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1. Introduction

In this paper, we are concerned with the multiplicity of solutions for the following biharmonic problem:

{A2u+aAu:—k|u|q2u+f(x,u), in £2, (11)

u=Au=0, onas2,

where A2 is the biharmonic operator, £2 C R® is a bounded smooth domain with smooth boundary 92 and s € N. a < A4
(A1 is the first eigenvalue of —A in H(])(SZ)), A is a real parameter and 1 < q < 2. We assume that f(x, u) satisfies some of
the following assumptions:

(f1) feC@ xR,R).

(f2) There exists C > 0 such that | f(x,u)| < C(1+ [u|P~") for x € £2 and u € R, where 2 < p < 2**, 2% = 52_—54 for s > 4 and
2** = 0o for s < 4.

(f3) There exist c; > 0 and ro > 0 such that | f(x, u)| < c1|u| for x € £ and |u| <rp.

(fa) limy_ 00 w = b* uniformly for x € £2.

(fs) H(x,u) > L(x) € L'(£2) and limyy| 00 H(x, u) = 400 ae. x € 2, where H(x,u) = %f(x, u)u — F(x,u) and F(x,u) =
j;)” f(x,s)ds.

(fe) There exist 0 < ;4 < 2**, ¢ > 0 and D > 0 such that H(x, u) > ca|u|* for x € £2 and |u| > D.

* Research supported by the NNSF-China (10971046) and the NSF of Shandong Province (ZR2009AMO004).
* Corresponding author,
E-mail address: chjmath@yahoo.com.cn (J. Zhang).

0022-247X/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.05.030


http://dx.doi.org/10.1016/j.jmaa.2011.05.030
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:chjmath@yahoo.com.cn
http://dx.doi.org/10.1016/j.jmaa.2011.05.030

292 J. Zhang, Z. Wei /. Math. Anal. Appl. 383 (2011) 291-306

Biharmonic equations have been studied by many authors. In [5], Lazer and Mckenna considered the biharmonic prob-
lem:

{ Au+adu=du+1*-1], ing,
u=Au=0, onds2,

where ut = max{u, 0} and d € R. They pointed out that this type of nonlinearity furnishes a model to study traveling waves
in suspension bridges. In [6], the authors got 2k — 1 solutions when N =1 and d > Ax(Ax — ¢) (A is the sequence of the
eigenvalues of —A in Hé(fz)) via the global bifurcation method. In [14], a negative solution of (1.2) was obtained when

d > X1 (A —¢) by a degree argument. If the nonlinearity d[(u 4+ 1)* — 1] is replaced by a general function f(x, u), one has
the following problem:

{A2u+cAu:f(x,u), in £2,
u=Au=0, onds2.

In [7,8], the authors proved the existence of two or three solutions of problem (1.3) for a more general nonlinearity f by
using a variational method. In [16], positive solutions of problem (1.3) were got when f satisfies the local superlinearity
and sublinearity.

On the other hand, there has been considerable amount of papers on elliptic problems involving concave terms. We refer
the reader to [1-4,9,10,13,15] and the references therein. In particular, de Paiva and Massa [4] considered the following
problem:

[ —Au=—Alul"2u+au+g), ing,
u=0, onads2,

where £2 c RV is an open bounded domain with smooth boundary 352, a € R, A > 0 is a real parameter, 1 <q < 2 and
g:R — R is a function of class C!. Moreover, g satisfies some of the following assumptions:

(1.2)

(1.3)

(1.4)

(g0) g(0)=0.
(g1) £(0)=0 and a € [Ag, Agg1)-
(g2) (i) G(u) >0, where G(u) = [, g(s)ds.
(i) G(u) < C+ClulP with 2 < p <2* = 2.
(g3) limgo oo P = b* € (yp1, +o00l.
(g4) (i) There exist f >0 and u < % such that [§t% + G(6)] < ut[at + g(t)] for |t| > L.

(i) u(p—1) < L£2.

(€) b* e R but (b*,b™) ¢ >, where we denote by Y the Fu¢ik spectrum of the operator.

(g3 (i) There exist >0 and p < 5 such that [$t? + G(t)] < utlat + g(©)] for ¢ > L.

(ii) b~ € R but b~ # ;.

—2 _
(iii) There exists & € [0, 1) such that lim_, _o, T8O =A% s=b"s

el S =0and u(p —1) < min{-1-, ¥+2},

a+1° 2N
They proved the following two theorems.

Theorem A. Assume that g satisfies (go), (g2)(ii), (g3) with k > 0 and one of the (g4)’s, then for all ». > 0, problem (1.4) has at least
two nontrivial solutions.

Theorem B. Assume that g satisfies (g9)-(g3) with k > 1 and one of the (g4)’s, then there exists A* > 0, such that problem (1.4) has
at least three nontrivial solutions for A € (0, A*).

Our aim in the present paper is to improve and generalize the result obtained in [4] to problem (1.1). We note that
u € H%(£2) does not imply that u* e H2(£2), where u? = max{u, 0}, u~ = min{u, 0}. Thus, the method in [4] cannot be
applied directly. On the other hand, in order to have the (PS) condition for the corresponding functional, the authors in [4]
assumed one of the (g4)’s. However, the assumptions in our paper are different from (g4). For the case b* = +o00, (g4)(i) is
replaced by (fs) with © > %(p —2). For the case b* € R, (f5) replaces (g4)(ii). Then it is difficult to derive the boundedness
of the (PS) sequence for the corresponding functional. The mountain pass lemma and linking theorem without the (PS)
condition must be applied to overcome the difficulty. Besides, for the case b* € R, by weakening (g3)(i), we get a theorem
different from results in [4].

Before stating our main results we give some notations. Throughout this paper, we denote by C a universal positive con-

stant unless otherwise specified and we set L*(£2) the usual Lebesgue space equipped with the norm |u|s := (f_Q |u\sdx)%,
1<s<oo. Let A (k=1,2,...) denote the eigenvalues and ¢, (k=1,2,...) the corresponding normalized eigenfunctions
of the eigenvalue problem

{ —Au=2Au, in§$2,
u=0, ondsf.
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Here, we repeat each eigenvalue according to its (finite) multiplicity. Then, 0 <A1 < Ay < A3 <--- and Ay — 00 as k — oo.
Our main results are stated as follows:

Theorem 1.1. Assume that f satisfies (f1) and (f3)-(f4) with A1 (A1 —a) <b™ < 400 0r A1 (A1 —a) < b~ < +oo. Then, given A > 0,
problem (1.1) has at least one nontrivial solution.

Theorem 1.2. Assume that f satisfies (f1) and (f3)-(fs) with A1 (A1 —a) < b* < +oo for some k € N. Moreover, F(x, u) >

Am(Am — a)u? and limsup,_, F<X W 1Am+1(km+1 — a) for some m € N, m < k. Then, there exists A* > 0, such that for
O < A < A* problem (1.1) has at least three nontrlwal solutions.

In our next result we establish the multiplicity of solutions for problem (1.1) by weakening F(x, u) > %Am(km —ayu.
For doing that we assume a stronger version of (f3).

Theorem 1.3. Assume that f satisfies (f1) and (f4)-(fs) with A1 (A1 —@) < b < o0 for some k € N. Moreover, for somem € N,
m <k, F(x,u) > 1am(m — a)u? — Wo(x) and there exist L, 8o > 0, such that for [u| < L, F(x,u) < [$Am41(Ams1 — @) — Solu?
Here, Ay < Am41 and Wo(x) € L1(£2). Then, given A > 0, there exists L* > 0, such that for L > L*, problem (1.1) has at least three
nontrivial solutions.

In the case b* = 400, we establish the following version of Theorem 1.2.

Theorem 1.4. Assume that s > 5, f satisfies (f1)-(f4) and (fs) with b* = +o0. Moreover, F(x,u) > Am(km — a)u? and
limsup,_, ¢ F(" L) %Am+1(km+1 — a) for some m € N. Then, there exists A** > 0, such that for 0 < A <A™ and pu > %(p - 2),
problem (1.1) has at least three nontrivial solutions.

2. Preliminary lemmas

Let £2 C RS be a bounded smooth domain, H = H2(£2) N Hé(Q) be the Hilbert space equipped with the inner product

(u,v)y :/AuAv dx,
Q
which induces the norm

2
lully = (/ |Au|2dx>
2

Note that uy = A,(, k=1,2,..., are eigenvalues of the eigenvalue problem

{Azu =pu, in$2,
u=Au=0, onas2,

ok, k=1,2,... are the corresponding eigenfunctions. Furthermore, the set of {¢} is an orthogonal base on the Hilbert
space H.
We observe that {”(’f’ﬁ}kﬁl is an orthonormal basis of H. Then, for u € H, we can write that

o

u=2

1 ”@k”H

for ¢, = (u H, the series converging in H. In addition,

’HWHH)
el =Zc£. (21)

Denote up =Y 4L, where m € N. Thus,

Pk
kTl
lim [lum —ullp=0
m—oQ
Recall that H(],(.Q) is the Hilbert space equipped with the inner product
(u, V)H(l) :/Vqu dx,
Q
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which induces the norm

1
2
lullyy = (f|Vu|2dx) .

Q
We note that for u € H,

/|Vu|2dx<c/|Au|2dx.
2 2

lhu&
lim |uy, —u =0.
|| m ”H(l)

Now, we rewrite that

i ||§0k||H(1) Ok
u=>» ci ,
2ol el

the series converging in H(l)(Q). Observe that { is an orthonormal basis of Hg)(Q), we have

Pk }oo
H‘/’kll,_,(l] k=1

, i ol
lulls,, = Ci .

Mo = o
Combining (2.1)-(2.2), we obtain that for u € H,

lullf > Aalul, (2.3)

(2.2)

For a < A1, define a norm u € H as follows:

1

p

||u||:(/lAulzdx—a/szdx) :
2 2

From (2.3), the norm ||.|| is an equivalent norm on H. Throughout this paper, we use the norm ||.|| unless stated otherwise.
It is well known that A, = Ax(Ax —a), k=1,2, ..., are eigenvalues of the eigenvalue problem

{Azu +aAu=Au, ing2,
u=Au=0, onds2,

ok, k=1,2,... are the corresponding eigenfunctions. Furthermore, the set of {¢y} is an orthogonal basis on the Hilbert
space H.
For u € H, denote

1 A
I(u)=§||u||2+—/lulqu—/F(X,u)dx
qrz 2
and

Ii(u):%||u||2+&/|ui]qu—/F(x,ui)dx,
q.Q 2

where ut = max{u, 0}, u~ = min{u, 0}. Under the assumptions (f1)-(f2), we have I, I* € C1(H).

Recall that a sequence {u,} is a (C); sequence for the functional I if I(u,) — ¢ and (1 + |lup|DI’(un) — 0. If any (C),
sequence {u,} has a convergent subsequence, we say that I satisfies the (C). condition.

In order to prove our main results, we need the following theorems.

Theorem 2.1. (See [11].) Let E be a real Banach space with its dual space E* and suppose that I € C!(E, R) satisfies the condition

max{1(0), I(u1)} <o <p < | i‘?f I(u)
ull=p

forsome p > 0 and u; € E with ||uq|| > p. Let ¢ be characterized by

c:= inf max I(y(t)),
yel 0<t<£1 ()/( ))

where I' :={y € C([0, 1], E); y(0) =0, y(1) = u1}. Then there exists a (C). sequence {u,} for the functional I satisfying ¢ > B.
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Definition C. (See [12].) Let E be a Banach space and let @ be the set of all continuous maps I = I'(t) from E x [0,1] to E
such that

1. ro=I.

2. For each t €[0, 1), I'(t) is a homeomorphism of E onto E and I"~'(t) € C(E x [0, 1), E).

3. I'(1)E is a single point in E and I'(t)A converges uniformly to I"(1)E as t — 1 for each bounded set A C E.
4. For each tg €[0,1) and each bounded set A CE

sup {|r©u| + | roul} <oo
0<ttg, ueA

Definition D. (See [12].) We say that A links B [hm] if A, B are subsets of E such that AN B = and, for each I'(t) € @,
there is t € (0, 1] such that I"'(t)AN B # @.

The following proposition provides an example of A links B [hm].

Proposition E. (See [12].) Let E be a real Hilbert space, E1, E» be two closed subspace of E such that
E=E{®E>, dimE) < +00.

Consider e € Eq, |e|| = 1. Let R, p be positive numbers and set
S=EiNSy,, Q={u+viuecky v=te, t>0, [[u+v| <R}

Then, if R > p, 0Q links S [hm].

Theorem 2.2. (See [12].) Let E be a real Hilbert space and assume that I € C1(E, R) satisfies the condition

sup I(u) < mfl(u)
uedQ

where 9Q, S are defined in Proposition E. Set

c:= inf sup  I(I(s)u),
I'e® 0s<1,uedQ

where @ is defined in Definition C. Then, if c is finite, there exists a (C). sequence {u,} for the functional I satisfying ¢ > inf,cs I (u).

Lemma 2.3. Assume that f satisfies (f1)-(f3). Then given A > 0, there exist p1, f1 > 0, such that

inf  I'T(uw)>pg >0.
ueH, |lull=p

Proof. By (f1)-(f3), there holds
|F(x, )| < C(luf® + [ulP). (2.4)
Thus, from (2.4),

1+(u):%||u||2 /yu+yqu /( ut)dx

>%|Iull2 /|u+| dx—C flul"dx+ /|u+|"dx

> 2l ~ Clul? —c/}u+}2dx+ f/|u+|qu.
2 qQ

Hence, for ||u] small enough,
1 A
() > §||u||2 - c/yu+yzdx+ p /\uﬂqu.
Q Q

(2.3) implies that
lull® > Ga = @)llulig, (2.5)
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Then we can choose i € N and p € (%, %), such that

A —a 2 A
i, e [ e
2

2

1
W) > —ul?
) 12|| -+

1 A —a 2 2 A
e I _M/;uw de+ a/|u+|qu. (2.6)
2 2

Let X; :=span{e;}, je N and set G; :==X1 ® X2 @ --- ® X;, i € N, where @ means the orthogonal sum of the subspace.
We note that H&(.Q) =G & Gf. Thus, u™ can be decomposed as u™ =v 4+ w, where ve G; and w € Gii. Observe that for
v € Gj, there holds

iz, > [ vax
0

2

and for w € Gi*, there holds

2 2
w2y > kst [ w2
2

Therefore,

1 1 4 1[4un A
+ 2 2 2 +14
@ = Sl +Z[(“_“)_—x- ]nwnHé—‘—l[——(M—a)]||v||,,é+5/|u |" dx
2

i+1 Al
A +14
.=—||u|| +E Wl —nlvIg, + A LS 2.7)
2

where £, 71 > 0.
It suffices to show that there exists p; > 0 small enough, such that for ||u| = p1,

A
I ::g||w||ié—n||v||zs+a/|u+|qu>o, (2.8)
2

Seeking a contradiction we suppose that there exist u, # 0 satisfying |[uy|| — 0 as n — oo and IT(un) < 0. By (2.5),
lu| 1 — 0 as n — oco. Decompose u as ut = v, + wy,, where v, € G; and w,, € G-, we have
n HO n n 1

A
17 (n) = lIwallgy = nllvallg, +af|un+|"dx<0- (29)
2

Then u;f #0 in Hé([?). Let z, = % . Up to a subsequence, we get that

llu

zn —z weakly in H}(£2),
zZn — z strongly in L'(2), 1<t < 2*,
Zn(x) > z(x) ae.xes2.

Dividing ||un+||‘l’_l1 in both sides of (2.9),
0

Sllwnll2 = nllv n||H1
® |lu +|| /|z |9dx < 0.
||un ||

Let n — oo, there holds

f z|7dx <0,
2
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in view of ||u;,*||Hc1' — 0 as n— oo. Thus, z=0 a.e. x € £2. Then we have

2
1% 2
Il ””H(l) C||vn||2

2 S 2
llun ”Hg llun ”H(])

<Cllznl3 -0, asn— oo, (2.10)

using the equivalence of all norms on the finite dimensional space. Choosing n sufficient large, we obtain that

A
If wn) = Ellwallfy = nllvallf, + . flun*lqu
2

+2 2
> & u, ||H(1) -G+ n)IIVnIIHé
vall2,
H 2
= I:S - ¢ +77)+—20:|||U,T||H1 =0,
lug ”Hl 0
0
in view of (2.10). Thus we get a contradiction.
Therefore, we can choose p; > 0 small enough, such that for ||u|| = p1,

1
@z Sl +1{ > Spef=p>0 O

! |
12
Using a similar argument as Lemma 2.3, we have the following Lemma 2.4 and Lemma 2.5.

Lemma 2.4. Assume that f satisfies (f1)-(f3). Then given A > 0, there exist p2, B2 > 0, such that

inf I~ (u)>p>0.
ueH. llull=p2

Lemma 2.5. Assume that f satisfies (f1)-(f3). Then given A > 0, there exist p, B > 0, such that
inf  I(u)>pB>0.
ueH, llull=p
Now we are ready to prove our main results.

3. Proof of main results

Proof of Theorem 1.1. It is easy to see that I7(0) = 0. We note that (f;) and (fz) with A1 <bt < 400 imply (f>). Then
from Lemma 2.3, given A > 0, there exist p1, 81 > 0, such that

inf IT(u)> B >0.

llull=p1
On the other hand, (f1) and (f4) imply that
F(x,u 1 1
lim ( ):—b+>—/\].
u—+oo U 2 2

Then, there exists €g > 0, such that
1
F(x,u®) > 5(/\1 —{—60)|u+|2 —C.
Thus,

1 A 1
() < 5||u||2 + p ﬂuﬂqu— 5(Al +eo)/\u+\2dx+ C meas(£2).
Q
Choosing u =tgq, where t > 0 and ¢; is the eigenfunction associated to Ay, we have
1 A
I (tg1) < —Eeot2 / 1% dx + atq/ lp1]7 dx + C meas(2) — —oo, ast — +oo.
Q Q

Let t1 be such that ||t1¢1]| > p1 and IT(t1¢1) < 0. Define

+._ +
c":= inf max I t)),
yer+o<t<1 ()/( ))
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where I't :={y € C([0, 1], H); y(0) =0, y(1) =t1¢1}. It follows from Theorem 2.1 that there exists a sequence {u,} C H,
such that

IM(up) > ¢ > p1, asn— +oo, (3.1)
and
(14 lunl) I+ (up) - 0, asn — +o0. (3.2)

We claim that the sequence {uy} is bounded in H.
(f3) implies that f(x,0) =0. Thus, by (3.2),

o(1) = (I*l(un),un) = [lun|l? +A/}u,ﬂq dx—/f(x, u u;t dx. (3.3)
2 2

Seeking a contradiction we suppose that ||u,|| — oco. Let z; = ﬁ Up to a subsequence, we get that

Zn —z weaklyin H,

zZn — z strongly in L'(2), 1<t < 2%,

Zn(X) > z(x) ae.xin$2.
We claim that

z#0 inH. (34)
Otherwise, z=0 in H. Dividing ||u,||? in both sides of (3.3), we get that

fx, uHut

ol)=1-—
llun I

(f1) and (f3)-(f4) with A1 <bt < +oo imply that there exists C’ > 0, such that
|f(x, uf)| < Cupt. (3.6)
Combining (3.5)-(3.6), we have

+yy+
_ 7“"’”"3”” dx +o(1)
[lun |l

< C//‘z,ﬂzdx—i-o(l)
2

<c’/|zn|2dx+o<1),
2

—

-+
where z; = .

Set

Let n — oo, we get a contradiction. Thus, (3.4) is proved.

[t )
pn(x) = (%)
0 for x € £2 with u,(x) <0.

for x € 2 with u,(x) > 0,

From 17 (uy) = 0(1),

/[AunAgo —aVu,Veldx + A/|un+|q72u,f<p dx — / flx,uf)pdx=o0(1),
Q Q Q
for all ¢ € H. Dividing ||u,|| in both sides of the above equality, there holds

/[AznA(p —aVz,Veldx — / pnzipdx=0(1). (3.7)
2 2

We note that {z,} is bounded in Hg)(Q). Thus, z; — z weakly in H(l)(.Q), which implies that z — z* strongly in L%(£2) and
zZH(x) > z+(x) a.e. x € 2. By (3.6), |pn(x)| < C’ for x € £2. Then we have
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’ / Pzl dx| < C / ZTpldx=0(1) + C’ / Ztp|dx =0(1). (3.8)
{xe82,zt (x)=0} {xe£2,z+ (x)=0} {xe£2,z1 (x)=0}

On the other hand, since z; (x) - z7(x) a.e. x € £2, we have lim,_, u;} (x) = +oo for a.e. x € {x € 2, z"(x) > 0}, which im-
plies that lim,_, oo pn(x) =b™ for a.e. x € {x € 2, zT(x) > 0}. Besides, |pn(x)| < C’ for x € 2. Using the Lebesgue’s Dominated
Convergence Theorem, we obtain that

’ / (pn — b+)ZrJ1r§0 dx

< / |pn — b |l@lzy dx

{xe,z+(x)>0} {xe$2,z+(x)>0}
7 3
2 2
([ merPee) ([ @ e)
{xe$2,z1 (x)>0} {xe2,z+(x)>0}

1

2
<C( / \pn—b+|2<p2dx) =o(1),
{xe2,z+(x)>0}

which implies that

/ pnzipdx = / (pn—bh)zi@dx+ / btzfpdx
{xe£2,zT(x)>0} {xe$2,z+(x)>0} {xe$2,z+(x)>0}
=o(1) + / btztdx. (3.9)

{xe£2,zt(x)>0}

Therefore, from (3.8)-(3.9),

/pnzf{(pdx: / pnzt@dx + / pnzl pdx
2 {xe$2,z1 (x)=0} {xe$2,z+(x)>0}
=o(1)+b" / ztpdx
{xe2,z+(x)>0}
=o(1)+b+/z+q) dx. (3.10)
2
Combining (3.7), (3.10) and letting n — oo, there holds

/[AzA<p —aVzVepldx=b" / zT g dx. (3.11)
2 Q2
We claim that

meas{x € 2, z*(x) #0} > 0. (312)

Otherwise, zt(x) =0 for a.e. x € £2. Taking ¢ =z in (3.11), we have z=0 in H, a contradiction with (3.4). Thus, (3.12)
is proved. Note that z+ > 0, combining with (3.11)-(3.12) and the maximum principle, we have z > 0 in £2. Taking ¢ = ¢;
in (3.11), we obtain that

/[AZA(m —aVzV¢1]dx=b+/z<p1 dx.
2 2

On the other hand, since @1 > 0 is the eigenfunction associated to A1 and z > 0, we have

/[AzAgm —aVzVeildx = nq /w] dx,
Q Q
this is impossible since b™ > A1. Then {u,} is bounded in H. Combining with (3.1)-(3.2), we have u, — u, strongly in H,

I*(uy) =ct > B1 and I (uy) =0. Then u, is a nontrivial solution of problem (1.1). Similarly, for A7 < b~ < 400, we can
find u_ #0, such that " (u_)=c~ >0and I"'(u_)=0. O
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Proof of Theorem 1.2. We will prove that there exists A* > 0, such that for 0 < A < A*, problem (1.1) has a nontrivial
solution.

Let X :=span{e;}, j€ N and set F :==X1 & X2 ®--- ® Xi», m € N, where @ means the orthogonal sum of the subspace.
Then H = Fy, @ Fi. Note that (f1), (f4) with Apyq < b® < 400 and limsup,_, o F(:f;”) < IAm+1 imply that there exists
€5, C > 0, such that

1
F(x,u) < i(AmH —€p)u? + ClulP.

Thus, for u € F,

1 A
I(u)=5||u||2+a/|u|qu—/F(x, u)dx
2

2
1. 5 1 , 5 ,
= S lul —E(Am+1—eo) udx—C [ |ulP dx
2 2
1 A +]—€/
>—(l—u)nun2—cnunp.
2 Am+1

Choosing r > 0 small enough, there holds

inf Iuw)>a>0, (3.13)

1
u€Fp, llull=r

independent of A > 0.
For u € Fp,, we have

A
I(u)</\z—m/uzdx—i——/|u|qu—/F(x,u)dx
2 q(z

Q2
A ] 1 5
:a [ul*dx — F(x,u)—i/\mu dx. (3.14)
Q Q

. (x,u)
lim Jew bE > Apsa,
u—=+o0 u

From

we obtain that

. Fx,uy 1 , 1
A T g e

Thus, there exists €g, Rg > 0, such that for |u| > Rg, there holds

F(x,u 1
B0 > 2 an+eo). (315)
u 2

Since F(x,u) > 3 Am u?, together with (3.14)~(3.15), we have

A 1
I(u) < a/|u|qu—§eo / u? dx.
2 {xe2, [u(x)|=Ro}

Then, for u € F;; with |u|| =1, there holds

I(tu) < %tq/ [ul9dx — %eorz / u? dx. (3.16)
2 {xef2, |tu(x)| >Ro}
From [4], we know that there exists € > 0, such that
meas{x € 2, [u(x)| =€} >e (3.17)
Ro

for every u € Fy with [lu]| = 1. In addition, for t > -2,

{xe @,

u)| >e€}clxen,

tu(x)| > Ro}. (3.18)
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Thus, for u € Fy with |lu|=1 and t > %, (3.16)-(3.18) imply that
A 1
I(tu) < =Ct9 — —gget?.
q 2

Direct calculation shows that

A 1 5, 2
sup I(tu) <sup| =Ct? — —¢pet* | < CAZa, (3.19)
o> >0l 9 2

On the other hand, for u € F; with |Ju| =1,
A
sup I(tu) < sup [—tq/|u|q dx} < Ca. (3.20)
o<t< e o<t< e

Combining (3.19)-(3.20), we obtain that for u € F;y with [lu|| =1,

2

supI(tu) < max{Cr2=4,Ca}.
0

That is,
2

sup I(u) < max{CAZ=, CA}.

ueFpy
Therefore, there exists A* > 0, such that for 0 < A < A*,

sup I(u) <. (3.21)

ueFpy

For u € Fpy41, we have

1 A
I(u)gi/\mH/uzdx—i——/|u|qu—/F(x,u)dx. (3.22)
2 qg 2

(f1) and (fy) with b* > A, imply that there exists €y > 0, such that

1
F(x,u) > 5( m1 + € )u? — C. (3.23)

Combining (3.22)-(3.23), for u € Fpy1,

1 A
I(u)g—ieé’/uzdx—i—a/lulqu+C<—C||u||2+CA||u||q+C,
2 2

using the equivalence of all norms on the finite dimensional space. Therefore, for 0 < A < A*, choosing R > r large enough,
there holds

sup I(u) <0. (3.24)

u€Fmq1, lull=R
Consequently, (3.13), (3.21) and (3.24) imply that there exists A* > 0, such that for 0 < A < A*,
inf  I(u) > sup I(u),

ueF, ull=r uedQ
where

Q:={u+v; u€Fny, v=t@ns1, t 20, |u+v| <R}
Define

c:= inf sup (I (s)(w)),
I'e® 0<s<1,uedQ ( )

where @ is defined in Definition C. It follows from Theorem 2.2 that there exists a sequence {u,} C H, such that
I(up) > c>a, asn— +oo, (3.25)
and

(1+ llupll)I'(un) - 0, asn— +oo. (3.26)
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We claim that

{up} isboundedin H. (3.27)
Seeking a contradiction we suppose that ||u,|| — oco. Let w,, = HZ—Z” Up to a subsequence, we get that

wp, —w weaklyin H,

wp — w  strongly in L'(2), 1<t < 2%,

wnp(X) > w(x) a.e.xin £2.

Now, we consider the two possible cases.
Case1l. w=0in H.
From o(1) = (I'(uy), u,), we have

o(1) = ||un||2+A/|un|"dx—ff<x, Ui dX.
2 2

Dividing |lu,||? in both sides of the above equality, we get that

f &, up)up

o()=1-
llunll?

dx. (3.28)

(f1) and (f3)-(f4) with Agyq < b® < +o0 imply that
| £ (x, un)tn] < Clun/?. (329)
Combining (3.28)-(3.29), we have

[ Fx, up)un

e dx+o(1)<Cf|wn|2dx+o(1).
n

2

Let n — oo, we get a contradiction.
Case2. w#0 in H.
(3.25)-(3.26) imply that

1 ’
c+o(1)=I(up) — 5(1 (Un), tn)

:/[1f(X,Un)Un — F(x, un)} dX—Ir?»(1 - 1>/|”n|qd"
2 q 2
2

2

> / Bf(x,u,oun _F(x, un)] dx.
2

Set 21 :={x e £2, w(x) # 0}. Thus, for x € £21, |up(x)| > 400 as n — oo. By (f5), we obtain that

c+o(l)> f L(x)dx—i—/H(x, uy) dx. (3.30)
2/ 2

Since meas(£21) > 0 and for a.e. x € §21, lim;_, oo H(X, up) = +00, using Fatou’s lemma, we obtain that

lim | H(x, up)dx =400,
n—-oo
21
which contradicts (3.30). Thus, (3.27) is proved. Combining with (3.25)-(3.26), we have u, — ug strongly in H, I(ug) =
c>a >0 and I'(ug) = 0. Thus, there exists A* > 0, such that for 0 < A < A*, ug is a nontrivial solution of problem (1.1).

Furthermore, from the proof of Theorem 1.1, we know that given A > 0, problem (1.1) has nontrivial solutions us. We
remark that uy and u_ may be the same.
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Note that I(0) =0. Lemma 2.5 implies that given A > 0, there exist p, 8 > 0, such that

inf I(u)>pB>0.
llull=p

On the other hand, from (f;) and (3.15),
1
Fx,w) > 2 (A1 +€ou? = C.
Thus,

1 A 1
I(u) < §||u||2+a/|u|qu— E(Al +eo)/u2dx+Cmeas(Q).
2 19

Choosing u = tgq, where t > 0 and ¢ is the eigenfunction associated to A1, we have
lim I(tgp1) = —o0.
t—o00

Let t’ be such that ||t'g1|| > p and I(t'¢1) < 0. Define

c*:= inf max I(y(t)),
yel 0<t<1 ()/( ))

where I' :={y € C([0,1], H); y(0) =0, y(1) =t'¢1}. It follows from Theorem 2.1 that there exists a sequence {u,} C H,
such that

I(up) > c* > B, asn— oo, (3.31)
and
(1+ unl)I* (ug) = 0, asn— +oo. (3.32)

Then (3.27) holds. Combining with (3.31)-(3.32), we have u, — u* strongly in H, I(u*) =c* > 8 > 0 and I’(u*) = 0. Thus,
given A > 0, u* is a nontrivial solution of problem (1.1).

We claim that u,, u* are distinct or u_, u* are distinct.

If not, then uy = u* = v. From I'(v) = I¥ (v) =0,

/(leq_zwp — fx,v)p)dx= /(k|vi|q72vi(p — f(x vE)p)dx, (3.33)
2 2
for all ¢ € H. We note that

/()L|v|q’2v<p — f(x, v)p)dx

2

= / (MvIT2ve — f(x, v)p) dx + / (AT 2ve — f(x, v)g)dx

{xe2, v(x)>0} {xef2, v(x)<0}
:/(A|v+|q_2v+<p — f(x.vh)e) dx+/(k]v’|q_2v’<p— fx,v7)gp)dx.
2 2

Together with (3.33), there holds

/(leq_zwp— f&x,v)p)dx=0, forallgeH.
2

In view of (I'(v), ¢) =0 for all ¢ € H, we can conclude that v =0 in H, a contradiction. Thus, the claim is proved.
Without loss of generality, we may assume that uy and u* are distinct. For 0 < A < A*, we will show that ug and u,
u* are distinct.
Note that
ITwy)=ct = inf max IT(y (@),
( +) yelt0<t<1 ()/( ))
where I't = {y € C([0,1], H); y(0) =0, y(1) =t1¢1}. Since y T (t) :=tt1¢1, t € [0, 1] belongs to I'"™ and y*[0,1] C Fp,,
we have
+ _ g+ +(q,+ +
c"=I1"(uy) < max I t)) = max I t)) < sup I(u) <o < I(ug) =c.
(+)\0<L’<1 ()’()) <i<l ()/ ())\ p()< < I(up)

tx tx ueFpy

Thus, ug and u are distinct. Similarly, ug and u* are distinct. O
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Proof of Theorem 1.3. Given A > 0, we will show that there exists L* > 0, such that for L > L*, problem (1.1) has a
nontrivial solution. The assumptions of Theorem 1.3 imply that there exists Fg > 0, such that |F(x, u)| < Fou?. Then, for
lul > L,
Fo
[Fx, )| < —=ulP.
We note that for |u| <,
1 2
F(x,u) < 3 Am+1 —00 |u
Thus, we obtain that
1 2 Fo p
Foow) < { 5 Amyt =0 Ju? + 7 % ulP. (3.34)

(3.34) implies that

1 A
KM=EMW+E/WWM—/H&MM
2

Q
1.5, (1 ,
2 5“”” - 5 /\m+] —80 u dX— LP—Z |U| dX (335)
Q
For simplicity, we may assume that 0 < &g < %/\m_'_]. Thus, for u e FnJ;,
1 A — 26
Tu)> - (1- 2l =29 ), /|u|pdx
2 /Vn+] LP 2
1 Am+1 — 280 2
> 1—-—|u 3.36
/2( o )II Il T 2|| P (3.36)
Choosing |u|| = (szoi‘sme)PlTZL, there holds
2N/ 1 \P2/ 25 \P2
_ 7= =
inf > (%) <ﬁ> ( — > 12, (3.37)
ueFa ull=(rspp ) P2 L 0 Prm+1

On the other hand, using a similar argument as Theorem 1.2, we obtain that

sup I(u) < max{CAZ7, CA fWo(x) dx. (3.38)

uefFny

(3.37)-(3.38) imply that there exists L* > 0, such that for L > L*,

et e (3:39)
ueﬂ%"'“”:(psf?ﬁ)ﬁL ueFn

1
Fix L > L*, as in the proof of Theorem 1.2, we may choose M large enough such that M > (ﬁ)iﬂ and

sup I(u) <0. (3.40)

ueFmyr.ull=M

Therefore, combining (3.39)-(3.40), we obtain that there exists L* > 0, such that for L > L*,

inf : I(u) > sup I(u),
L )
uanJ;,\|u||:(p5F§iom+1 = uedQq
where
Qi:={u+v; ueFn, v=tgms1, t 20, lu+v|<M].

Arguing as in the proof of Theorem 1.2, we obtain that given A > 0, there exists L* > 0, such that for L > L*, problem (1.1)
has a nontrivial solution. Moreover, we claim that for L > L*, problem (1.1) has at least three nontrivial solutions. The proof
is similar to the proof of Theorem 1.2. We omit the details. O



J. Zhang, Z. Wei / ]. Math. Anal. Appl. 383 (2011) 291-306

305

Proof of Theorem 1.4. In view of the proof of Theorem 1.1 and 1.2, we only need to prove that the (C). sequence of I, I+

is bounded under assumptions of Theorem 1.4.
For {u,} satisfying

c+o(l)=1"(up)
and
o(1) = (1+ llunl) I (up),

we will prove that |uy| is bounded in H.
(3.41)-(3.42) imply that

c+o(1) = 1" (un) — (I (un), un)

::/[%f@JQQu;_4x&u;ﬂdx+x(%——;)/hﬁfdx
o 2

2/[%f(x,u,f)u,f—F(x,u,T)] dx.

2

By (f1) and (fs), we have

1

if(x, uh)ut — F(x,u™) > clut* —c.
Combining (3.43)-(3.44), there holds

c+o(1)>cf}u;ﬂ“dx—c,
2

from which we have the estimate

Junll, <c

On the other hand, by o(1) = (1+/(un), uy) and (f1)-(f2), we have

||un||2<0(1)+/-f(x,uf{)u;{dx<C/(\u,ﬂ+|u,ﬂp)dx+C<C/(|un|+|un+|p)dx+C.
o)

2

Observe that %(p -2)<(p-— 1)51—54 < p, we will consider two cases.

2s

Casel = (p—1);73.

From (3.45)-(3.46),

-1
nwwscww+c/WH”|wmx+c
22

p—1
2
(-1

< Cllunll + Cliunllz | +C

< Cllunll + CllunlJusf |27 + €
< Cllunl +C.

which implies that ||u,|| <C.

Case2. (p—2)<pu<p.

2

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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IfO<p<p<2*andte(0,1) are such that % = % + 55, then V u € L#(£2) N L**(£2), we have

/|u|"dx=/|u|“*f“’|u|“’ dx < ul) GO u) 2. (3.47)
2 2

Combining (3.45)-(3.47), there holds

lunll* < Cllunll + Cllunlly + C

<

1-t t]
< Cllunll + Cllunll GO ug |2, 4 C
<

Cllun|l + Cllun | + C. (3.48)

Note that the condition u > %(p — 2) is equivalent to tp < 2, we conclude from (3.48) that |uy| < C. Thus, the (C)
sequence of I* is bounded under assumptions of Theorem 1.4. Similarly, we can prove that the (C). sequence of I, I~ is
bounded. The details are omitted. O
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