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1. Introduction

Geometry of Banach spaces has been intensively developed during the last decades, since it has found a lot

of applications in many branches of mathematics. The metric geometry deals with properties invariant under

isometries (for example rotundity, uniform rotundity and many intermediate properties). The monotonicity

properties (strict and uniform monotonicity) play an analogous role in the geometry of Banach lattices.

However, the studies of global properties are not always sufficient. When the Banach space (Banach lattice)

has not the global property then it is natural to ask about the local structure. This leads among others to

the notion of an extreme point. The respective role in the theory of Banach lattices play the points of lower

and upper monotonicity. The local geometry has been deeply investigated recently (see [7,14,16,26-28]) and

one of the important reasons is an application to local best dominated approximation problems in Banach

lattices (see [7]).
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In Section 2 we recall the necessary terminology.

Section 3 is devoted to symmetric Banach function spaces. The essential question in the global geometry
is whether a geometric property can be equivalently considered only on the positive cone E of E (see [21,22]
for further references). We prove the local version of such result, namely a point z is an H, point if and
only if |z| is an Hy point. The more delicate question is whether a point = has some local property P if
and only if its nonincreasing rearrangement x* has the same property P and the positive answer is very
useful in verifying local properties in particular classes of symmetric function spaces (see [7]). The goal
of this paper is to study the structure of H,; and H; points from that point of view. Moreover, we will
show the relationships between H,, H; points and points of upper monotonicity, generalizing the global
characterization from [5]. Furthermore, we prove that, for an Hy point, the norm is lower semicontinuous
with respect to the global convergence in measure, similarly as, for the point of order continuity, the norm
is lower semicontinuous with respect to the convergence a.e.

Section 4 concerns the Lorentz spaces I}, and A, ,. We give the full characterization of H; and H;
points. Several corollaries concerning respective global properties are also deduced.

In the last section, we show applications of H, and H; points to local best dominated approximation
problems in Banach lattices. It is known that global monotonicity properties (strict and uniform mono-
tonicity) play an analogous role in the best dominated approximation problems in Banach lattices as the
respective rotundity properties (strict and uniform rotundity) do in the best approximation problems in
Banach spaces (see [30]). The points of lower (upper) monotonicity of a Banach lattice F play an analogous
role like the extreme points in a Banach space X. Similarly, the role of points of upper (lower) local uni-
form monotonicity in Banach lattices is analogous to that of points of local uniform rotundity in Banach
spaces. The role of lower (upper) monotonicity points and points of order continuity in local best dominated
approximation problems in Banach lattices has been investigated in [7]. We will show that although the
order continuity and property H, are not comparable each to other, H, point has a similar impact in local
best dominated approximation problems in Banach lattices as a point of order continuity. Recall that global
properties of H, and H; points have been investigated among others in [10,22,23]. The uniform versions of
these properties have been studied in [36].

2. Preliminaries

Let R and N be the sets of real and positive integers, respectively. As usual S(X) (resp. B(X)) stands
for the unit sphere (resp. the closed unit ball) of a Banach space (X, || - ||x)-

Denote by LY the set of all (equivalence classes of) extended real valued Lebesgue measurable functions
on [0, @), where a = 1 or @ = 00. Let m be the Lebesgue measure on [0, «).

A Banach lattice (E, || - ||g) is called a Banach function space (or a Kéthe space) if it is a sublattice of L°
satisfying the following conditions:

(1) if x € LY, y € E and |z| < |y| a.e., then x € E and ||z| g < ||yl x;
(2) there exists a strictly positive element z € E.

By E. we denote the positive cone of E, that is, Ey = {z € E : x > 0}. We use the notation A° = [0,a)\A
for any measurable set A.

A point x € E is said to have an order continuous norm if for any sequence (x,) in E such that
0 <z, < |z| and x, — 0 m-a.e. we have ||z,||g — 0. A Kothe space F is called order continuous
(E € (00)) if every element of E has an order continuous norm (see [20,31]). As usual E, stands for the
subspace of order continuous elements of F.

We will assume in the whole paper (unless it is stated otherwise) that E has the Fatou property
(E € (FP)), that is, if 0 < z,, 1 = € LY with (2,)52 in E and sup,cy||zn||g < oo, then z € E and



702 M. Ciesielski et al. / J. Math. Anal. Appl. 426 (2015) 700-726

lim, ||z,||g = ||z||g- A space E has the semi-Fatou property (E € (s — FP)) if conditions 0 < z,, Tz € E
with @, € E imply ||lz,|lg T ||z &

A point z € E; \ {0} is said to be a point of upper monotonicity if for any y € E; such that z < y
and y # x, we have ||z||g < ||y||g. A point z € E is called a point of upper local uniform monotonicity if
lxn — z||g — 0 for any sequence z,, € E such that < z,, and ||z,||g — ||z||z. We will write shortly that
x is a UM-point and ULUM-point, respectively. Recall that if each point of E, \ {0} is a UM point, then
we say that F is strictly monotone (E € (SM)) (see [2,13]). Similarly, if each point of E; \ {0} is a ULUM
point, then we say that F is upper locally uniformly monotone (E € (ULUM)).

A point x € E is said to be an H, point (resp. H; point) in F if for any (z,,) C E such that z, — «
globally (resp. locally) in measure and ||z,||g — ||z||g, we have ||z, — z||g — 0. We say that the space F
has Kadec—Klee property globally (resp. locally) in measure if each € E is an Hy point (resp. H; point)
in E.

For x € LY we denote its distribution function by

do(\) =m{s €[0,a) : |a(s)| > A}, A>0,
and its decreasing rearrangement by
z*(t) =inf{A > 0:d,(\) <t}, t>0.
A function x € L is said to be *regular if
m({t € suppz : |z(t)| < z*(a)}) =0.
The above equality works under the convention z*(00) = lim;_,, x*(t). It is easy to see that every x € L°

is *regular whenever o = 1. Moreover, if a = oo, then every z € L? with 2*(c0) = 0 is *regular.
Given z € L° we define the mazimal function of z* by

/tx*(s)ds.

It is well known that x* < z**, ** is nonincreasing and subadditive, i.e.

~ | =

@+9)" <a® +y" (1)

for any x,y € L°. For the properties of d,, * and z**, the reader is referred to [1,29].

Two functions x,y € L° are called equimeasurable (z ~ y for short) if d, = d,. We say that a Banach
function space (E, || - ||g) is rearrangement invariant (r.i. for short) or symmetric if whenever z € L° and
y € E with ¢ ~ y, then x € F and ||z||g = ||y||g. Given an r.i. Banach function space E, by ¢g we denote
its fundamental function, that is ¢ (t) = |[X(0,¢)|| & for any t € [0, «) (see [1]).

The relation < is defined for any z, y in L' + L* by

x<y < x(@) <y™() forallt>D0.

Recall that a symmetric space E is K-monotone (KM for short) or has the majorant property if for any
€ L' + L™ and y € F such that x <y, we have z € F and ||z||g < ||y| .

It is well known that a symmetric space is K-monotone iff it is exact interpolation space between
L' and L. Moreover, symmetric spaces with Fatou property as well as separable symmetric spaces are
K-monotone (see [29]).
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3. Symmetric Banach function spaces

Lemma 3.1. Let E be a symmetric Banach function space on [0, «), where o =1 or a = oo. The following
conditions are equivalent:

(i) x € E is an Hy (resp. H;) point in E;
(@) |z| is an Hy (resp. Hy) point in E;
(%9) |z| is an (Hy)+ (resp. (Hp)+) point in E, that is for any sequence (x,,) in Ey with x,, — |z| globally
(resp. locally) in measure and ||z, ||g — ||z||g we have ||z, — |z|||g — 0.

Proof. We prove only the lemma for H, points, because the proof for H; points is similar. Moreover, the
global version of the lemma for H; points was shown in [15].

The implication (i) = (i) follows the same way as in the proof of Lemma 3.5 from [22]. We prove
(1) = (i7). Let x, — |z| in measure and ||z, ||z — ||z|g. Set

Ap={te0,0):2(t) >0} and A_={te[0,a):z(t) <0}
Define

 fxa(t)  ifze Ay,
yn(t)_{—xn(t) ifexeA_.

Then y, — « in measure. Clearly, ||y,||z — ||z| g- By the assumption we have ||y, — z||g — 0. Moreover,
lzn = 12lll 2 < [l (0 = lel)xa || + | (@0 = lel)xa ||
= [ = 2)xallp + (= + @)xa |5 = 0.

The implication (i) = (ii) is obvious. Finally, (#¢) = (ii) follows again as in the proof of Lemma 3.5
from [22]. O

The following lemma is a local version of the implication (if) = (7%) from Lemma 3.2 in [22].

Lemma 3.2. Let E be a symmetric Banach function space on [0,«) with o« =1 or a = oo. If x is an H,
point, then ||xxa, ||g — 0 for any sequence (A,,) of measurable sets satisfying m(Ay) — 0.

Proof. Take a sequence (A,,) of measurable sets with m(A,,) — 0. Since the convergence of the sequence
lxxa, || we will prove by using the double extract subsequence theorem, without loss of generality we can
assume that > .~ m(4;) < co. Define

i=n
Obviously, B,+1 C B, for every n € N and m(B,,) — 0. For any n € N define
Tn = xX[O,a)\Bn-

Clearly, 0 < z,, T « in measure, whence, by E € (FP), lim, ,||Zn||g = ||z||g. Consequently, ||z, —
z||[g — 0, because x is an Hg-point. Therefore

lexa,lle < llzxs, |z = n — 2|z = 0. O
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Theorem 3.3. Let E be a symmetric Banach function space on [0,a), where o =1 or a = oo. If a *regular
element x € I/ is an Hy-point in E, then x* is an Hy-point in E.

Proof. Suppose y, — x* in measure and ||y, ||g — ||z*||g. By Lemma 3.1, we may take (y,) in E.. We
divide the proof in two parts.

I. Let o = 1. There exists a measure preserving transformation o : [0,1) — [0,1) such that 2* o o = |z|
a.e. (see [1]). Then y,, o 0 — |z| in measure and ||y, o o||g — |||z||| g- Moreover,

lgn = 2"l = (g = 27) o0l = [lgn 0 o = Jall| ; = 0

because, by Lemma 3.1, |z| is an Hg-point.

II. Suppose o = o0. Let 2*(00) = 0. If m(supp z) < oo (m(suppz) = o), by Lemma 2 in [17], there is a
measure preserving transformation o : I — I (0 : suppz — [0,00)) with 2* oo = |z] a.e. (z* 00 = |z] a.e. on
supp z). In the first case the proof can be easily finished with the sequence z, = y, o 0. If m(suppx) = oo
then we follow with the sequence

an(t) = {yn(a(t)) %f t € suppz,
0 if t ¢ suppx.

Now suppose that 2*(c0) > 0. First we claim that without loss of generality we may assume that
Yn = 7 (00)X[0,00)-
Otherwise, we set
Ay ={t€[0,00) : yn(t) <2%(00)},  Bp={t€[0,00):yn(t) > z"(c0)}
and
Jn = YnXB, +27(00)XA,-
Then |§, — z*| < |y, — x*|, whence §, — z* in measure. We prove that
[(n = ") xan ]l = 0- (2)

Since x*(00) > 0, X[0,00) € E. Set ¢ > 0 and

19
As = {t € Ay 2t (t) — ynlt) > —}
2[1x[0,00) I 2

Define
C={te0,00): |z(t)] >2*(c0)} and D={tel0,00): ‘z(t)| =a%(c0)}.

By Lemma 2.2 in [7], there is a measure preserving transformation ¢ : C' — [0, m(C)) such that z* oo = |z
a.e. on C. In the case of m(C) < oo and m(D) = oo we apply the construction from the proof of Proposi-
tion 2.3 in [24], i.e. we employ a measure preserving transformation 8 : D — [m(C), c0) and define

v=oxc + BXxp-

Observe that v : C'U D — [0,00) is also a measure preserving transformation and
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"oy =2x"ooxc+ " o fBxp = |z|xc + 2 (00)xD = |x|xCUD-

For simplicity, in both cases when m(C') = oo and m(C') < oo, we use one notation 7y as a measure preserving
transformation that recovers |z| from z* a.e. on C' and C'U D, respectively. Then

1 =2 )xan | < (1@ =gn)xas [+ 1" =yn)xanas | < l"xas || +2/2
= 1@ o 1) (xas oMl g +e/2 = [[lahr-r1azl| s +</2-

By Lemma 3.2, we get [|[z|xy-1[ac1[lz — 0 because m(y~'[A5]) = m(A5) — 0 and x is an H,-point in E.
Consequently, (2) is proved. Since

lynlle < Gnlle = ||yn — ynxa, + 2" (00)xa, || 5 < lunlle + || (2" —yn) x4, ||

and
Tim s = 1m (Jgalle + [ (= ~90)xa,[) = 7]
by the squeeze theorem, lim,, |||l = ||z*| &-
Moreover,
1@ = 2") |5 < [l =27 5
=[(yn = 2")xa, + (0 = 2") x5 |
= [[(z"(00) = @*)xa, + (4 — ") xB, + (yn — 2" (00)) x4, ||
<[ @ =29 + 1" = yn)xan ||
whence

Jim[|(gn — 27) || ; = lim [lyn — 2 5,

which finishes the proof of our claim.
Define

Tp =Yn00XC + x*(OO)XSupp(:c)\C'
We have
m({t € C: |za(t) — |a(t)|| > 6}) =m({t € C: lyn(a(t)) — 2" (a(t))| > 6})
=m({t € [0,m(C)) : }yn(t) - x*(t)‘ >4})
for § > 0. Hence, by the assumption,

in measure. Now we proceed the proof in two cases.
Case 1. Let m(C) = co. Clearly, z,, — || in measure. Then,

m({t € [0,00) : |z|xc(t) > 6}) =m({t € [0,00) : |&|(t) > 5})

for every § > z*(00). Furthermore,
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m({t € [0,00) : |z|(t) > 6}) = m({t € [0,00) : [z]xc(t) > }) =00
for any 0 < z*(00). Hence, |z|xc ~ |z|. Moreover, by the equality

m({t:|(ynooxc)t)| >6}) =m({t € C: |ya(a(t))]| > 6})
=m(c7 s €[0,00) : [yn(s)| > 6})
=m({s €[0,00) : [yn(s)| > 6}),

it follows that y,, o ox¢ ~ y,. Consequently,
lzaxclle = llyn o oxclle = llyalle = lzlle = |||lzlxe]| -
Now we show that
lznlle — llzle.
If 6 > 2*(c0), then

m(t € [0,00) : |x,|(t) > 6) =m(t € [0,00) : |yn 0 oxC|(t) > 6).

For each 0 < § < z*(00) we have dy, ooy () = oo for all n, because y, > 2*(00)X[0,00). Then d., (6) >

dy,ooxc(0) = oo for all n, whence ||z,||z = ||yn © oxcllE = ||lyn|lE and condition (5) is proved. Since, by

Lemma 3.1, |z| is an Hg-point, it follows that
lnxe = leixellp = [ln = lol] 5, = 0.
Consequently,

lyn = 2" || g = llym 0 0 = 2" 0 0| 5, = [lznxe — lzlxc| 5 = 0.

Case 2. Let m(C) < co. Then m(D) = co. Now, according to the construction of the measure preserving

transformation v, we get
z=x" oy = |z|xXcuD-
Define
Zn =Yn ©Y = Yn ©0XC + Yn © BXD-
Then

m({t € CUD :|z,(t) — 2(t)| > €})

=m({teC: |yn(a(t)) —z* (a(t))‘ >e})+m({teD: ‘yn(ﬁ(t)) - a:*(oo)’ > e})
m({t € [0,m(C)) : ‘yn(t) - x*(t)‘ >e}) +m({te [m(C),o0): ’yn(t) - a:*(oo)‘ >e})

=m({t €[0,00) : |yn(t) — (1) > €})

for any € > 0 and n € N. Hence, z,, converges to z in measure. It is easy to observe that

1znlle = llyn o vxcunlle = lyalle = llzlle = 2] &-



M. Ciesielski et al. / J. Math. Anal. Appl. 426 (2015) 700-726 707

Since z = |z|xcup = |z| is an Hg-point in E, then

[yn =g = lynov =" on|lp =llza — 2|le = 0. O

Lemma 3.4. Let E be a symmetric Banach function space on [0, ), where a =1 or a = oo. If an element
x € E is an H; point then x* is an H; point in E.

Proof. We follow similarly as in the proof of Theorem 3.3, case II, because each H; point is a point of order
continuity, whence z*(c0) =0. O

Theorem 3.5. Let E be a symmetric Banach function space on [0, a), where a =1 or a = 0. If x € E, and
x* is an Hy point in E, then x is an H, point in E.

Proof. Suppose that z,, — = in measure and ||z, | g — ||z||g. Then

By property 11° in [29], x converges to x* a.e. We will show that z} — x* in measure. Only the case

*

*
x,, x

g = lznlle = llzlls = [l - (6)

[0,00) should be considered. Since = € E,, we have z*(occ) = 0. Hence, for any € > 0 there exists t. > 0
such that
x*(t) <e and a)(t:) — x"(t)

for all ¢t > t.. Furthermore, since z, for n € N, and z* are decreasing functions, there is N, € N such that

ah(t) —a*(t)| <e

n

for all n > N, and t > t.. Consequently,

m({t € [te,00) :

z;(t) —a*(t)| > e}) =0
for every € > 0. Since x}, — x* a.e., x}, converges to x* locally in measure. Thus
m({t € [0,t]: |z} (t) —a*(t)| > €}) — 0.

Hence z}, converges to * in measure. Now, in view of condition (6) and the assumption that z* is H, point
in E, we have

* *
n— T ||y 0.

Since x € E,, x} — x* in measure and also in norm of E, by Proposition 2.4 in [9], it follows that

X

|z — || — 0. a
The above two theorems imply immediately
Corollary 3.6. Suppose x € E,. Then x is an Hy-point in E if and only if x* is an Hy-point in E.

The following lemma shows a nice analogy to a characterization of point of order continuity. Namely,
replacing the convergence a.e. by the convergence globally in measure, we get
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Lemma 3.7. Let E be a symmetric Banach function space on [0,a) with the semi-Fatou property, where
a=1ora=occ. Ifx >0 is an H,-point, then for each sequence (dy) in L° with 0 < d,, <z and d,, — 0
globally in measure we have ||dy| g — 0.

Proof. Assume for the contrary that 0 < d,, < z, d, — 0 globally in measure and ||d,||g - 0. Passing to
a subsequence if necessary, we have ||d,||g > ¢ > 0 for some ¢ > 0. Clearly, m(A,(g)) — 0 for each ¢ > 0,
where A, (¢) = {t € [0,a) : dy,(t) > €}. Since x is an H, point, by Lemma 3.2,

ldnxa,@o)lle < llzxa,@lle =0

for each ¢ > 0. For &1 = 1 we find an index n; with [|dn, x4, ()llr < 1 and m(A,,(e1)) < 1. Next, for
g2 = 1/2 we find an index ny > ny with ||dn,X4,,()llE < 1/2 and m(An,(e2)) < 1/2. Consequently,
passing to a subsequence if necessary, we may assume that

ldnXa,enlle <1/n and m(A,(e,)) < 1/n

for e, = 1/n. Suppose 2*(00) > 0. Then [|x[o,a) ||z < co. Notice that ||y X[0,a)\ A, ()| = 0/2 for sufficiently
large n € N. Therefore

1
6/2 < |ldnX(0,0)\An(en) || E < E”X[O,a)”E

for n € N large enough, a contradiction.

Assume z*(0c0) = 0. By Theorem 3.3, z* is an Hy-point. We have 0 < d < z*. Moreover, it is not
difficult to show that d¥ — 0 globally in measure (see for example the proof of Theorem 3.5). Similarly as
above, take sequences ¢, | 0 and By, (e,) = {t € [0, ) : d}(t) > £, } such that

m(Bn(en)) = 0 and Hd:LXBn(a — 0.

n)HE

For each &, there is t., satisfying z*(t.,) < e,. Set t., = inf{t : 2*(t) < e,}. First we claim that
lenxo,i.,)|le — 0. Otherwise, set 2, = (z* — €,)X|o,t.,)- Then z, is nondecreasing. Moreover, |z, — x*| =
€nX[0,t.,) TT X[z, ,00)- Note that t. — oo when m(suppz*) = oo and t.,, — m(supp z™*) if m(supp z*) < oo.
In both cases we conclude that z, 1 z* globally in measure. Consequently, by E € (s—FP), ||z,||lg = ||z*|| &-
On the other hand,

l|zn — $*HE > |lenxpo,t.)llE = 0,

a contradiction with * is an H, point. This proves the claim. Note that

Hdzx[ovten)mBn(En)HE g Hd:fXBn(En) E — 0.

Therefore,

ldnxpo.ce) || < Nl dnxi0,e,)nBu e | 5 + | dnxi0.00 \Buten || 5 = O-

Consequently,

§/2< |

Ay Xt 00| g < 7" X 00, 000 | 5

for sufficiently large n € N. Taking y, = 2*x[o,. ), we conclude y,, — x* globally in measure and ||y, ||z —
|z*||£. On the other hand, ||y, —2*||g > 6/2 for sufficiently large n € N. This means z* is not an Hy-point,
a contradiction with Theorem 3.3. This finishes the proof. O
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It is well known that the norm is lower semicontinuous with respect to weak convergence. Moreover, if
E € (0C), the norm is lower semicontinuous with respect to convergence almost everywhere. Namely, if
Tn — ¢ € E, a.e. then ||z||p < liminf||z,| . We will prove the analogous result for global convergence in
measure and for an H, point in symmetric Banach function spaces (recall that properties H, and OC' are
not comparable in general, see Section 5 below).

Lemma 3.8. Let E be a symmetric Banach function space on [0,a) with the semi-Fatou property, where
a =1 or a = oco. Suppose x is an Hy point. If x, — x globally in measure, then

|z|| g < liminf||z,| g.
Proof. Assume for a moment that z,z, > 0. Set
w, = max{z,z,} and d, = (z—z,)xa,, where A, ={t:z,(t) <z(t)}.

Then 0 < d, < z and d,, — 0 globally in measure. By Lemma 3.7, ||d,||g — 0. Moreover, x,, = w,, — d,
and w, > = > d,. Consequently,

lwnlle = lldnlle < l|l2znlle < lwalle + lldnll e,
whence
|z||g < liminf||w, || = liminf ||z, | &-
Take arbitrary x, x,, such that z,, — = globally in measure. By the inequality
m({t: ||z(t)] = |zn(0)|] > €}) <m({t: |x(t) — za(t)]| > €})

we conclude that |z,| — |z| globally in measure. By Lemma 3.1, |z| is an H, point. Since the lemma holds
for elements of positive cone of E, we get |||z|||g < liminf|||x, |||z, which finishes the proof. O

Lemma 3.9. Let E be a symmetric Banach function space on [0, «), where a« =1 or o = oo. If © € E, and
a sequence (x,) of elements in E converges to x locally in measure, then there exists a sequence (A,) of
measurable subsets of finite measure such that x4, — Xsupp = locally in measure and a subsequence (zy, ) of

the sequence (x,) such that

|Zn, XA, — 2|l =0 and [[zX[0,a)\4,llE — 0.

Proof. Let us consider two cases.
Case 1. Suppose that m(suppz) < oco. Then @, Xsuppz — @ in measure. Hence there is an increasing
sequence of positive integers (ny) such that

1 1
m({t € suppa : |y, (t) — x(t)] > E}) <z
for any k£ € N. Denote
1
A = {t € Suppa : |@y, (t) — z(t)’ < E}
for any k € N. Obviously, m(suppz\Ax) < 4 for k € N. Therefore, by the order continuity of z, we have

lzX[0,a0\A. |12 = [[%Xsupp a4, [|E = 0.
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Moreover,

[@n,xa, = 2lle < ||(@n, —2)xA,] 5 + 12X 0,00\l 2
1
< %”Xsupp?ﬁHE + [|zX[0,a0\a, |2 — 0.

Case 2. Suppose that m(suppz) = oo. Then a = oo. For all n € N define

C, = {t € suppz : |z(t)| > l}.

n

By the order continuity of 2, we have m(C,,) < oo for any n € N. Taking into account that (suppx\C,) | &,
we get [|2Xsupp o\, | — 0. For any k € N we obtain z,xc, — zxc, in measure. Hence, there exists a
positive integer nj such that

m({t € Crt |wn, (t) — a(t)| > 2%}) < 2%

Define for any k € N,

Since m(Ci\Ax) < %, by the order continuity of z, we have

2X10,000\AL |2 = [|7Xsupp 2\ 4, |2 < [|2Xsupp 2\ | + 12X\, 12 — 0.
Notice that

k
2k

1
EXck

1 1
H(xnk - x)XAkHE < ﬁ”XAkHE < 2_k||XCk||E =

IN

k k
Stlexadls < Sllels =0,
whence
HxﬂkXAk - x||E < H(xnk - m)XAk HE + ||37X[0,oc)\AkHE — 0,
which completes the proof. O

The global version of the next result has been proved in [5, Theorem 3.2]. Although we use partially some
methods from [5] and [7], the local approach has required also new techniques.

Theorem 3.10. Let E be a symmetric Banach function space on [0,00) and x € E,\{0}. Then the following
conditions are equivalent:

a) x is an Hj-point in the space E;
b) x € Eq, x is a UM point and x is an Hgy-point;
¢) v € E, and x is a ULUM point.

Proof. a) = b). Let « be an H; point in the space E. Then = € E, (see Lemma 6 in [16] for LLUM point
but the same proof works for H; point, see also Theorem 2.1 in [10]) and x is an H, point. Suppose for the
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contrary that z is not a UM point. Then there is y € E such that z <y, © # y and ||z||g = ||y||g. Since
x € E, gives £*(00) = 0, the conditions x < y with  # y imply that 2* < y* with 2* # y* (see Lemma 3.2
n [18]). Take tp > 0 with 2*(¢y) < y*(to). Define

z = y*X[%to,Qto) + x*X[O,%tO)U[QtO,oo)'

Note that z* € E, (see Lemma 2.6 in [7]). Obviously, z € Eq, 2% < z < y*, 2™ # z and 2"X[219,00) =
¥ X[2t,00)- Moreover,

*

X

.'IJ* y* 5 |

|

whence ||z*||g = ||z||g. Define v = z* — *. Then suppv C [0, 2¢p). Set

) = 0 if s < n;
vn(s) = v(s—mn) if s >mn,

for every n € N. By Lemma 3.1 in [5],
Tp=2"+v, <2"+v=2"

for any n € N. It is clear that x,, — 2* locally in measure. Moreover,

|33* oS |x* +U”HE = |lznllE < |Z* g =lzlE = |sc* ol
whence ||2*||g = ||zn||g for any n € N. Since x is an H;-point, we have z*(oc0) = 0. By Lemma 3.4, we
conclude that x* is an H;-point. Thus
lvnllE = Hxn — x*HE — 0.
Since ||v||g = ||vn||g for any n € N, we conclude that ||v]|g = 0. Consequently, z* = z* and in particular

y*(to) = 2*(to) = x*(to). A contradiction, because y*(to) > z*(to).

b) = ¢). This implication has been proved in [7, Theorem 2.2 (i)]. However, the assumption that x € E,
should be added there. Moreover, some steps of that proof require modifications. Hence we present the
whole proof for the convenience of the reader.

Let © <z, and ||z,||g — ||z||g. By Helly’s selection principle, passing to subsequence if necessary, we
may assume that x} — z* a.e. Moreover, * < x7, and consequently x* < z*. We claim that

xy(00) — 0.
If this is not true, then there is § > 0 such that z;; (o0) > ¢ for some (nx) C N. Passing to subsequence and
relabeling we get a7 (00) > 6 for all n € N. Since z is a point of order continuity, it follows that z* is also
a point of order continuity and z*(co) = 0 (see [7]). Hence ) (c0) > § > x*(00) = 0, so there exists g > 0
such that z*(t) < ¢ for any ¢t > t;. We have
" < T7X(0,t0] + OX(t0,00) < T,

for all n € N and

" F 27X[0,t0] T OX(t0,00)-
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Since z is a UM point, we obtain that z* is a UM point (see Proposition 2.2 in [7]). Therefore,

2"l < ll="Xt0.101 + X(t0.00) | 2 < [l | -

By the assumption that ||z}|lg — ||z*||g, we obtain a contradiction, which proves the claim. Now, by
convergence of z} to z* a.e., there exist (ny) C N and (tx) C [0,00) such that ny — oo, t, — oo and
zy, (tx) — 0 and also for any k € N,

1
@, () = =" (1) < 7

Therefore, z*(0c0) = 0 and since x}, — z* a.e., we may easily show that z} — z* in measure on [0, 00). We
prove that

Suppose for the contrary that x* # z*. Let

A, = {t €[0,00) : 2*(t) — 2*(t) > l}

n

for any n € N. In consequence, m(A4,,) > 0 for some ny € N. Moreover, since z*(c0) = z*(c0) = 0, it follows
that m(A,,) < co. For every n € N we define

Yn = TpXA,, T XA -

Notice that for any n € N,

x*

Thus, by ||z || — ||z*| g, we have ||y,||g — ||2*||&- Set

g S llyalle < ;] 5

B, — {t € Any t |2°() — 3 (1) < }}

for any n € N. Since x;, converges to z* in measure, there is a subsequence (z}, ) of (z},) such that, for all
k eN,

m(t € Apy : |25(t) — a,, (8)] > Q—k) <o

Passing to subsequence if necessary, we obtain

m(t € Apy : |2°(t) — 2 ()] > 2%) < in

for any n € N. Clearly, m(B,,) — m(A,,). We have for each t € B,,

Then, for sufficiently large n € N, we get m(B,,) > 0, 2;9 <1 and
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* * * 1
Yn = anAnO +x XA%O Z (Z 2n>XB +anBC +Z’ XACO

1 2710
2n 2n

)XBn + f*XA;OUBg

2 (-
(o Ve e v
(

> 33* + )XB" +LU XAc UB¢
T+ ﬁXB
Thus,
* 1 . |
||$n||E 2 ||y’ﬂ||E Z z — 2— XB., +x XA% UBES xt + —XsB,
no 0 E 2”0 B

for sufficiently large n € N. Since z* > z* and z*(c0) = 0, by definition of the set A,,, there is tg > 0 such
that z*(¢t) < n—lo and z*(t) < nio for all t > tg and A,, C [0,to]. Consequently,

1 *% 1 *k
* - > * -
(x + QnQXB"> > (a: + T X[to,t0+m(Bn)])

for all n € N. Since m(B,,) — m(A,,) and B, C A,,, we may assume that m(B,) > m(A,,)/2 for
sufficiently large n € N. Therefore,

. 1 Hx . 1 o
(517 + %XBH> Z <1’ + %X[to,to-‘rm(Bn)])

) 1 *k
> (f +%X[to,to+m(f4no)/2]) ’ (7)

Set

. 1
w=2x + Q_’nOX[to,to"rm(Ano)/Q] # z

Clearly, w >z* and w # x*. Since z* is a UM point (see Proposition 2.2 in [7]), it follows that ||w| g > ||z*| &-
Hence, by (7) and Corollary 4.7 in [1], for sufficiently large n € N, we obtain

[znlle = lynlle =

1
"+ —XB,
2’110 E

* 1 *
T G Xttt | lwlle > ||lz*| 4

which contradicts the assumption ||z,|| g — ||z||g. Therefore z* = z*. We claim that z — z* in measure.
Since z*(00) = 0, for any € > 0 there exists t. > 0 such that

x*(t) <e/2 forallt>t. and x)(t.) = x*(t:).
Furthermore, since x;, and z* are decreasing functions, there is IV, € N such that

lzh () — 2 ()| <e
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for all n > N, and t > t.. Consequently, for every € > 0,

m(t € [te,00) :

z,(t) — a*(t)] > €) = 0.
Since x;, — x* pointwisely, =} converges to 2* locally in measure and

m(t €[0,t] :

z(t) —a*(t)| > ) — 0.

Therefore z, converges to * in measure.

By the assumption and Theorem 3.3, we conclude that z* is an Hy point. Therefore, ||z} — z*|| — 0.
Now, following the proof of Theorem 3.2 in [5], the implications (éii) = (ii), we conclude that xz, — = in
measure. Finally, since x is an H, point, we obtain ||z, — z|| — 0.

c) = b). It follows immediately from Theorem 2.2 (i) in [7].

¢) = a). Assume « € E,, x is a ULUM point. By the implication ¢) = b), « is also an H,-point. Without
loss of generality, we may assume that |z||g = 1. Take {x,} C E; such that ||z,||g — 1 and z,, — =
locally in measure (see Lemma 3.1). By Lemma 3.9, passing to a subsequence if necessary, there exists a
sequence (A,) of measurable subsets of finite measure such that x4, — Xsupp« locally in measure,

lnxa, — x|z =0 and [|zx[0,c0n\a, |2 = 0. (8)

Hence, by the symmetry of E, z,x4, — x in measure. Set ¥, = TnX[0,00)\ A, -

We claim that y,, — 0 in measure. If this is not so, there exists € > 0 and measurable subsets C,, C
[0,00)\4,, (n =1,2,...) such that m(C,) = ¢ and y,xc, > €xc, for any n € N. Define a sequence (z,,) by
the following formula

Zn = |nlXa, + [ = Zalxa, + |2[X[0,0004, + X0,

for any n € N. Since |z|xa, < |zn|xa, + |z — Tnlxa, for every n € N, we have

0 <|z| <|znlxa, + |z —2alxa, +[2X0,000\4, +EXC, = 2n

for each n € N. Moreover,

znxa,lle < lznlle < ||lon] + |2 — zalxa, + |2X0,0004. || 5

<|znlle + |2 — 2nxa, | + 2[2X[0,000\a, | E = 1.

Thus ||z,||g — 1. Consequently, ||z, — |z|||g — 0, because z = |z| is a ULUM point. Therefore, by (8),

0 <ellxp,ollz =ellxe,lle = ||zn = |zalxa, — |2 — znlxa, — |ZIX0,000 4. || 5
= [[(z0 = l2l) + l2] = lzalxa, — |z = 2nlxa, = 2lxp.000A0 |5
< flzn = lalll 5 + [ (2l = lenl)xan | g + [[(@ = 20)xa, |5
< [lzn = l2lllp + 2l = za)xan ||z = 0,

whence ¢[[x[0,c)|lz = 0, a contradiction. Thus y, — 0 in measure as we claimed.

Therefore x,, = zpxa, + yYn — = in measure. Since also ||z,||g — ||z||g, by the fact that = is an H,
point, we conclude that ||z, — z||[g — 0. Consequently, x is an H;-point in the space E. 0O

Corollary 3.11. Let E be a symmetric Banach function space on [0, ), where o =1 or o = 0o. An element
x € E is an H; point if and only if x* is an H; point in E.
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Proof. The case o = 1 follows from Corollary 3.6, because H; point is a point of order continuity. Let
a = 00. The necessity follows from Lemma 3.4.

The sufficiency. By the assumption and Theorem 3.10 we conclude that z* € E,, * is a UM point and
x* is an H, point. Now, Proposition 2.2, Lemma 2.6 from [7] and Theorem 3.5 imply that z € E,, x is a
UM-point and x is an H, point. Again, Theorem 3.10 yields that « is an H; point. O

Now, we take into account the special case of symmetric space.
Proposition 3.12. An element x is an H;-point in the space (L' + L°°)([0,00)) if and only if z*(17) = 0.

Proof. The necessity. Assume that z*(17) = @ > 0. By the assumption z*(c0) = 0, we find t; > 1 with
x*(t) < a/2 for t > 1. Set

Tn = T"X[0,00) + @/ 2X[t,4n—1,t14n]-

Then
1 1
el 2 = / w4 (8)dt = / 2 (t)dt = ] g1 g
0 0

for all n > 1. Furthermore, x,, — x* locally in measure. On the other hand, ||z, — 2™ |14~ > a/4 for n
large enough. By Lemma 3.4, both x* and x cannot be H; points.

The sufficiency. Suppose z*(17) = 0. Then it is easy to conclude that « € E,. Moreover, by Theorem 3.1
in [10], = is an H, point. In view of Theorem 3.10, it is enough to show that z is a UM point. Let < y,
x # y. Since z*(00) = 0, the conditions x < y with = # y imply that z* < y* with 2* # y* (see Lemma 3.2
n [18]). There is tg < 1 such that z*(t9) < y*(tg), because *(17) = 0. Thus ||z||g < ||y||g. O

Remark 3.13. Recall that each point x € L' + L is an H, point (see [10]). Consider now the space L' N L>
on [0,«) with @ =1 or a = 00 and ||z||p1qp~ = max(||x|/z1,]|z| L=). Clearly, (L' N L>), = {0}, whence
this space has no H; points. It is easy to notice that also it has no H, points. Indeed, let x € L' N L™
with  # 0. We find 6 > 0 such that m(A) > 0, where A = {¢ : |z(¢)| > 0}. Take a sequence (4,) C A
with 0 < m(A,) | 0. Set 2, = TX[o,a)\a,- Then z, — =z globally in measure. Since x, 1 z, by the
Fatou property, ||z,||zinre — ||Z||L1nre. On the other hand, ||z, — x| 1AL~ > d. Thus z is not an H,
point.

Remark 3.14. Recall that each Hj-point of E is a point of order continuity of E (see the proof of Lemma 5
n [16]). Observe that the reverse implication is not satisfied. Indeed, it is enough to consider the space
L' + L on [0,00) and an element z with z*(17) > 0 and 2*(0c0) = 0. By Proposition 3.12, x is not an H,
point. Moreover, x is a point of order continuity because x*(o0) = 0.

By Theorem 3.10, we also get

Corollary 3.15. Let E be a symmetric Banach function space on [0,00). Then the following conditions are
equivalent:

(i) E has the Kadec—Klee property with respect to local convergence in measure;
(it) E has the Kadec—Klee property with respect to global convergence in measure, E is order continuous
and strictly monotone;
(iit) E is order continuous and upper locally uniformly monotone.
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It is worth to mention that the above result has been also obtained in [5, Theorem 3.2]. Note also that
the uniform Kadec—Klee with respect to local convergence in measure is equivalent to uniform monotonicity
in the symmetric space over [0, 00) (see Theorem 3 in [36]).

For any global property P the symbol E € (P*) denotes that E has property P only for elements in
the cone of nonnegative and nonincreasing functions in E. Clearly, if E' € (P), then E € (P*). The natural
question of the converse implication has been considered in [4] for rotundity properties. Applying Lemma 3.4
and Corollary 3.6 for Kadec—Klee properties, we obtain

Corollary 3.16. Let E be a symmetric Banach function space on [0, @], where a« =1 or a = oo. Then:

(1) E € (H) if and only if E € (H;)*.
(71) Suppose E € (OC). Then E € (Hy) if and only if E € (Hg)*.

4. Lorentz spaces I}, ., and A, 4

Given 0 < p < oo and a nonnegative weight function w € L?, the Lorentz space I}, ,, is a subspace of LY
such that

a 1/p
lzlr,. = </(m**)p(t)w(t)dt> < 00.

0

In order to get I}, ., # {0}, we need to assume that w is from class D,, that is

W(s) := /w(t)dt <oo and Wp(s) = sp/tfpw(t)dt < oo
0 s
forall 0 < s <1if o =1 and for all 0 < s < oo otherwise. It is well known that (Iy ., || - ||, ) is an r.i.

quasi-Banach function space with the Fatou property. Notice that

¢r,.(s) = (W(s) + Wp(s))l/p

forany 0 < s <1if « =1 and for all 0 < s < 0o if @ = co. It was proved [19] that in the case o = oo the
space I}, ,, has order continuous norm if and only if fooo w(t)dt = co.
The spaces [}, were introduced by A.P. Calderén in [3] in an analogous way as the classical Lorentz

a 1/p
Apﬂu e {1‘ c LY Hx”/lp,w = (/(x*(t))pw(t)dt> < OO},

0

spaces

where p > 1 and the weight function w is nonnegative and nonincreasing (see [32]). The spaces A, ,, are
p-convexification of the Lorentz space A .. The space I}, ,, is an interpolation space between L' and L*®
yielded by the Lions—Peetre K-method [1,29]. Obviously, I} C Ap.. The reverse inclusion Ay C Iy
holds iff w € By, (cf. [19]). Moreover, the spaces I, ., and A, ., are also related by Sawyer’s result (Theorem 1
in [34]; see also [35]), which states that the Kothe dual of 4, ,, for 1 < p < oo and [~ w(t)dt = oo, coincides
with the space Iy 5, where 1/p+1/p’ =1 and w(t) = (t/fot w(s)ds)? w(t).

It is easy to observe that if & = 1, then by the Lebesgue dominated convergence theorem, I, ,, is order
continuous. For more details about the properties of I}, ,, the reader is referred to [7,19].



M. Ciesielski et al. / J. Math. Anal. Appl. 426 (2015) 700-726 717

Theorem 4.1. The Lorentz space I}, ,,(0, ) has the Kadec—Klee property with respect to global convergence
in measure, i.e. each point x in Lorentz space I, ., (0, ) is an Hy point.

Proof. Note that, for &« = 1 and o = 0o with W (o0) = oo, we have I}, ,, € (OC) (see [6,19]). Since OC does
not imply property H, in general (see Example 2.8 from [5]), this case also should be proved directly.

Let x,x, € I}, for any n € N, ||z,|r, ., — [|zlr,. and 2, — = globally in measure.

Case I. Let W(a) < oo. Define y,, = ©,, — x,

A, = {s : ‘yn(s)| > %} and €, =d,, (1/n) =m(4,)

for any n € N. Since y,, — 0 in measure, passing to a subsequence if necessary, we may assume that €, — 0.
Denote uy, = ynxa, and v, = ynXac = yn — u, for all n € N. Notice that

0 1/p
1
lvnllr,. = (/(ynXA%)**pw> < =W (o0)P = 0. (9)

n
0

Since u,, = u;,X0,¢,] for any n € N, by Theorem I1.3.1 in [29, p. 82|, we get

t
1
0

3k 1
@+ )" ()2 5

t
1/ . 1
22 [ (=2 X0 + 5 [ (@ =) Xen 00
0
t
Kok 1 *
= Uy (t> - 2; T X[0,en]"
0

Consequently, by the triangle inequality (z + u,)** < z** + u2*, it follows that

t

2
0<z™(@)+ur(t) — (x+u,)™"(t) < 7 /x*X[OM] (10)
0

for any n € N. Moreover,
1ynllry.. < llunllr, . + llvalln, o < lynlln, . + lvalls, ., (11)

for any p > 1 and any n € N. In case when 0 < p < 1, the subadditivity of the power function u? yields

oo

funll, . < Wl . < [ (i o)
0
oo
/ (u® + v )w = Jun|lF |+ oallf, (12)
0

for any n € N. Therefore, by (9), (10) and (11), we obtain



718 M. Ciesielski et al. / J. Math. Anal. Appl. 426 (2015) 700-726

HynHpr = ||un||Fp,w +0<1) fOI“ p Z 1?

lyallh, = lunlly,  +0(1) for0<p<L.

Since €,, — 0, it is obvious that

t
1 *
z/x X[O,En] — 0
0

for any t > 0. Consequently, the Lebesgue dominated convergence theorem implies

Hx*X[O,en] Tyow — 0.

We divide the proof in two subcases.
(Subcase 1). Let p > 1. Then, by condition (9), we have

1
4+ ynllr, . <o+ unln, ., +lloallr,., < llo+unlr,, +—W(e0)'/”

2
<o+ gnlry. + =W (o)

(13)

(15)

for any n € N. Applying condition (10), by superadditivity of the power function u? for p > 1, we obtain

t [e%e)
2
/((f‘f‘un +¥/$ X[Oen> tZ/ () Fuy(t )) w(t)dt
0 0
z/(x** dt+/ t)dt
0 0

= |, ,, +llunllz, ,

for any n € N. Now, by Minkowski’s inequality, we get

0o t
2
Joll, . + ual?, . < <<x+un )+3 [+ ) w(t)dt
0 0

< (= + unlry.. + 2)|2* X0,

)

for all n € N, whence, by (15),

”“n”?pw < (Hx =+ un||Fp,'w + 2”50*)([0,5"]

p
Fp,w) - Hx”?pw

< (I 4l + 20 X0l . + W) =l

= (Wonlry + 2ol , + 2 W) = el

for each n € N. Consequently, by conditions (13), (14) and assumptions that ||z,[r, ., — |z|r,.,

W (o) < 00, it follows that

and
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1ynllry. = lzn =21, . =0,

which finishes the proof of the case when p > 1.
(Subcase 2). Let 0 < p < 1. Since v}; < 1, by Theorem I1.3.1 in [29, p. 82], we get

t t t
/ x—i—un /m—i—un /v
0 0 0

> (o) (1) - %

|
H—l)—l
Pk|)—‘

(@ +yn)™" (1) =

for all n € N and ¢ > 0. According to (10), we have

/(x**(t) + g () w(t)dt < /((w—i—un)**(t) + %/az*xw,eno w(t)dt

<l +unlf,, + 122Xl

p w

for all n € N. Hence, by subadditivity of maximal and power functions, we get

W( W(

Lt 2 el

p,w

) 4 122" X0, T

p,w

leallr, ., + =l +wlf,., +

Vi s’k 1 P *
2/<(x+yn) +5> w22 X0, |17,
0

> |z +unllf, , + |22 X0,6.1][7,
oo
sk P
/ +u)w > [alf?,
0

for any n € N. Therefore, by condition (14) and assumptions ||z,|/r, ., — l|z|r,. and W(co) < oo, we
conclude

oo
** +u** w — / (m**)pw. (16)
0
Clearly, ** + u}* > x** for each n € N. Let A > 0. Define
By ={s: (%" (s) + up*(s ))pw(s) - (a:**)p(s)w(s) > A}
for any n € N. Observe that for every n € N,
0 B,

Consequently, by condition (16), we get m(B,) — 0. Hence (z** + u}*)Pw — (z**)Pw converges to zero
globally in measure. By Lemma 3.9 in [22], it follows that

urtw'/? = (2wl ) wtP — 2 wl/P 0



720 M. Ciesielski et al. / J. Math. Anal. Appl. 426 (2015) 700-726

globally in measure. Passing to a subsequence if necessary, we conclude that u**w!/? — 0. Since (u*)Pw <
w4+ x**)Pw, applying condition (16) and generalized Lebesgue dominated convergence theorem (see [33]),
n y

/ (u2*)Pw — 0.
0

Finally, according to condition (13), we obtain ||y, r, ., = ||* — 2|1, — 0, which completes the proof of
Case 1.

Case II. Let o = 0o and W (o0) = o0.

Denote y,, = x,, —x for every n € N. Then (y,,) converges to zero globally in measure. Let 0 < § < § < 0.

we get

Applying Theorem I11.3.1 in [29], we get

1 « 1
@)z [ =) 27 [l -yl

Y
o~ | =
O\Qﬂ
—
<
3
|
i%
_l_
~ | =
m\m
H
|
Qd
§
+
S
—~
<
SN—
>
s
N

t
Kok koK 2 * *
() 4y () — n /(l‘ X[0,6)U(8,0) + YnX[5.,5])
0

for any t € (0, 00). Therefore, by the triangle inequality for the maximal function, we have

t

koK s’k ko 2 * *
0<z™(t) +y, (t) = (v +yn)™(t) < 7 /(33 X[0,6)U(8,a) + YnX6,81) (17)
0

for any ¢ € (0, 00). Clearly, for any 0 < p < oo there exists M > 0 such that

@ t P
| . .
/(;/m*X[omu(ﬁ,a) +931X[5,ﬁ1> w(t)dt < M(|lz"x006.0 |7, , + lvaxeallr, ,)- (18)
0 0

By the assumption W(co) = oo, I}, 4, is order continuous. Thus, for any € > 0 there exist d, 5. € (0, 00)
such that d. < B and

€
|z* X[0,6.)u(s., a)”rp .S o

Since y, — 0 globally in measure, it follows that (y) converges to zero at each ¢t € (0,00) (see [29]). In
consequence, there exists n > 0 such that

YnX[6..8] < Yn(0e)X[50,8 < MXGs..8.]
for all n € N. By order continuity of I, ,,, there is N € N such that

P &
2M

v x(s

for any n > N.. Hence, by condition (18), for any € > 0 there exist 0 < 0. < f < oo and N, € N such that
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a t P
1 * *
/(;/33 X[0,6)U(Be.a) +ynx[5s,,3€]> w(t)dt < e (19)

0 0

for any n > N.. Consider two subcases.
(Subcase 1). Let p > 1. By condition (17) and the superadditivity of power function u?, we have

« t t p
/((l‘+yn) (t) + ;/33 X[0,6.)U(Be,a) + Z/ynX[ag,m]) w(t)dt

0 0 0

[0

z/@ﬂﬂ+%%ﬁbwﬁzwﬂ

p,w
0

+ llynllT,

p,w

for all n € N. It is easy to observe that

(63

ok 1 / * * : 1/p
o+ wnlr < [{@+um) O+ [ 2 X050+ vixiang | wde
0

0

a t P 1/p
<z +ynllr,. + (/( T X[0,6.)U(Bes0) T yZX[5€,55]> w(t)dt>

0 0

o~ | =

for any n € N. Since z,, = x + y,, by condition (19), we conclude

«@ t p
ok 1 * *
0§/<@+%)@+;/xMMW%m+%MQM>w@ﬁWﬂﬁw<€
0 0

for any n > N.. Finally, in view of ||z,|r, ., — ||z|/r, . and condition (20), it follows that

len = llr,. = lynllr,.. <€

for any n > N, which finishes the proof of Subcase 1.
(Subcase 2). Let 0 < p < 1. By the subadditivity of map u?, we get

for any n € N. Consequently, by (17), we obtain

[0

0 [((@ 0+ 5 0)° @+ v @) w0

0
« 2 t p

< /(;/x*xwvag)u(am +y;X[5e,BF]> w(t)dt
0 0

for any n € N. Now, according to the assumptions Hanz}p L ||ar||]}p s Tn = T+ Y, and condition (19), we
have

[e4

0< [ @@+ () witat ol < (21)
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for all n > N.. Finally, by reverse Minkowski inequality for 0 < p < 1, we get

« 1/p
(/(m**(t) +y§§*(t))pw(t)dt> > lzlir, . + lynllr,...-

0

Hence, by condition (21), the proof is completed. O

Recall that each point z € A, ,,[0,00) with & =1 or a = 00 is an H, point (Corollary 3.21 in [22]).
By Theorem 3.2, Proposition 3.1 from [7], Corollary 3.21 from [22], Theorem 3.10 and Theorem 4.1, we
get immediately

Corollary 4.2. Let p > 1, E = I}, ,[0,00) or E = Ay, ,,[0,00) and © € E. Then x is an H; point if and only
if

(i) z*(c0) = 0 whenever [;~w < oo;
(i) m{s € [0,00) : x(s) < z*(7)} = 0;
(#7) x*(y) = 2*(y~), where v = inf{s € [0, 00) : m(supp(w) N (s,00)) = 0} under the convention inf & = co
and x*(y7) = limy_,— x*(t).

Applying Corollary 3.15, Theorem 4.1 from present paper, Corollary 4.6 from [7], Corollary 4.4 from [12]
and Lemma 3.2 from [21], we conclude the following global characterization.

Corollary 4.3. Let p > 1, E = I}, ,[0,00) or E = A, 4,[0,00). Then the following conditions are equiva-
lent:

(1) E has Kadec—Klee property for local convergence in measure;
(it) E is upper locally uniformly monotone;
(iit) E is strictly monotone;
() [y~ w(t)dt = oo.

The above result for the space 45 ,,[0,00) has been also showed in [11, Corollary 1].

Remark 4.4. Now we show that Corollary 4.3 does not hold in the case when oo = 1 (for the space 43 ,,[0, )
see [11]). More precisely, we claim that the Kadec-Klee property for local convergence in measure does not
imply the strict monotonicity of Lorentz spaces I}, .,[0,1) and A, ,,[0,1). Assume v < 1 and m(supp(w) N
(7,1)) = 0. Then, by Theorem 2.2 in [6] and Corollary 4.5, we conclude that I}, ,[0,1) is not strictly
monotone, but it has the Kadec—Klee property for local convergence in measure. Similarly, Ay ,,[0,1) with
nonincreasing weight function w vanishing on (v, 1) has the Kadec—Klee property for local convergence in
measure (see Corollary 1.3 in [5]), although it is not strictly monotone (see Theorem 3.1 in [21]).

The coincidence of local and global convergences in measure on [0, 1) leads immediately to the following
result.

Corollary 4.5. Let p > 1. Then the Lorentz space I, ,,[0,1) has Kadec—Klee property for local convergence
in measure.

Recall that a symmetric space E is said to be strictly K-monotone (SKM for short) if for any =,y € F
such that < y and z* # y* we have ||z||g < ||y||g. A symmetric space E is called locally uniformly strictly
K-monotone if for any z,z, € E such that © < z,, and ||z, ||z — ||z||g we have ||z} — z*||g — 0 (see [5]).
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Notice that W(u) = [ w is strictly increasing if and only if for any (a,b) € [0,a) we have m((a,b) N

supp(w)) > 0 (see [8]). For the definition of Kadec—Klee property (with respect to L' N L>) we refer to [5].

Theorem 4.6. Let 1 < p < oo and W(o0) = oo, whenever o = oo. Then the following statements are

equivalent:

(1) W(u) is strictly increasing;

(7) The norm || - ||, is strictly K-monotone;
(#ii) The norm | - ||, is locally uniformly strictly K-monotone;
(iv) Ipu has the Kadec—Klee property with respect to L' N L>;
(v) Iy has the Kadec—Klee property.

Proof. Since I}, ., is order continuous symmetric space, L'NL>® C F’ =1y, [1,29]. Consequently, the
implication (v) = (iv) is true. Further, by Theorem 2.7 in [5], it follows that (iv) = (ii7). Clearly, (iii) = (ii).
Immediately, by Theorem 2.10 in [8], we get (i) < (it).

Now, we show the implication (#) = (v). Assume that the norm on I}, , is strictly K-monotone. Let
z,x, € Iy, for n € N, (z,) be weakly convergent to = and |z,|r,., — lz[r,,. Since I}, is order
continuous, we have I, = F;w [31]. Moreover, L' N L™ C (I},.,)" (see [1,29]), by Lemma 2.6 in [5], we
conclude that z} converges to x* globally in measure. Applying Theorem 4.1, we have

By order continuity of I}, ,, on [0,a) and Theorem 1.5 from [5], there exists an equivalent symmetric

* *

T, — X

. 70 (22)

norm || - |lo on I, ,, such that (I}, ., || - |lo) has the Kadec—Klee property for weak convergence with respect
to L'NL>. Hence, by condition (22), we get ||z, |lo — ||z|lo as n — co. Furthermore, by the weak convergence
of x,, to x with respect to L' N L*> and by the Kadec-Klee property with respect to L' N L> of (I, w, || - o),
we conclude ||, — z||o — 0. This implies that ||z, — x|,

p,w

— 0, which completes the proof. O
5. Application to local best dominated approximation problems

Suppose E is a Banach lattice (see [31]) and K C FE is a sublattice, that is K is closed with respect to finite
suprema and infima (K does not need to be a linear subspace). The order interval [u, v] is a typical example
of a sublattice. The notation f < K for f € F means that f < g for any g € K. Given the system f < K set

Pic(f) = {ue K i u=fle = inf lw -~ flz}.

We say that the best dominated approximation problem is solvable (unique) whenever P (f) # 0 (Pr(f) is
a singleton).
Analogously we may consider such problems for f > K. It is known that:

(i) For all closed sublattices K and all f < K (f > K) the best dominated approximation problem is
solvable if and only if E € (OC) (see Proposition 3.3 in [30]).
(it) For all sublattices K and all f < K (f > K) the set Px(f) is at most a singleton if and only if
€ (SM) (see Proposition 3.1 in [30]).

For more facts concerning these problems we refer also to [7].

Recall that the reflexivity and rotundity play an analogous important role in the best approximation
problems in Banach spaces. The local version of (i) [(4)] from above has been proved in [7] showing the
role of points of order continuity [points of upper monotonicity], respectively.
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On the other hand, the order continuity and property H, are not comparable in general. First, to show
that the property OC does not imply property Hy, it is enough to consider Example 2.8 from [5] with the
additional conditions ¢1(0+) = ¢2(04+) = 0 and ¢1(c0) = ¢a(00) = o0. Second, taking E = I}, ,]0,00)
with fooow < oo we get E € (Hy) and E ¢ (OC) (see Theorem 4.1 and [19]). However, it appears that
property Hy is in some sense “a weaker version” of OC' (see Lemma 3.2 in [22]). The following lemma also
shows this phenomenon.

Lemma 5.1. Let E be a Banach function space with the semi-Fatou property and let K > 0 be a closed
sublattice of E with inf.cx{2} € K andx € E, v < K. Ifv—x is Hy point of E for some v € K, then
Pi(x) # 0.

Proof. Case 1. First suppose that there is y € K with y*(c0) = 0. Let (h,,) C K be a minimizing sequence,
ie.

d= inf |z —h|p = lim ||z~ k5. (23)

Without loss of generality we may assume that h, < v, because otherwise it is enough to replace h, by
h, Av. Since K is a sublattice, we have u,, = /\Z:1 hi € K. Moreover, foranyn € N, 0 < wu, —x < h,, — z,
whence d < ||up, —z||g < ||hn —z| g for each n € N. Therefore, in view of condition (23), (u,,) is a minimizing
sequence. Setting u = /\,:';1 ug, we have x < u < uy, whence u € F and 0 < u,, — u | 0 pointwisely. In view
of the fact that y*(c0) = 0, we are able to consider only the case u}(00) = 0 for each n € N. Indeed, by the
assumption that K is a sublattice of E it follows that y A u,, € K and

d< |y Nun = zllp < [lun — 2|5

for any n € N. Thus (y A uy)nen is & minimizing sequence and (y A u,)*(c0) = 0 for every n € N. We claim
that u, — u globally in measure. Let € > 0. Since u*(0c0) = 0, there is t. > 0 such that

(ug —u)*(te) <e.
We have 0 < u,, — u < uy — u, whence
m({t: |un(t) — u(t)‘ >ef)=m({t: (un —u) () >e}) =m({t €0,t) : (un —u)*(t) > €}).

Since 0 < u,, — u | 0 pointwisely, by property 12° in [29], we conclude that (u, — u)* — 0 pointwisely. So,
passing to a subsequence if necessary, we get

m({t € [0,tc) : (un —u)*(t) > €}) — 0,
which proves the claim. Clearly,
v+ (up—u)—z—v—z€FE (24)

globally in measure. Moreover, 0 < v —u, + u — x < v — x, because v > u,. Consequently, by the semi-
Fatou property of F, we get

l|lv = (un —u) — $||E o — 2| E.
Hence, since v — x is an H, point, by condition (24), it follows that

|, — ul|g — 0.
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Finally, by the assumption that K is closed, we get u € K and
d < lu—zllp < llun — 2|z —d,

which implies u € Pg(x).
Case 2. Suppose y*(c0) > 0 for all y € K. Set w = inf,ex{z} € K. Letting K’ = K — w*(c0) and
' =z — w*(o0) and applying Case 1 we find 2’ = z — w*(o0) € K’ for some z € K such that

| — z||g = ||a' — ||, = dist(2/, K") = dist(z, K). O

Remark 5.2. The opposite implication in Lemma 5.1 is not true in general. Consider the Marcinkiewicz
function spaces My and M, d()*) given by

M = { - elar, = sup{o(t)a" (1)} < oo}
My = {o: Jellr; = sup{o(t)a™* (1)} < oo},

where ¢(t) = V/t (see [25] for more information). Note that My = Md()*) in this case (see [20,25]). Define
=32 (Vi-Vi—1 )X[i-1,i)- Then x = 2* and z*(c0) = 0. Notice that

Iy = sup{a (Do(1)} = igg{ﬁ S (Vi vi-1 )x[i_l,n(t)}

= (VOV} =l V)

1
:sup{i}zl,
N1 4, /11

whence € My. Define a sequence (z,,) by =, = zx[0n) = S Wi—Vi— 1)Xpi—1,1) for any n € N.
Clearly, z = x,, and x,, converges to x globally in measure. Indeed, since /n — v/n —1 — 0, we get

oo

0<z—x, = Z (Vi—+Vi—1 )X[i—1,i) — 0 globally in measure.
i=n+1

Moreover, by the Fatou property, |[z,||az, T ||7|az,. On the other hand,

o = @nllazy, 2 llo = @nll o = Sup{\ﬁ Y (Vi-vi-1 )X[i—l,i)(t)}

t>0 i=nt1

= sup {\/E(\/z_'f\/ifl)}: sup

P
€N, i>n ieN,i>n ] 4 /1 -1

1
=2

T+4/1—- =5

)

N | =

for any n € N. Thus « is not an Hy point. Let K = {nz};2,. Certainly, Px(z) # () and v — x is not an H,,
point of E for any v € K.

Lemma 5.3. Let E' be a Banach function space and let K be a closed sublattice of E and x € E, x < K. If
v —x is H; point of E for some v € K, then Pk (x) # 0.
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Proof. Take elements h,, u, and w as in the proof of Lemma 5.1. Since we need only to show that w,
converges to u locally in measure, we may apply some parts of the proof of the previous lemma. O
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