identities.

In Section 3, we use the operator identities to obtain a generating function for Rogers-Szegd polynomials for hy(x, y|q).
And it can be stated in the equivalent forms in terms of the continuous big g-Hermite polynomial.

In Section 4, applying the technique of parameter augmentation to two multiple generalizations of g-Chu-Vandermonde
summation theorem given by Milne, we obtain two multiple generalizations of the Kalnins-Miller transformation which
extend the results of Zhang [16].

2. Cauchy operator identities
In fact, Proposition 1.2 contain the following two operator identities as special cases.

Theorem 2.1. We have

T(a’b;Dq){ 1 } (abt; @)oo

= , (2.1)
(ct; Qoo (bt, ct; @)oo
provided |bt| < 1.
1 (abt; @)oo a,ct
T(a,b; D = >.q,bs ), 2.2
“ q){(cs,ct;q)oo} (bt,cs,ct;q)ooz(p](abf I S) 22

provided max{|bs|, |bt|} < 1.

Proof. We first prove (2.1). Using the identity, (X; @)oo = (1 — X)(Xq; @)oo, by direct calculation, we find that
(abt; @)oo
satisfies the functional equation

f(a,b,c):=

(c—Db)f(a,b,c) =abf(a,bq,cq) —bf(a,b,cq)+ (c —ab)f(a, bq, c).
And the identity (1.8) becomes

(abt; )0 1 }
(bt, ct; Qoo (ct; Qoo
which is (2.1). Similarly we can verify that

(abt; @) o a.ct
s bv = ’ 1 q, b
J@b.o (bt, cs, ct; @)oo 201\ gpy DS

=T(a, b; Dq){

satisfies the functional equation

(c—b)f(a,b,c)=abf(a,bq,cq) —bf(a,b,cq) + (c —ab)f(a,bg,c).
And the identity (1.8) becomes
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1 (abt; Qoo a,ct
T ’ b7 D = ? 7 , b
“ q){ (cs, ct; Qoo } (bt, cs, ct; @)oo 201 ( abt 9 5)

which is (2.2). O
We can verify the following operator identity by using (2.1) directly.

Theorem 2.2. We have

T(a. b Dq>{ e } — g, (“’C"V/ ‘. bt) , (23)

provided |bt| < 1.

Proof. Recall the operator identity in (2.1), namely
1 } _ (abt; @)
(ct; oo (bt, ct; @)oo '

We now introduce the following linear transform

T(a, b; Dq){

L{tn} =W/t;at", n=0,1,2,...,00
By the g-binomial theorem, we find that

o0

1 c"
L = L{t"
{(Ct;Q)oo} ,;(QQCI)n { }
-y
e (q; Pn
_ 0

(ct; Qoo ’

Employing the same type argument as the above, we have

(v/t; Qnt"

L{ (abt; @)oo }_ (cV; Qoo Z (a,v/t; q)n bty 25)

(bt,ct; oo | (ct; Do (q,cv; q)n

Applying the operator L to both sides of (2.4) and then use the above two equations, we conclude that

e o 8 |- 8 ).

which is (2.3). Thus we complete the proof of theorem. O

By using (2.2), we can verify the following operator identity.

Theorem 2.3.

2.6
(cs, ct; Qoo (bt, ct, cs; q)oo abt, cv (26)

provided max{|bs|, |bt|} < 1.

T(a’b;Dq){ (€V; Qoo } (abt, cv; @)oo <a,ct, v/s; ’bs>’

Proof. Recall the operator identity in (2.2), namely
1 (abt; Qoo a,ct
T(a,b; D — L bs) .
( q){ (cs, ct; Qoo } (bt, cs, ct; Q) o 201 abt 9

It can be rewritten as

n

1 (@bt; Q)og & c"kbk(a, ct; q)k
T(a, b; D ){ }: s 2.7
Tles.ctiqee |~ bt ct; qh%é(q;q)n%(q,abt;q)k (27
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We now introduce the following linear transform
L{s"} = (v/s;@ns", n=0,1,2,...,00.
By the g-binomial theorem, we find that

R g

(€s:Doo ) =5 (@ Dn
_i i (v/s; @ns"
T g, O

_ (CV; @)oo
()

Applying the operator L to both sides of (2.7) and then use the above equation, we have

n

(€V; Qoo }: (abt; @)oo iz c"*bk(a, ct; q)k
(cs, ct; @)oo (bt, ct; @)oo (9 Dn—k(q, abt; @)

T(a, b; Dq){ (v/s: Qns"
n=0 k=0
n

_y @ty Drb9)* o (va*/s: Pn_k(cs)"

-  @atigr = (@; Dn—k

o0 oo

3 (a,ct, v/s; @k (bs)k 3 (vg*/s; @)n(cs)"
(q, abt; @)y (q; Dn

k=0

i (a,ct,v/s; Qrbs)¥ (cva; @)oo
(q, abt; )y (€S; Poo

n=0

k=0

_(abt,cv; @)oo i (@, ct,v/s; Qi (bs)*
~(bt.ct,csi @)oo = (.abE, Vi Q)i

which is (2.6). Thus we complete the proof of theorem. O

3. The bivariate Rogers-Szego

The bivariate Rogers-Szeg6 polynomials are introduced by Chen, Fu and Zhang [5], as defined by

n

ESTOEDY m P(x. ). (31)

k=0

Setting y = 0, the polynomials hy(x, y|q) reduce to the classical Rogers-Szegd polynomials h,(x|y) defined by

ha(xly) = [Z]X". (3.2)

k=0
The continuous big g-Hermite polynomials [11] are defined by

n

n i i(n—
Hualn) = Y- 1] (a4, x=coso,
k=0

We observe that the bivariate Rogers-Szegé polynomials h;,(x, y|q) are equivalent to the continuous big g-Hermite poly-
nomials owing to the following relation
Hp(x,alq) = e™hy(e7%%, ae™|q), x=cosé. (3.3)

The polynomials h,(x, y|q) have the generating function

o0
t" ¥t oo

ha(x, ¥1q) = oo ltl<1, |xt| <1. (3.4)
D hn(x, ylg @ Dn EXE Do

n=0
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A direct calculation shows that

n—k . . < <n:
Dz{a”} — {a (q7 ‘I)n/(qa Q)n—k, O\k\n, (35)
0, k> n.
From the identity (3.5), we can easily establish the following lemma.
Lemma 3.1. We have
n
. _ ni. . k n—h
T(a,b: Dy){c"} =) [k] (a; q)xb*c" . (3.6)
k=0

From (3.1) and (3.6), we can easily obtain

hn(x, ylg) = im T(y /x, x; Do){c"}. (3.7)
Carlitz [4] studied generating functions for Rogers-Szegé polynomials systematically and gave a formula

N 2 —
(az; Q)m(abz”; @)oo q ™ bz q
h alg)h, (b 3d, =), 3.8
Z men (@D 1) s = (@b ym(z. az. bz, abz 1 2 \ a7 /(a2) G5

n=0
where m € N and max({|z|, |az|, |bz|, |abz|} < 1.
Cao [3] used the g-exponential operator to prove (3.8). In this section, we will use the Cauchy operator to derive (3.8)
for hn(x, ylg).
Theorem 3.1. We have

Tl

m b i7 i; ©
S s, et Vo Z[ ]a(b/a @)z, V2 9) m(bq fa.uzq'v. o az) (39)

i i buzq', vz
n=0 ‘2o (auz,uzq', zq'; Q)oc q.vzq
where max{|az|, |auz|} < 1.

Proof. By Lemma 3.1, the left side of (3.9) can be written as

n

Z
(q; Dn

00 00 n
Z lim T(b/a, a; Dg){c™*" }hn(u, viq) =lim T(b/a, a; Dg){c™ Zhn(u, v|q) (c2)
nm0 ! c~>1 =0 (q; Dn
. (€vZ; Qoo
= lim T(b/a,a; D m_~— 2= L.
[ hbre.a q){c (cz, cuz; Qo }
In view of (1.6) and (1.5), the above sum equals

limz(b/a;q)nanDn{Cm (€vzZ; @)oo }

c>14= (q; Pn N (cz,cuz; @)oo
o . n -
=lim ) b/ D 3 gl " | pi {cm)pp-i _ €4V .
=1 n=0 (qa Q)n i—0 1 q q (quz’ quuz7 Q)oo
In view of (3.5), the above sum equals

n

= @Dn (@ Dm—i (cq'z, cq'uz; @)oo

i X”:(q;qma"cm"(b/a;q)ii(bq"/a)n_iq,-(,-_n)an_iDn_i! (€q'vz; Qoo }

A CH A CH “ (4 Dn—i T 1(cq'z, cqluz; 9o
m . .
ba' /a: . iy -
— lim m | cm=igi (b /q: Q)IZ( q /a,q)nq,manDn (€q'vZ: @)oo
1] i — (@ Qn " (cq'z, cq'uz; @)oo

o (ba'/a;Dn i \nf 04z @)oo
= tim Y[ el Y- LD g py | D,
= i:0|: ol E) (@; Dn (0aDg) (cq'z, cq'uz; q)oo
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In view of (1.6), the above sum equals

o0

lim [T] ¢™~d'(b/a; q);T(bq'/a,aq™"; D ){

(cq'vZ; @)oo }
i=0

(cq'z, cq'uz; @)oo

g [m cmigi (buzq', cvzq'; q)so bq'/a, Cuzq v
= lim ; a'(b/a; q); : - 3¢ bilz i :q,a
Py (auz, cuzq', czq"; q)oo uzq', cvzq

ZZ [T]ai(b/a;q); (buzq . vzg §'Q)oo Ab (bq /a, uzq', Vo az)

— (auz, uzq', zq'; q)oo buzq',vzq
where max{|az|, |auz|} < 1. This complete the proof of theorem. O
Remark 3.1. Setting b=0, v=0 and u =b, (3.9) reduce to (3.8).
From the above theorem and (1.3), we get the following equivalent formula for Hj (x, a|q).

Corollary 3.1. We have

e’ Z al(b/a; q) (bze'@=P)gi, bze "2 gi; q) o
J (azei((’*ﬂ), zei(‘)*ﬁ)q]'7 zei(9+ﬁ)q1; Qoo

bq! /a, 2e16—B) ] beiB 6p)
X3¢2<bzel(9 Bgi, bze:<6+2ﬂ)q,,q,aze A,

Z Hunn(x, alg)Hy
n=0

where x = cos 0, u = cos 8 and max{|aze!®—F)|, |aze!@+Fqi|} < 1.
4. The U (n + 1) generations of the Kalnins-Miller transformation

Proposition 4.1 (The U (n + 1) generations of the q-Chu-Vandermonde summation theorem). (See [13, Theorem 5.10].) Let b, ¢ and
X1, ..., Xn be indeterminate, let N; be nonnegative integers fori =1, 2, ...,n with n > 1. Suppose that none of the denominators in

the following identity vanishes. Then
1= g B rGEa™:q)y,
l_[ 1—-% l_[ (qxr .

n X
pN1++Ny 1—[ C/b DN, } _
G N, 0 1<r<s<n Xs r.s=1 X5’ Dy

<y1<Nx {
i=1,2,...,n

-1
x H[(—c q) }(b Dy ynqy‘+2y2+"'+”y"]. (4.1)

Proof. See [13]. O

Theorem 4.1 (The U (n + 1) generalization of the fourth Kalnins-Miller transformation). Let b, ¢, x, y and X1, . .., X, be indeterminate,
let N; be nonnegative integers fori =1, 2, ...,n withn > 1. Suppose that none of the denominators in the following identity vanishes,
and that max{|dx|, |dy|, |[dygY1 T Tn| |dxq¥1+F¥n|} < 1. Then

1-%qrs Ea 5 q)y, !
2 : [ [ 1-3 ]H[ @& Dy, ]E[( qu) ]

o<y <Ny L1r<s<n Xs r,s=1
i=1,2,...,n

(bx, dx; CI)y +-+Yn a, bqul+ F¥n +2y5+-+nyn
e B AL L) L
’ 1++Yn

_ (dX, ad% q)oo (X )N]+N+Nn ﬁ (;‘_;Cy; q)Ni Z [ 1—[ |: - i_;qyrfys ]
B ; y % cx; Ti_m
(dy, adx; @)oo \ ¥ g GEex ), ocren: Ligressn 1- %
i=1,2,....,n
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TGN @y, T T X -1
) H[ @X:q)y, ]ﬂ[(@cy’q)yi]

r,s=1

by,dy; Yitetyn
y ((yd y ;I)J/1+ +Yn 26 (ad:;qqy;*-'“‘ryn ;q,dx) qy1+2yz+~--+nyn}‘ (4.2)
aay; Q) yi+-+yn

Proof. Replacing (b, ¢) by (bx, cx) and (by, cy), respectively, in Proposition 4.1, we have

[(bx)N1+...+NnﬁM]= Z { 1—[ [#}ﬁ[M}
0<

Xi e X
i=1 (x,, X QN yi<N; L1<r<s<n Xs r,s=1 (qxs Dy,
i=1,2,...,n
n i -1
LIPS . 2 et
% l_[[(x_cx, q> :|(bX, D yytoty,q 2 Yn} (4.3)
i=1 n Vi

and

n(3kc/bi@)n; 1—Zgyr=ysq kgl q),
o i) = | 0 P A
o<yi<N; U x5 Dyr

Xi .
i=1 (Xn Y ON; <r<s<n Xs r.s=1

n -1
X.
x H[(—’cy; q) ](by; Dyy oy TR ] (4.4)
i=1

Yi

Comparing (4.3) and (4.4), we immediately obtain

— X g¥r—Ys n Xr g—Ns. n -1
q (a7 Dy, Xi
) [ I [fix] [ [Xi]n[(x—'cx q) }(bX; Dyeynd +"y”}
T X n Vi

@Dy,

0<yiN; U1r<s<n Xs r,s=1 i=1
i=1,2,...,n
.. n X . X —
<X>N1+ +Nn I (Eey; ! [1 — g
=(= a2 1 Il |4
y izt G DN o<yi<N; Ligr<s<n Xs
i=1,2,...,n

TGN @y T T X ! 1 42yy 4ty
<1 | Zom || cevia) |0y @ysiy,a” nt (45)

Xr
ros=1 (QZa Dy, o1 n yi
We rewrite (4.5) as
s LA
1-% L @Dy

0<yiKN; UIr<s<n Xs r.s=
i=1,2,...,n

n -1
Xi 1 y1+2
| | cx: 1+2y2+--+nyn
) i [(xn q>y1. } (by. bxg/ i+ g) g |

X Ni+-+N, 7 (%CY?Q)M ]—i—;q)’r—}’s n (%q_NS;q) r n X; -1
R s (0 G,

Xi e Xr
—CX . by N
iz1 G X DN, o<yi<N; Ligr<s<n Xs remil @Dy 1
i=1.2,...n

1
x (bx, bygY1+F¥n; q) oo

qYI+2y2+"'+ﬂyn}. (4.6)
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Applying the operator T(a, d; Dq) with respect to the variable b to both sides of the equation and using (2.2), we get

=gV LTy,
N;

1<r<s<n Xs r,s=1 (qxs ’ Q)y,

- [(Xi )1] (adxq¥1 -+ q)o
X l_[ —CX; q
" Xn vi (dqu1+'~-+)’n, by, bqu1+-~-+yn; q)oo
a, bx Y1+-+yn
X 201 ( adxqqyﬁ “+Yn ,q,dy) qJ'1+2yz+ +nyn}

X Ni+—+N, n (ﬁC}"q)Nl- _i_;q)’r—)’s
=<;) & o 2 : I1 [T]

Xi
i1 Gy CX DN O<y <N; Ligr<s<n Xs
i=1,2,...,n

§ 1—[ [Q; a1y, } l—[[( L q>‘l] (adyg 1+ g)og
@& Dy, 1 L\xa 777/ [(dyg¥rt I bx, byg/it e q)o

r,s=1

a, bygt +-+Yn
X 201 ( adjqu/1+~~+y” ;1 q,dx qY1+2y2+ +yn |
We obtain the theorem after using (1.1). O

Remark 4.1. If we take a =0 in Theorem 4.1, we get Theorem 3.2 of [16].

Proposition 4.2 (The U (n + 1) generations of the q-Chu-Vandermonde summation theorem). (See [13, Theorem 5.26].) Let b, c and
X1, ..., Xn be indeterminate, let N; be nonnegative integers fori = 1,2, ...,n with n > 1. Suppose that none of the denominators in

the following identity vanishes. Then
n X N;
i| |:bN1+"'+N”q€2(N1, ...,Np) H(_”> i| }
i1 N

{ [(C; Dyt soin, H(;—iC/b; Q>
i=1 " Ni

1— %qu—YS n (;(:q—Ns’ q) .

- [ I [ 1-% ]H[(qu. y]

0<y;<N; Ligr<s<n Xs r.s=1 Xs’ Dyr
i=1,2,...n
-1
% l—[|:< bg¥1ttyn—yi q) ](C; q)y1+"i+yan1+2yz+ +nyn ]7 (4.7)
Vi

where e3(N1, ..., Np) is the second elementary symmetric function of {N1, ..., Np}.
Proof. See [13]. O
Theorem 4.2 (The U (n + 1) generalization of the first Kalnins—Miller transformation). Let b, c, X, y and X1, ..., X, be indeterminate,
let N be nonnegative integers fori =1, 2, ...,n withn > 1. Suppose that none of the denominators in the following identity vanishes

and that max{|dxgN1++Na| |dygN1++Nn| |dygy1t+¥n| |dxg¥1++¥n|} < 1. Then

— X qYr—Js n Xr 4—Ns.

ST [ T [Py Jore
1-3 @9

0<yi<N; Ui<r<s<n Xs r,s=1 xs2 1/ Yr

i=1,2,...,n

1
X bxgY1 T tyn— Yi. ) :|
H[( 1 1 yid (€x,ady; @)y, 4.4y,

a,c yit+-+yn
X 291 ( ad;/(;lW* +Yn 0 q, quN1+ +Nn>]
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B <£>N1+...+Nn (Cy,dy; q)N1+---+Nn l_[ |:] — ;_:qJ’r—}’si|

- ady, cx: %
y (@dy, CX; DN tNn o 2 P
i=1,2,...,n

. (j:_;q_Ns; q)}’r V1+2y2+-+ny, . Xn Vit +Yn—Yyi
1—[ g 1+2y2 n 1_[ ;b 1 Vi g
1 ! yi

Xr
rsik @ Dy Pl

1<r<s<n

1 a,cygNit e Vit
Y Ay Dy o (adqu1+"'+N“ +4.dxq

Proof. Similar to the proof of Theorem 3.1. O
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