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1. Introduction

Let dA denote Lebesgue area measure on the unit disk DD in the complex plane, normalized so that the
measure of the disk D is 1. The Bergman space L? is the Hilbert space consisting of the analytic functions
on I that are square integrable with respect to the measure dA. For ¢ € L*°(D), the Toeplitz operator T,
with symbol ¢, is the operator defined on L? by

T,f = P(ef),

where P : L?(D,dA) — L? is the orthogonal projection. Using the reproducing kernel K, (w) = (

1
1—zw)?? we

express the Toeplitz operator to be an integral operator:

T,f(z) = / o (w) f(w) K] dA(w)
D

_ [ pw)f(w)
_Hlmd/l(w).
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This immediately gives

(T, f.9) = / () (w)7(w) dA(w)

D

for f,g € LZ, and hence T, is self-adjoint if and only if ¢ is real-valued. If ¢(z) > 0 for z € D, then T, is
positive.

Like pseudodifferential operators, there are deep connections between properties of Toeplitz operators
and properties of their symbols [1,5,13]. In this paper we study the simple but fundamental problem when
T, is positive. We will show that the positivity of 1., is not completely determined by the positivity of ¢.

First we observe that if T, is positive, then

(Tpk., k) >0,
where k. called the normalized Bergman reproducing kernel of L? given by

Ko(w) 11—z
I (1= Zw)?

k.(w) =

For A a bounded operator on L2, the Berezin transform of A is the function A on D defined by
A(z) = (Ak., k).

For ¢ € L*(D), ¢ is called the Berezin transform of ¢ given by

The Berezin transform is very useful in studying Toeplitz operators on the Bergman space and enjoys many
nice properties:

(1) T, =0 iff ¢(z) =0 for z € D; moreover, A = 0 iff A(z) =0 for all z € D (see [12]);
(2) T, is self-adjoint on L2 iff ¢ is real-valued;
(3) T, is compact on the Bergman space iff ¢(z) — 0 as |z| — 17 (see [2]);
(4) There is no constant M > 0 such that
T4l < M| £l
for all f € L*>°(D) [10]. In general Coburn [3] showed that there is no constant M > 0 such that
[A[l < M| Al
for all bounded operators A on the Bergman space.
These lead to the following natural question:

Is T,, positive if the Berezin transform @(z) is nonnegative on D?

The answer to the analogous question for Toeplitz operators on Hardy space H? is positive by means of
well known result of the spectral theorem for the self-adjoint Hardy Toeplitz operators or the harmonic
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extension. On the Bergman space the answer is also affirmative if the symbol of the Toeplitz operator is
harmonic on the unit disk.

To study the above question, we note that the Berezin transform ¢ has a deep connection with the Mellin
transform of a function g integrable on [0, 1], which is defined by

3(z) = / g(r)r=dr.

Every function ¢ in L?(ID,dA) can be written in the polar form:

oo

(,O(Teie): Z (pk(r)eiké.

k=—o0
Cuckovic obtained in [4] the connection between the Berezin transform and the Mellin transform:

oo o)

gE(rem) = 2(1 — 7“2)2 Z pl| Zn(n+ |k|)@(2n+ \k|)7“2("_1) ek

k=—o0 n=1

For a radial function (), i.e. p(re??) = (r) for z € D, the affirmative answer to the above question is
equivalent to

P(2) 20 onD iff $(2n)>0 forn>1.

But using (4) we will show that the answer is no for a bounded function ¢ on the unit disk. In this
paper, we will show that the positivity of T}, is not completely determined by the positivity of the Berezin
transform of . However, it is more difficult to characterize the positivity of a Bergman Toeplitz operator
even if the symbol ¢ is a continuous function on the closure of the unit disk. We consider the special case
of the radial function ¢(2) = |2|? + a|z| + b, where a and b are both real numbers. For this type of ¢, we
will prove that T, > 0 and ¢ > 0 are “almost” equivalent, but in the last section we will show an example
that ¢ is strictly positive on the unit disk and T, is not positive.

2. Main results

First let us consider the Toeplitz operators on Hardy spaces. The following theorem is a consequence of
Hartman—Wintner’s theorem or the harmonic extension. We will present two proofs which both work on
the Bergman space for harmonic symbols.

Theorem 2.1. Let ¢ € L>(0D), then the Toeplitz operator T, is positive on the Hardy space if and only if
@ = 0 a.e. on the unit circle OD.

Proof. As we pointed out in the introduction, by the integral representation of Toeplitz operators, we see
that if the symbol ¢ is nonnegative, then T, is positive. So we need only to show that if T;, is positive, then
 is nonnegative. The first proof follows from Hartman—Wintner’s theorem in [5] or [7]

o(T,) = [essinf(y), esssup(y)]

if ¢ is a real-valued function in L*°(dD). If T, is positive, then the spectrum o(7,) must be nonnegative.
Thus ¢(z) is nonnegative (almost everywhere on the unit circle).
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The second method uses the harmonic extension. Let k, denote the reproducing kernel of the Hardy
space at z € D. If T}, is positive, then

(Tpk., k) > 0.
On the other hand,
1—|z]? i0
(Tpkz, k.) = / m‘ﬁ(e ) do,
oD

which is the harmonic extension of ¢ at z. The radial limit of the above functions converges to ((e'?) almost
everywhere if z = re?® — ¢ [5]. Thus ¢(e?) > 0 almost everywhere on the unit circle. O

Now we consider the Toeplitz operator T, acting on L2. If ¢ is harmonic on D, then we have the same
result as one in Theorem 2.1. The following theorem is also a consequence of the spectrum of T, for a real
valued harmonic function ¢ in [9]. But we present the proof by using the Berezin transform to follow the
second method in the proof of the above theorem.

Theorem 2.2. Let ¢ € L*°(D) be a harmonic function. T, > 0 on the Bergman space iff ¢(z) > 0 for all
z € D.

Proof. If T, is positive, then

for z € D. Thus this implies

for z € D. So we obtain

The first equality follows from the fact that

for all z € D (see Proposition 6.13 in [13]) since ¢ is harmonic.
Conversely, in the first section we have pointed out that T, is positive if ¢(z) > 0for z € D. O

For a harmonic function ¢, the above theorem implies that T}, is positive on the Bergman space iff the
Berezin transform @(z) > 0 on the unit disk. For a general function ¢ in L>°(D), the following theorem
shows that this is not true.

Theorem 2.3. The positivity of Toeplitz operators on the Bergman space is not completely determined by the
positivity of the Berezin transform of their symbols.

Proof. Suppose that for any real-valued functions f in L*°, if f(z) > 0 on D, then T} is positive. We will
show that this implies the following inequality

1771 < 2[1 flloo
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for all f in L*°(ID), which is a contraction to the following fact in [10] that there is no constant M > 0 such
that

1T7 | < M fll

for all f € L>(D).
To do this, we consider that f is a real-valued function in L°°(D). Then

1 Fllee F f(2) =0

for z € D. Thus we have
Lyf)gs 20
to get
[ flloo = £T%.
So this gives that for any h in L2,
I fllsollRli3 = +(Trh, ).
Hence
[ flloolIBlI3 = [(Tsh, h))|.

Since for a self-adjoint operator 77,

IT¢ll = sup  [{Tyh,h)],
RlI<1, heL?
we obtain
IT# Il < [ flloo-
Next for f € L>°(D), we also have
IR flloe < [l
and
1S flloe < [l
to get

1T¢ll = [ Twy + iTsy|l

<N Tyl + 1Tyl
1R Flloo + 1S/ 110
2|| £l oo-

NN

This completes the proof. O
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Little is known concerning the positivity of the Toeplitz operator with symbol ¢ in C(D), but for the
special case of p(z) = |2|? + a|z| + b we have the following result.

Theorem 2.4. Let p(z) = |z|> +alz| + b (a,b € R). Suppose a € R\ (=2, —2), then T, is positive if and only
if ©(z) is a nonnegative function on D.

On the other hand, we have the following counter examples of the above theorem even for quadratic
polynomials of |z|.

Theorem 2.5. For each a € (=%}, —3) C (—2,-3), there exist some b € R and 6 > 0 such that the Berezin
transform

of o(2) = |2|? + alz| + b for all z in D, but T, is not positive.

The details of Theorem 2.5 will be contained in Section 5 and the proof of Theorem 2.4 will be presented
in Section 4.

3. Berezin transform ¢ and the matrix representation of T,

Let e,(z) = v/n + 12", then {e,, }>, form an orthonormal basis of the Bergman space L?2. For the special
case of ¢(z) = |z|> + alz| + b we can find the relationship between the positivity of T, and the Berezin
transform ¢ by its matrix. The matrix of T, with respect to this basis is a diagonal matrix. More precisely,

we have the following lemma.

Lemma 3.1. Let p(2) = |2]? + alz| + b (a,b € R) and {e,}>2, be as above, then the matriz of the Toeplitz

operator T, under the basis is
di 2n+2+72n+2+b >
ia, a .
& 2n+4 2n+3 =0

Proof. For each k € N, we have

T|z|ken(z) = <T|z|k‘€n7 Kz>

= <|w\ken,Kz>

=vn+1 /\w|k " (]-i—l)ijJdA( )

7=0

2 1

Vn+1-— // rr. mezj—i—l Ve 100 23 dr do

_2\/n+ I(n+1) n
4 k+2
2n + 2

k2o
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Thus the matrix representation of 7|+ is a diagonal matrix under the basis {e,};2,. So is the matrix
representation of T, = T, |24 q|z|4 = T]2)2 +aT].|+bl since it is a linear combination of 7 x. In fact we have

C[2n+2 2n+42

T,e,(z) =
een(2) = |51 99

+blen(2).

This gives the matrix representation as desired in the theorem. O

The above matrix representation of T, immediately gives the following criterion on the positivity of T},
for ¢ = |2|2 + a|z| +b.

Lemma 3.2. Let p(2) = |2|> + alz| + b (a,b € R). T, is positive if and only if

a n 2
2n+3 2n+4

l+a+b>

forn = 0.

On the other hand, for ¢(2) = |2|2 + a|z| + b (a,b € R), we are going to compute the Berezin transform
of ¢ to get the following precise formula.

Lemma 3.3. Let o(2) = |z|? + alz| + b and let $(2) be the Berezin transform of ¢(z), then

2 a 1 (=22 147
log(l — |z )] + 3 [3 — W + e log1 m_—p +b

B L (1|
= 2— _—
2 FE T 0

for all z € D.
Proof. First, for each [ € N, we compute |/zv|l By the definition of the Berezin transform, we have
|,Zv‘l = <T|z|lkzak'z>

:/|w\l|kz(w)|2dA(w)
D

27 1
1 > ) > )
=(1- |z|2)2— //rl< (n+ 1)2”r"e"’9> ( Z(m + l)zmrme_mw)rdr do
m 00 n=0 m=0
1 2w 1 00
(1 1.12)2 % l 2|,12n,.2n
=(1-12P) 7T//r <Z(n—|—1) |z]*"r )rdrd@
0 0 n=0
— (n+1)?
—9(1 2)2 (n 2n
C=1P)" > sl

3
Il
=)

Using the above formula for [ = 1,2, we get

56 = [ ek @) daqw) = 2(1 - 1o)? [Z Ot D e vy B ] 1,
D n=0 n=0
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Simple calculations give that for z € D,

i (n+1)2|z|2n_1{ > 1 log(l—IZIQ)]

= 2n 44 2[(1—122)2  |2)2 | 2|4 ’
and

N (n+1)2 5, 1 142 1 1 1+ |z

> g = d T R )

21+ 3 41— 222 |22 " 223 1|z

Combining above three formulae, we obtain

5(2) = _L_ﬁo BTRENY A PO S el P el
*"(z)‘[z PTG ')] 2[3 FERNCTE 1|}+b

for all z € D, to complete the proof. 0O

The following proposition gives values of ¢ at 0 and 1, which is useful to get necessary conditions for
©(z) = 0 on D.

Proposition 3.4. Let ¢(z) = |2|? + alz| + b (a,b € R), then $(0) =b+ 22 + 1 and §(1) =b+a+1.

Proof. Using

- X (n+1)? = (n+1)?
—9(1 — 2\2 (n_ 2n nr 1" o b
Pz) = 2(1 - |27 [Z o A e S A+

and letting |z| = 0 in the above power series, we obtain

1 a
2(0) =2 -+ = b.
s =2(3+5)+
This gives $(0) = b+ 2* + 1.

Since p(z) = |z|?+alz|+b is continuous on the closure of the unit disk, we obtain that ¢ is also continuous
on the closure of the unit disk D and ¢ = ¢ on 0D (see Proposition 6.14 in [13]). Thus we get

(1) = (1) =1+a+bd,
to complete the proof. O

If (2) = |z| — a, the following theorem says that the positivity of T, is completely determined by the
positivity of the Berezin transform of 1 but not the positivity of .

Theorem 3.5. Let 1(z) = |z| — a, where a € R. Then the following are equivalent:

(iii) 1/1(,2) 0 for all z € D.



X. Zhao, D. Zheng / J. Math. Anal. Appl. 416 (2014) 881-900 889

Proof. First we show that (i) <= (ii). The proof of Lemma 3.1 gives that the matrix of T, is a diagonal

2n + 2 o
2n+3 “ 0

operator with diagonal entries

Thus
2n + 2
Ty 20 +— < Vn = 0).
¥ S o +3 (vn )
Since {3213 122, is an increasing sequence, we see that
2n +2 2
< Vn>0) <= < -,
“S gy (20 ¢33

to get that (i) < (ii).

In the first section we have pointed out that if T}, is positive, then the Berezin transform J(z) is nonneg-
ative on the unit disk. Thus (i) = (iii). To complete the proof we need only to verify that (iii) = (ii).
To do this, we note that

~ 2| o= (n+1)°
¥(z) =2(1 - [2]%) lz m|z|2n‘| —a (by the proof of Proposition 3.4).

n=0

Letting z = 0 in the above equality gives
2
¥(0) = 37

If {/;(z) > 0 on the unit disk, we get a < %, which proves the theorem. O

Example. Let 1(z) = |z —a and 0 < a < 2. The above theorem gives that T}, is positive but ¢(0) = —a < 0
and hence (z) is not a nonnegative function on the unit disk.

4. Proof of Theorem 2.4

In this section we give the proof of Theorem 2.4. Let ¢(2) = |2|? 4+ a|z| + b (a,b € R). Assume

p(z) =20
for all z € D. By Proposition 3.4, we have
~ 2¢ 1
0)=b+—+ =
(0) 3 13
and
p(l)=b+a+1.
Thus
2 1
b+ +52
+ 3 + 5 0
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and
b+a+12>20.

By Lemma 3.2, we have

a
2n+3+2n+4

T,20 <= 1l4+a+b> for all n > 0.

We need only to show

a 2
1 b> >0
tatbzs gt 020
To do this, we consider the following three cases.
Case I. Suppose —oc0 < a < —2. In this case, we have
2
< -2
“ T onta
for all n > 0. Thus
a 2
——+t7——<0 (Vn=>0).
243 2nt4 (v > 0)
Recall that
1+a+b=>0,
So we obtain
lfat+b>—" 42 (>0
a > e — n = 0).
2n+3 2n+4

Case II. Suppose f% < a < 400. In this case, we have

for all n > 0. This implies

a + 2 a 1
2n+3 2n+4 3 2

Thus we have

b+2a+1>0> a n 2 a 1
3 2777 99+3 2n+4 3 2

for all n > 0, to get

a 2

1 b 4 £
BRI P S

for all n > 0, as desired.
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Case III. Suppose —2 <a < —2.

First we observe that

Next we want to find the maximal term of the sequence {5-2= + ﬁ}fﬁzo. To do this, let

2n+3
a 2
Flz)= -+ —
@) =2+_"T7
where 2 = 2n + 3 > 3. A simple calculation gives that F(z) is increasing if 2 < —7— and F(z) is

—a

2

decreasing if z > This implies that the maximal term of the above sequence is

a 2 5
: 2 = i > - 2
max{ + i n O} F(3) (smce a 1 and F(3) F(5)>

2n+3
_a + 1
32
Since @ is nonnegative, Proposition 3.4 gives
2a 1
b+ —+=-2>0.
+ 3 + 2
Thus we obtain
a 1
1 b> -+ =
+a+ 3 + 5
a n 2 0
= max :
2n+3 " 2m+4 ’

to complete the proof. O
5. Proof of Theorem 2.5

Theorem 2.4 tells us that there are many real numbers a and b such that T, is positive if and only if the
Berezin transform @ of ¢(z) = |2|> + az| + b is nonnegative. In this section we will show that the positivity
of a Toeplitz operator with the symbol |z|? + a|z| + b is not completely determined by the positivity of the
Berezin transform of its symbol. The following lemma will be used in the proof of Theorem 2.5.

Lemma 5.1. For each r € (—%, —%), the polynomial

-1 1 1
K(x)::v?’—i—rQ x2+(r+6>x+(6r+§>

has ezxactly one real root xg in (0,1).

In order to prove the above lemma, we need the following Sturm theorem [11]:
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Theorem 5.2 (Sturm). Let po = p,p1,...,Pm be a Sturm chain, where p is a square-free polynomial, and let
o(&) denote the number of sign changes (ignoring zeroes) in the sequence

pO(f)apl(g)ap2(§)7 s 7pm(£)

For two real numbers a < b, the number of distinct roots of p in the half-open interval (a,b] is o(a) — o(b).

To obtain a Sturm chain, apply Euclid’s algorithm to p and its derivative p’:

po(x) == p(z),
pi(x) == p'(2),
pa(r) := —rem(po,p1) = p1(x)qo(x) — po(z),
Pit1(x) = —rem(pi—1,pi) = pi(z)gi—1(x) —pi—1(z) (1 <i<m—1),

0= _rem<pm717pm>-

Note that each ¢;—1 () is the quotient of the polynomial long division of p;_1 by p;, —piy1(x) = rem(p;—1, p;)
is the remainder. It can be seen that {p;(x)} is a sequence of polynomials of decreasing degree, which must
eventually terminate in a polynomial p,,(z), where m < deg(p) is the minimal number of polynomial
divisions needed to obtain a zero remainder, p,,(x) is the greatest common divisor of py(x) and p;(x) and
hence of every p;(z). That is, the final polynomial p,, is the greatest common divisor of p and its derivative.

Remarks. Usually, we use the canonical Sturm sequence to determine the number of zeros of a square-free
polynomial p in some open interval (a,b). However, even if p is not square-free, the difference o(a) — o(b) is
the number of distinct roots of p in (a,b) whenever a < b are real numbers such that p(a) # 0 and p(b) # 0,
see Sturm’s theorem in [6].

Proof of Lemma 5.1. If 7—5v2 < r <
only one root in (0, 1) since

2
1 r—1\" 3,4
9><1><<7‘+6)3( 5 ) ——E(r 7141“—1)

—%, we use the criteria on cubic equations [8] to get that K (z) has

>0 <since75\/§gr<%)
and
1 15
K(0)=6T+§<0, K(l)ZTr+1>0'

If —% < r < 7—5v2, we will use the above Sturm theorem to find the number of roots in (0,1) for the
polynomial K (z). First we get the Sturm sequence by long division. Let

-1 1 1
po(m):K(m):x3+r2 x2+(r+a>m+(6r+§).

Applying polynomial long division to the pair pg(z) and
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p(z) = ph(x) = 322 + (r — D + (TJr %)

gives the remainder 71 (x). Multiplying 1 (z) by —1 we obtain

o (T LY, (e,

bz - \18 9 18 18 108 108 )°

Next dividing p1 (z) by p2(z) and then multiplying the remainder by —1, we obtain a constant ps(z).
Then evaluating po(z), p1(z), p2(z) and p3(z) at 0 gives

1
pQ(O) = § + 67 < 0;

1
pl(O):r+6>0;

1
P2(0) = 15

p3(0) is a constant.

(6r® —653r —37) >0 (since r < 7—5V2);

Similarly, we also have

15
po(l) = 77‘—# 1> 0;
13
p1(l) =2r+ 5 > 0;

1
pa(l) = R(mﬁ —737r —43) >0 (since r <7 —5V2);

1
p3(1) = p3(0) is a constant.

Thus we obtain that K(x) has a root xo € (0,1) as po(0) is negative and po(1) is positive. To finish the
proof we need only to show that ¢ is the unique root of K(z) in (0,1). To do so, we consider the following
three cases:

(1) If p3(0) is negative, then the sequence of signs of p(0), p1(0), p2(0), p3(0) is {—, +,+,—} and the
sequence of signs of po(1), p1(1), p2(1), p3(1) is {+,+,+,—}, thus ¢(0) = 2 and o(1) = 1. So the Sturm
theorem gives that the number of roots of K () in (0,1) equals

c(0)—c(l)=2-1=1;

(2) If p3(0) is positive, the sequences of signs are {—,+,4+,+} and {+,+,+,+}, thus ¢(0) = 1 and
o(1) = 0. So the Sturm theorem gives that the number of roots of K(x) in (0,1) equals

0(0)—o(l)=1-0=1,

(3) If p3(0) equals 0, note that neither 0 nor 1 is a root of K (x), it is easy to see that the number of roots
is 1 — 0 = 1. This completes the proof. O

We are now ready to prove Theorem 2.5.
ytop

Proof of Theorem 2.5. The main idea of this proof is to estimate the minimal value of $(z) on the unit
disk. To do so, let x = |z|2. Then z is in (0, 1) if z is in the unit disk. Simple calculations give
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oo

and

Combining the above two series with the proof of Lemma 3.3 gives

o

@@):2(1—:5)2[2(;114 Ta Z 2n +3 "

S (E U P PR (P N
“\276)" T \27 3" 2

LU P PR (PP I G s
276)" T T 2" 3" 2

(Atam+(@a+6)
(n+2)(2n+3)

44+an+ (2a+6) ,
(n+2)(2n+3)

M- 10

(since a > —2)

WV

n=1

12
= 30 [(30a + 105)z* — (18a + 70)z* + (16a + 35)2® + (112a + 140)z] + <2 +30+ b>
_ 30041057 ; 184470 , 160435 , 1120+ 140 20 1
420 30a + 105 30a + 105 30a + 105 3 2)
Letting
1
r= ,
10+ 32

we have that r is in (— &, — %) (since a € (=2, —2)) and

) = ot — 18a+70 4 N 16a+35 , N 1120 +140
o 30a + 105 30a + 105 30a + 105

2 2 1 4
= '+ (gr - §)$3+ <§ +27’)$2 + (g +24T):,E.
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Thus

- 30a + 105 2a 1
> — —_— Z
o(z) = 420 G(x)+(3 +b+2>

30a + 105 % 1
> 20T @ 2 o).
0 Loy G0+ ( 5t +2>

14

To finish the proof, it suffices to show that for each a € (—,

that

fg), there exists a real constant b such

e >0

and T, is not positive. As we show above, we need

30a + 105 % 1
§i= T inf G “Librz)>o.
20 edhy @ ( g Ot 2) ”

This gives

2 1 30a+105
PN R T b
3972 0 ety G <

By Lemma 3.2 we have that T, is positive if and only if

a 2
1 b> n=>=0,.
tat max{2n+3+2n+4 " }

In order that T, is not positive, the above inequality gives

a 2
1 b _ % . a>o0b
tat <max{2n+3+2n+4 " }

These are equivalent that there exists a real constant b such that

2 1 30a+105 a P
Lo 2T g b % 4 o azol-a—1.
3973 20 Lo, G < <max{2n+3+2n—|—4 " 0} “

Indeed, we will show that

a 2 30a + 105 a 1
cn> 00+ 20T e Gla) > 24
max{2n+3+2n+4 " }+ 20 L, G@) >34

Tlﬁ, — 18) To do this, the proof will be divided into four steps.

(x € (0,1)) and recall that F(x) = 7+T+1 (x=2n+3 2> 3).

for each a € (—

14
9
Let K(z) = 1G

,—2) ie. for each r € (—
)

(x

Step 1. Suppose 7 is in (— 35, —75). Then

and so
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2
max{ QnC:_ 3 + i " > 0} = F(5) (by the proof of Theorem 2.4)

Thus we are going to show that
inf G(z) > 2 +12
in x) > = r
z€[0,1] 3
for each r € (_Flm —1—18). We consider the following three cases:

(I) If r is in (— 35, —7759), then a simple computation gives

K(0) = 5 +6r

A

6 . < 1
13 since 7 13

S Wl Wl

and

1 53r 5
K(§> =3 T
>—§xi+i (sincer>—i)
8 159 12 15.9
53

0,5

s “ 150 T 12
—0.

Thus there exists a point z¢ € (0, %) such that K(xzp) = 0. By Lemma 5.1 above, we see that ¢ is the

unique point where G(x) reaches its minimal value. Moreover, x satisfies the following equation:

Bl (e D)ao+ (602 ) =0
0 2 0 6 0 3 — Y,

and hence
r—1 1 1
Tp + 5 zd + (r—l— é)xg—i— <6r+§>xo =0.
So we have
. r—1 14 6r
xél[l(fl] G(z) = 5 T+ 5 z3 + (1 + 187)z0.
Let
-1 1+6
L) =" 5 3+ %tQ + (1+18r)t (¢t € (0,1)).

Taking derivative of L(t) gives
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r—1 1+ 6r
L'(t) = t2
(*) R

t+(1418r) <0

for all t € (0,1) if r < —1A=5. This yields

inf G(z)= L(xo)

z€]0,1]
1 1
> L(i) (since To € (O, 5))

w5 %
g s
> 2 + 12 i < L
- r | since r < ——— ).
3 17.59
(IT) Suppose r is in (— 125, — 1a5)- Using the same method as one in (I), we get

1 3
K(i) <0, K(g> > 0,

and hence z¢ € (3, 2). Thus we have

inf G(x)= L(zo)

x€[0,1]
> L(g) <Since xy < g)
> ; + 12r (since r< —ﬁ)
(IIT) Suppose that r is in (— 1755, —15)- In this case, we need to consider the following three subcases.
(1) Let r be in (— 755, —195)- Simple computations give

K(0.131) <0 and K(0.141) > 0.

This implies that z is in (0.131,0.141). Noting

1
L'(t) = (r—l)t—|—§+2r
1
>(r—1)x0.141+§+2r

1
=2.141r + 37 0.141

1 1
2141 x (——— ) + = —0.141
> % ( 17.59) +t3-0

>0,
we see that L'(t) is increasing in (0.131,0.141), and hence

L'(t) < L'(0.141)
< 18.20r + 1.038
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1
<1829 % (—— ) + 1.
8 9><< 17_6)+ 038

< 0.

This implies that L(t) is decreasing in (0.131,0.141). Thus we obtain

L(z) — (; + 12r> > L(0.141) — (g + 12r>

2
> 2.56r +0.14 — 37 127

> i since r < —L
1000 \™ ST176 )

(2) Let r be in (— 5, — 2. Using the same idea as one in (1) of (III) above, we have that

2
inf G > — 412
(b Gle) >3+ 12

for each r € (—71_6, —%}

T
(3) Let 7 be in (— 5, —15). Observe that

r—1 1+ 6r
inf G(z) = 3
€0 1] (@) ===+

z3 + (1 + 18r)x
=——[3(r* — 14r — 1)xf + (6r* — 653r — 37)zo + 2(18r° — 17r — 1)].
It suffices to show that
—% [3(r* — 14r — 1)af + (6r° — 653r — 37)zo + 2(187%* — 17r — 1)] > g + 12r.

To get the above inequality, we need to show

3(r® — 14r — 1) + (6r° — 653r — 37)a + 2(18r + 1997 + 11) < 0.
To do so, let

R(t) = 3(r* — 14r — 1)t* 4 (6r* — 653r — 37)t + 2(18r* + 1997 + 11).
Taking derivative of R(t) gives

R'(t) = 6(r® — 14r — 1)t 4 (6r% — 653r — 37).

1 1
— 177, —1g), then

If r is in (
1 —14r —1<0 and 6r® —653r — 37 < 0.
This implies that R(t) is decreasing in (0,1) and so

R(z0) < R(0) (since z¢ € (0,1))
= 2(18r% 4+ 1997 + 11)
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3600+ 1) +
= 'S T T
18
< 0.

Step 2. Suppose that r is in (fﬁ, fﬁ] Then

\/ge[m] and F(5) > F(7).

Using the same idea as one in (I) of Step 1, we need only to show

2
inf G > —+12
,nf Gl@) >3+ 12

for each r € (=1, —135]- Indeed,

1
K(i) <0,  K(0.63) >0,

so o € (4,0.63) and L(zo) > L(0.63) > 2 + 12r.

Step 3. Suppose r is in (—9—70, —ﬁ]. Then
€[5,7 and F(5) < F(7),

and thus

2
max{ ﬁ + mra " > 0} = F(7) (by the proof of Theorem 2.4)

So we need to prove

. 50
xen[%)f,l] Gz)>1+ 37

_7 _1
90° 14
details are omitted here.

for each r € ( ]. One can show the above inequality using the same method as one in (I) and the

Step 4. Suppose 7 is in (fﬁ, f%]. In this case, we have

Thus we also need to prove
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50
inf G 14+ —
xen[%),l] (J}) it 3 "

for each r € (—121—.5, —%]. This can be showed easily by the method used in (I) of Step 1. This completes

the proof. O
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