J. Math. Anal. Appl. 401 (2013) 754-762

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa == ==

. P . .o o . e—

Existence of positive solutions to the Schrédinger-Poisson @Cmssmrk
. .. #

system without compactness conditions

Fuyi Li, Qi Zhang*

School of Mathematical Sciences, Shanxi University, Taiyuan 030006, People’s Republic of China

ARTICLE INFO ABSTRACT

Article history: In this paper, we discuss the existence of a positive radial solution to a generalized

Received 11 July 2012 Schrédinger-Poisson system without compactness conditions. By the method of the

Available online 7 January 2013 combination of a cut-off function, a monotonicity trick and a Pohozaev type identity, we

Submitted by junping Shi obtain the boundedness of a Palais-Smale sequence.

© 2013 Elsevier Inc. All rights reserved.

Keywords:
Schrodinger-Poisson system
Variational method

Cut-off function

Pohozaev type identity

1. Introduction

In this paper, we consider the existence of positive solutions to the following nonlinear generalized Schrodinger-Poisson
system

—Au+u+ qéf (u) =g(), inR>, (1.1)
—A¢ = 2qF (u), inR3, :

where q > 0 is a parameter, f and g satisfy the following conditions:

(f) f € C(R4, Ry) and there exists ¢ > 0 such that |[f(t)| < c(|t] + |t]*) forallt € Ry = [0, 00), where @ € (2, 4);

(g1) g € C(Ry, R,) and there exists ¢; > 0 such that |g(t)| < ¢;(1+ [t|P~!) forallt € R, and some p € (2, 6);

(82) lim;_o+ g(t)/t = 0;

(g3) lim 0 g(t)/t = o0.

When the function f (t) = t, this system represents the well known Schrédinger-Poisson system

—Au+u+qou=g), inR>3 (12)
—A¢ = qu, inR>. .

Such a system, also known as the nonlinear Schrédinger-Maxwell equations, arises in many mathematical physics context.
Indeed, according to a classical model, the interaction of a charged particle with an electromagnetic field can be described
by coupling the nonlinear Schrédinger and the Poisson equation (we refer the reader to [8] for details on the physical
aspects). Recently, the problem (1.2) has been studied widely by using the modern variational method and the critical point
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theory under various assumptions; see [1-3,6,7,18,10,11,17,20,21,25,27] and the references therein. The greatest part of
the literature focuses on the study of existence, nonexistence of solutions, multiplicity of solutions, ground states, radial
and non-radial solutions of such a system with very special nonlinearity g(t) = |t[P~'t (see [2,7,18,10,11,17,21]). In [18],
the author proved the existence of a nontrivial radial solution of (1.2) when p € (3, 5). The same result was obtained in [11]
forp € [3, 5). By using a Pohozaev type identity, in [ 10], the authors proved that the problem (1.2) has no nontrivial solutions
forp & (1, 5). This result was completed in [21], where by discussing the behavior of the energy functional and the scopes of
the parameters, the author showed that if p < 2, the problem (1.2) does not admit any nontrivial solution, and if p € (2, 5),
there exists a nontrivial radial solution of (1.2). The author also pointed that the case p = 2 turns out to be the critical. On the
basis of the result in [21], in [2], the authors discussed the existence of multiplicity solutions to the problem (1.2) by using
the method of critical point theory. In [12], the existence of non-radially symmetric solutions was obtained for p € (3, 5).

In [3,6] the authors discussed the problem (1.2) with the nonlinearity g satisfying the general hypotheses introduced by
Berestycki and Lions [9]. In [3], by using a concentration and compactness argument, the author proved the existence of a
nontrivial non-radial solution to the problem (1.2). In [6], the authors discussed the existence of a nontrivial radial solution
by using the method of a cut-off function.

There are also many references which investigated the well-known Schrodinger-Poisson system in a bounded domain;
see [4,5,8,19,22,23]. In [4], the authors considered the following problem involving the critical growing nonlinearity

—Au = au+ qluPup, in B,
_Ad) = q|u|5’ in BR7
u= ¢ = O’ on aBR,

where By is a ball in R? centered at the origin and with radius R. They proved the existence and nonexistence results by
discussing the scope of the parameter A.

By using the method of a cut-off function and the variational arguments, the authors in [5] studied the following
Schrédinger-Poisson system in a bounded domain:

—Au+ eqof (w) = nufP~'u, ing2,
—A¢ = 2qF (u), in £2,
u=¢ =0, onds2,

where 2 C R? is a bounded domain with smooth boundary 82,1 <p < 5,q > 0, €, n = =1,f : R — Ris acontinuous
functionand F(t) = fot f(s)ds. They prove the existence and multiplicity results assuming on f a subcritical growth condition
and also they consider the existence and nonexistence results under the critical case.

To our knowledge, there were few papers considering the more general Schrodinger-Poisson system (1.1) in R3, where
f is subcritical and g (s) # |s|P~'s is also general. We will use the variational method and the trick of a cut-off to discuss the
problem (1.1). Our main idea is somehow similar to that of [5]. But our nonlinearity g (s) is not equal to |s|P~'s and also does
not satisfy the following global Ambrosetti—-Rabinowitz growth hypothesis

(g4) there exists u > 2 such that 0 < uG(t) < tg(t) forallt € R.

Although, we can verify that the corresponding functional has the mountain pass geometry under our weaker conditions
(g1)-(g3). But the boundedness of Palais—Smale cannot be obtained only by the standard argument. So, motivated by the
method in [6,5], we combine the method of a monotonicity trick [24] and a cut-off function to get the bounded sequence
which is the main step for the problem (1.1).

Our main result is as follows.

Theorem 1.1. If f satisfies (f) and g satisfies (g1), (g2) and (g3), then there exists qo > 0 such that, for any q € [0, qo), the
problem (1.1) has at least a positive radial solution (u, ¢) € H'(R?) x D12 (R?).

The paper is organized as follows. In Section 2, we give preliminaries and the variational framework to our problem.
In order to obtain the boundedness of Palais—-Smale sequences, a Pohozaev type identity is also given in this section. In
Section 3, we give the proof of Theorem 1.1.

Throughout the paper, we denote by C; various positive constants which may vary from line to line.

2. Preliminaries
Let H'(R3) be the usual Sobolev space equipped with the inner product and norm
(u,v) = / [Vu-Vv+uvl, ull = u,u)'?
R3

We denote by | - |s the usual L*(R?) norm. Then we have that H'(R?) — [*(R®) continuously for s € [2, 2*]. Hence there
exists ys such that

luls < ysllull, ueH'(®).
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Let H = H!(R?) be the subspace of H' (RV) containing only the radial functions. Then H «— L*(R®) compactly fors € (2, 6)
[26, Corollary 1.26, p.18]. Let D'*(R?) be the completion of C5°(R®) with respect to the norm |[ul 512 = ([y5 [Vul*)2 It
is well known that D1?(R?) — L%(R?) continuously. Let S > 0 be the embedding constant, i.e,

lulg < S~ Hlull} ue DR,

pl2»

In this paper, since we concern the existence of positive solutions to (1.1), we assume that f(t) = g(t) = 0fort < 0.
By standard arguments, we can prove that the problem (1.1) is variational and that the associated C' functional & ¢
H'(R?) x D"?(R?®) — Ris given by

_ 1 2 27 1 2 _
&q(u, ) = [IVul” +u] IVoI"+q | Fwé G(w), (2.1)
2 R3 4 R3 R3 R3

where G(t) = fot g(s)ds. Similar to the problem (1.2), by using the Lax-Milgram theorem, we can obtain that the second
equation has a unique solution ¢, substituting ¢, to the first equation of the problem (1.1), then the problem can be
transformed to a one variable equation. In fact, we first have the following lemma.

Lemma 2.1. By condition (f), for any u € H'(R3), there exists a unique ¢, € D?(R>) solution of

— A¢ = 2qF(u), inR>3. (2.2)
Moreover

(i) llpu ”i)l 2 =29 f]R3 F(u)u;

(i) ¢y >
(iii) ||¢>u||,@12 qCEU“llz + JJul|t*); ~

(iv) fos Fgy < qC(Jlull* + [|ul|*+*)), where C is only dependent on ¢, S, y12/5 and Ys(1+a)/s:
(v) if uis a radial function then ¢, is radial, too.

Proof. By condition (f), we can get that there exists C; > 0 such that

F(6) < G(IEf +1e]%), teR.
Then, for any u € H'(R?), we have

[F(Wle/s < C1(|u|%2/5 + |U|é(+1'ia>/5) < Glull® + full™**). (2.3)

Now, for given u € H'(R?), a linear functional @ : D?(R?) — R is defined as
() = / 2qF(w)v, v e DAR3).
]R3

By (2.3), we have

|®(v)] < 2qIFW)lg/slvls < 252G ((lull® + ul ™) v p12. (24)
Hence, @ : D'?(R?) — Ris continuous. Then, by the Lax-Milgram theorem, there exists a unique ¢, € H?(R?) such that

/ Ve, Vv = Zq/ Fwv, ve D"RY).

R3 R3

Therefore, ¢, is a weak solution of (2.2), and by [13, Theorem 9.9, p.230] or [ 16, Lemma 2.3] the integral expression of ¢, is
in the form

bu(x) = 2q/ FUO) 0y e B2 vu e HIRY),
r3 X =Yl

Moreover, ¢, > 0 when u # 0. By (2.2) and (2.4), the relations
lpull prz < qCs(llull® + Ilull™**),

and
1 ~
/ Fu)gy = —lldull%r, < qCClull* + [Juf )
R3 2q

hold, where Cis only dependentonc, S, y12/5 and Yg(144)/5. The proof is completed. O
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Now by Lemma 2.1 and (2.1), we can prove that (u, ¢) € H'(R?) x D?(R3) is a solution of (1.1)ifand only ifu € H'(R?)
is a critical point of the one variable functional defined as

1 q
htw =31 + 5 [ e~ [ cw.
R3 R3
It follows from (g;) and (g;) that J, is well defined on H and is of C' forallq > 0, and

G0 = o) +q [ fwaw- [ ewr. uwven
R3 R3

By the conditions (f), (g1)-(g3) and Lemma 2.1, it is easy to see that the functional J; has the mountain pass geometry,
but the standard arguments used to prove the boundedness of Palais-Smale sequences do not work. Under our general
assumptions, we need a different approach. Following [15], we introduce a cut-off function x € C*(R., [0, 1]) satisfying

1, te[0,1/2],
x<r>={0 D2 <

and study the following modified functional ]qT : H — R defined as

T 1 2 q
Jjw = 5 lul +5hr(u)/ F<u>¢>u—f Gw), ueH,
R3 R3

where, for every T > 0, hr(u) = x (T2 |lul?).
In the following, we will discuss the existence of a critical point of ]qT .Infact, for T > O sufficiently large and q sufficiently

small, we can find a critical point of]qT such that [Ju]| < T/«/i, so u is also a critical point of J;. We recall the following result.
The “monotonicity trick” at the core of this theorem was invented by Struwe (see [24]).

Theorem 2.2 ([14]). Let (X, || - ||) be a Banach space and I C R, an interval. Consider the family of C! functionals on X
L () =A@W) —AB(u), A€l

with B nonnegative and either A(u) — oo or B(u) — oo as ||u]| = oo and such that J; (0) = 0.
Forany A € I we set

I ={y € C([0, 1], X) : y(0) =0, J.(y (1)) < 0}.
If for every A € I the set I is nonempty and

— inf t 0,
Gy, ;me;}aﬁh(y<>>>

then for almost every A € I there is a sequence {u,} C X such that

(i) {un} is bounded;
(i) Ji(un) —
(iii) J; (un) — O'in the dual X' of X.

As our case,X = H,I = [§, 1], where § € (0, 1) is a positive constant,
1 q
AW = Sl + St [ Fas.  Bw = [ o, (25)
2 2 R3 R?’
So that the perturbed functional which we discuss is
T 1 2, 4
Jo, = Slull®+ shr@w) | Fwou —2 | G(u).
2 2 R3 R3

Actually, this functional is a restriction to the radial functions of a C! functional defined on the whole space H!(R?) and for
anyu,v € H,

(U)W, v) = [14a] W] (u, v) + ghr(u) / Fguw — i / g, (26)
R3 R3
where
ay(u) = qT 25" (T2 |lul®) / F(u)@,. (2.7)
R3

In the next section, we will verify that the functional ]; , satisfies the conditions of Theorem 2.2. In order to obtain our
result, we need the following Pohozaev type identity.
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Lemma 2.3. If u € H is a weak solution of

{[1 + )] (—Au + u) + ghr(W¢f () = g(u), iR’ (2.8)

—A¢ = 2qF (u), inR3,

then the following Pohozaev type identity holds
T 1 2, 35 &)
[1+a )] —Vul> + Zu? |+ Zqhyw) | Fwo =3 | G).
R3 2 2 2 R3 R3

Proof. Since u € H is a weak solution of (2.8), by the standard regularity results, u € H2_(R*) N H'(R?). By the divergence
theorem, for any R > 0, we have

1 2 1 2, R 2
—Aux-Vu=—— [Vul|* — = |x- Vu|® 4+ = [Vul*,
By 2 Jiy R Jogg 2 Jogg
3 R
/ux-Vu:—f/uz—f—f/ u?,
Br 2 Bg 2 dBR

fWex-Vu= —3/ F(uwe¢ — F(ux-V¢ +R/ F(u)o,
B

Bg Bg 0Bp

/ gwx-Vu= —3/ G(u)+R/ G(u).
Bg Bg 9Bg

Multiplying the first equation of (2.8) by x - Vu, the second equation by x - V¢ and integrating on Bg, by above, we have

T _1 2_1 . 2 E 2_%/ 2 5/ 2
[1+aq(u)]< > BR|Vu| R/BBR|X Vu| +2/BBR|W| > BRu +2 aBRu
+ ghr(u) (—3 / F(u)p — / Fu)x- Ve +R / F(u)¢>
Br Br )i

= —3/ G(u) +R/ G(u), (2.9)
Bg dBp

and

1 2 1 2 R 2
2qf Fux-Vo= [ —agx-vo=—2 [ 1vg) —ff x- Vol +f/ VP, (2.10)
Bg 2 Bg R dBp 2 dBp

B

Substituting (2.10) into (2.9), we obtain that

[1+a)w)] (—1 |Vu|2—§/ uz)—3th(u>/ F<u>¢+1hr<u>/ |V¢>|2+3/ cw
2 2 Bp Bp 4 Br B

Br
:R/ G(u) — [1+a,(w)] (—1/ |x-Vu|2+E/ |Vu|2+§/ u2>
0Bg R 9Bg 2 9B 2 9Bg
1 R
+hr (——/ |x-V¢>|2+f/ |V¢>|2> —th(um/ F(u)p. (2.11)
2R 3Bg 4 3Bg 3B

We can choose a suitable sequence {R,} with R, — o0 such that the right hand of (2.11) converges to 0. Since

/ |Vu|2—>/ |Vul?, / u2—>/ u?, / G(u)—>/ G(u),
Bry R3 Bgy R3 By, R3

and [,5 |Vo|* = 2q [,3 F(u)p, we get

[1+af )] <1f |Vul? + E/ u2> +§th(u)/ F(u)¢ =3f G).
2 ]R3 2 ]R3 2 IR3 R3

The proof is completed. O
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3. Proof of the main result

In this section, we first verify that the perturbed functional ]; , satisfies the conditions of Theorem 2.2; see Lemmas 3.1
and 3.2. So there is a bounded Palais-Smale sequence {uﬁ} to][h. Then, for almost every A € I and under proper assumptions
of g, T, we obtain that there is a subsequence of {u/} converging to u* which is a nontrivial critical point of the functional
Jq..; see Lemmas 3.3 and 3.4. As a consequence, when A, — 1, there exists a sequence {u*"} (denoted by {u,}) of critical

point of qu, 5, In Lemma 3.5, we give the proof of |lu,|| < T for sufficiently large T > 0 by using the Pohozaev type identity.
At last, we give the proof of our main result.

Lemma3.1. [, # @ forall ) €l

Proof. We choose a radial function y € Cg° (R®) with ¥ > 0, ||| = 1and supp(ys) C Bg for some R > 0, by (g3), we have
that for any C; with 2C;6 fBR ¥? > 1, there exists C; > 0 such that

G(t) > Ci|tP — G, teR,. (3.1)
Then, fort > T,

1
S = 56+ S e f F(t) gy — / G(ty)
R3 3

= lrz —/\/ G(tyr)
2 BR

N

1

—t? — 8C1t2/ Y2 4G

2 Bg

Then we can choose t > 0 large such that]ik(tw) < 0.The proof is completed. O

Lemma 3.2. There exists a constant ¢ > 0 such that ¢, > c forall A € I.

Proof. By the conditions (g1) and (g,), for € € (0, yz’z /2), there exists C, > 0 such that

g <elt| +CtP!, teR, (3.2)
g(t) <elt| + GltP, teR, (3.3)
and
e C
G(t)<5|t|2+—s|t|”, teR. (3.4)
p

Hence, for any u € H and A € I, we have

1 1 C
T 2 2 €14y IP
u) > —||lu — —&u u
Jo, W) 2|| Il /RS (28 + pl I )

1., G
> —|lull* = =yPlull®.
4|| I p)/p|| I

Since p > 2, we conclude that there exists p > 0 such thatj;)\(u) > O forany A € I and u € H with |u|| € (0, p]. In

particular, for ||u]| = p, we have]T’A(u) >c > 0.Fix A € I and y € I}, by the definition of I';, we have ||y (1)|| > p.By the
continuity of y, there exists t,, € 30, 1) such that ||y (t,)|| = p. Therefore, for any A € I, we have

e T
G > ylél]fk]qyk(y(ty)) >c > 0.
The proof is completed. O

Lemma 3.3. For any A € I and 4q2? < 1, each bounded Palais-Smale sequence of the functional]qT’A admits a convergent
subsequence, where T = C(T? + T2).
Proof. Let A € I and {u,} be a bounded (PS) sequence of];A, that is, {u,} and {];k(un)} are bounded, U;A)’(un) — 0inH’,
where H' is the dual space of H. We may assume that, up to a subsequence,

U, —~u inH,

u, — u in’(R%),

u, — u ae. inR3.
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By (3.2), we obtain that

/3g<un><un —w < /3[s|un| + Gl M — ul
R R

—1
< 5|un|2|un_u|2+ce|un|ﬁ |un_u|p
2 —1 —1
< ey lluallllu, — ull +C£V; llun P [t — ulp.

It follows that
/ g(up)(up —u) > 0.
]R3

By the condition (f) and Holder’s inequality, we have that

/ fun)pu, Uy —u)| < C/ [unl + [unl® 1w, [un — ul
R3 R3

< € [@uylsltnlr2/s|un — tl12ss + |du, l6lunlg lun — ulg]

where 8 =6/(5 — @) € (2, 6). Then, by Lemma 2.1 (iii) and Sobolev’s embedding theorem, we have
[ Fna i = = 0.
R3
Thus, by (2.6), we have
(Ug,) @Wn), up — ) = [1+ af (un)] (U, tp — 1) + ghr (up) /3f(un)¢un (tp —u) — A /3 g (Un) (ty — 1)
R R

= [1+4a] (un)] (n, up —u) 4 0(1),
and then
[1+ a ()] (un, up — 1) — 0.
When ||u,|| < T, by Lemma 2.1 (iv), we obtain that

/ FUn)uy | < qC (Iunl® + lun2+) < gC (T* 4 T21+9)) = qT2T. (3.5)
]R3

By (2.7)

< 4¢°T. (3.6)

|ag (un)| < T2 |} (T2 |[unl?)| ‘ f | Flun,
R

It follows from the condition 4¢°T < 1that 1+ ag (up) > 1— 4¢?T > 0and ||u|| — |ull. This together with u, — u shows
that u, — uin H. The proof is completed. O

Lemma 3.4. Let 4¢°T < 1. Then for almost every A € I, there exists u* € H \ {0} such that Jg,)' W) =0andj], (W) = c,.

Proof. First, by (2.5), it is easy to see that B is nonnegative, A(u) — oo as |[u|| - oo and]qT’A(O) = 0. Then by Lemmas 3.1
and 3.2 and Theorem 2.2, for almost every A € I, there exists a bounded sequence {u*} C H such that

];“A(u,);) — Cx,

Ug,) wh) — 0.
By Lemma 3.3, we can obtain that there exists u* € H such that u; — u* in H. Therefore, (I;A)’(u*) =0 andj;k(u*) =q.
It follows from Lemma 3.2 thatu* e H\ {0}. O

According to Lemma 3.4, when A, — 1~ with {X,} C I, we can find a sequence {u*"} (denoted by {u,} for simplicity)
satisfying

](;T,An (Un) = G, (,;,An)/(uﬂ) =0.

The following lemma shows that ||u,|| < T foralln € N = {1, 2, ...} which is the key for this paper.

Lemma 3.5. Let u, be a critical point of qu_, 5y, At level ¢, Then for T > 1 sufficiently large, there exists qo > 0 with 8q§T27 <1
such that for any q € [0, qo), ||ua|l < T/ﬁfor alln e N.
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Proof. First, since U«;,T,A,.),(“n) = 0, by (2.6), u, is a weak solution of (2.8) with g replaced by A,g. So by Lemma 2.3, u,, satisfies
the following Pohozaev identity

[1+d )] (1 f Va2 + 2 f uﬁ) + 2 gl () / F(un)uy = 3 / Gun). (37)
2 R3 2 R3 2 ]R3 ]R3

On the other hand, by];kn (un) = ¢, we have that

3 f IV unl? + 2] + >y (un) / F(un)du, — 3hn / Glun) = 3¢y, (38)
2 2 ]R3 R3

R3

Hence, by (3.7), (3.8) and SqZT < 1, we can obtain that

1 2 T 2 3 T 2
5 |vun| < [1 + aq (un)] |Vun| = 3CAn + *aq (un)”un” + th(un) F(un)¢un- (3‘9)
2 Jr3 R3 2 R3

We now estimate the right hand side of (3.9). By the min-max definition of the mountain pass level, Lemma 3.1 and (3.1),
we have

Gy < maxjy,, (69)
1, q . .2.-2
< maxy-t°— Ay | G@Y)p +max —x(t°T™7) [ F(ty)dey
t 2 R3 t 2 R3
1 2 2 2
< mtax 2t — 6Cqt Yo+ Gy +Ag(T)
B

= G + Ag(T).
Ift > T, then x (t?T~2) = 0. Thus, by (3.5), we have that

Ag(T) < a max

1 ~
< —¢°TT.
2 tel0,T) 2

/ F(ty) ey
R3

By (3.5) and (3.6), we have also that

qhr (uy) /3 Fun¢u, < ¢°T*T,
R
and
lab (un)lllua|I? < 4g°T°T.
Then, by (3.9), we have

1 1 ~ ~ ~ 17 ~
3 |Vu|> < 3 (C3 + 5q2T2T> +6¢°T°T + ¢*T*T = 3G; + Tfrzr. (3.10)
R3

On the other hand, since ((];M)/(un), u,) = 0, by (2.6) and (3.3), we have that

[1+ ag(un)]llunll2 + ghr (un) /R3f(un)¢unun = An ]ﬂ;}g(un)un < &lupl3 + Celunlg. (3.11)
Thus, by (3.6), (3.10) and (3.11), we obtain that

(1/2 = eyD)ltnl? < Colunl§ < STCIVunl§ < S7°C, (6C + 17¢*1°T)”,
and then

luall® < G4 (6C5 + 17¢°T°T)’ . (3.12)

One chooses T sufficiently large such that T? > 2C4(6C; + 17/8)3. We then choose qo > 0 such that SqéTz? < 1. Hence, for
all g € [0, qp), we have from (3.12) that

luall® < C4 (6C5 +17/8)% < T?/2,

thatis ||u,|| < T/ﬁ. Thus we obtain the conclusion. O
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4. Proof of Theorem 1.1

Proof of Theorem 1.1. Let T, qg be defined as in Lemma 3.5, and let u, be a critical point for];An at level c,,,. Then from
Lemma 3.5 we have that ||u,|| < T/ﬁ and {c,, } is bounded. Hence

q

1
T 2
Jan (un) = Enun” + 5 /R3 F(un)pu, — )Ln/]R

In the following, we show that {u,} is a (PS) sequence of J;. Indeed, since

G(uy).
3

mm=hhwrum—nfc%x
]R3

mwmmﬂ%mm@m+m—nfwaveH
R3

From (3.2) and (3.4), the boundedness of {u,} implies fu@ G(uy) is bounded and |fR3 g(un)v| < CJjv||. Thus, when A, — 1,
we have that {J;(u,)} is bounded and]c’l (up) — 0. Therefore {u,} is a bounded (PS) sequence of J;.
By Lemma 3.3, {u,} has a convergent subsequence. We may assume that u,, — u. Consequently, ]L; (u) = 0. According to

Lemma 3.2, we have that J;(u) = limy_,  Jg(un) = lim,,_m];An (uy) > ¢ > 0and u is a positive solution by the conditions
(f) and (g1). The proof is completed. O
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