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Stochastic permanence

1. Introduction
A famous logistic population model is described by the ordinary differential equation (ODE)

N(t) = N(t)(a — bN()), (1.1)

where a is the rate of growth, a/b is the carrying capacity, and both a and b are positive constants. It is well known that
the population survives indefinitely and there is a stable and globally attractive equilibrium point if there is no influence of
environmental noise (see e.g. [1]). However if environmental noise is taken into account, the system will change significantly.

First of all, let us consider one type of environmental noise, namely white noise. Recently many authors have discussed
population systems subject to white noise (see [2-12]). Recall that the parameter a in (1.1) represents the intrinsic growth
rate of the population. In practice we usually estimate it by an average value plus an error which follows a normal dis-
tribution. If we still use a to denote the average growth rate, but incorporate white noise, then the intrinsic growth rate
becomes

a—a +ocB(t),

where B(t) is white noise and « is a positive number representing the intensity of the noise. As a result, (1.1) becomes a
stochastic differential equation (SDE)
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dN(t) = N(t)[(a — bN(t)) dt + e dB(1)], (1.2)

where B(t) is the 1-dimensional standard Brownian motion with B(0) = 0. In [6], the authors considered a more complicated
case corresponding to (1.2), namely that the coefficients of (1.2) are all periodic functions with period T. They obtained the
stochastic permanence of (1.2) and global attractivity of one positive solution NP (t) satisfying E[1/NP(t)] = E[1/NP(t + T)].

However, the assumption that all of the parameters of the stochastic differential equation are T-period periodic functions
is not very reasonable since it implies regularity which is inconsistent with the random perturbation. As we know, there are
various types of environmental noise. Let us now take a further step by considering another type of environmental noise,
namely color noise, say telegraph noise (see e.g. [13,14]). In this context, telegraph noise can be described as a random
switching between two or more environmental regimes, which differ in terms of factors such as nutrition or rainfall [15,16].
The switching is memoryless and the waiting time for the next switch has an exponential distribution. We can hence model
the regime switching by a finite-state Markov chain. Assume that there are n regimes and the system obeys

dN(t) = N(t)[(a(l) - b(l)N(t)) dt +a(l) dB(t)], (1.3)
when it is in regime 1, while it obeys another stochastic logistic model

dN(t) = N(t)[(a(2) — b2N(t)) dt + c(2) dB(t)], (1.4)
in regime 2 and so on. Therefore, the system obeys

dN(t) = N(®)[(a(i) — b()N(t)) dt + (i) dB(1)], (1.5)
in regime i (1 <i < n). The switching between these n regimes is governed by a Markovian chain r(t) on the state space
S ={1,2,...,n}. The population system under regime switching can therefore be described by the following stochastic
model

dN(t) = N®O[(a(r®)) — b(r®))N(®)) dt + a(r(t)) dB(1)]. (1.6)

This system is operated as follows: If r(0) = ip, the system obeys Eq. (1.5) with i =iy until time 7; when the Markov chain
jumps to iy from ip; the system will then obey Eq. (1.5) with i =iy from 77 until 7o when the Markov chain jumps to i
from i7. The system will continue to switch as long as the Markov chain jumps. In other words, Eq. (1.6) can be regarded as
Egs. (1.5) switching from one to another according to the law of the Markov chain. The different Egs. (1.5) (1 <i < n) are
therefore referred to as the subsystems of Eq. (1.6).

Recently, Takeuchi et al. [13] investigated a 2-dimensional autonomous predator-prey Lotka-Volterra system with regime
switching and revealed a very interesting and surprising result: If two equilibrium states of the subsystems are different,
all positive trajectories of this system always exit from any compact set of Rﬁ_ with probability 1; on the other hand, if the
two equilibrium states coincide, then the trajectory either leaves any compact set of Ri or converges to the equilibrium
state. In practice, two equilibrium states are usually different, in which case Takeuchi et al. [13] showed that the stochastic
population system is neither permanent nor dissipative (see e.g. [17]). This is an important result as it reveals the significant
effect of environmental noise on the population system: both its subsystems develop periodically but switching between
them makes them become neither permanent nor dissipative. Therefore, these factors motivate us to consider the logistic
population system subject to both white noise and color noise, described by (SDE)

dN(t) = N(®)[(a(r(t)) — b(r(®))N(t)) dt + a(r(t)) dB(t)], (1.7)

where for each i € S, a(i), b(i) and «(i) are all nonnegative constants. Our aim is to reveal how the environmental noise
affects the population system.

In this paper, in order to understand better the dynamic properties of SDE (1.7), in Section 2 we will give the nature of
its solution and show that the solution starting from anywhere in R™ will remain in R™ with probability 1. In the study
of population systems, permanence and extinction are two important and interesting properties, respectively meaning that
the population system will survive or die out in the future. One of our main aims is to investigate these two properties and
their relationship. In Sections 3 and 4, we show that SDE (1.7) is either stochastically permanent or extinctive under some
assumptions, and, moreover, that it is stochastically permanent if and only if a constant related to the stationary probability
distribution of the Markov chain is positive. If SDE (1.7) is stochastically permanent, we estimate in Section 5 the limit
of the average in time of the sample path of its solution by two constants related to the stationary distribution and the
parameters of the population subsystems. Finally, in Section 6 we illustrate our main results through two examples.

2. The nature of global solutions
Throughout this paper, unless otherwise specified, let (£2, F, {Ft};>0, P) be a complete probability space with a filtration

{Ft}e>o satisfying the usual conditions (i.e. it is right continuous and Fo contains all P-null sets). Let B(t), t > 0, be a scalar
standard Brownian motion defined on this probability space. We also denote by R™ the open interval (0, oo), and denote by
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RT the interval [0, 00). Let r(t) be a right-continuous Markov chain on the probability space, taking values in a finite state
space S ={1,2,...,n}, with the generator I" = (Yyv)nxn given by

Yuvd +0(8), ifu#v,

Plrt+8)=v|rit)=u}= { 14+ yuwd+0@8), ifu=v,

where § > 0. Here yy,y is the transition rate from u to v and yyy > 0 if u # v, while

Yuu = — ZVUV~

v#U

We assume that the Markov chain r(-) is independent of the Brownian motion B(-). It is well known that almost every
sample path of r(-) is a right continuous step function with a finite number of jumps in any finite subinterval of R*. As a
standing hypothesis we assume in this paper that the Markov chain r(t) is irreducible. This is a very reasonable assumption,
as it means that the system can switch from any regime to any other regime. This is equivalent to the condition that

for any u,v € S, one can find finite numbers i1, i3, ...,k € S such that yy i, ¥i,,i, - Vi,,v > 0. Note that I" always has an
eigenvalue 0. The algebraic interpretation of irreducibility is that rank(I") =n — 1. Under this condition, the Markov chain
has a unique stationary (probability) distribution 7 = (71, 2, ..., ;) € R*™ which can be determined by solving the

following linear equation

nlr=0 1)

subject to

n
Zm:l and m; >0, Vies.
i=1

For convenience and simplicity in the following discussion, define
f=minf@).  f=maxf(.
ieS ieS
where {f(i)}ics is a constant vector. In this paper, we impose the following assumptions:
Assumption 1. For each i € S, b(i) > 0.
Assumption 2. For some u € S, y;, > 0 (Vi # u).
Assumption 3. Y7, mi[a(i) — a2 (i)] > 0.
Assumption 4. For each i € S, a(i) — %az(i) > 0.

As the state N(t) of SDE (1.7) is the size of the species in the system at time ¢, it should be nonnegative. We prove not
only the global existence but also the precise nature of the solution to SDE (1.7), giving a positive N(0).

Theorem 2.1. There exists a unique continuous positive solution N(t) to SDE (1.7) for any initial value N(0) = No > 0, which is global
and represented by

N exp{ fy[a(r(s)) — $o2(r(s))1ds + a(r(s)) dB(s))

= - . (2.2)
Nlo + fot b(r(s)) exp{ [y [a(r(u)) — %ozz(r(u))]du +a(r(u))dB(u)}ds

Proof. Since the coefficients of the equation are local Lipschitz continuous for any initial value Ng > 0, there is a unique
local solution N(t) on t € [0, T,), where 7, is the explosion time (see [14]).
To show this solution is global, we will derive the nature of the solution. Let

t
U(t):= exp! - / [a(r(s)) - %oﬂ(r(s))] ds +a(r(s)) dB(s)]
0

N

t
x [Nlo +/b(r(s))exp{ f[a(r(u)) - %az(r(U))] du +oz(r(u))dB(u)] ds}, (2.3)
0 0
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Then by the generalized It formula (see [19]), U(t) satisfies the equation

dU(®) = U®[(e?(r®) — a(r@®)) dt — ae(r(t)) dB()] + b(r (b)) dt. (24)
Let
N(t) = m,
so N(t) > 0 and N(t) is continuous and global on t € [0, c0). By the It6 formula
1 2
dN(t) = 20 dx(t) + XB—(t)(dx(t))

=-N®O[(e?(r(®) —a(r®)) dt — a(r(©)) dB(®)] — b(r(t))N*(t) dt + o (r(t))N(t) dt
=N®[(a(r®)) —b(r@®))N(®))dt + a(r(t)) dB(®)].

Thus N(t) defined by (2.2) is a continuous positive solution of SDE (1.7) and is global on t € [0, c0) (i.e. T = c0). This
completes the proof of Theorem 2.1. O

3. Stochastic permanence

Theorem 2.1 shows that the solution of SDE (1.7) with a positive initial value will remain positive. This nice property
provides us with a great opportunity to discuss in more detail how the solution varies in RT. In the study of population
systems permanence is one of the most important and interesting characteristics, meaning that the population system will
survive in the future. In this section, we firstly give the definition of the stochastic permanence and the stochastically
ultimate boundedness of SDE (1.7), and then give some sufficient conditions which guarantee that SDE (1.7) is stochastically
permanent.

Definition 3.1. SDE (1.7) is said to be stochastically permanent if for any ¢ € (0, 1), there exist positive constants § = §(¢),
X = x (e) such that

liminfP{N(t) < x} >1—€,  liminfP{N(t) >58} >1—¢,

t—+00 t—+o00

where N(t) is the solution of SDE (1.7) with any positive initial value.

Definition 3.2. The solutions of SDE (1.7) are called stochastically ultimately bounded, if for any € € (0, 1), there is a positive
constant x (= x (€)), such that the solution of SDE (1.7) with any positive initial value has the property that

limsup P{N(t) > x} <e.

t——+00

It is obvious that if a stochastic equation is stochastically permanent, its solutions must be stochastically ultimately
bounded. So we will begin with the following lemma and make use of it to obtain the stochastically ultimate boundedness
of SDE (1.7).

Lemma 3.1. Under Assumption 1, for an arbitrary given positive constant p, the solution N(t) of SDE (1.7) with any given positive
initial value has the property that

limsup E(N©I”) < K(p), (31)
where
(4P, foro<p<t;
K(p) := [ﬁ+%(%—1)d2]p’ forp>1. (3.2)

Proof. By the generalized It6 formula, we have
1
ANP(©) = pNP~ O AN(©) + Zp(p — DNP(0) (AN @®)?

1
=pNP(®)[(a(r(®)) — b(r(®)N(®)) dt + a(r(t)) dB(t)] + FP(p - DNP(©)a?(r()) dt.
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Integrating it from O to t and taking expectations of both sides, we obtain that
t t

E(NP(t)) — E(NP(0)) pr [NP(s)(a(r(s)) — b(r(s))N(s))] ds +/ %p(p — DE[a?(r(s))NP(s)] ds
0 0

Then we have
dE(NP (1))

dt
If 0 < p <1, we obtain
EEO)

1
= PE[N*(O(a(r®) = b(r®)N®)] + 5 p(p - DE[a?(r())NP(0)].

GE(NP(t)) — pbE(NP*1(t))

s
= |+
_

< paE(NP (1)) — [E(NP(t))]
<PE(NPO){d—b[E(N"®))]
while if p > 1, we obtain

dE(IZp(t)) <p
t

==

b

GE(NP(6)) — pbE(NPF1(0)) + %p(p — D&*E(NP (1))
pil ] .
< pAE(NP (1)) — pb[E(N? ()] 5 7P~ DEZE(NP (1))

PE(NP(1)) { [& + %(p - 1)&2] _B[E(NP@®)]? }

Therefore, letting z(t) = E(NP(t)), we have

dz0) _ [ 2l - bz7 (1)), for0 < p < 1:
At | pzla+ L (p— D@2 —bzr 1, forp>1
Notice that if 0 < p < 1 the solution of equation
dz(t |
% = pz(D)[id — bz7 (1]

obeys

a\P
z(t) — <7> ast — oo.
b
Also, if p > 1 the solution of equation

dz(t)

== pz(t)[a +5(p— i Bz%(r)],

as t — oo is such that

S len _ 1\w2P
3) — [M] ‘

Thus by the comparison argument we get

(%)P, for0O<p<T1;
limsup z(t) <

S 1 1vs2
t—o00 [CH—Z(p—])a]P

z , forp>1

By the definitions of z(t), we obtain the assertion (3.1). O
Remark 3.1. From (3.1) of Lemma 3.1, there is a T > 0, such that

E(NP(t)) <2K(p) forallt>T.
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In addition, E(NP(t)) is continuous, and there is a R(p, Ng) > 0 such that
E(NP(t)) <K(p,No) forte[0,TI.

Let

L(p) = max{2K (p), K (p, No)}.

then we have

E(NP(t)) < L(p,No) forallt € [0, 00).

This means the pth moment of any positive solution of SDE (1.7) is bounded.
Theorem 3.1. Solutions of Eq. (1.7) are stochastically ultimately bounded under Assumption 1.

Proof. This can be easily verified by Chebyshev’s inequality and Lemma 3.1. O

Based on the above result, we will prove the other equality in the definition of stochastic permanence. For convenience,

define
. . 1 5.
B@) =a() — 7 ().

Under Assumption 3, we know

> mip(i) > 0.

i=1

(3.7)

Moreover, let G be a vector or matrix. By G > 0 we mean all elements of G are positive. We also adopt here the traditional

notation by letting

ZVM = {A = (@ijnxn: a;j <0, i # j}.

We shall also need two classical results.

Lemma 3.2. (See Mao [19, Lemma 5.3].) If A = (a;;) € Z™" has all of its row sums positive, that is

n
Zaij >0 foralll<i<n,
j=1
then detA > 0.

Lemma 3.3. (See Mao [19, Theorem 2.10].) If A € Z™*", then the following statements are equivalent:

(1) Ais a nonsingular M-matrix.
(2) All of the principal minors of A are positive; that is

an - Mk
: >0 foreveryk=1,2,...,n.
Qg1 -+ Ak
(3) A is semi-positive; that is, there exists x >> 0 in R" such that Ax > 0.

The proof of stochastic permanence is rather technical, so we first present several useful lemmas.

Lemma 3.4. Assumptions 2 and 3 imply that there exists a constant 6 > 0 such that the matrix

A(6) = diag(£1(0),£2(6), ..., &(©) — T

is a nonsingular M-matrix, where

£1(0) = 0B (i) — 92%a2<i), vies.

(3.8)
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Proof. It is known that a determinant will not change its value if we switch the ith row with the jth row and then switch
the ith column with the jth column. It is also known that given a nonsingular M-matrix, if we switch the ith row with the
jth row and then switch the ith column with the jth column, then the new matrix is still a nonsingular M-matrix. We may
therefore assume u =n without loss of generality, that is

Yin>0, VI<ig<n-1,

instead of Assumption 2. It is easy to see that

§1(0) —Y12 —¥1n
5£0) &O)—yn - —Yn
detA©)=| : :
n—1(0)  —Yn-12 -+ —VYn-1n
&n(0) —¥Yn2 < &n(0) — Ymn
n
=) &OIMi(©), (39)
i=1
where M;(6) is the corresponding minor of &;(#) in the first column. More precisely,
&0)—vyn - —¥on
M1(9)=(_])1+1 ,
—Vn-1,2 —Vn-1n
—Vn2 e En(0) — Vi
—Y12 o = Vin
&£0)—vn -+ —Y
Ma(8) = (~1)"™1 |77 .
—Vn-1,2 ot —Vn-1n

Noting that

£i(0)=0 and %fi(o) =B,

we have

d 1o
o detA(0) = ;ﬂ(l)Mi(O)’

which means that

B1 —vi2 - —Vm
d B2 —V2 -+ —Van
— det A(0) = . o, (3.10)
do : : ... :
Bn —VYn2 - —VYm
where we write B(i) = ;. By Appendix A in reference [20], under Assumption 2, Assumption 3 is equivalent to
B1 —vi2 - —Ym
B2 —Vn - —VYau
. . . >0
Bn —VYn2 - —VYm
Together with (3.10), we obtain that
d
— det A(0) > 0. (311)

do
It is easy to see that det A(0) = 0. Hence, we can find a 6 > 0 sufficiently small for det A(#) > 0 and

1
§(0)=0p() —0*Sof > —ym, 1<i<n-—1. (312)



18 X. Li et al. /J. Math. Anal. Appl. 376 (2011) 11-28

For each k=1,2,...,n—1, consider the leading principal sub-matrix
§1(0) — v —V12 —Vik
=21 §(00)—vyn - —Vak
AO):=| : :
—Vi —Vk2 o 6k(0) — Yk

of A(9). Clearly Ar(6) € Z¥*k. Moreover, by (3.12), each row of this sub-matrix has the sum

k
&(0) =Y ¥ij = &(O) + Vin > 0.

i=1

By Lemma 3.2, det Ax(#) > 0. In other words, we have shown that all the leading principal minors of A(9) are positive. By
Lemma 3.3, we obtain the required assertion. 0O

Lemma 3.5. Assumption 4 implies that there exists a constant 6 > 0 such that the matrix A(0) is a nonsingular M-matrix.

Proof. Note that for every i € S,

i(0)=0 d d i(0)=8@0) >0
&§0)=0 and —-&(0)=A() > 0.

We can then choose 6 > 0 so small that &;(#) > 0 for all 1 <i < n. Consequently, every row of A(f) has a positive sum. By
Lemma 3.2, we see easily that all the leading principal minors of A(6) are positive, so A(6) is a nonsingular M-matrix. O

Lemma 3.6. If there exists a constant 6 > 0 such that A() is a nonsingular M-matrix, then the solution N(t) of SDE (1.7) with any
positive initial value has the property that

1
li El —— ) <H, 313
vy (N%)) o)

where H is a fixed positive constant (defined by (3.21) in the proof).
Proof. By Theorem 2.1, the solution N(t) with positive initial value will remain in R™. Define

U@) = %t) ont > 0. (3.14)

We derive from (2.4) that
dU () =U®)[—a(r®) +a?(r®) +b(r@®)N(®)]dt — a(r(t))U ¢) dB(t). (3.15)
By Lemma 3.3, for given 6, there is a vector § = (q1,q2, ..., qn)T > 0 such that

A= A2, .. 0n) = AB)G >0,

namely,

2, n
qi<9,8(i)—92a7(1)> ~> i >0 foralll <i<n. (3.16)
=1

Define the function V : Ry x S by

VU, D) =qi(1+U)". (3.17)

Applying the generalized It6 formula, we have

t
EV(U(@®),r(®) =V (U(0),r(0) + E/LV(U(S), r(s))ds,
0

where
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. . . ) 000 —1 5 2 -
LV(WU, D =00 +0)~ U[-a() + () +bON] +0:" (1 40 202U + Y yyas1 +0)
j=1
02 . 2/ . 6(9 - 1) 2712 - 2
=1+ U)""21q:0(1 + U)U[—a(i) + o (i) + b(H)N] +q; U+ > viaj(1+U)
j=1
0-2 2 2 (l) -
<A+U) 2 -U| qi( 68G) -6 — > V4
j=1
n n
+U |:qi9(b(i) + Olz(i)) +2 Z yijqj:| + |:qit9b(i) + Z J/,'jqji| } (3.18)
j=1 j=1
Now, choose a constant ¥ > 0 sufficiently small such that it satisfies
A —Kg>0,
ie.
?’()\
qi (9,3(1) —?¥ )—Zyi,-qj — kg >0 forall1<i<n. (3.19)

j=1
Then, by the generalized It6 formula again,

t
E[e“'V(U().r()] = V(U(0),(0)) +E/L [e°V (U(s).1(5))]ds
0

where

L[e“'V(U, D] =ke' VU, i)+ €LV (U, i)

<e“(1+U)9‘2{in(1+U)2—U2[qf(9/3(i)— 0?2 (l)) Zyqu}

+U |:Qi9(b(i) +a?(i)) +2 Z J/ijCIjj| + |:Qi9b(i) + Z qu]} ]

j=1 j=1

2 n
=1

B n n
+U qu(b(i) + Olz(i)) +2 Z Vijdj + 2ini| + |:q,-(9b(i) + Z Vijq;j + Kq,':| }
L j=1 j=1
< G He*t, (3.20)
1 o2 (i) «
H=_— 1+x7720 —x*| qi( 68() — 62 - yijq; — Kkqi
e l@ggﬂ!:ﬁ (1+x) [ X [m( Bi) 5 ];quj Kqi
n n
+X|:q,'0(b(i) + Olz(i)) +2 Z Viidj + 2ini| + [q,-@b(i) + Z Yijdj + ini| } }, 1 }, (3.21)
j=1 j=1
in which we put 1 in order to make H positive. This implies
1\?
GE[e*(1+ U®)’] < (1 + N—) + qHe*".
0
Then
limsup E[U° (©)] < limsup E[(1 + U(®)"] < H. (322)
t—00 t—o00

Recalling the definition of U (t), we obtain the required assertion (3.13). O
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Theorem 3.2. Under Assumptions 1, 2 and 3, SDE (1.7) is stochastically permanent.
Proof. Let N(t) be the solution of SDE (1.7) with any given positive initial value. By Lemmas 3.4 and 3.6, we know

1
limsup E <H
v (N%))

Now, for any € > 0, let § = (%)5. Then

1 1 E(W) 9 1 0 1
P{IN®] <5} :P{ IN©O) 5} S = E<|N(r>|9> = E(NQ(t))'

1
Fd

Hence,
limsup P{|N(t)| <8} <8H =¢.
t—+00
This implies
Lminf P{|N(t)| > 8} >1—e.
t—+00
The other part of Definition 3.1 required for Theorem 3.2 follows from Theorem 3.1. O

Theorem 3.3. Under Assumptions 1 and 4, SDE (1.7) is stochastically permanent.

Corollary 3.1. Assume for some i€ S, b(i) > 0, a(i) > %az(i). Then the subsystem

dN(t) = N(®)[(a(i) — b()N(D)) dt + ae(i) dB(1)] (3.23)

is stochastically permanent.
4. Extinction

In the previous sections we have shown that under certain conditions, the original non-autonomous equation (1.1) and
the associated SDE (1.7) behave similarly in the sense that both have positive solutions which will not explode to infinity in
a finite time and, in fact, will be ultimately bounded and permanent. In other words, we show that under certain conditions
the noise will not spoil these nice properties. However, we will show in this section that if the noise is sufficiently large,
the solution to the associated stochastic SDE (1.7) will become extinct with probability one, although the solution to the
original equation (1.1) may be persistent. It is well known that if a > 0, b > 0, then the solution N(t) of (1.1) is persistent,
because

lim N(t) = ©
im =-.
t—o00 b
However, consider its associated stochastic equation
dN(t) =N(@®)[(a—bN(®))dt + o dB(1)], t>0, (41)

where ¢ > 0. Theorem 4.1 shows that if o2 > 2b, then the solution to this stochastic equation will become extinctive with
probability one, namely

lim N(t)=0 as.
t—o0
In other words, the following theorem reveals the important fact that environmental noise may make the population extinct.

Theorem 4.1. The solution N(t) of SDE (1.7) with any positive initial value has the property that

lim sup w < Zm [a(i) — %az(i)] a.s. (4.2)

t—00 i—1

N

Particularly, if Y"1, mwila(i) — %az(i)] < 0 holds, then

lim N(t) =0 a.s.
t—o00
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Proof. By Theorem 2.1, the solution N(t) with initial value Ng € R™ will remain in R™ with probability one. By the gener-
alized Ito6 formula, we drive from (1.7) that

d(logN(t)) = [ (r®) - 10; (r®) — (r(t))N(t)] dt + o (r(t)) dB(t). (4.3)

Hence,
t

t t
logN(t):logNo+/[ r(s)) — —a (r(s))] /b(r(s))N(s)ds—i—/(x(r(s))dB(s)
0

0 0
t
glogNOJr/[ a(r(s)) — —a (r(s))}ds—l—M(t), (4.4)
0

where M(t) is a martingale defined by
t
M(t) = / a(r(s)) dB(s).
0
The quadratic variation of this martingale is
t
(M, M) =/a2(r(s)) ds < &%t
0

By the strong law of large numbers for martingales (see [18,19]), we therefore have

M(t
lim ﬁ:o a.s.

t—>oo t

It finally follows from (4.4), by dividing by t on both sides and then letting t — oo, that

t—o00 t—00

t
. logN(t) _ . 1 1, . o1,
I <1 - - =S 7l - = S
imsup —— im sup t/ a(r(s)) S (r(s)) | ds Zn, a(i) S @] as
0 i=1
which is the required assertion (4.2). O

Corollary 4.1. Assume for somei € S, a(i) < %az(i). Then solutions of subsystem

dN(t) = N[ (ai) — bG)N(®)) dt + (i) dB(1)] (4.5)

tend to zero a.s.
5. Asymptotic properties

Lemma 5.1. Under Assumption 1, the solution N(t) of SDE (1.7) with any positive initial value has the property

log(N(t
lim sup @ <1 as (5.1)

t—00 logt
Proof. By Theorem 2.1, the solution N(t) with positive initial value will remain in R*. We know that

dN(t) = N®O[(a(r®)) — b(r(®))N()) dt +a(r(t)) dB(t)]
< aN(t)dt + o (rt))N(©) dB(t).

We can also derive from this that

t+1 u
E( sup N(u))gE(N(t))—i—ﬁ/E(N(s))ds—i—E( sup /a(r(s))N(s)dB(s)).

t<u<t+1 J t<u<t+1 J
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From (3.1) of Lemma 3.1, we know that
limsup E(N(t)) < K(1). (5.2)
t—o00

But, by the well-known Burkholder-Davis-Gundy inequality (see [18,19]) and the Hélder inequality, we derive that

u t+1 .
E( sup / a(r(s))N(s)dB(s)) <3E[ / (a(r(s))N(s))2d5i|

t<u<t+1
t t
- t+1 1
< E|9a? / Nz(s)dsi|
- t+1 1
<E| sup N(u)-QdZ/N(s)ds
_t<u<t+l )
C 5 t+1 243
<E (— sup N(u)) + 9&2/N(s)ds
| \2 r<u<et J
_ t+1
1 <2
<E[= sup N(u)+9«x N(s)ds
| 2 r<u<e+ J
) t+1
g—E( sup N(u))+9&2/E(N(s))ds. (5.3)
2 \egugest J
Therefore
t+1 t+1
E( sup N(u))ng(N(t))Jrza/E(N(s))ds+18&2/E(N(s))ds.
t<u<t+1
t t
This, together with (5.2), yields
limsupE( sup N(u)) <2(1+d+9a%)K (D). (5.4)
t—o0 t<ut+1

To prove assertion (5.1), we observe from (5.4) that there is a positive constant K such that
E( sup N(t)) <K, k=1,2,....
k<t<k+1
Let € > 0 be arbitrary. Then, by the well-known Chebyshev inequality, we have
- K
] = glte”

P{ sup N(t) > k!*€
k<t<k+1

k=1,2,....

Applying the well-known Borel-Cantelli lemma (see e.g. [18,19]), we obtain that for almost all w € §2
sup  N(t) <k'*€ (5.5)
k<t<k+1

holds for all but finitely many k. Hence, there exists a ko(w), for almost all w € 2, for which (5.5) holds whenever k > k.
Consequently, for almost all w € £2, if k > ko and k <t <k+1,
log(N(t)) < (1+e€)logk

< 1
logt logk te

Therefore

log(N(t
limsup M <14€ as.
t—00 logt

Letting € — 0 we obtain the desired assertion (5.1). The proof is therefore complete. O
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Lemma 5.2. If there exists a constant 6 > 0 such that A(9) is a nonsingular M-matrix, then the solution N(t) of SDE (1.7) with any
positive initial value has the property that

log(N(t)) < 1

liminf ——= > ——  a.s. (5.6)
t—oo  logt 0

Proof. Applying the generalized It6 formula, for the fixed constant 6 > 0, we derive from (3.15) that
d(1+um)’]<o(1+um) {—Uz(t) [ﬁ (r®) - %Gaz(r(t))] +UM[b(r®) +a?(r®)] +b(r®) } dt
—0(1+U®)" UOa(r®)dB©
o(1+ U(t))e_z{—Uz(t) [B - %96{2} +U®[b+d?] +15} dt

0-1
—0(1+U®) U®a(r®)dB(), (5.7)
where U (t) is defined by (3.14). By Lemma 3.6, there exists a positive constant M such that

E[(1+U®)’']<M ont>0. (5.8)
Let § > 0 be sufficiently small for
A o1 1
9”5+2b+5(9+2)&2]3+35{3%}<5. (5.9)
Let k=1, 2,.... Then (5.7) implies that

E[ sup (14 U(t))e]

(k=1)8 <t<ks

E[(1+U (k- 1)8))’

+E sup
(kq)sgtgks

]
t
/ 1+ U®s)’ { Uz(s)[ﬁ—%edz]+U(s)[5+&2]+5}ds

)
) 0

)

t
/ 1+ U(s) U(s)a(r(s)) dB(s)
—-1)8

+E sup
(k—1)s gtgks

We compute
t

f9(1+U(s))9_2{—U2(s)[3—%9&2]+U(s)[5 d]+5}ds

—1)s

E sup
(k—1)8<t<ks
(k
ks
1

<E< / ‘9(1+U(s))9’2{—uz(s)[3 50 :|+U(s)[5 &2]+5}ds>
(k—1)8

ks
< 95( / {(1 +U(s) [B + %96{2] +(1+U) [h+a]+ 0+ U(s))"‘zl?;} ds)

k=1)8
ké 1
<95< / [ﬁ+§96{2+b+&2+5](1+U(s))9ds>

ks

o1
<6[ﬁ+2b+—(9+2)&2}5 / sup (1+U(s))9d5
2 18 (k—1)8<s<ks

L1
<9[ﬁ+2b+—(9+2)&2]8E< sup (1+U(t))9). (5.11)
2 (k=1)5<t<ks
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By the Burkholder-Davis-Gundy inequality, we derive that
ks 3
2 200-1);,2 2
<3E 0°(1+U(s) U%(s)a”(r(s)) ds
(k=1)8
ks

<30&E( / (1+U(s))29ds>

(k—1)8

t
f 6(1+U) UG (r(s)dBe)

(k—1)8

E sup
(k=1)8<t<ks

[NE

<30as2E(  sup  (1+U®)")
(k—1)8 <t <ks

<30as2E( swp  (1+UW)").
(k—1)8 <t <ks

Substituting this and (5.11) into (5.10) gives

El s (14U®)"] <E[(1+U (k- 19))’]
(k—1)5 <t <ks

A v 1 ) vl 0
vollB+2b+ =6 +2)d% |5 +3as? E( sup (14+U®) ) (5.12)
2 (k—1)8<t<ks
Making use of (5.8) and (5.9) we obtain that
E[ sup  (1+ U(t))(’] <2M. (5.13)
(k—1)5<t<ks
Let € > 0 be arbitrary. Then, by the Chebyshev inequality, we have
2M

. 0 1+e€
Piw: sup 14+U(@)) > (kd) < , k=1,2,....
{ (k—l)agtgka( ) } (k&)1+e

Applying the Borel-Cantelli lemma, we obtain that for almost all w € §2

sup  (1+U(®)" < (ks)l*e (5.14)
(k—1)5 <t <ks

holds for all but finitely many k. Hence, there exists an integer ko(w) > 1/8 + 2, for almost all w € £2, for which (5.14) holds
whenever k > kg. Consequently, for almost all w € €2, if k > ko and (k — 1)8 <t <Kké,

log(1+U()” _ (1+€)logks) _

~

logt log((k —1)8)
Therefore
log(1+ U (t))?
limsup M <1+€ as.
t—00 logt

Letting € — 0, we obtain the desired assertion

1 0
lim sup M < 1
t—00 logt

Recalling the definition of U (t), this yields
log(7)
lim sup Mo”7 <1 as.,
t—o00 logt

which further implies

liminfmg(ﬂ > —1 .S.
t—oo  logt 0

This is our required assertion (5.6). O
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Theorem 5.1. Under Assumptions 1, 2 and 3, the solution N(t) of SDE (1.7) with any positive initial value obeys

t

1 1< 1
limsu f/N s)ds < = n-[ai ——a? i} a.s. 515
H+Oopto (s) b;‘ (i) = So%() (5.15)

and

1] 1< 1
P ) . 2.
ltllerlgof?/N(s)ds2 g;n, [a(z)— Eoc (1)} as. (5.16)

5 =

Proof. By Theorem 2.1, the solution N(t) with any positive initial value will remain in R*. From Lemmas 5.1, 3.4 and 5.2,
we know that

log N(t)
t—+00 t
We derive from (4.3) that

=0 as. (517)

t t t
log N(t) :10gN0+/[ a(r(s)) — —a (r(s) } /b r(s))N(s) ds—i—/a(r(s))dB(s). (5.18)
0 0 0
Dividing by t on both sides, then we have
t t t
logf’(t) = logtNO + %/[ a(r(s)) — —a (r(s))} s — %/b(r(s))N(s)dH%/a(r(s)) dB(s).
0 0 0

Letting t — oo, by the strong law of large numbers for martingales and (5.17), we therefore have

t
1 1< 1
lim sup 7 / N(s)ds < me [a(i) — 50,2(1‘)] a.s.
0 i=1

t—+00

and

t
1 1< 1
liminf— [ N(s)ds > < | ad) — —a?(i
tlglJrlgotf (s)ds bZn,[a(l) 205 (1)} a.s
0 i=1
which are the required assertions (5.15) and (5.16). O

Similarly, using Lemmas 5.1, 3.5 and 5.2, we can show:

Theorem 5.2. Under Assumptions 1 and 4, the solution N(t) of SDE (1.7) with any positive initial value obeys

¢ n
I;Tigop % 0/ N(s)ds < %;m [a(i) — %az(i)] a.s. (5.19)
and
t
ltigiJrigof%/N(s)ds Zn, [a(z)— - (1):| as. (5.20)

0 i=1

Corollary 5.1. Assume for some i € S, b(i) > 0, a(i) > %az(i). Then the solution with positive initial value to subsystem

dN(t) = N(®)[(ai) — bG)N(0)) dt + (i) dB(1)] (5.21)
has the property that
a(i) — 3o (i)

t
'
rllToo?/ N©ds=——5

0
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We observe that if the growth rates b(i) are the same in different regimes, then the results in Theorems 5.1 and 5.2
become limits. More precisely, consider the logistic population system subject to both white noise and color noise described
by

dN(t) = N(t)[(a(r(t)) — bN(t)) dt + a(r(t)) dB(1)], (5.22)

where for each i € S, a(i), a(i) are all nonnegative constants and b > 0.

Corollary 5.2. Under Assumptions 2 and 3, the solution N(t) of SDE (5.22) with any positive initial value has the property that
t
tim 1 [ N ds= 13 mfai - Loz
(Jim = S s_b'lmal Zot i as.
0 =

6. Conclusions and examples
It is interesting to find that if b(i) > 0 and a(i) > %az(i) for some i € S, then the equation

dN(t) = N(®)[(a(i) — bG)N(0)) dt + (i) dB(1)] (6.1)

is stochastically permanent. Hence Theorem 3.3 tells us that if every individual equation

dN(t) = N(®)[(a(i) — b()N(D)) dt + () dB(1)], 1<i<n, (6.2)

is stochastically permanent, then as the result of Markovian switching, the overall behavior, i.e. SDE (1.7), remains stochas-
tically permanent. On the other hand, if a(i) < %az(i) for some i € S, then Eq. (6.1) is extinctive. Hence Theorem 4.1 tells
us that if every individual Eq. (6.2) is extinctive, then as the result of Markovian switching, the overall behavior of SDE (1.7)
remains extinctive. However, Theorems 3.2 and 4.1 provide a more interesting result that if some individual equations in
(6.2) are stochastically permanent while some are extinctive, again as the result of Markovian switching, the overall behav-
ior of SDE (1.7) may be stochastically permanent or extinctive, depending on the sign of the value Z?:l mwila@i) — %az(i)].
In order to see this point clearly, we state the following necessary and sufficient conditions for stochastic permanence or
extinction of SDE (1.7) which follow from Theorems 3.2 and 4.1.

Theorem 6.1. Let Assumptions 1 and 2 hold and assume 2?21 mila(i) — %oﬂ(i)] # 0. Then the SDE (1.7) is either stochastically
permanent or extinctive. That is, it is stochastically permanent if and only if 2?21 mwila(i) — %az(i)] > 0, while it is extinctive if and

only if 1_ mila()) — Ja?(D)] <.

Making use of Theorems 5.1 and 5.2, we can also estimate the limit of the average in time of the sample path of the
solution by two constants related to the stationary distribution and the parameters a(i), b(i), «(i), i € S. We shall illustrate
these conclusions through the following examples.

Example 6.1. To obtain more precise conditions to guarantee that SDE (1.7) is stochastically permanent or extinctive, let us
assume that the Markov chain r(t) is on the state space S = {1, 2} with the generator

r=(""2 "2 ’
Y21 —V21
where Y1 > 0 and y»1 > 0. It is easy to see that the Markov chain has its stationary probability distribution 7w = (71, 772)

given by

Y21

= Y12
Y12 + V21

and my=——"—,
Y12 + V21

noting that Z?:] mila(i) — %az(i)] has the form
n
1, V21 1,5 Y12 1,
il a(i) — —oz2(l)] = 7[a(1) — - (1)} + ——(a2) — za“(2)|.
; l[ 2 Y12 + ¥21 2 Y12+ ¥21 2
As pointed out in Section 1, we may regard SDE (1.7) as the result of the following two equations:
dN(t) = N(®)[(a(1) — b(1)N(®)) dt + a (1) dB(®)], (6.3)

where b(1) > 0 and a(1) — (1) > 0, and
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dN(t) = N[ (a(2) — bQR)N()) dt + c(2) dB(t)], (6.4)

where b(2) > 0 and a(2) — %aZ(Z) < 0, switching from one to the other according to the movement of the Markov chain
r(t). We observe that Eq. (6.3) is stochastically permanent while Eq. (6.4) is extinctive. However, as the result of Marko-
vian switching, the overall behavior of SDE (1.7) will be stochastically permanent as long as the transition rate y,; from

2
extinctive Eq. (6.4) to permanent Eq. (6.3) is greater than % times the transition rate 7, from permanent Eq. (6.3)

to extinctive Eq. (6.4). On the other hand, as the result of Markovian switching, the overall behavior of SDE (1.7) will be
2

extinctive as long as the transition rate y,; from extinctive Eq. (6.4) to permanent Eq. (6.3) is less than % times

the transition rate y1, from permanent Eq. (6.3) to extinctive Eq. (6.4).

Example 6.2. Consider a 3-dimensional stochastic differential equation with Markovian switching of the form

dN(t) = N@®O[(a(r®t)) — b(r(®))N(®)) dt +a(r(t))dB(t)] ont >0, (6.5)

where r(t) is a right-continuous Markov chain taking values in S = {1, 2, 3}, and r(t) and B(t) are independent. Here

al)=2, b)=3, al)=1;
a2)=1, b2)=2, a@)=2;
aB3)=4, bB3)=1, «aB)=3.

We compute

1, 2 1, 1, 1
o -slM=35 4@ -?@=-1 @) - @) =-2.

3’

Case 1. Let the generator of the Markov chain r(t) be

-2 1 1
p:(3 4 1).
1 1 -2

By solving the linear equation (2.1) we obtain the unique stationary (probability) distribution
T = (1,72, T3) = 7 11
=1, m3)={ 1553 )
Then

3
> mifal) - T |=1s0
£t 2 377
i=1
Therefore, by Theorems 5.1 and 6.1, Eq. (6.5) is stochastically permanent and its solution N(t) with any positive initial value
has the following properties:
t t

1 1 1
— < liminf — N(s)dsglimsup—/N(s)dsg
9 “totoot t—>+o00 L

0 0

1
- as.
3

Case 2. Let the generator of the Markov chain r(t) be

-5 2 3
F:(l -1 O).
3 0 -3

By solving the linear equation (2.1) we obtain the unique stationary distribution
7w = (1w, T2, T3) = 11
=)= 57
Then
in a(i) 10(2(1') L
i - = =——<0.
P ' 2 4

Therefore, by Theorem 6.1, Eq. (6.5) is extinctive.
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