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1. Introduction

Various aspects of the theory of second-order differential inclusions attract the attention of many researchers (see., e.g.,
[1-5,9,11,12,15,23]). In this paper we consider the boundary value problem of the form (1.1) for second-order differential
inclusions which arises naturally from some physical and control problems. An appropriate approach to study the existence
of solutions to problem (1.1) is the using of the fixed point theory by the exploiting the fact that the set of solutions of (1.1)
coincides with the fixed point set of the corresponding integral multioperator. However, this approach involves the necessity
to evaluate the topological degree of this multioperator which, in general, should be not an easy problem.

For the purposes of investigation of periodic solutions of the first-order differential equations and inclusions, one of the
effective tools is the method of guiding functions developed by M.A. Krasnosel’skii, A.l. Perov and others (see, e.g., [20-22]).
The main idea of this method may be expressed by the fact that the topological degree of the integral multioperator
can be evaluated through the topological index of the special, “guiding” function of the equation or the inclusion under
consideration.

In this paper we extend this method to study problem (1.1). The paper is organized in the following way. In the next
section we recall some notions and notation from multivalued analysis. In Section 3, using a guiding function of the form
V(x) =6x, xR and § > 0, we obtain the sufficient conditions for the existence of solutions to (1.1) in R. The result is
extended to the case of a general integral guiding function. In Section 4, we apply the abstract result to the investigation
of a boundary value problem for a system whose feedback law is expressed in the form of a differential inclusion. Another
application deals with a model of motion of a particle in a 1-D potential.
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In the last section, we present the generalization of our method to the case of problem (1.1) considered in an infinite-
dimensional Hilbert space. As an example, we consider a feedback control system governed by partial differential equation
and inclusion.

2. Preliminaries

Let X, Y be metric spaces. Denote by P(Y)[C(Y), K(Y)] the collection of all nonempty [resp., nonempty closed, nonempty
compact] subsets of Y. For a Banach space E by symbols Cv(E)[Kv(E)] we denote the collection of all nonempty convex
closed [resp., nonempty convex compact] subsets of E.

Definition 1. (See, e.g., [6,14,19].) A multivalued map (multimap) F : X — P(Y) is said to be upper semicontinuous (u.s.c.) if
for every open subset V C Y the set

FY'(V)={xeX: Fx) C V)

is open in X. A us.c. multimap F is said to be completely continuous, if it maps every bounded subset X; C X into a
relatively compact subset F(X7) of Y.

For a multimap F: X — P(Y), by FFX we denote its graph, i.e.,
rif={xy eXxY:yeFx}

The multimap F is said to be closed if its graph is a closed subset of X x Y, while the metric in X x Y is defined in a natural
way as

p((, y), (¥, y")) =max{px(x,x), py (v, ¥")}.

Notice that a closed multimap F which is locally compact, i.e., each point x € X has a neighborhood U (x) such that the set
F(U(x)) is relatively compact, is u.s.c.

A set M € K(Y) is said to be aspheric (or UV, or oo-proximally connected) (see, e.g., [14,24]), if for every ¢ > 0
there exists § > 0 such that each continuous map o :5" — Os(M), n=0,1,2,..., can be extended to a continuous
map 6 :B™! — 0.(M), where S" = {x e R™: |x|| =1}, B"! = {x e R™: ||x|| <1}, and 05(M) [0.(M)] denotes the
8-neighborhood [resp. ¢-neighborhood] of the set M.

Definition 2. (See [17].) A nonempty compact space A is said to be an Rs-set if it can be represented as the intersection of
a decreasing sequence of compact, contractible spaces.

Definition 3. (See [14].) A u.s.c. multimap X : X — K(Y) is said to be a J-multimap (¥ € J(X,Y)) if every value X (x),
x € X, is an aspheric set.

Now let us recall (see, e.g., [7,14]) that a metric space X is called the absolute retract (the AR-space) [resp., the absolute
neighborhood retract (the ANR-space)] provided for each homeomorphism h taking it onto a closed subset of a metric space X/,
the set h(X) is the retract of X’ [resp., of its open neighborhood in X’]. Notice that the class of ANR-spaces is broad enough:
in particular, a finite-dimensional compact set is the ANR-space if and only if it is locally contractible. In turn, it means that
compact polyhedrons and compact finite-dimensional manifolds are the ANR-spaces. The union of a finite number of convex
closed subsets in a normed space is also the ANR-space.

Proposition 1. (See [14].) Let Z be an ANR-space. In each of the following cases a u.s.c. multimap X : X — K(Z) is a J-multimap: for
each x € X the value X' (x) is

) a convex set;

) a contractible set;
) an Rs-set;

) an AR-space.

(a
(b
(c
(d

In particular, every continuous map o : X — Z isa J-multimap.

Definition 4. Let O C X. By C J(O, X) we will denote the collection of all multimaps F : O — K(X) that may be represented
in the form of composition F = f o G, where G € J(O,Y) and f:Y — X is a continuous map. The composition f o G will
be called the decomposition of F. We will denote F = (f o G).
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It has to be noted that a multimap can admit different decompositions (see [14]).

Now, let X be a Banach space and U C X be an open bounded subset and F = (f o G) € CJ(U, X) be a completely con-
tinuous multimap such that x ¢ F(x) for x € 9U. Then the topological degree deg(i — F, U) of the corresponding multivalued
vector field (i — F)(x) =x — F(x) is well defined and has all usual properties of the Leray-Shauder topological degree (see,
e.g. [14]).

3. The existence problem

Denote by C the space of all continuous functions C[0, 1] and by £? the space of all square-integrable functions L,[0, 1].
For every u € C and f € £? their corresponding norms are:

1 }
2
”“”C:é‘?&’ﬁ’“(“‘ and ||f||z=</\f(s)! ds) :
0

The symbol (-,-) denotes the inner product in £? and B¢ (0, R) denotes the ball in C of radius R centered at the origin. For
an integer k > 0 the Sobolev space W’z‘[O, 1] is defined as

WA0,11={u e £?: u™ e £2 forall 1 <m <k},

where u™ denotes the distributional derivative of u of order m. The norm of an element u € W§[O, 1] is defined as

k
lullw = Z Ju™],.
m=0

By \K/%[O, 1] we will denote the subset of W’2<[O, 1] consisting of all functions vanishing at the end-points of [0, 1], i.e.,
WX[0, 11 = {u € WX[0,1: u(0) = u(1) =0}.

Let us recall (see, e.g., [8]) that according to the Sobolev embedding theorem the space Wé‘[O, 1] is compactly embedded
into C.
Define a continuous integral operator j: £% — C by

1
(jf)(t)=/G(t,S)f(S)ds,
0
where

ts—1) ifo<t<s,

G(t,s)z{s(t_n ifs<t<1.

Notice that the operator j in fact acts into ‘X/%[O, 1] and, for any f € £2, the boundary value problem

u’(t)= f(t) forae.te][0,1],

u@0)=u(1)=0
may be written in the form: u = jf (see, e.g., [16, Chapter XII, Sec. 4]). By applying the Arzela-Ascoli theorem, it is easy to
see also that the operator j transforms bounded sets into relatively compact ones.

In this section we will consider the existence of solutions to the following boundary value problem for the operator-

differential inclusion

u"eQ),

u(0)=u(1) =0, (3.1)
where Q :C — C(£2) is a multimap satisfying the following conditions:

(Q1) the composition jo Q belongs to the class CJ(C,C);
(Q2) there are constants p,q > 0 such that

leal, <q(1+lul})
for all u € C, where

[Q @), =sup{llfll: feQ}.
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By a solution to problem (3.1) we mean a function u W%[O, 1] such that there is a function f € Q (u) satisfying

u’(t)= f(t) forae.te][0,1].

Remark 1. Let us mention that the class of multimaps Q satisfying condition (Q 1) is large enough. For example, for every
CJ-multimap Q the multimap jo Q is a CJ-multimap. Moreover, there are multimaps Q which are not CJ-multimaps
while jo Q are CJ-multimaps. For example, let F:[0,1] x R — Kv(R) be a multimap satisfying the following conditions:

(F1) for every y € R the multifunction F(-, y):[0,1] — Kv(R) has a measurable selection;
(F2) for a.e. t € [0, 1] the multimap F(t,-):R — Kv(R) is upper semicontinuous;
(F3) for every bounded subset £2 C R there is a function y € £2 such that

|F(t, )| < ye@®)
for all y € £2 and a.e. t € [0, 1], where |F(t, y)| = max{|z|: z€ F(t, y)}.

It is well known that under conditions (F1)-(F3) the superposition multioperator

Pr:C—o L2,
Pr(x) ={f € L% f(s) € F(s,x(s)) fora.e.s € [0, 1]},
is well defined, it is closed and has convex closed values (see, e.g., [6,19]).
Set Q :C — Cv(£32), Q(x) = Pr(x). From Theorem 1.5.30 [6] it follows that the multimap jo Q is closed. By virtue

of (F3), for every bounded subset U c C the set Q (U) is bounded in £2, therefore the set j(Q (U)) is a relatively compact
set in C. Hence, jo Q is a u.s.c. multimap with compact convex values and so, it belongs to the class J(C,C) c CJ(C,C).

The main result of this section is the following assertion.

Theorem 1. Let conditions (Q 1)-(Q 2) hold. Assume that there exists N > 0 such that for every u € C, |lu|l, > N, the following
relation holds

(u, fy >0 forall feQ(u).

Then problem (3.1) has a solution.

Proof. Problem (3.1) can be substituted by the following inclusion
uejoQu).

From (Q 1) it follows that the multioperator jo Q :C — K(C) is upper semicontinuous. Now let £2 C C be a bounded subset.
Condition (Q2) implies that the set Q (£2) is bounded in £2. Therefore, the set jo Q (£2) is a relatively compact in C. Thus,
joQ is a completely continuous multioperator.

Assume that there exists u, € C, such that u, € jo Q (u,). Notice that then u,(0) = u,(1) =0. Then there is f, € Q (uy)
such that u//(t) = f.(t) for a.e. t € [0, 1], and hence

(Fer ) = (U, uy) = —(uf, u) <0.
Therefore, |[u.|, < N.
For every t € [0, 1], we have
1 1
us ()] </IG(t,s)IIf*(s)|dS</If*(s)|d5< Il fello-
0 0
From (Q 2) it follows that for every t € [0, 1]

[u )] < 1 fell2 < | Q)| < q(1+ NP),

hence, lu.llc <q(1+NP).
Now set R =qNP + q + 1. Consider the multimap ¥ : B¢(0, R) x [0, 1] — K(C),

(u,A)=jo ((1—1)du+21Q ),

where 0 < § < & is an arbitrary number.
Let us show that ¥ is a completely continuous C J-multimap. In fact, from condition (Q1) it follows that we may
represent the multimap joQ as ¢ o F € CJ(C,C), where F:C — K(Y) is a J-multimap from C to some metric space Y and

@:Y — C is a continuous map. Define the multimap



N. Van Loi, V. Obukhovskii / . Math. Anal. Appl. 385 (2012) 517-533 521

F:Bc(0,R) x[0,1] — K(C x Y x R),
F(u,») ={u} x F(u) x {A},

and a map

@:CxY xR— K(C),
O, v, ) =81 =1 ju+rp((v).

It is_clear that Fis a J-multimap, ¢ is a continuous map and for every (u,A) € B¢(0,R) x [0,1] we have ¥ (u,)) =
@ o F(u,2). So, ¥ is a CJ-multimap. Further, for every bounded subset 2 C C the sets jo Q(£2) and j(§2) are relatively
compact in C, therefore ¥ (£2 x [0, 1]) is a relatively compact set in C, too. So, the multimap ¥ is completely continuous.

Now, we will show that ¥ has no fixed points on dB¢(0, R) x [0, 1]. To the contrary, assume that there exists (uy, A4) €
0Bc (0, R) x [0, 1] such that u, € ¥ (u4, A4). Then there is a function f, € Q (u,) such that

1
a(t) = / G(t.)((1 = )811(5) + Aufu(S))ds. VE€[0,1], (3.2)
0
or equivalently,
{ ul(t) = (1 — 1)8us(t) + A fi(t) forae.tel0,1],
u,(0) =u.(1) =0.
Assume that ||ux|l, < N. Then from (3.2) we have
(0] <8 = A lltellz + Asll fill <81 = )N + 22q(1 + NP) <R,
for all t € [0, 1]. Hence u, ¢ 9B (0, R), that is a contradiction. Therefore, ||u.|, > N. From (3.3) it follows that
(U;:, U*) =681 — X)) (U, Us) + As(Uy, fs) > 0,

giving a contradiction.
Thus, ¥ is a homotopy joining ¥ (-,0) =8joi and ¥ (-,1) = jo Q, where i denotes the inclusion map. By virtue of the
homotopic invariance property of the topological degree we have

deg(i — jo Q,Bc(0,R)) =deg(i —8joi, Bc(0,R)).

For a sufficiently small § > 0 we have

(3.3)

Ju— = sjwl, = sljulle < llullc

for all u € 3B (0, R).
Then the vector fields i and i — §j oi are homotopic on dB¢ (0, R), so

deg(i— joQ,Bc(0,R)) =deg(i — 8 joi, Bc(0,R)) =deg(i, Bc(0,R)) = 1.
Hence problem (3.1) has a solution u € B¢(0,R). O

Now we can formulate the above result in terms of the guiding functions. Notice that for every continuous function
V:R — R the following map

viic— £ Vi) =V (u®).

is continuous.

Definition 5. (See [13,18].) A continuous function V :R — R is said to be an integral guiding function for problem (3.1), if:
(V1) there are a >0 and g > 0 such that
V(O] <a+Blt], VteR;
(V2) there exists N > 0 such that for every u € C, ||u||; > N, the following relation holds:
(Viw), f)>0 forall feQu);
(V3) for every u e \K/%[O, 1], from |[Jul|; > N it follows that
{u”, viw)<o,

where N is the same constant as in (V2).
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Theorem 2. Let conditions (Q 1)-(Q 2) hold. Assume that there exists an integral guiding function V for problem (3.1). Then problem
(3.1) has a solution.

Proof. Set R =qNP +q+ 1 and consider the multimap

¥ :B¢(0,R) x [0,1] = K(O),
W, 2) =jo ((1-18Viw +21Q W),

where §, 0 <8 < m is an arbitrary number, with N being the number in (V2).

Similarly as in the proof of Theorem 1, one can verify that ¥ is a C J-multimap. Let §2 C C be a bounded subset. From
(Q2) and (V1) it follows that the sets Q (£2) and VZ(£2) are bounded in £2. Since the operator j is completely continuous,
the sets jo Q (£2) and jo V¥(£2) are relatively compact in C. Hence the set ¥ (£2 x [0, 1]) is relatively compact in C. Thus,
¥ is a completely continuous C J-multimap.

Let us show that ¥ has no fixed points on dB¢ (0, R) x [0, 1]. To the contrary, assume that there is (u4, A+) € dB¢(0, R) x
[0, 1] such that u, € ¥ (u4, A+). Then there is a function f, € Q (u,) such that

1
Uy (t) = / G(t,$)((1 =18V (u4(5)) + Ay fu(s)) ds, Vt ][0, 1], (34)
0
or equivalently,
uf(t) = (1 — 18V (U () + Ay fu(t) forae.te[0,1],
{ U (0) =u,(1)=0.
Assume that ||u,|l, < N. Then from (Q2), (V1) and (3.4) we have

1 1
0. ®] <801 = 2) [V ©)]det . [17.00]ae
0 0

1
<o) [ (@ + Blu-©])de-+ 2l 115
0

<81 —n) (@ + Blluslly) + 24q(1 +NP) < 8(c + BN) +q(1+ NP) <R,

for all ¢ € [0, 1]. Hence u, ¢ dB¢(0, R), that is a contradiction. Therefore, |u.||, > N. Notice that u, € \/(\’/3[0, 1] c C, then
from (V2)-(V3) and (3.5) it follows that

(Wl VE))=8(1 — L)V, VEU)) + AVE (), fi) > 0,

giving a contradiction.
So, we again obtain that ¥ is a homotopy and for sufficiently small § > 0 we have

deg(i — jo Q,Bc(0,R)) =deg(i — 8 jo V¥ Be(0,R)) =deg(i, Bc(0,R)) = 1.

Thus problem (3.1) has a solution. O

4. Applications
4.1. Feedback control system

We consider a feedback control system of the form
u”(t) — au(t) = f(t, u(®), v(t)) foraetelo,1],
V/(t) e G(t, v(),u(t)) forae.te[0,1], (41)
u(0)=u(1)=0, v(0) = vo,
where vg € R, A > 0, the map f:[0, 1] x R? - R and the multimap G : [0, 1] x R? — Kv(R) satisfy the following conditions:

(f1) for every (x, y) € R? the function f(-,x, y):[0, 1] — R is measurable;
(f2) for a.e. t €[0,1] the map f(t,-,-) :R? - R is continuous;
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(f3) there is @ > 0 such that
|ft % )| <a(l1+x+1yl)

for all (x, y) e R? and a.e. t € [0, 1];

(G1) for every (x, y) € R? the multifunction G(-,x, y):[0,1] — Kv(R) has a measurable selection;

(G2) for ae. t €[0, 1] the multimap G(t, -,-) : R?> - Kv(R) is u.s.c.;

(G3) the multimap G is uniformly continuous with respect to the third argument in the sense: for every & > 0 there is
8 > 0 such that

G(t,x,7) C 0¢(G(t,x,y)) V(. x)€[0,1] xR

whenever |y — y| < §;
(G4) there is B > 0 such that

Gt x. »|| < B+ 1xI+1yl)
for all (x, y) € R? and a.e. t € [0, 1], where

|G, x, y)|| = max{|z|: ze G(t,x, y)}.

For a given function u € C define the multimap
Gu:[0,1]xR— Kv(R),  Gyu(t,x)=G(t,x,u()).

By virtue of Theorem 1.3.5 [19] for each x € R the multifunction G, (-, x) has a measurable selection. Further, from conditions
(G2) and (G3) it follows that for a.e. t € [0, 1] the multimap G, (t, x) upper semicontinuously depends on (u, x). We have
the following assertion (see, e.g., [14,19]): for each u € C the set [T, of all solutions of the following problem

V() € G(t,v(D),u(t)) forae.tel0,1],
{ v(0) =vg

is an R;s-set in C and the multimap
IT:C — K(C), I (u) = I1y,

is upper semicontinuous.
By a solution to problem (4.1) we mean a function u € W%[O, 1] such that there is an absolutely function v € IT(u)
satisfying

u’(t) —aut) = f(t,u(t), v(t)) forae.tel0,1].

In what follows, we need the following assertion.

Lemma 1 (Gronwall’s Lemma). (See, e.g., [16].) Let u, v : [a, b] — R be continuous nonnegative functions and C > 0 be a constant and
t

v(t)gC—i—/u(s)v(s)ds, a<t<hb.
a

Then

t
v(t) < Celau®ds g <t <b.

Theorem 3. Let conditions (f1)-(f3) and (G1)-(G4) hold. Then for each
A >a(1+ gef)

the feedback control system (4.1) has a solution.

Proof. Let [7:C — K(C x C)
()= {u) x T,
and f:CXC—>£2,
Fau,v)® =ru@® + f(t,u@®),v©), telo,1].
Then we can substitute the feedback control system (4.1) by the following problem

LueQ), (4.2)
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where L: W2[0,1] — £2, Lu=u" and Q :C — K(£?),

Q)= foll().

From the continuity of the operator f and [T € J(C,C x C) it follows that joQ € CJ(C,C).
Now letting g € Q (u) there exists v € IT(u) such that

g(s) = f(u, v)(s) = u(s) + f(s. u(s), v(s)), Vse[0,1].
From v € IT(u) it follows that there is a function h € L1[0, 1] such that
h(t) € G(t, v(t),u(t)) forae.tel0,1],

and
t

v(t) = Vo—i—/h(s)ds, 0<t<1.
0
From (G4) it follows that for every t € [0, 1] the following relations hold

t t
vl <ol + [ h)]ds < vol + [ B(1-+]v(s) + |ue))ds
0 0

t
<Ivol+ B+ Bllull; +/ﬁ|V(S)|dS-
0

By virtue of Lemma 1 we obtain
[v®] < (Ivol + B + Bllullp)e”, vee[0,1].
Applying (f3) we have
1 1

Mﬁ=f£m¢=/WMHf@mnwmfm

0

0
1

< f(xz +1) (u?(s) + f2(s, u(s), v(s))) ds
0

1
g(/\2+1)<|lul|§+/a2(1+|u(s)|+|v(s)|)2ds)
0

1
<A+ 1)(||u||§ +/3a2(1 +u?(s) +v3(s)) ds)
0
< (A2 +1)((1+30?) ul3 + 302 + 30> (lvol + B + Bllull,) e?).

Therefore, the multimap Q satisfies condition (Q 2).
Now for every u € C, choosing an arbitrary g € Q (u), we have that

1
(g,u)=/u(s)(xu(s)+f(s,u(s),v(s)))ds
0
1
>MIUII§—/|f(s,U(S),V(S))Ilu(S)Ids
0

1
> lul3 —oz/|u(s)|(l + |u@)| + |v(s)]) ds
0
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A

xv

Fig. 1. The potential energy function V (x).

1 1
> —a)uly —a/|u(s)!ds —ae(jvol + B +ﬂIIUI|2)/IU(S)!dS
0 0
> (h—a —apef)ull3 —a(1+e’(jvol + ) lull, > 0
provided
a(1+ef(vol + B))
A —a(l+ Beb)
By virtue of Theorem 1 problem (4.2) has a solution, and hence the feedback control system (4.1) has a solution. O

llullz >

4.2. Amodel of a motion of a particle in a 1-dimensional potential

It is well known that for a single particle in a 1-dimensional potential energy V, the time-independent Schrédinger
equation takes the form:

2

iqr/”(x) + V¥ () =EV¥(x), (43)
2m

where m is the particle’s mass, i - the reduced Planck constant, E - the total energy of the particle, V (x) is the potential
energy at the position x and ¥ (x) is the wave function.
Here we consider the case when the potential energy V (x) has a form:
V, 0<x<1,
Vx)= -
0, otherwise,
where V is a constant (see Fig. 1).
In this case, Eq. (4.3) must be solved in three regions:
I (x<0), NIO<x<1) and (x> 1).
The corresponding solutions of Eq. (4.3) in the first and third regions are

Yi(x) = Asinkx + Bcoskx and Wy (x) = Csinkx + D coskx,

where k = V2ﬁmE and A, B, C, D are constants.
So now we focus our attention on solving Eq. (4.3) in the second region. In this region the Schrédinger equation has the
form:

” 2m 2m
¥ (x) = h—ZVlI/”(x) — h—zEllf,,(x). (4.5)

We assume that the potential V is connected with the wave function ¥ by the following relation:
Ve FW), (4.6)

where F:£2 — K(Ry) is a J-multimap, Ry = [0, +00).
From the continuity of ¥ it follows that in region II the boundary conditions for Eq. (4.5) are:

Y(0) =¥ (0) =B and ¥y(1) = ¥ (1) = Csink + D cosk. (4.7)

By a solution of problem (4.5)-(4.7) we mean a function ¥ € W%[O, 1] for which there exists V € F(¥j) such that
Eq. (4.5) and condition (4.7) hold true.
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Theorem 4. Assume that there exist a, b > 0 such that
F(u) S [allully, b(1 + llully)] forallu e £?.
Then problem (4.5)-(4.7) has a solution.

Proof. Set « = B, 8 = Csink+ Dcosk and g(x) = Bx + «(1 — x). For every x € [0, 1] let ¢(x) = ¥j;(x) — g(x). Then problem
(4.5)-(4.7) can be replaced with the following system

” 2m 2m
@"(x) = h—zV(¢(X) +8() — h—zE(‘/’(") +2(x)),

VeF(p+g),
9(0)=¢(1) =0,
or equivalently,

pejoQ(e), (4.8)

where
2m 2m
Q) = h—z((l’ +8F(p+g - h—zE((ﬂ +8).
and the operator j is defined as in Section 3.
It is easy to see that the multimap Q satisfies conditions (Q 1)-(Q 2). For every w € Q (¢) there is V € F(¢ + g) such
that
2m 2m
We have

2m 5 2m
(. w) =23V =Dlgly+ -3V -Els.¢

2m 5 2m 2m
= h—z(allfp +ell, — E)llelz - ﬁ—2V||g||2||(P||2 - h—zE||g||2||<P||2

2m 2m 2m
> h—z(allwllz —aligll, — E)llell3 — h—z(b +bliell, +bliglz)lgllel, — h—zEllgllzllwllz-
Therefore
2m 3 2m 2 2m
(o, w) > h—zallwllz - h—z(allgllz + E+Dbligll,)llel; — h—zllgllz(b +bligl, +E)lel, >0

for sufficiently large ||¢]|,.
From Theorem 1 it follows that inclusion (4.8) is solvable, and hence problem (4.5)-(4.7) has a solution. O

5. Generalization to the case of an infinite-dimensional Hilbert space

Let H be a real infinite-dimensional Hilbert space with an orthonormal basis {e;};° ;. For every n € N, let H, be an
n-dimensional subspace H with basis {ex};_; and P, be the projection onto Hy. By (x, y)n we denote the inner product of
elements x, y € H. Set I =[0, 1] and denote by C(I, H) [L,(I, H)] the collection of all continuous [resp., square summable]
functions u:I — H. The symbol (f, g); denotes the inner product of elements f, g e Ly(I, H). A ball of radius r centered
at 0 in C(I, H) is denoted by B¢(0,r). As in Section 3, we will consider the Sobolev space W’Z‘(I, H) and its subspace

VT/’Q(I, H). Notice that for every k > 1 the embedding W’Z‘(I,H) < C(I, H) is continuous (but not compact). The weak
k

w
convergence in W;‘(I, H) [Ly(I, H)] is denoted by uj, A uo [resp., fn N fol
For every n e N let 7, : Lo(I, H) — C(I, Hy,) be the operator defined by

n 1

VAGIGE Z( / G(t.9) fo (5) ds)ek,

k=1 \}

where the function G(t, s) is defined as in Section 3 and

FO =" fa®er, foralltel.

k=1
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It is clear that the operator .7, is completely continuous and for each t € I we have

n 1 2

2
| ZHO, = (Z( / G(t,s)f(k><s)ds) )

k=1 \y

no 1 1 3
< <Z/Gz(t, s)ds/f(zk)(s)ds)
0

k=10
1 n % 1 %

< </Zf(2k)(5)d5> < (/Ilf(S)Ilf,dS> = If . (51)
0 k=1 0

For n € N, define the projection P, : Ly(I, H) — La(I, Hy) generated by P, as
P f)(t) =Pnf(t) forae.tel.

Consider now the following operator-differential inclusion

u”eQ,
u(0)=u(1)=0, (5.2)
where the multimap Q : C(I, H) — C(Ly(I, H)) satisfies the following conditions:
(Q1) for each m € N the restriction (7 o Q)¢ belongs to CJ(C(U, Hm); C, Hm));
(Q2)’ there are constants p1,q; > 0 such that
lQal, <gi(1+ fulbh)

for all u e C(I, H);

(Q3) for every bounded closed subset M C W%(I, H), if there exist the sequences {n} and {ug}, up € M N VC\’/%(I, Hp,) such
that

uy € Pr, Q (up),

then there is u, € M such that u} € Q (uy).

By a solution to problem (5.2) we mean a function u € W%(I, H) such that there is a function f € Q (u) and

u’(t)= f(t) forae.te[0,1].
Theorem 5. Let conditions (Q 1)’-(Q2)’ and (Q 3) hold. Assume that there exists N > 0 such that for every u € C(I, H), ||u|l, > N,
the following relation holds:

(u, fyr >0, forall feQ(u). (5.3)

Then problem (5.2) has a solution.

Proof. For each n € N, consider the auxiliary problem

u” ePnQ (u),
u(0)=u(1)=0.
It is clear that this problem is equivalent to the following fixed point problem
ue Xy(u, (5.4)

where X, :C(I, Hy) — K(C(I, Hy)), Xn(u) = Jno Q (u).
From (Q 1)'-(Q2)’ if follows that X, is a completely continuous C J-multimap.
Assume that u € C(I, Hy) is a solution of inclusion (5.4). Then there is f € Q (u) such that

u’(t)y=Ppf(t) forae.tel.
We have
(u, flr=(u,Pnf)r =(u,u"), <O.
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Therefore, ||u], < N. From (Q2)" and (5.1) it follows that
lullc = max |u®[; <q(1+NP).

Now set R =qNP +q + 1 and define a multimap

@, : B (0, R) x [0, 1] = K(C(I, Hp)),
YU, 1) = Jn o (8(1— Mu+1Q (W),

where 0 <8 < & and B! (0, R) = B¢ (0, R) N C(I, Hp).

By following the method given in the proof of Theorem 1, one can obtain that ¥, is a completely continuous C J-
multimap which has no fixed points on BB?) (0, R) x [0, 1]. Then for sufficiently small § we have

deg(i — Jno Q,BI (0, R)) = deg(i — 8.7 o i, B (0, R)) = deg(i, B (0, R)) = 1.

Therefore, there is u, € Bc(0,R) N \X/%(I,Hn) such that u)] = P,Q (up). By virtue of (Q3) there exists u, € Bc(0,R) N
VT/%(I, H) such that u” € Q (u,). The function u, is a solution of problem (5.2). O

As an example, setting Y = C[0,h] and H = W; [0, h] (h > 0), we can consider the following feedback control system
w’(t) = f(t, w(t), o)) forae.te(0,1],
@'(t) € G(t, @), w(t)) forae.te[0,1], (5.5)
w0)=w(1) =0, ¢0)=0,
where f:I xY xY — Y is a continuous map and G:I x Y x Y — Cv(H) is a multimap.

Assume that the map f and the multimap G satisfy the following conditions:

(f1)’ the restriction fj,,, ., takes values in H;

(f2) for every (y,z) € Y x Y the function f(-,y,z):I— Y is measurable;
(f3) for ae.tel the map f(t,-,-):Y x Y — Y is continuous;

(f4)’ there is ¢ > 0 such that

|f&.y, 2]y <c(+ 1yl +lzly),

forall (y,z)eH xY and ae.tel;

(G1)’ for each (y,z) € Y x Y the multifunction G(-, y,z):I — Cv(H) has a measurable selection;

(G2)' for every t € I the multimap G(t,-,-):Y x Y — Cv(H) is us.c;

(G3)’ the multimap G is uniformly continuous with respect to the third argument in the following sense: for every & > 0
there is § > 0 such that

G(t,y.2) C 0:(G(t,y,2), V(t.y)elxY

provided ||z — z|| < §;
(G4)' there is d > 0 such that

IGt.y. 2|, <d(1+lylly + llzlly)
forall (t,y,z2)elxY xY.

By a solution to problem (5.5) we mean a function w € ‘X/%(I, H) such that there exists ¢ € W; (I, H) with

@' () €G(t, o), w(t)) forae.tel,
¢(0)=0,

and
w'(t) = f(t, w(t), p(t)) forae.tel.

We will need the following assertion.

Lemma 2. (See Theorem 70.12 [14].) Let E be a separable Banach space and @ : I x E — Kv(E) be a multimap satisfying the following
conditions:

(®@1) foreach y € E the multifunction ® (-, y) has a measurable selection;
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(@2) foreveryt €I the multimap ®(t, -) is completely continuous;
(®@3) theset @ (A) is compact for every compact subset AC I x E;
(@4) thereis w € LT[0, 1] such that

o€ | <w®1+1ylE).
forall (t,y)el xE.

Then the set of all solutions to the following problem
{ ged(tg®), tel,
g0)=go €L,
isan Rg-setin C(1, E).

Theorem 6. Let conditions (1)’ -(f4) and (G1)'-(G4)’ hold. Then problem (5.5) can be represented as problem (5.2) with conditions
(Q1)’-(Q2) and (Q3).

Proof. Let us mention that Y is a separable space and the embedding H < Y is compact. From (G4)’ it follows that for
every (t,y,z) el x Y x Y the set G(t, y, z) is bounded in H, and hence it is a compact set in Y.
For a given function w € C(I, H) consider the following multimap

Gw:l xY = Kv(Y), Gw(t,y)=G(t, y, w().

It is easy to verify that G, satisfies conditions (®1) — (®4). Notice that (®4) follows from (G4)" and the fact that for every
y € H the following relation holds:

1
< max «/E—} .
Iylly { 7 lylly

So we obtain that for every w € C(I, H) the set I1,, of all solutions to the following problem
{go’(t)ec(t,ga(t),w(t)), tel,
(0)=0
is an Rs-set in C(I, Y). Define the multimap
M:C(I,H)— K(CU,Y)), H(w)=Iy.

From Theorem 5.2.5 [19] it follows that the multimap 7 is upper semicontinuous.
Now set IT:C(I,H) — K(C(I,H) x C(I,Y))

I(w) = {w} x IT(w),
and f:Cd, H) x C(I,Y) — Ly(I, H),
fw, )®) = f(t, w(b), p(®)).

Then problem (5.5) can be written in the form

w” e Q(w),
w(0)=w(1) =0,

where Q :C(I, H) — K(Ly(I, H)), Q (W) = f o [T(w).

Now we will show that the multimap Q satisfies conditions (Q1)-(Q2) and (Q3).

In fact, from the continuity of f and the fact that i1 belongs to J(C(I,H);C(I,H) x C(I,Y)) it follows that Q €
CJ(CU, H); La(I, H)). So for every n € N the restriction (Jn 0 Q)cqy,, i in CJ(C(, Hn); C(I, Hp)). Hence, condition Q1
holds. Notice that condition (Q 2)" immediately follows from (f4)’, (G4)’ and Lemma 1.

Let us verify now the condition (Q 3). Let M C VC\>/§(I, H) be a bounded closed subset and assume that there are {ny} and

{wi}, weeMn V(i/%(l, Hp,), such that
W]Z € P, Q (wy).
The set {wy};2, is bounded, so it is weakly compact. W.Lo.g. assume that

w2
—2 M
Wi Wo € M.
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L H . .
Therefore, w,@’ — wg and wy(t) — wo(t) for every t € I. From the compactness of the embedding H < Y it follows that

wi(t) —> wo (D), (5.6)

for every t € I.
Set hy € Q (wg), such that

4
Wy = Pnkhk~

From (Q2)’ it follows that the set {Q (wi)}2, is bounded, hence the set {hy}p2; is bounded in Ly(I, H), and therefore it is
weakly compact. W.l.o.g. assume that

L
hk — ho (S Lz(], H).
Now we will show that Py, hy LN ho. At first we claim that
lim Pyhg = hp.
n—o00
Indeed, since
o0
Ly(I, H) = | L1, Hy),
n=1
there are sequences {fin};y_; C N and {Em}rj’le, i € Lo(I, Hg,,) such that hm — ho. We have
P, ho — holl, < P4, ho — Pa, hmll, + IPs, hm — holl,
< 2||i~1m —holl, — 0 provided m — oco.

Further, for n > fiy,

IPrho — P, holl, = [IPnho — PuPy, holl, < llho — P, holl,,

and hence
IPrho — holly < [IPnho — Py holl, + IPs,, o — holl,
< 2[lho — Pg,, holl,-
Therefore

lim Pyho = ho.
n—oo
For all g € Ly(I, H) we have

(Pnhie — ho, g)1 = (Pn hi — P ho, &)1 + (P ho — ho, g)1
= (hx — ho, Py, &)1 + (P ho — ho, )1
= (hx — ho, &)1 + (hx — ho, Pn, & — &)1 + (Py, ho — ho, &)1
Thus

lim (Py hy — ho, g)1 =0.
k—o00
On the other hand

L
4 "
P by = wi — wy,.

L
So we obtain that wy = ho, i.e., hy — wy.
From hy € Q (wy) it follows that there is a sequence {@i}2,, @k € IT(wy), such that

hi(t) = f(t, wi(©), gk(t)) forae.tel. (5.7)

Set W} (I, H)={u e W)(I, H): u(0)=0}. It is clear that Wg (I, H) is a subspace of W] (I, H). The set {g;}2, is bounded in
W%(I, H) and so it is weakly compact. W.l.o.g. assume that

wl 1
Pk — ¢o € Wy (I, H).
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Therefore

@k LN @y, and  @(t) LN @o(t), foreverytel. (5.8)
From ¢y € IT(wy) it follows that there is {gk}p2; C L2(I, H) such that

gk(®) € G(t, @i (t), wi(t)) forae.tel,
and

@, () = gi(t) forae.tel.

L . A
So gx — @, By virtue of Mazur's Lemma (see, e.g., [10]) there are sequences of convex combinations {gy} and {hn}

0 0
8m = Z Amk&ks  Amk =0 and Z Amk =1,

k=m k=m

00 00
hm = Z kahk, S\mk >0 and Z imk =1,

k=m k=m

which converge in Ly (I, H) to ¢; and wy, respectively. Applying Theorem 38 [25] we again can assume w.l.o.g. that

Bn(0) —> @) and  hn(t) -5 wl(0) (5.9)

forae. tel.
From (5.6), (5.8) and (G2)' it follows that for every t € I and & > 0 there is ig = ig(€, t) such that

G(t, i), wi(©)) C OH(G(t, go (), wo(D)), foralli > i.
Then g;(t) € O?(G(t, @o(t), wo(y))) for all i > ip, and hence, from the convexity of the set O?(G(t, @o(t), wo(t))) we have
Em(®) € 0 (G(t, po(), wo())), forallm > io.

Thus, @y (t) € G(t, o(t), wo(t)) for ae. t €1, i.e., @o € IT(Wo).
Now from (5.6), (5.8) and (f3)" we have

Jim f (£, wi®), g () = f (£, wo(t), po(t))

forae. tel.
So for a.e. t € I and € > 0 there is 79 = 7p(€, t) such that

e, we @), (D) € 07 (f(t. wo(), 9o(®))), forall T > 0.
From (5.7) and (5.9) we obtain
wg(t) = f(t, wo(t), po(t)) forae.tel.
So condition (Q3) holds. O
Now let the map f in (5.5) have the following form:
Ftw®), o) =b+aw(®) + f(t. w®), p(®),
where a >0, b eR.
Theorem 7. Let conditions (G1)'-(G4)’ hold. Assume that the map
fiIxYxY—H
satisfies conditions (f2)'-(f4)" and

(f) a > c(1+dr2e™), where r = max{~/h, ﬁ} and c, d are constants from (f4)" and (G4)', respectively.

Then problem (5.5) has a solution.
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Proof. It is easy to see that the map f satisfies conditions (f1)'-(f4)’. And hence, from Theorem 6 it follows that the
multimap Q satisfies conditions (Q 1)’ and (Q2)-(Q3).

Now for every w € W%(I, H), choose an arbitrary y € Q (w). Then there is a function ¢ € IT(w) such that
Yy =b+aw+ f*(w,¢),

where f*(w, @)(t) = f(t, w(t), @(t)) fort .
From ¢ € IT(w) it follows that there exists g € Ly(I, H) such that

g(t) € G(t, o), w(t)) forae.tel,

and
t

w(t):/g(s)ds tel.
0

Therefore

t t
ol < [lelyds<d [+ o], + |wol,)ds
0 0

t

1
<dtdr [ fws s+ [ o], ds
0 0

By virtue of Lemma 1 we obtain
1
le®], < (d ~|—dr/ [w(s) ||Hds>erd forallt el.
0

Notice that for every seI: u=w(s) and v = f(s, w(s), ¢(s)) are elements of H. We have

(w(s),b+aw(s) + f(s w(s), 9(s)))y = (u,b+au+v)y
h h h
=/a(u2(t)+u’2(r))dt +b/u(t)dr —|—f(u(t)v(t) +u'(T)V/ (1)) dT
0 0 0
>alulf — bvhlully — lullylvily.
So we obtain the following estimation

(W, y)L = [ (w(s).b+aw(s) + f(s. w(s), (s)), ds

> [(a|we)|; - VR [we) |, — [ (5. we). 0) |, |we)],,)ds

o' | OoY—

1
>a||w||%—|b|w¥||w||2—/Hw(s)HHc(1+Hw(s)HH+Hw<s>Hy)ds
0
1
>(a—c>||w||§—(b«/ﬁ+c)||w||z—cr/ lw)| e, ds
0

1 1
2(a—c)||w||§—(b\/I;+C)||w||2—cr<d+dr/||w(s)||Hds>erd/||w(s)||Hds
0 0

> (a—c—cdr?e™) w3 — (bvh +c +cdre™)|w]l; > 0
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provided

bv/h + ¢ + cdre™

lwllp >
2 a—c —cdr2erd

From Theorem 5 it follows that problem (5.5) has a solution. O
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