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Abstract

The local well-posedness and global solution for a modified periodic two-component
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1 Introduction

In this article, we will consider a modified periodic two-component Camassa-

Holm system on the circle S with S = R/Z (the circle of unit lengh).

my +umg + 2u,m + pp, =0, t>0,2 R,
pi+ (up)e =0, t>0,7€R,

m(0,x) =mo(z), x€R,

p(0,2) = po(z), =z €R,

m(t,z+ 1) =m(t,z), t>0,z€R,

pt,x+1)=p(t,z), t>0,xeR

where m = (1 —292 +90})u = (1 — 9?)*u and R is real number. In fact, system
(1) is a two-component generalization of the following equation ( If p = 0 in

system (1))

my + umg + 2u,m =0, m=(1-02)u. (2)

Eq.(2) is firstly derived as the Euler-Poincare differential equation on the
Bott-Virasoro group with respect to the H? metric [1], and it is known as a
modified Camassa-Holm equation and also viewed as a geodesic equation on
some diffeomorphism group [1]. It is shown in [1] that the well-posedness and
dynamics of equation (2) on the unit circle S are significant different from that
of the Camassa-Holm equation. For example, Eq.(2) does not conform with

blow-up solution in finite time.

If m = (1 — 9%)u in system (1), system (1) becomes the two-component

Camassa-Holm system.

(1 — 0% uy +u(l — 0*)uy + 2u, (1 — 0*u+pp, =0, t>0,7 € R, )

pr+ (up), =0, t>0,zeR,



where the variable u(t, z) represents the horizontal velocity of the fluid, and
p(t, ) is related to the free surface elevation from equilibrium with the bound-
ary assumptions, u — 0 and p — 1 as |  |— oo. System (3) was found orig-
inally in [2], but it was firstly derived rigorously by Constantin and Ivanov
[3]. The system has bi-Hamiltonian structure and is complete integrability.
Since the birth of the system, a lot of literature was devoted to the study
of the two-component Camassa-Holm system. Some mathematical and phys-
ical properties of the system have been obtained. Chen et al.[4] established a
reciprocal transformation between the two-component Camassa-Holm system
and the first negative flow of the AKNS hierarchy. Escher et al.[5] used Kato’s
theory to establish local well-posedness for the two-component system and
presented some precise blow-up scenarios for strong solutions of the system.
In [3], Constantin and Ivanov described the sufficient conditions for wave-
breaking and global solution to the system. It is worthwhile to mention that
the wave-breaking criterions of strong solutions are established in the Soblev
space H® x H*™! with s > g and some examples are given to illustrate the

application of the results [6]. The other results related to the system can be

found in [7-17].

The main goal of present paper is to study the local well-posedness and global
existence for the modified periodic two-component Camassa-Holm system (1).
We use the Kato’s theory [18] to prove the local well-posedness theorem in
in the Soblev space H® x H*"? with s > % On the other hand, we derive a
sufficient condition for global solution in the Soblev space H® x H®* % with
s > I, which can be done because || gy ||z and || p, ||z can be controlled

by || w ||g= and || p || =2 separately if s > I.



2 The main results

We denote by * the convolution and let [A, B] = AB — BA denote the com-
mutator between A and B. Note that if g(z) == 1+23> m cos(nx),
then (1 —92)72f =g f for all f € L*(R) and g *x m = u. We let C' denote
all of different positive constants which depend on initial data. To investigate

dynamics of system(1), we can rewrite system (1) in the form

Uy + utly + Opg * [u? + u? ——u 3uxumm+ Pl =0,t>0,z €R,
pi + (up)r =0, t>0,7€R,

uw(0,2) = up(z), z€R,

p(0,z) = po(z), z€R,

u(t,z+ 1) =u(t,z), t>0,zeR,

(

p(t,x +1)=p(t,z), t>0,zeR.

The main results of present paper are listed as follows.

Theorem 2.1. Given zo = (uo,po) € H*(S) x H"%(S)(s > 1), there eist

a mazimal T = T( ) and a unique solution z = (u,p) to

problem (4), such that

z=2z(-,2) € C([O,T);HS X H5_2> N C*1<[0,T);HS_1 X HS_?’).

Moreover, the solution depends continously on the initial data, the mapping

20— 2(-y20) : H x H*?
5 C([O,T); H* x HH) N cl([o,T); H L x H8‘3>

15 continuous.

A sufficient condition of global existence is given in the following.



Theorem 2.2. Let zy = (ug, po) € H*(S) x H*7(S), s > I. Then system (4)

admits a unique solution satisfying

z=(u,p) € C([O,oo);Hs X Hs*2> N Cl([O,oo);H‘g* % Hsﬁo,)-

3 Local well-posedness

In this section, we establish the local well-posedness for system (1) by using

the Kato’s theory [18].

Set Y = H*(S) x H*%(S), X = H*Y(S) x H*3(S), A = (1 -92)3, Q =
A 0O —0,(1 — 02)72(u? + u2 — T2, — Buglyey + 5p°)

and f(z) =
0A —Ugp

In order to verify Theorem 2.1, we need the following Lemmas in which puq,

2, i3 and gy are constants depending only on max{|| z ||v,| v ||v }-

Lemma 3.1. ([19]) If X; and X, are Banach spaces and A; € G(X;,1,5) ,

A 0
i =1,2. Then the operator A= [ with D(A) = D(A,) x D(As,).

0 A

Let T(t) be a Cy-semigroup on X with generator -A and assume that Y is
continuously embedded in X. We say that Y is A-admissible if T'(¢)Y C Y for

all ¢ > 0 and the restriction of T'(t) to Y is a Cy-semigroup on Y.
For later purpose we need the following result.

Lemma 3.2. ([20]) The operator A(u) = ud, with u € H*, s > 2 belongs to
G(H*,1,0).

From Lemmas 3.1-3.2, we have the following lemma.



ud, 0

Lemma 3.3. The operator A(z) =
0 u0,

) belongs to G(H*'(S) x
H*7%(8),1,8).

ud, 0

0 ud,
H*73(S)). Moreover, for all z,y,w € H*(S) x H*"%(S),

Lemma 3.4. Let A(z) = ( ) .Then A(z) € L(H*(S)x H*7%(S), H*~*(S) x

I (A(z) = A)w gsxme—s < pu || 2 =y [g—iscmes || w | oxcae -

Proof. Let z,y,w € H* x H*7% s> g Then

(u — )0, 0 wy
(A(z) = Aly))w = ( ) ( )
0 (u—0)0; | \ wy

Thus, we have

| (A(z) = A@))w || s-1xmrs=s

<|| (u — v)Opw || gs—1 + || (u —v)Opwy || gs—3
<[ w—=vllgs=l pwr [[ms—r + [[u—v|
<Cl 2=y lms—xmss| w|

H*5|| Oz ws ‘H5*3

HsxHs—2 .

Taking y = 0 in the above inequality, we obtain that A(z) € L(H*(S) x
H*7%(S), H*"Y(S) x H*73(S)). This completes the proof of Lemma 3.4.

Lemma 3.5. ([21]) Let f € H*, s > 3. Then
FATT A MYAT (2 < C L f e I [ <05 = 1,

where My is the operator of multiplication by f and C'is a positive constant

depending only on r, t.

Lemma 3.6. ([18]) Let r,¢ be real numbers such that —r <t <r. Then



. 1
Vg e CULf Ml g e, if r >3,

. 1
H fg ||Ht+7~_l§ C H f HHTH g ||Ht7 Zf r < 57

where C' is a positive constant depending on 7, t.

Lemma 3.7. For s > %, z,y € H5(S) x H*72(S) and w € H*7(S) x H*73(S),
it holds that B(z) = QA(2)Q™ ' — A(z) € L(H*' x H*"?) and

| (B(2) = B))w st pio || 2 = 3 oo | @ reiiocs

Proof. Let z,y € H* x H 2 we H* ' x H3, 5> % Then

(B(z) = B(y))w =

Alu =)0, A wy — (u—v)0pwy
Alu — 0)0, A wy — (U — v)Bpwy '

Thus, we have

| (BE) = B)w s
<|| Alu — v)0, A wy — (u — v)Fpwy || g

+ | Alu — 0) A wy — (4 — ) Dpwy || frs-s
I A (0= 0)A w0y s 1] A, (0 — 0)A w0 e
<IFATHA, (w = 0)0] A wy Iz + | AP[A, (u = 0)0]A™ s |12
<IFATHA, (u = )] A el A2 000 |22

+ I ATA (= o)A | || A0y ||
<l w—vllgs—llwy ([ + [ u—v]
< || 2 =y llaexus—2|

H5*3|| Wo ’H573

w ||H371XH373 .

where we applied Lemma 3.5 with r =1 —sand t = s—1 (withr =3 —s
and t = s — 3). Taking y = 0 in the above inequality, we obtain B(z) €
L(H*=' x H*73). This completes the proof of Lemma 3.7.

Lemma 3.8. Let

((%(1 — 02) 2 (u? 4 u2 — Jul, — Bugliyy, + épQ))

f(z) =



Then f(z) is bounded on bounded sets in H*(S) x H*7*(S) with s > % and

satisfies
(@) | f(2) = f) lgsxms—2< ps || 2 =y lmoxms—2, 2,y € H x H2.

(b) | (f(2) = f(y)) |

Hs—1xHs—3, Z’y € HSil X HSA3.

mo-txms—s< pa || 2 =y |

Proof. (a) Let y = (v, 0), we have

1 F(2) = £ () Noscrs—

7 7
<[] 9(1 — ) 2(u?® + u? — §ufm — BUplgyy — V* — V2 + §vfw
1 1
+30 V) [ 1rs + || Ou(1 — 82)72(592 - 50'2> | 2rs

+ || ugp — 0 || fs—2
< C(|| u? =0 |gs-s + || ul = 02 [|gas + || uly = 03, le—s

+ || Ustzze — VaVrae || ms-3 + || ,02 0’ | zrs-3 4+ || Uzp — V20 || s-2). (5)

Using Lemma 3.6 with ¢ = r, one has

| u? —v? lzrs=3< C(|| u+ v ||gs-s]| w = |

Hs—S) S C H uUu—7v ||]-[s7 (6)

[ ug =2 las-s< Ol w+ o [[as2ll w = v [|ge2) S Clu—v g, (7)

| uzy = v -2 < C || u—v [|as, (8)

|6 =0 s < C ll p—o s (©)
and

| uep — V20 || prs—2

< wwp — ugpo ||gs—2 + || Upo — V0 || ps—2

<Cllullasllp=o g2 +C | o g2l w—v ||z (10)

For the forth term in (5), we get from Lemma 3.6 with ¢ = r that



| UpUaze — VoVaza || Hs—s

< Uallaze — UsVaze + UaVaze — VaVsos || -3

< Uplzzs — UsVpza || o3 + || UsVaze — VaVgoa || He—s

<Cllu—v|u, (11)

Therefore, from (6)-(11), we obtain

| f(z) = fW) lasxrms—2< Cllu—v|lgs +C || p— 0 [|gs—
= U3 ” 2=y HHSXHS*% (12)

from which we know (a) holds.

Now, we prove (b).

1 (z) = () [me-rxme—s

7 7
<[] 9(1 — 0) (v + u? — §ufm — SUgligzy — V° =2 + —v2
1 1
+30VpVaga) || ars-1 + || Ou(1 — 8:5)72(5/)2 - 502) (| 251

+ || uzp — vy0 || -3
<l = v fges + g — v s + [Pz, — 03, [l

-1 +C | 2 |lgs-a + || tap — ve0 |

+ H UgpUgre — VzUzza |

We will estimate each of the terms on the right-hand side of (13). For the first

term , we get from Lemma 3.6 that

Il = v s <[ (w+v)(u = v) [l

<Jutv el u—v s Clu—v s (14)
In an analogous way to the first term, we have
g =03 larema< O [ w = |l e, (15)
| ude = v3p lrr-a< C || w = v [| 7o (16)
and
|72 =0 lnes< C |l p = o lle-s (17)




For the forth term in (13), one has

| Uslgzz — VoUzaa || s

< Uplaze — UzVszz + UsVsze — VapUsaa || pre—a

< Upllzze — UsVpga || o1 + || UsVaze — VaVsoa || Hre—a
<|| ua || s3] Uszz — Voo |H—4 + || Vowa |
<Cllu—v|gs.

For the last term, note that s > %, it yields

| urp — V20 || grs—s
<|| tugp — g0 ||prs—3 + || ue0 — V0 || prs—s

<Cllp=ollu-s+Clu-v]

Hs—1 .

Therefore, from (13)-(19), we deduce

Hs—4” Um - UI ’

Hs—3

(18)

1F(2) = f() lromixpss< Ol u = v [[gsms +C || p = 0 [[mo—s

=pia || 2 =y [[gs=1xms—s .

This completes the proof of Lemma 3.8.

(20)

Proof of Theorem 2.1. Applying the Kato Theorem for abstract quasi-linear

evolution equations of hyperbolic type [18], Lemmas 3.3-3.4, 3.7 and 3.8, we

obtain the local well-posedness of system (4) in H* x H*2 s> % and

z=2z(-,2) € C([O,T);HS X Hs_2> N Cl<[0,T);HS_1 X Hs_?’).

4 Global solution

To prove Theorem 2.2, we need the following lemmas.
Lemma 4.1.([22]) The following estimates hold

(i) For s >0,

10



1 fg [ < CULf llmsl g e + 1S Mzl g llas)- (21)

HS

(i1) For s > 0,

1 fOeg =< CULf Nlm=ill g oo + (1 f llzoell Org ll0)- (22)

Lemma 4.2. ([24]) Let r > 0. Ifu € H" N W' and v € H~' U L™, then

A" ujv 2 < Ol ua [zl A7 [z + | A [l 0 flz=).

Lemma 4.3. Let 2y = (ug, po) € H*(S)xH*72(S), s > L. Then || 2 || gsxprs—2=|

(u, p) ||zrsms—2 is finite for 0 < t < oc.

Proof. Applying A® to u; = —uu, — f(u), where f(u) = O,A*(u? + u? —

7,2

Sl — gy + % p%), and multiplying by A*u and the integrating over S, we

have

d
pr /(Asu)Qdaz = —2/AsuAsuuwd:c - 2/ASuASf(u)dx. (23)
5 s s

From lemma 4.2 and the Cauchy inequality, we reach

/Asu/\suumdx < / Nu(Nuu, — ulNu,)de + /(Asu)u/\suxdx
s 5 5
< Clug lpll w5 - (24)
The Cauchy inequality ensures
[ Amuntfyde <)l () - (25)
s

and

7 1
| ) [ < C || 0 + ul = Su, — Bugtem, + 502 |

Hs—3

11



<O w? s + [ ug |
+ 1 o Ilzrs-2)

<Ol v llzoell w llzzs—s + | wa [|zoe || v [ o5
+ [ vaw (oo |l e lrs-s 4 || wa |rs-2l] ten [
+ [l e (2|l taza [lae=s + 11 p [lze<ll o ll5-),

e+ [, |

where we have used Lemma 4.1.

Hence,

< i w | Ho2)s

fre L s + [l sl o |

D]
ar

where Cy = C1(|| 20 || gsxms—2)-

-3 + H Up Uy ‘

Hs—3

(26)

Applying A2 to p, = —u.p — up,, and multiplying by A*2p and the inte-

grating over S, we have

d
pr /(AS*Qp)QdJU = —Z/AS*QpAS*Q(uwp)dx - Q/AS*QpAS*Q(upw)dx. (28)
5 s 5

From Lemma 4.2 and the Cauchy inequality, we have

d
7 o W2 < O w aell 2 12 + 11 o [[7re-2),

which together to (27) yields

o-2)

d

(e +1p |
< Ol + el + o llasll o e + 1 o ls-2)
< Culligs + I s-2) (U w e + 1l p s +1),

which implies

lullfe + o lee o uo s + 1 oo e e
Il llzes + 1o ez +1 7 o s + 1l po 1> +1

Note that 0 <t < oo, we get from (31) that

12

(29)

(30)



| u s + 1l p s | wo I3 + 11 po 17>
[ w7 + 11 p e +1 7 [ wo Iz + 1l po 77> +17
which results in
w1 + I o Wars—2<Il uo s + 11 po [[Frs- - (32)

This completes the proof of Lemma 4.3.

Proof of Theorem 2.2. Theorem 2.2 is a direct consequence of Theorem 2.1

and Lemma 4.3.

Remark. We have investigated the local well-posedness and global existence
of system (1) on the periodic case. In fact, the above results hold true with

m = (1 — 0%)ku, k > 2 on the periodic case.

my +umg + 2u,m + pp, =0, t>0,2 €R, (33)
pi + (up)r =0, t>0,7€R.

More precisely, the local well-posedness Theorem 2.1 and global existence
result Theorem 2.2 hold true in the Soblev space H*(S) x H**(S) with s >
2k — 1. More dynamics related to system (1) will be discussed in forthcoming

paper.
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