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LONG-TIME BEHAVIOR FOR A NONLOCAL CONVECTION
DIFFUSION EQUATION

LIVIU I. IGNAT, TATTANA I. IGNAT

ABSTRACT. In this paper we consider a nonlocal viscous Burgers’ equation and study
the well-posedness and asymptotic behaviour of its solutions. We prove that under the
smallness assumption on the initial data the solutions behave as the self similar profiles
of the Burgers’ equation with Dirac mass as the initial datum. The first term in the
asymptotic expansion of the solutions is obtained by rescaling the solutions and proving
the compactness of their trajectories.

Mathematics Subject Classification 2010: 7T6Rxx, 35B40, 45MO05, 45G10.
Key words: asymptotic behavior, nonlocal diffusion, nonlocal convection

1. INTRODUCTION

In this paper we analyze the following equation
wit.r) = [ K- y)(uty) = u(t.)dy
R
t t
(1.1) +/G($_y)f(u(,y)+u(,:c)>dy’t>07$€R’
R

2
u(0) =,

in the particular case when f(u) = u?. This model has been proposed in [4] as a regular-
ization of the following nonlocal advection equation inspired by the peridynamic theory

w(tan) = [ oo =y p(METHED g,

2

The general model in [4] assumes that K is a nonnegative even function and G is an odd
function. We consider here kernels K and G that are integrable. For simplicity we assume
that K has mass one. We will analyze the well-posedness of system (1.1) and the long
time behaviour of its solutions. The results presented here hold under the assumption that
kernel K dominates G, i.e. for some positive constant C' = Cgx the following holds

(1.2) |G(z)] < CaxK(x), YazeR.

Using that function G is an odd function and the nonlinearity is given by f(u) = u
equation (1.1) can be written as

{ut:K*u—u+G*§+(G*u)%, t>02¢eR,

u(0) = .

2

(1.3)
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In the particular case when K (z) = e71*1/2 and G = K’ the considered model is similar,
excepting the last term, (G * u)u, to the Benjamin-Bona-Mahony-Burgers equation than
can be written in the form

=K xu—u+G*(au+ Bu?),

for some real constants a and 3. In this case the decay of solutions has been studied under
various assumptions on the regularity of the solutions, i.e. u(0) € L'(R) N H?*(R) in [2],
small L'(R) N H'(R) solutions in [13]. A different approach with a better convergence to
the asymptotic profile has been obtained in [16]. However, the asymptotic profile in [16] is
not explicit as the one obtained in [13] or [5].

In this paper we first prove the global well-posedness of system (1.1) and obtain the
decay of its solutions.

Theorem 1.1. For any ug € LY(R) N L>®(R) there exists a unique local solution u €
C([0, Thnae), L*(R) N L>=(R)) of equation (1.1), a solution that conserves the mass of the
initial data. Moreover, under the smallness assumption on the initial data ||¢|| pem) <
1/Cqk the solution is global, preserves the sign of the initial data and satisfies

(1.4) lu() |y < llellm)

(1.5) [u() ]| oo @) < [l oo )

Theorem 1.2. Assume the conditions in Theorem 1.1 and in addition K € L'(R, 1+ x?).
The solution of system (1.1) satisfies

_1
(1.6) lu()ll2@) < Cllello@), |@llrem)t™*, Vt>0.

Moreover, if the initial data satisfy ||uo||L®) < 1/2Cqk the following estimate holds for
any 2 < p < oo

_ 11
(1.7) [u(®) || oy < C(ll el 2 mys ]l o))t 2477, Wt > 0.

The above condition on the smallness of the L>°(R)-norm of the solution is similar to the
CFL-condition that appears in the study of the stability of the numerical approximations
for conservation laws, see [8, Ch. 3]. This guarantees that the diffusive part controls the
nonlinear convective term. The difference with the previous works on nonlocal convection-
diffusion equations [12, 11, 10] is that in this case the convective term

Tu—/G tyHu(m))dy

2

does not satisfy the dissipative condition (T, u)z2®) < 0. Thus, extra assumptions should
be imposed to the initial data, so on the solutions, to control this term by the diffusive
part.

The condition on K to belong to L'(R, 1+ 2?) and (1.2) imposes that G' € L'(R, 1+ z?).
This condition on G does not appear in the previous works [12, 11, 10] where G € L'(R)
is sufficient to obtain the decay of the solutions and G € L'(R, 1 + |z|) to obtain the first
term in the asymptotic expansion of solutions. Regarding the assumption (1.2) we don’t
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know whether there is blow-up in finite time when this condition is not fulfilled. The same
happens with the smallness assumption on the initial data. These questions remain to be
analyzed.

We need to assume ||ug||®) < 1/(2Cqk) in order to prove the decay property (1.7) for
large p. When we restrict the range of p this condition can be slightly improved as in the
case p = 2. This condition can be merely technical and it is related with the best constant
in some inequalities that we will use in the proof of Theorem 1.2.

We now introduce the following quantities

A= 1/K(z)z'de and B:/G(z)zdz.
2 Jr R

The asymptotic expansion of the solutions of system (1.1) will depend on the previous
quantities A and B. The main result concerning the asymptotic expansion for the solutions
of system (1.1) is the following one.

Theorem 1.3. Let us assume that K € L'(R, 1+ x?) is positive in a neighborhood of the
origin. For any ¢ € L'(R) N L®(R) with ||¢|| @) < 1/(2Cck) solution u of system (1.1)
satisfies

(1.8) lim 2072 u(t) = U)o =0, 1<p< oo,

t—o00

where U s the solution of the viscous Burgers’ equation

Uy = AU, — 2(U?),;, t >0,z €R,
U(O) :m(50,

and m 1s the mass of the initial data ¢.

(1.9)

Next, we say a few words about the above asymptotic profile U. The well-posedness of
system (1.9) has been analyzed in [6] in the one-dimensional case and in [7] in the multi-
dimensional case. Function U satisfies U(t,x) = t~Y/2f,,(z/\/t) where f,, is the smooth
solution with mass m of the equation

AR Laf(e) = 5he— ()@ R

It has been proved in [1] that the profile f,, is of constant sign and decays exponentially to
zero as |xz| — oo. The interested reader can consult [1] for more properties of these profiles
fm-

One of the central properties in the analysis of Burgers’ equation is the so-called Oleinik’s
estimate u, < 1/t. In the nonlocal setting there are few results in this direction under the
assumption that the convection is local (|u|?"'u),, ¢ € (1,2], see [15, 3]. The existence of
similar estimates, in local or nonlocal form, for the models where the convection is nonlocal
is, as far the authors know, an open problem.

In this paper we consider the nonlinearity f(u) = u*. The extension of the results in this
paper to the case of more general nonlinearities of the form f(u) = |u|9"'u, ¢ > 1 or the
multi-dimensional case remains to be investigated in the future. In Theorem 1.3 we have
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considered bounded integrable initial data. When the initial data is a step like function,
i.e. there exist p_ < ¢4 such that ¢ — - € L'((—00,0)), ¢ — ¢+ € L'((0,00)), the
asymptotic profile for the classical viscous Burgers’ equation is given by a rarefaction wave
[9]. In the nonlocal diffusion case, Pudelko [17] has considered the local convection case,
uy = J*u—u—uu,, and proved the convergence of the solutions toward a rarefaction wave.
The same analysis for the fractal Burgers’ equation with local convection has been done in
[14]. The analysis of this behaviour in the case of nonlocal convection with local /nonlocal
convection is a challenging problem that remains to be analysed.

The paper is organized as follows. In Section 2 we prove Theorem 1.1 and Theorem 1.2.
Section 3 concerns the asymptotic expansion of the solutions of Theorem 1.3.

2. GLOBAL WELL-POSEDNESS AND THE DECAY OF THE SOLUTIONS

In this section we prove the global existence of solutions of system (1.3) and the decay of
its solutions in the LP(R)-norm with 1 < p < oo. To simplify the presentation we will not
make explicit the dependence of the functions on the arguments unless this is necessary.

Proof of Theorem 1.1. The local existence of the solutions is obtained by the classical Ba-
nach fix point theorem and we will omit it. The reader can consult [12] for a similar model.
The mass conservation follows by the obseration that K has mass one and G is an odd
function. Theses properties guarantee that the two terms in the right hand side of (1.1)
vanish when integrated on the whole space.

We will now prove that under the smallness assumption of the L>(R)-norm of the initial
data the L'(R) and L>°(R) norms of the solution do not increase and in consequence they
remain controlled by the ones of the initial data. The global existence is then trivial.

Step 1. Control of the L>°(R)-norm. In the following we denote by w* = max{w, 0}

and w~ = min{w, 0} the positive and negative parts of function w.
Let us now prove that the L*°(R)-norm of the solution does not increase under the
smallness assumption on the initial data. Set m = ||¢||r~m®). Let us choose M > m

where further conditions on M will appear in the proof depending on Cgg. Using that
u € C([0,T], L>*(R)) there exists an interval 0 € I C [0, 7] such that ||u(t)||ze®) < M for
t € I. Under this assumption we prove that the positive part of u(t) — m satisfies

d

— [ (u(t,x) —m)Tdx <0, Vtel
dt Jx

and hence u(t) < m for all t € I. Let us write v = m + v. Then v(0) < 0. Since K has
mass one and G is an odd function, then v satisfies the following equation

2 2 2
m* + Zw—l—v )+(v+m)G*U—;m

(2.10) vy =K*xv—v+Gx*(

2
:K*v—v%—mG*v—i—G*%—%(G*v)g.

2
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Multiplying (2.10) by sgn(v™) and integrating in the space variable we obtain

2
4 v (t, x)dr = — / vsgn(vt)dz —I—/ (K st mGrutGr ot (G * v)g) sgn(v’)dx
R R R 4 2

dt
:—/v+dx+[.
R

We will prove that the right hand side term is nonpositive. Observe that [ can be written
as follows

I:/Rv(t,y)/R sgn(v*(t,x))[K(:c—y)—l—mG(x—y)—irG(:v—y)@—l— ]d:cdy

Using the assumption on the L>-norm of the initial data we get —M —m < v(t )
for all £ € I and hence
m  3M - v(t,y) N v(t, x) - 3M ol
4 4 — 4 2 — 4 4
Under the assumption that m < 1/Cgx we always can choose M < 1/Cgr. Thus we
obtain that

Gz — y)]‘m + U(Zy) + v(tQ,x) < CoxK(x — y)(% + %)

It follows that the bracket term in [ is nonnegative. Using that

o(t,y)sgn(v™(t,z)) <vt(ty), Var,yeR,
we obtain that [ satisfies

< K(x—1y).

(

r< [ v en[re-n+m6t -+ e -2+ G -y)

Since G is an odd function we have for any function w that
(2.11) // w(t,y)G(z — y)w(t, z)dzdy = 0.
RQ

We apply this identity with w = v+ and using that K has mass one and G has mass zero
we obtain

[g/]Rfqu(t,y)/]R [K(w—y)—l—mG’(:U—y)+G($—y)v+(jy>}dmdy—/R'U*(t,y)dy.

This implies that

T(t
Y <’x)]d:cdy.

d

dt Jz
and u(t) < min I. A similar strategy works to prove that u(t) > —m by denoting w = —u,
writing the equation for w and applying the same arguments with GG replaced by —G.

Step II. Control of the L!(R)-norm. We first prove that for any interval I such that
|u(t)||Le < m < 1/Cgk for all t € I we have

vt z)dr <0

d
(2.12) —/ lu(t, z)|dz < 0,t € I.
dt Jx
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Using equation (1.3) we obtain that

%/Rm(t,xﬂdx:—/R|u(t,x)|dx+/R(K*u+G*uZ2+(G*u)g> sgn(u(t, x))dx

(2.13) _ —/ u(t, 2)|dz + A,
R
where A is given by

A= /Ru(t,y)/R sgn(u(t, z)) [K(x —y) + @G(w —y)+ 5 G(x — y)} dxdy.

Observe now that under the assumption ||u(t)||z~ < m we have

G-yl 22 L D) M Ka i< K- y).

This implies that the terms of the above integral are negative unless u(t,y) and wu(t,x)
have the same sign. We write A < AT — A~ where

A* = //R u(t.9)[K (e — ) + WG(Q; — )+ @G(:ﬂ ~y)]dedy.

Hence using identity (2.11) with w = u* and the fact that K and G have mass one and
zero respectively, we get

A* :/ui(t,y)dy.
R

This shows that the right hand side in (2.13) is negative and then |lu(t)| i r) < ||l 21 ®)
for all t € I. Repeating the same argument it follows that the same holds for all ¢ > 0.

It remains to prove that the solutions keep the signum of the initial data. It is sufficient
to consider the case when ¢ < 0. In this case we can choose m = 0 in (2.10) and repeat
the same arguments as in Step I. The proof is now finished. Il

Before proving the decay of the solutions we need the following comparison principle for
the solutions of equation (1.1).

Theorem 2.1. For any initial data ug,vy € L*(R) N L®(R) satisfying
(2.14) uollLeem) < 1/Cak, ||vollzem®) < 1/Car, wo < o,
the corresponding solutions of equation (1.1) satisfy the comparison principle
u(t) <wo(t), Vt>0.
Proof. Let us consider u and v solutions of (1.1) with initial data ug and vy. In view of

Theorem 1.1 the solutions are global and the L>(R)-norm of each one is less than 1/Cg.
We denote w = u — v. It follows that w satisfies the equation

(215) wy =K *w—w+ 3G = [(u+ v)w] + Jw(G *u) + $v(G xw),t > 0,
. w(0) = up — vo.
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Let us choose a positive constant « that will be chosen later. We have the following

(2.16) %(e_at/ﬂgwﬂt,x)dx) :e_at<—oz/Rer(t,x)dx—l—/th(t,x) sgn(w*(t,x))dw).

We will prove that for a large enough, the term in the right hand side of the above integral
is negative and the proof is finished. Let us remark that

[ (@ wu a)ds < |6l [ v t,2)de.
R

R

It is then sufficient to estimate the following term
1 1
I= / (K * W + ZG * [(u 4+ v)w] + §U(G * w)) sgn(w™)dx
R

- /R/Rw(y) Sgn(uﬂr(x))(K(x —y)+ Gz — y)w + G — y)va)>dxdy'

We remark that the big term in the integral is nonnegative since

Gl — y)wuw) + v(y)

v(2)
T | < 166 = ) max{ul . o)

< |Gz =y)|/Caox < K(x —y).
Thus

IS/R/Rer(y)(K(x—y)+G(x—y)M+G(x—y)v(x)>dxdy

I
1
< (14 3Gl lllmm) [ w' )

Choosing « large enough we obtain that w™ = 0 so u < v. The proof is now finished. [J

Proof of Theorem 1.2. We consider the case of nonnegative solutions since otherwise we
consider ¢ = +|p| and by the comparison principle in Theorem 2.1 the corresponding
solutions satisfy |u| < || reducing the problem to the case on nonnegative solutions.

We multiply equation (1.3) by u’~!, p > 2, and obtain

1d 1 1
-— upt,xdx:/K*u—uup1+—/G*u2upl—i-—/G*uup
L ot = [@ru—wet v ] [@rdieta ] [Gew
1
(2.17) = —51 + I,

where

(2.18) h= [ [ K=t = u) @) = o )dody
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and

(2.19) I — // ry ?/)zf l(x)+u(y)q2w(x)>dxdy‘

The idea of the proof is that under the smallness assumption on the L*>°(R)-norm of the
solution u we can prove that |Io| < C'I; for some constant C' < 1/2. Thus, the right hand
side in (2.17) can be commpared with —/;. Once this is proven we can follow as in [12,
Section 5] to prove the decay of the solutions.

Lemma 2.1. For any integer p > 2 the following inequality holds
I, < C(p)Cakl,
where C(p) is given by

Using the above Lemma we obtain

1d 1
i ). uP(t, x)de < — (— - C(P)CGKHUOHLW(R))Il

When p = 2 it follows that under the assumption that ||ug|lr~®) < 1/Cqk the solution
satisfies

1d 1
(2.20) —— [ WPt z)dr < —= / / K(z — y)(u(z) — u(y))*drdy.
When p > 3 we need to assume that ||ug||L~®) < 1/2Cgk in order to obtain that
1d

p
i ). uP(t, x)de < —C1y
for some positive constant C' = C(p, Cax, || uo|| L (w))-

Proceeding now as in [12, Section 5] we obtain the desired decay property of the solutions
for any p € [2,00). When p € [1,2) we obtain the same result by interpolating the case
p = 2 with the estimate on the L'(R)-norm of the solutions obtained in Theorem 1.1. The
proof is now finished. U

Proof of Lemma 2.1. We first consider the case p = 2. In this case, the structure of I and
the fact that GG is an odd function show that after a change of variables we have

//Gaz y)u d:cdy—//Gx ) au()+ (y)42()+ﬁu()>d:cdy,

for any real numbers o and . We now choose o and [ such that polynomial P(z) =
az® 4+ z/4 4 8 has a zero of second order at z = 1. This means o« = —1/12 and = —1/6
and P(z) = (2 — 1)*(z — 2)/12. Thus

|P(2)] < i(z —1)?max{z,1}, Vz>0.
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Using this inequality we have that I, satisfies

1 < S5 [ [ Ko )ute) - ) max{uta). u(p)dody < G a1

Let us now consider the case p > 3. In this case we cannot use the symmetry of the
two terms that appear inside the integral in I and we have to take care of both of them.
Using that G is an odd function for any real numbers o and § we can write Iy as

(2.21) I, = /R/RG(I — ) <aup+1(y) n u2(y)zjlp—1($) I U(y);ﬁ(fb“) + Bupﬂ(x))dxdy.

We are looking for az and [ such that for some constant C'(p) the following inequality
holds

22

4

azPtt 4

(2.22)

+ g + 5‘ <CO(p)(z—1)(z"!' =1 max{z,1}, Vz>0.

Let us choose o and /3 in such a way that f(z) = azP* + % + 5 + B has a zero of second
order at z = 1: f(1) = f'(1) =0, ie. a+ = —-3/4, (p+ 1)a+1=0. It gives us that

a=—-1/(p+1)and g = -3/4 + zﬁ' Back to inequality (2.22) we claim that we can

choose C' = p/(p + 1). Using inequality (2.22) we find that

(2.23)
1< =2 [ 16t = () — u(e) @ ) = w0 () max{ua) u(y) Yody
< 2 Carlluollz=

It remains to prove inequality (2.22). Since both terms in (2.22) have z = 1 as root with
multiplicity two we can divide them by (z — 1)? and after explicit computations it remains
to prove that

3p—1

Q(z) =22+ 2224 4 (p— 1)z + < (p—1)R(z) max{z, 1}, Vz>0.

where R(z) = (272 +---+ 2+ 1). Since p > 3 we have that (3p —1)/4 < p—1 and

3p—1

Q(2) = zR(z) + 2"+ + (p—2)z + <ZR(2)+ 224+ (p-2)2+p -1

< zR(z)+ (p — 1)R(2).

The proof is now complete. Il
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3. ASYMPTOTIC EXPANSION OF THE SOLUTIONS

In this section we prove Theorem 1.3. We introduce the family of rescaled solutions
uy(z,t) = Mu(Az, \*t). Each u, satisfies the following equation

(3.24)
2
uns(t,x) = N2 (Ky * uy —uy)(t,z) + )\/ Gi(x — y)(uk(t’x) ;L u,\(t,y)) dy, t>0,z€R,
R
ux(0, ) = @x(), zeR.

where K, and GG, are the rescaled kernels:
(3.25) Ky(z) = AK(A\x), Gi(z) = \G(A\x).

We will divide the proof of Theorem 1.3 in various steps. We first obtain uniform
estimates for our rescaled solutions. They are going in the same direction as the ones in
[10] but we have to take care of the term 7T introduced in the first section. This term has
no sign property and should be absorbed in the diffusive part.

Step I. Uniform estimates on the rescaled solutions. In the following Lemmas
we obtain uniform estimates on the family {u)}x~o-

Lemma 3.1. There exists a positive constant C' = C(||¢| 11 (r), [|@||zo)) such that the
following hold uniformly on A > 0:

(3.26) ua ()| oy < CE2078), W1 < p < o0, VE > 0,

to 1
(3.27) /\2/ //K,\(x — ) (ux(t,y) — ux(t, 2))?dydedt < Ct; %, V0 <t <ty <oo.
R JR

Proof. The proof of the first part uses the definition of the rescaled family u) and estimate
(1.7). Using identity (2.20) we obtain that for any 0 < ¢; < ty < oo the following holds:

(3.28) / [ [ K=ttt = uit.o)Pdydedt < ) s

Let us now consider the same quantity for the rescaled solution. After a change of variables
and using estimate (1.6) we have that

z / : [ [ 5@ = lun(e) — unte.0)Pagsar

A2to
A R JR

2t1

The proof is finished. O

Lemma 3.2. For any 0 < t; < ty < oo there exists a positive constant M (t1) such that
for all X\ > 1 the following holds

(3.29) ||U)\,tHLQ((tl,tg),H*l(R)) S M(tl).
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Proof. Let be a function ® € C2(R) with ||®|y1z) < 1. Multiplying equation (3.24) with
®, integrating over R and making a change of varlables we obtain:

/Ru)\t(x 1H)d( //KA x —y)(ux(t,y) — ur(t, x)(P(y) — ®(x))dzdy
/ [ 6t (P 0 0) ey
2)\ 8)\

We now estimate the two terms A, and By. Let us recall that for any K € LY(R,|z|?)
and v € H*(R) the following estimate (see [10, Lemma 2.3]) holds for all A > 0

(3.30) A2 /R /R Ka(z — 1) (0(2) — v(y))2dady < /R K (@)|2]2da /R v (2) [2da.

Using Cauchy’s inequality and inequality (3.30) we obtain:

4 < [v [ KA(x—y)|@(y)—@($)\2d$dy] {v [ Kx<x—y>rux<t,y>—ux<t,x>\2dxdy]

S [ [ Kalo = plun(t o) = us(ton) Py
RJR

We now consider the term By. We use that |G| < CgrK, Cauchy’s inequality and the
decay of the L*(R)-norm of uy in (3.26) to obtain

By < {A? [/ mu—y)r@(y)—wwﬁdasdy] [ [/ mu—y)rm(t,y)—ux<t,x>|4dydx}

<1192y / / K = y) (b (t, ) + ud (1, 2))ddy

73/2’

S22 llun ()l sy < || 22y

The two estimates on Ay and B, show that

)iy < / / Kz — p)lun(tsy) — ua(t, o) Pdydz + 172

Integrating the above inequality over [t t2] and using (3.27) we obtain the desired estimate.
U

Step II. Compactness of the trajectories {uy} in L}, .((0,00), L'(R)). Using esti-
mates (3.26) and (3.29) we obtain that there exists a function U € Lg?.((0, 00), LP(R)) such
that, up to a subsequence, uy(t) — U(¢t) in L} (R) for all ¢t > 0 and for all 1 < p < co. For

loc

the full details we refer to [10, Section 2.2, Step II]. Estimate (3.26) transfers to U:

(3.31) U)o < Ct 2075, VE>0, V1 < p < oo
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Let us now prove the convergence of uy toward U in L2 ((0,00) x R). We will use the
following compactness argument for nonlocal evolution problems that has been proved in

[11] (see also [10] for a more general result).

Theorem 3.1. ([10, Th. 3.1]) Let p : R — R be a nonnegative smooth even function with
compact support, such that p(x) > p(y) for all |z| < |y| and p,(x) = np(nzx). Assume
that { f,, }n>1 is a sequence in L*((0,T), L*(R)) such that for some positive constant M the
following hold:

) 1 fallczo.myxry < M,

2) n? fOT Jo Jo pu(@ = y)(fuly, t) — frula,t))*dydedt < M, for alln > 1

and

3) Hatfn(t)HL2((07T);H—1(R)) S M fOT all n Z 1.

Then there exists a function f € L*((0,T); H'(R)) such that, up to a subsequence, f, — f
in L2 ((0,T) x R).

We use now that our function K is positive in a neighborhood of the origin. Thus we
can take a function p < K satisfying the properties in Theorem 3.1. Applying this result
to the family {uy)} >0 in the time interval (¢;,%2) we obtain that there exists a function
v € L?((t1,t2), H'(R)) such that up to a subsequence uy — v in L*((ty,t2); L7 (R)). Using
the uniqueness of the limit we obtain that in fact v = U. Thus U € L2 ((0,00); H'(R)) N

loc
L}, .((0,00) x R) and uy — U in L} ((0,00) X R) so the same holds in L}, ((0,00) x R)).

loc loc
Now we prove that uy converges strongly to v in L, ((0,00); L' (R)) by obtaining uniform

estimates on the tails of {uy}r>1.

Lemma 3.3. There exists a constant C = C(K, ||| 1wy, [|¢]| 2 ®)) such that the following
imequality

(3.32) / ur(t, x)dr < / o(x)dx + C * + i
lz|>2R |z|>R R R

holds for any t > 0 and R > 0, uniformly on A > 1.

Proof. We consider the function ¥ € C*°(R), defined by
0, |x| <1,
(3.33) U (z) = { : }x; =

We set Ug(z) = U(z/R). We multiply equation (3.24) with Wg(x) and integrate in time
and space

/]R s (2 4) U p(2)dz — /R o (2) U g () ()
= [ [ @) = @) s s s

+ %/0 /R/RGA(QU — ) (u(s, ) + ur(2,9))*(Vr(z) — Vr(y))drds
= A\ + B)/8.
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In the case of Ay we use the results in [10, Lemma 2.2] and the L!(R)-estimate on u, so
on uy, to obtain

t
4y < / IN2(K 5 W — W) ()| oy 10 (5) [ 2 s

S Y R)ze =@l i@ S RQHSOHLI(R

The second term, B,, satisfies

t
B S A o [ ][ 163w = )l e0) + .00 = idodyds
0 R2

A t
| L e~ vlle - yldsdys
R
t1/2
= / |z\dz//uAsxdxds<—/ =k

t tl/Q

/93|>2R w\(t, z)dr < /RUA(tvaR(x)dIB < /RSO,\(QSWR( )+ C(@ + ?)

and the proof finishes. [l

Hence

Step III. Passing to the limit. Using the results obtained in the previous step we
can pass to the limit in the equation involving u,. Let us choose 0 < 7 < t. For any test
function ¢ € C°(RY), we multiply (3.24) by ¢ and we integrate over (7,t) x R. We get:

(3.34) / /u,\s s, 2)y(x)dxds _/ / (K * uy — up)(s, 2)(x)dads

4 Z/T /R/RGA(x — ) (ur(s,z) + ua(s, y)) v (x)dedyds.

Integrating by parts with respect to variable s in the left hand side and changing the
variables in the right hand side we obtain:

[ttt [ o= [ [ 2600 - o) s
/ [ [ 63 = w)ustsa) + ur(s,0)? 0t = (o)) dodyds.

Since for ¢ > 0, uy(t) — U(t) in L?

loc

(3.35) /Ru,\(t,x)\lf(x)dx—/uA(Ta: dgH/ (t,2) T dx—/RU(T,w)\Il(x)da:.

Using the same arguments as in [10] we have

(3.36) A, —>/ / s, ) AV, (z)dzds.

(R) we can pass to the limit in the left hand side term
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We now prove that

(3.37) By — 43/ /U2 s, x)Y (x)dxds, X\ — oo.

We first point out that since uy — U in L'((7,T) x R) and u,(s), s € [r, ] is uniformly
bounded in any space LP(R) with p > 2 we obtain that uy — U in L*((7,T) x R). Making
a change of variables and using a Taylor expansion of order one we write B) as follows

BA—/ // ur(y + ~ +uA(y)> /Olw(y—i—)\)dodyds

- [ cGrneas

Note that I,(z) satisfies

t
B S 1 =) [ s s < COW e
We claim that for any z € R the following holds

(3.38) —>4B/ /U2 s, x)Y' (x)dxds, as A — oo.

Using that G has a first momentum in L'(R) and Lebesque’s dominated convergence
theorem we obtain the desired estimate.

We now prove claim (3.38). Since uy — U in L*((7,t) X R) then uy(-,- + z/\) = U in
L2(( t) x R). This gives us that (ux(- + 2/\) +uy)? — 4U? in L'((7,t) x R). Moreover
fo (y +0z/X)do — ¢'(y) uniformly in y € R. This proves (3.38).

Using (3.35), (3.36) and (3.37) we obtain that U satisfies

U, = AU,, — B(u?/2),, inD'((0,00) x R).

In order to identify the initial data with the same arguments as in Lemma 3.3 we obtain
that for any 1) € C*(R) the following holds:

| [ unttpilarda = [ us0.0)s(w)ds] S e lmiey + O o
This shows that
lim | U(t,z)Y(x)dz = mi(0).
o Jp
By an approximation argument we obtain that U(t) — mdy in the sense of bounded
measures on R.

Using that U € L2 _((0,00), H'(R)), estimate (3.31) and classical regularity results for
parabolic equations we obtain that U is the unique solution of system (1.9) (see [1] for more
details about the existence and uniqueness of solutions for system (1.9)). This guarantees
that the whole family {u)}\~o converge to U, and not only a subsequence.

Step IV. From Step II it follows that for some tq > 0 we have

|lux(to) = U(to)|l 1wy = 0 as X — oo.
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This implies that
Jim [lu(t) = U )l = 0.

When 1 < p < oo the decay property of the LP(R)-norms, 1 < p < oo, of uy and U gives
us that

HU(t) — U(t)”Lp(R) = O(tfi(lfg))’
which finishes the proof.
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