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1. Introduction

Many equations and systems arising from mathematical modeling require positive solutions as acceptable
states of the investigated real processes. Mathematically, finding positive solutions means to work in the
positive cone of the space of all possible states. However, a cone is an unbounded set and in many cases
nonlinear problems have several positive solutions. Thus it is important to localize solutions in bounded
subsets of a cone. There are known methods for the localization of solutions based on topological fixed
point theory [6], [8]; Leray—Schauder degree theory [6]; upper and lower solutions, maximum principles
and differential inequalities [2-4], [21]; and critical point theory [1], [5], [7], [12], [15-17], [20], [22], [23].
In case of problems having a variational structure, that is, whose solutions are critical points of an ‘energy’
functional, the variational techniques are of particular interest since they are able not only to prove the
existence of solutions but also to give information about the variational properties of the solutions of a
physical relevance, for instance, of being a minimizer, a maximizer or a saddle point of the associated energy
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functional. As known from the classical Fermat’s theorem, local extrema of a differentiable functional in a
bounded region are not necessarily critical points of that functional. However, this happens if the functional
has an appropriate behavior on the boundary of the region (see [12], [15], [22] and [23]).

The problem becomes even more interesting in case of a system which has not a variational structure,
but each of its component equations has, i.e., there exist real functionals E7, Fs such that the system is
equivalent to the equations

Eqq (u,v) =0

Es (u,v) =0
where F1; (u,v) is the partial derivative of E; with respect to u, and Eag (u,v) is the partial derivative of
E, with respect to v. How the solutions (u,v) of this system are connected to the variational properties of
the two functionals? One possible situation, which fits to physical principles, is that a solution (u,v) is a
Nash-type equilibrium of the pair of functionals (Ey, Fs) (see, e.g., [9], [13] and [24]), that is

E; (u,v) = min Fq (w,v)

Es (u,v) = min Ey (u, w) .

A result in this direction is given in [18] for the case when min,, is taken, first over an entire Banach space
and then, over a ball. Non-smooth analogues of those results, for Szulkin functionals, are presented in [19].

In the present paper the localization of a Nash-type equilibrium (u, v) is obtained in the Cartesian product
of two conical sets, more exactly u € K1, v € Ko where K; (i =1,2) is a cone of a Hilbert space X; with
norm ||-||,;, and

r <l (u), |lull; <Ry,

r2 <la(v), |vll, < Re,

for some positive numbers r; and R;, i = 1,2. Here [; : K; — R, are two given functionals. Compared to
our previous papers on the localization of critical points in annular conical sets (see [15-17] and [20]), where
l; were norms, here they are upper semicontinuous concave functionals. In applications, when working in
spaces of functions, such a functional [ (u) can be inf u. If in addition, due to some embedding result, the
norm ||ul| is comparable with supw in the sense that supu < c|ju|| for every nonnegative function u and
some constant ¢ > 0, then the values of any nonnegative function u satisfying » <1 (u) and ||Ju|| < R belong
to the interval [r,cR], which is very convenient for finding multiple solutions located in disjoint annular
conical sets.

The paper is structured as follows: first in Section 2 we establish the localization of a critical point of
minimum type in a convex conical set as above and we explain how this result can be used in order to obtain
finitely or infinitely many solutions. The result can be seen as a variational analogue of some Krasnoselskii’s
type compression—expansion theorems from fixed point theory (see, e.g., [8], [10] and [11]). The vector
version of this result for gradient type systems is obtained in Section 3. It allows to localize individually the
components of a solution. Section 4 is devoted to the existence and localization of Nash-type equilibria for
nonvariational systems of two equations. An iterative algorithm is used and its convergence is established
assuming a local matricial contraction condition. The local character of the contraction condition makes
possible a repeat application of the algorithm to a number of disjoint conical sets and thus the obtainment
of multiple Nash-type equilibria. The theory developed in Sections 2, 3 and 4 is illustrated in Section 5 on
the periodic problem.
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2. A localization critical point theorem

Let X be a real Hilbert space with inner product (.,.) and norm ||.|| which is identified with its dual,
let K C X be a wedge, and [ : K — Ry be a concave upper semicontinuous function with [ (0) = 0. Let
E € C*(X) be a functional and let N : X — X be the operator N (u) := u — E' (u).

For any two numbers r, R > 0 we consider the conical set

Kepi={u€K: r<l(u) and [jul| < R}.

This set is convex since [ is concave, and closed since [ is upper semicontinuous.
Assume that K, # 0 and

N (K,r) C K.

Lemma 2.1. Let the following conditions be satisfied:

= inf F > —00; 2.1
mi= inf E(u)> —oo; (2.1)
there is € > 0 such that E (u) >m+e¢e for (2.2)

all w € Kyr which simultaneously satisfy | (u) = r and ||u|| = R;

I(N (w) >r foreveryu€ K,g. (2.3)

Then there exists a sequence (u,) C K, g such that

E (up) <m+ -~ (2.4)
and
IE (un) + Antin || < % (2.5)
where
A { B t) i | = R and (B (up) ,un) < 0 2.
0 otherwise.

Proof. Ekeland’s variational principle (see, e.g., [21]) guarantees the existence of a sequence (u,) C K.r
such that

1
E (up) <m+ e (2.7)
1
E(un) < E(v) + — v —un| (2.8)
for all v € K, g and n > 1. Two cases are possible:
Case (1). There is a subsequence of (u,) (also denoted by (u,)) such that r <1 (u,) and ||u,|| < R for

every n. For a fixed but arbitrary n and ¢ > 0, consider the element

v=1u, —tE (u,).
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Since v = (1 — t) up, +tN (uy,) and both u,, and N (u,) belong to K, one has that v € K for every ¢ € (0,1).
Also, the concavity of I and (2.3) yield

L) > (1 —=t)(up) +tl (N (uy)) >

for all ¢ € (0,1). In addition the continuity of the norm gives ||v|| < R for every ¢ € (0,1) small enough.
Hence v € K, g for all sufficiently small ¢ > 0. Replacing v in (2.8) we obtain

B (= 1B (un)) = B () 2~ | B ()]
Dividing by t and letting ¢ go to zero yields
(B () B ()} > [ )
that is

1B (un) || <

S|

Thus, in this case, relation (2.5) holds with A,, = 0.

Case (2). There is a subsequence of (u,) (also denoted by (u,)) such that ||u,|| = R for every n. Passing
eventually to a new subsequence, in view of (2.2) and (2.7), we may assume that [ (u,,) > r for every n. Two
subcases are possible:

(a) For a subsequence (still denoted by (uy)), (E' (un),un) > 0 for every n. Then for any fixed index n,
the above choice of v in (2.8) is still possible since

2 2
o)1 = flun = B (un)||* = llun]® + 2 | B (un)|* = 2t (B (un) )
= R2+ 2| B (un)]|* = 2 (B (un) ,un) < R?

for 0 <t <2(E (upn),un) /| E (un)|?.
(b) Assume (E' (up),un) < 0 for every n. Then for any fixed index n, we use (2.8) with

v="1up —t(E (up) + A + €uy),
where t,e > 0 and A, = — (B’ (uy,) ,un) /R? > 0. Since

1—t—1t\, —te

v=(1-1¢) T,

Un +tN (up),
we immediately see that v € K for every ¢ € (0,1) small enough that 1 — ¢ — tA,, — te > 0. Also,

(B’ (un) + Alin + €Uy, u,) = eR? >0,

and as in case (a), we find that ||v]| < R for sufficiently small ¢ > 0. On the other hand, from I (u,) > r, we
have 6l (uy,) = r for some number ¢ € (0,1). Then, for any p € [d, 1], one has

L(pun) = 1(pup + (1 = p)0) = pl (un) + (1 — p) 1(0)
= pl (up) > 8l (uy) =1
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In particular, we may take p = (1 —¢ —t\, —te) / (1 — ¢) which belongs to [d, 1] for sufficiently small ¢.
Consequently,

Z(v):z((1—t)—1_t:At”_te

=1((1 = t) pun + tN (un)) > (1 =) L (pun) + tL (N (uy)) > .

Up + N (un))

Therefore v € K,.g for every sufficiently small ¢ > 0. Replacing v in (2.8) and letting ¢ — 0 yields
1
(B (up), —FE' (un) — My, — €tp) > —— ||E' (un) + Antn + €uy|| -
n

Finally, let € tend to zero and use (u,, E' (un) + Apu,) = 0 to deduce

1
”E/ (un) + Apun| < n
that is (2.5). O

Lemma 2.1 yields the following critical point theorem.

Theorem 2.2. Assume that the assumptions of Lemma 2.1 are satisfied. In addition assume that there is a
number v such that

(E' (u),u) > v for every u € K,r with ||u|| = R, (2.9)
E'(u)+Au#0 forallu € Kyr with ||u]| =R and X\ > 0, (2.10)

and a Palais—Smale type condition holds, more exactly, any sequence as in the conclusion of Lemma 2.1 has
a convergent subsequence. Then there exists u € K,.g such that

E(u)=m and E' (u)=0.

Proof. The sequence (\,) given by (2.6) is bounded as a consequence of (2.9). Hence, passing eventually
to a subsequence we may suppose that (\,) converges to some number A. Clearly A > 0. Next using the
Palais—Smale type condition we may assume that the sequence (u,) converges to some element u € K, g.
Then letting n — oo in (2.4) and (2.5) gives E (u) = m and E’ (u) + Au = 0. From (2.6) we have that the
case A > 0 is possible only if ||u|| = R, which is excluded by assumption (2.10). Therefore A = 0 and so
E'(u)=0. O

Remark 2.3. If the functional [ is continuous on K, g, then instead of (2.3) we can take the weaker boundary
condition

I(N (u)) >r forevery u € K, with I (u) =r.

Remark 2.4 (A sufficient condition for (2.3)). Assume that the space X is continuously embedded in a
normed linear space (Y, ||.|ly-) which is ordered by the cone C inducing on Y the partial ordering <, where

u<v if v—uecdC.

Also assume that K is a subcone of C;, K C CN X, and that N : Y — X and [ : K — R are such that
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N(C)C K and 0 g u < v implies N (u) X N (v) (u,v€Y);
u =< v implies I (u) <Il(v) (u,v€K).
If there are two elements ¢, 1 € C'\ {0} such that
H(w) ¢ < usull
for every u € K, then a sufficient condition for (2.3) to hold is
L(N (r¢)) = r.

Indeed, if u € K, g, then 0 < 7¢ < [ (u) ¢ < u implies N (r¢) < N (u) and next [ (N (r¢)) < (N (u)),

whence the conclusion.
2.1. Multiple critical points
Assume that there is a constant ¢ > 0 such that
L(u) < clull (2.11)
for all w € K. Then from the assumption K,r # 0, one finds r < cR. Indeed, if u € K,g, then r <[ (u) <
c|lu]] < cR.
Also, if
r1 < cRq, o <cRy and cRy < 1o,
then the sets K,, g, and K,,p, are disjoint. Indeed, if u € K, g,, then
1 <l(u) <cllu|l <cRy <7a.
Hence [ (u) < ro which shows that v ¢ K,,g,. The same conclusion holds if
r1 < cRqy, 719 < cRy and 11 > cRs.
These remarks allow us to state the following multiplicity results.
Theorem 2.5. Assume that (2.11) holds.
(19) If there are finite or infinite sequences of numbers (ri)icjcns (Bi)icjc, (1 <n < +o00) withr; <

cR; for 1 < j<nand cR; < rj41 for 1 < j < n, such that the assumptions of Theorem 2.2 are satisfied
for each of the sets K. g;, then for every j, there exists u; € K, r; with

E(u;)= inf E and E'(u;)=0. (2.12)

ri B

(2°) If there are infinite sequences of numbers (1) 51 (Bj) 5, with cRjp1 <r1; < cR; for all j, such that
the assumptions of Theorem 2.2 hold for each of the sets K, r,, then for every j, there exists u; € K, g,
which satisfies (2.12).
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3. A vector version of the localization critical point theorem

Let us now duplicate the objects X, K, and [ considered in Section 2. Thus we consider instead, two
Hilbert spaces X; with scalar products (.,.), and norms ||.[|; (i = 1,2); two wedges K; C X;, and two upper
semicontinuous functionals I; : K; — R with [; (0) = 0. Also we assume that F is now a C! functional on
the product space X; x X5. We have E' (u,v) = (E., (u,v), E] (u,v)), for u € X1, v € X5, and we denote
by Ni, Ns the operators

Ny (u,v) =u— E., (u,v), Na(u,v)=v—E, (u,v). (3.1)

Here we are interested to find a solution (u,v) of the system

u= Ni (u,v)
{ v = N (u,v), (3:2)

or equivalently, a critical point of E, that is
El, (u,v) =0
E! (u,v) =0,
which minimizes F in a set of the form K,p := (Kl)TIR1 X (KQ)T2R27 where r = (r1,73), R = (R1, R2) and

(Ki)mRi = {w S K1 I S ll (’lU) and ||'U}||Z § Rl}

Applying Ekeland’s principle to the functional E and to the closed subset K,.r of X; x X5 we easily
obtain the vector versions of Lemma 2.1 and Theorem 2.2.

Lemma 3.1. Let the following conditions be satisfied:

m:= inf E(u,v)> —o0;
(u,w)EK R

there is & >0 such that E (u,v) >m+¢e if
li(u) =r1 and ||ull; = R1, or lay(v) =72 and |[v|y, = Ra;

Iy (N1 (w,v)) > 711 and Iy (Na (u,v)) >1e  for every (u,v) € K, g.

Then there exists a minimizing sequence (Un,v,) C Kyg, i.e., E (un,vy) = m as n — oo, such that

1
E (up,v) <m+ o
1 1
HEL (Un,vn) + Anunul < n and ”Ewlj (tn, vn) +,unvn||2 < ’

where

- {-—igigﬁ%%ﬁfﬁﬁl i Jually = B and (B, (s, 0,) ), <0

0 otherwise,

2

E’ Un,Vn ), Un .

[ Bt )y = Ry and. (B (un,vn) )y <0

=
0 otherwise.
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Theorem 3.2. Assume that the assumptions of Lemma 3.1 are satisfied. In addition assume that there is a
number v such that

u,v),u); > v for every (u,v) € K,p with |ju|; = Ry ,

u,v),v)y > v for every (u,v) € K.g with |[v], = Rs , (3.3)

E; (u,v) + A #0 for all (u,v) € K,g with ||v|]|, = R and A > 0, (3.4)

and the Palais—Smale type condition holds, i.e., any sequence as in the conclusion of Lemma 3.1 has a
convergent subsequence. Then there exists (u,v) € K,.g such that

E (u,v) =m and E' (u,v)=0.

Theorem 3.2 allows to obtain multiple solutions of variational systems, with disjoint localizations of only
one or both components.

4. Localization of Nash-type equilibria of nonvariational systems
Now we deal with system (3.2) without assuming the existence of a functional F with property (3.1).
Instead, we assume that each equation of the system has a variational structure, i.e., there are two C*
functionals F; : X := X; X Xo — R, such that
Ni (u,v) =u— FE11 (u,v), Na(u,v) =v— Ea (u,v),
where by E11, F22 we mean the partial derivatives of E1, Fs with respect to u and v, respectively. We look

for a point (u,v) in a set of the form K, g := (K1), p, % (K2),,5,, which solves (3.2) and is a Nash-type
equilibrium in K,g of the pair of functionals (Fy, Fs), more exactly

Ei (u,v) = min  Fy (w,v),
1 (u,v) we@R 1 (w, )
FEs (u,v) = min  Fs (u,w).
2 ( ) wE(Kz)TZR2 ? ( )

We say that the operator N : X — X, N (u,v) = (N1 (u,v), N3 (u,v)) is a Perov contraction on K, if
there exists a matrix M = [m;;] € Mz, (R4) such that M™ tends to the zero matrix as n — oo, and the
following matricial Lipschitz condition is satisfied

Ny (u0) = Ny <m>||1] . [m—nnl] o
[Nz (u, v) = Na (4, D) lv =]l
for every u,@ € (K1), p, and v,v € (Ka),, g, -

Notice that for a square matrix of nonnegative elements, the property M™ — 0 is equivalent to p (M) < 1,
where p (M) is the spectral radius of matrix M, and also to the fact that I — M is nonsingular and all the
clements of the matrix (I — M)~ are nonnegative (see [14]). In case of square matrices M of order 2, the

above property is characterized by the inequality

tr (M) <min{2, 14 det(M)}.
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Our hypotheses are as follow:

(H1) For each v € (K32), g, , the functional F (.,v) is bounded from bellow on (K1), p ; for each u €
(K1),, g, the functional Es (u,.) is bounded from bellow on (K2),, .-

(H2) 11 (Ny (u,v)) > ry for every (u,v) € Kyg; N1 (u,v) # (14 X)u for all (u,v) € K,r with ||ul|, = Ry
and A > 0;
ly (N2 (u,v)) > ro for every (u,v) € Kypr; Na(u,v) # (14 A)v for all (u,v) € K,r with [jv]|, = R
and A > 0.

(H3) For each v € (K3),,p,, there is ¢ > 0 such that Ej (u,v) > inf(g,) . B (.,v) + & whenever u
simultaneously satisfies [; (u) = r; and |ul|; = Ru;
for each u € (K1), g, there is ¢ > 0 such that Es (u,v) > inf(g,)
simultaneously satisfies Iy (v) = 72 and [|v||, = R».

E5 (u,.) + € whenever v
r2 Ra

(H4) N is a Perov contraction on K, g.

Let us underline the local character of the contraction condition (H4). This is essential for multiple
Nash-type equilibria when (H4) is required to hold on disjoint bounded sets of the type K, r but not on the
entire K. Thus the ‘slope’ of N has to be ‘small’ on the sets K, g but can be unlimited large between these
sets, which makes possible to fulfill the boundary conditions (H2).

Theorem 4.1. Assume that conditions (H1)—(H4) hold. Then there exists a solution (u,v) € K,.r of sys-
tem (3.2) which is a Nash-type equilibrium on K,g of the pair of functionals (E1, Es).

Proof. The proof follows the same steps as for Theorem 3.1 in [18]. However, for the convenience of readers
we give it in details. We shall construct recursively two sequences (uy), (vy), based on Lemma 2.1. Let vg
be any element of (K3) . At any step n (n > 1) we may find an u,, € (K1), , and an v, € (K2)

roRo r2 R2
such that
. 1 1
El (u'm Un—l) S inf El (~7Un—1) + — ||E11 (unavn—l) + /\nunnl S — (42)
(K1), r, n n
and
By (unyvn) < inf By () + 0 B (1, 00) + pinvilly < + (4.3)
Un,Un) > m Un, - R Un, Un nUn = .
2 (K2 s 2 " 22 12 2=
where

A, = { ——<E“(u"’;%fl)’u”>1 if ||upll; = R and (E11 (Un, VUn—1) ,Upn); <0
0 otherwise,
and the expression of p, is analogous.

Condition (H4) guarantees that the operators N; are bounded, so the boundedness of the sequences of
real numbers (A\,) and (u,). Therefore, passing to subsequences, we may assume that the sequences (\,)
and (p,,) are convergent.

Let

Qp 1= Ell (unvvnfl) + )\nun and ﬁn = E22 (un7vn) + HnUn-

Clearly av,, 8, — 0. Also
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(T4 An) up — Ny (U, vp—1) = iy (4.4)
(1 + Mn) v, — N (Unzvn) = Bn.

Since A, > 0, the first equality if (4.4) written for n and n + p yields

untp — unlly
< (1 + M) [[tnsp — unll,
= [T+ An) tngp — (L4 An) un
=1+ Angp) tnsp = (1 + An) un — (Angp = An) Untpll;

< HNI (un+pvvn+p*1> - M (unvvn71>||1 + ||an+p - anH1 + |)‘n+p - )‘n‘ HunerHl :

Furthermore, using |ty 4p||; < R1 and (4.1) we deduce

||un+p —UnHl
<mn ||un+p - unHl +mi2 an-&-p—l - Un—1||2 + Han-i-p - an||1 + Ry |/\n+p = Anl
=mn ||un+p - unHl +mi2 an-&-p - Un”g + ||an+p - anHl + ‘/\n-i-p = Anl

+mi2 (H'Unerfl - Un*1||2 - ||vn+13 - UTLHQ) :

Denote

anp = |[tntp — un||1 s bnp = [[vntp — Un”g )

tnp = lantp — anlly + R1Ansp — Anl, dip = Bntp — Bully + B2 |tintp — pnl -
Clearly, ¢, p — 0 and d,, , — 0 uniformly with respect to p. With this notations,
Anp < M1y p + Mi2bnp + Cnp +Ma2 (br—1p — brnyp) - (4.5)
Similarly, from the second equality in (4.4), we find
bnp < Mat1anp + Mazbn p + dn p.

Hence

+

n,p

Qn,p <M Qn,p Cn,p + mi2 (bnfl,p - bn,p) )
bnp | br.p

Consequently, since I — M is invertible and its inverse contains only nonnegative elements, we may write

n,p n,p

Cn.,p + mi2 (bn—l,p - bmp) ]

Let (I — M)~" = [i;]. Then

an,p S Y11 (Cn,p + mi2 (bn—l,p n,p)) + '712dn,p (46)

—b
—bnp)) + Y22dn p-

bn,p S Y21 (Cn,p + mi2 (bn—l,p
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From the second inequality, one has

V21112 Y21Cn,p + Vo2dn p
np < T —————bn—1p+ .
1+ y21ma2 1+ y21mi2

Clearly (by, ;) is bounded uniformly with respect to p. Now we use the following lemma proved in [18].
Lemma 4.2. Let (), (Yn,p) be two sequences of real numbers depending on a parameter p, such that
(@n,p) is bounded uniformly with respect to p,
and
0<znp <Azp_1p+Ynp foralln,p and some X € [0,1).

If yn.p — 0 uniformly with respect to p, then x, , — 0 uniformly with respect to p too.

According to this result, by, — 0 uniformly for p € N, and hence (v,) is a Cauchy sequence. Next, the
first inequality in (4.6) implies that (u,) is also a Cauchy sequence. Let u*, v* be the limits of the sequences

(tn), (vn), respectively. The conclusion of Theorem 4.1 now follows if we pass to the limit in (4.2), (4.3)
and we use (H2). O

5. Applications to periodic problems
5.1. The case of a single equation
We apply the results from Section 2 to the periodic problem

—u" (t)+a*u(t) = f(u(t)) on (0,7) (5.1)
uw(0) —u(T)=u(0)—u' (T)=0

where a # 0 and f : R — R is a continuous function with f (R;) C R,.
Let X := H) (0,T) be the space of functions of the form

t

u(t)z/v(s)ds%—c7

0

with u (0) = u (T), C € R and v € L? (0, T), endowed with the inner product

(u,v) = [ (u'v' + a®w) dt

St~

and the corresponding norm

1
2

T
[lul| = / (1/2 + a2u2) dt
0
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Let K be the positive cone of X, i.e., K = {u € H; (0,7): w>0on[0,7]}, and let [ : K — R, be given
by

l(u) = tg[l(},%“] u(t).

The energy functional associated to the problem is E : H; (0,T) = R,

T
B =l - [ Fu),
0

where

The identification of the dual (H} (O,T))/ to the space H} (0,T) via the mapping J : (H} (O,T))/ —
H; (0,7), J (v) = w, where w is the weak solution of the problem

—w"” +a*w=7v on (0,T),

w(0) —w(T)=w (0) —w (T)=0

yields to the representation
where

Note that the condition f (Ry) C Ry guarantees that N (K) C K.

Let ¢ > 0 be the embedding constant of the inclusion H, (0,7) C C'[0,T], that is, lull o,y < cllul for
all w e H} (0,T).

Note that for u = 1, the above inequality gives 1 < acy/T, whence a®> > 1/ (czT). Also, if r and R are
positive numbers and av/Tr < R, then the set K, is nonempty. Indeed, any constant A € {T, R/ (aﬁ )}

1/2
belongs to Kg, since [ (A) = A > r and ||\ = (jOT a2)\2ds> —aMT <R.

Theorem 5.1. Let r, R be positive constants such that a/Tr < R. Assume that f is nondecreasing on the
interval [r, cR] and that the following conditions hold:

E(r)< — —TF (cR), (5.2)
and
F) > a2, f(cR) < g. (5.3)

Then problem (5.1) has a positive solution u with r < u (t) < cR for all t € [0,T], which minimizes E in
the set K, g.
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Proof. 1. Check of condition (2.1). Let u € K, g. One has r < u (t) < ¢R for all ¢t € [0,T]. Then, since F is
nondecreasing on R,

T
E(u) > —/F(u (s))ds > =TF (cR) > —o0.
0

2. Check of condition (2.2). Take any u with [ (u) = r and ||u|| = R. Then

Thus our claim holds in view of the strict inequality (5.2) and the obvious inequality m < E (r) (note that
the constant function r belongs to K,.g).
3. Check of condition (2.3). Let w € K, g. Then

LN () = L (F (@) = LT (f (1)) = £ (1) 1(T (1)
i)
2

a

2T,

in virtue of the first inequality in (5.3).
4. Check of condition (2.10). Assume that E’ (u) + Au = 0 for some u € K, g with ||u|| = R and A > 0.
Then

(1+X) (fu“ + a2u) = f(u),

whence

R* < (1+A)R? = (f (u) ,u)p> < Tf (cR)cR,

that is

R
— < R
< T(eR).,
which contradicts the second inequality in (5.3).
5. Condition (2.9) being immediate and the required Palais—Smale type condition being a consequence
of the compact embedding of H; (0,T) into C'[0,T], Theorem 2.2 yields the conclusion. O

Example 1. For each A > 0, the equation —u” +a?u = A\y/u has a T-periodic solution satisfying u (t) > A2 /a*
for all t € [0, 7).

Indeed, if we take r = A?/a*, then the first condition from (5.3) is satisfied with equality. Next chose R
large enough that (5.2) and the second inequality (5.3) hold, that is,

R? 2 3 R
_ — )= 2 1/ < —,
E(T) < 5 )\3T(CR) and AVcR c
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5.2. The case of a variational system

We now consider the periodic problem for the system

—u” (t) + aju (t) = fi (
—v" () +a3v (t) = fa (

IS
—
~+
~—
<
—
~~
N
~

on (0,7) (5.4)
on (0,7)

<
—
~+
~—
<
—
~~
~—
~

in the case when fi, f are the partial derivatives of a function F : R? — R with respect to the first and the
second variable, respectively. We assume that a; # 0 and f; (Ry x Ry) C Ry, for i =1,2.

We apply the results in Section 3, where X; is the space H; (0,T) endowed with the scalar product
(u,v); = fOT (u'v" + afuv) ds and the induced norm |||, while X, is the same space endowed with the
analogue scalar product and norm (.,.),, ||.|l,. Also K1 = K5 is the cone of nonnegative functions in
H, (0,T), and Iy (w) = Iz (w) = mingejo ) w (t) for w € H} (0,T), w > 0.

The system has a variational structure since its T-periodic solutions (u,v) are the critical points of the
energy functional on Hj (0,T) x H} (0,T),

T
B (w0) = (Jull + [0l2) = [ F (o) o (s)ds.
0

For i = 1,2, let ¢; > 0 be the embedding constant of the inclusion X; C C'[0,T], that is, [lw|[c 7 <
ci|lwl; for all w € H} (0,T).

Theorem 5.2. Let r;, R; be positive constants such that a;v/Tr; < R; (1 = 1,2). Assume that for i = 1,2,

fi is nondecreasing in each of the variables on [r1,c1 R1] X [ra, caRa] and that the following conditions hold:

R2
E(’/‘l,’f‘g) < 71 - TF (ClRl,CgRg),
and

R;
T

fi(ri,ma) > airi,  fi(c1R1,c2Re) <

o

Then system (5.4) has a T-solution (u,v) with 11 < u(t) < 1Ry and r2 < v (t) < caRs for all t € [0,T],
which minimizes E in the set K, p := (Kl)hR1 X (K2)TZR2.

Example 2. The potential of the system

—u" + au = a1 vu +
—v" + a3v = asv/v + qu

is
2 3 3
F (u,v) = 3 (a1u2 —|—a2v2) + yuv.
As for Example 1, we have the following result: For every numbers o; > 0, ¢ = 1,2, T > 0and 0 < v <

min {1/ (2¢?T) : i = 1,2}, the system has a T-periodic solution with u () > a}/at and v (t) > a3/a3 and
all t € [0, 7). For the proof, take 7; = a?/a} (i = 1,2) and a sufficiently large R := Ry = Ra.
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5.83. The case of a nonvariational system

We now consider the system (5.4) for two arbitrary continuous functions fi, f2 and use the notations from
the previous section. The energy functionals associated to the equations of the system are E; : H; (0,T) x
H; (0,7) — R,

By (u0) = 5 Il — [ Fy((6) v () d,

By (u,0) = 5 Il — [ B (1) 0 () d,

/
/

where
T1 T2
F (71772)=/f1 (s,m2)ds, I (71772)=/f2 (11,5)ds.
0 0

The identification of the dual (H, (O,T))/ to the space H) (0,T) via the mapping J; : (H), (O,T))/ —
H} (0,T), J; (v) = w, where w is the weak solution of the problem

—w” +a?w=v on (0,7T),
w(0) —w(T) =w"(0) —w (T) =0

yields to the representations
Ei1 (u,v) =u— Ny (u,v), Eas(u,v) =v— Ny(u,v),
where E11, Eoo stand for the partial derivatives of Eq, F5 with respect to w and v, respectively, and
Ni (u,0) = Ji (fi (u(-),v ().
Let r = (r1,72) and R = (R, R2) be such that
0<aVTr;<R; i=1,2.
Check of condition (H1): For every (u,v) € Kyr = (K1), g, X (K2),,p, and t € [0,T], one has
r1 < u(t) < fulleprm < allully < Ry,
and similarly ro < v (t) < caRs. It follows that
| fi (11, 72)[ < ps

for every 7 € [r1,c1R1], 72 € [re, c2Rs] and some p; € Ry (i = 1,2). Then

Ey (u,v) > — /T

—ClRlTpl > —00,

u

—~

t) T c1Ry

1 (5,0 (1)) dsdt > — //|f1(s,v(t))|dsdt
0

o

Y

and similarly Fs (u,v) > —caRoTps > —o0. Hence condition (H1) holds.
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Next we assume in addition that for i € {1, 2},
fi (11, 72) is nonnegative and nondecreasing (5.5)
in both variables 7y and 75 in [r1,c1R1] X [re,caRs],
fi(ri,ra) > airy, (5.6
fi(ciR1,c2R2) < R;/ (T¢;), (5.7)
(5.8)

— (R} —alTr}).

F;(c1Ry,coR2) — F (r1,7m2) < oT

Check of condition (H2): Let (u,v) € K,r. Then from w () > ry, v (t) > r and the monotonicity of fi,
we have
fi(u(t),v(t) = fi(ri,m2).

fi(ry,mo
71( 2’ )27’2
K3

This together with (5.6) implies
a4

li (N; (u,v)) > 1 (Ji (fi (r1,72))) =

Thus the first part of (H2) is verified. For the second part, assume that there exists (u,v) € K,r with

|lull; = Ri and A > 0 such that
Ny (u,v) = (14 M) w.

Then
(14 A) (—u" +afu) = fi (u,v),

which gives
R} < (14N RY = (14 ) [lull; = (A1 (u,0),u) 2
<Tfi(c1Ry,c2R2) c1 Ry,

whence
filerRy,coRe) > Ry [/ (Ten),
which contradicts (5.7). An analogue reasoning applies if Na (u,v) = (1 + A) v for some (u,v) € K, r with

lvlly = R2 and A > 0. Therefore (H2) holds.
Check of condition (H3): The constant function r1 belongs to (K1), p and for any v € (K3),,p,, one

T

has
1 oo
Ey (r1,v) = §G1T7"1 — [ Fi(r1,v(t))dt
0

a?Tr% —TF (r1,m2).

N | —

<
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Also, for any (u,v) € K,r with l; (u) =y and ||u|l; = Ry, one has
T
By (u,v) = —32 /F1 (t))dt > R1 TF (c1Ry,coRy).
0

Therefore the first part of (H3) holds with
1, 1
E = §R1 — TF1 (ClRl,CgRg) — §a1T’I“1 TF1 (7"1,7"2)

which is positive in view of assumption (5.8). The second part of (H3) can be checked similarly.
Finally, to guarantee (H4) we need some Lipschitz conditions on f; and fo. We assume the existence of
nonnegative constants o;;, 4, j = 1,2, such that

|fi (T1,72) — fi (T1,T2)| L ot |71 =T+ 0in |72 — T2|, i=1,2, (5.9)

for T1,7T1 € [’/‘1,81R1] and To, T2 € [TQ,CQRQ],
and for the matrix M = [04;/ (aia;)], <; ;< one has
M™ — 0 asn — oc. (5.10)

Check of condition (H4): Notice that for w € L? (0,T), from

17; ()IF = {w, Ji () 12 < [|wll 2 15 (w)]] 2 < ail l[wl[ 2 I (w)l]; ,
one has
(@)l < o ulle, we L2 O.T). (5.11)
Then using (5.11) and (5.9) we obtain

[Ny (u,0) = Ny (@, 0)]; = [Ty (i (u,0) = f1 (@)l

1 _
< ;1 Hfl (’LL,U) - fl (uvv)“L2
o
< b=l + 2 o = vl
011 — 012
< — flu—7l, + ||U =7l
i
Similarly,
S 021 022 —
IN2 (u,0) = N (@ D)l < = flu =7l + 5 o =7l
2

Hence (4.1) holds with m;; = 0;;/a;a;.
Therefore we have the following result.

Theorem 5.3. Under assumptions (5.5)—(5.8), (5.9) and (5.10), there exists a T-periodic solution (u,v) €
K, g of system (5.4) which is a Nash-type equilibrium on K,.gr of the pair of energy functionals (E1, Es).
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Let us underline the fact that all the assumptions on f; and f5 in the above theorem are given with
respect to the bounded region [r1,c1Ry] X [re, c2 Ro]. This makes possible to apply Theorem 5.3 to several
disjoint such regions obtaining this way multiple solutions of Nash-type.

Example 3. Consider the problem of positive T-periodic solutions for the system

—u” + adu = arvu+ v (5.12)
—v" + adv = a\/v + pu
where «;,; are nonnegative coefficients with v; < a? (i = 1, 2).
We try to localize a positive solution (u,v) with r < u (¢) and r» < v (t) for all ¢ € [0,T]. We apply the
previous result with r; = ro =: r and R; = Ry =: R.
(a) The positivity and monotonicity of f; and fy on Ry x Ry required by (5.5) are obvious.
(b) Condition (5.6): We have
f1(r,r) = ai/r+mr.
Thus we need

ai1Vr +mr > adr.

Under the assumption v; < a? this gives

Similarly, for fs,

(¢) Condition (5.7): We have
f (ClR7 CQR) =a1vVc1 R+ vicR.

Hence we need

R
ajvVerR+vieoR < —.
T61
This implies v1 < 1/ (T'c1c2) and

272 .3
aiT“cy

R>-—M-4
(1 =Tvyic1c2)

Similarly, v2 < 1/ (T¢1c2) and

B> a3T?c3 .
o (]. — T’)/QClCQ)Q
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(d) Condition (5.8) for i = 1 reads as

2 3 1
§a1 (clR)g +y1c160R? — Fy (r,7) < 5T (R2 — a%Tr2)

and holds for a sufficiently large R provided that

< .
m 2T01 C2

Similarly,

1
2T61€2 '

Y2 <
(e) Condition (5.9): For 7y € [r,c1R] and 75 € [r, c2R], one has

Of1 (11,72) LY aq Ofa (11, 72) a2

o 2y 2T Ot 2

In addition

Of1(11,72) df2 (11, 72)
(97'2 =M 87’1

:72'

Hence (5.9) holds with

Q;

NG

Consequently we have the following result.

045 =

Theorem 5.4. Assume that

1 .
vi < a3, %‘<m for i=1,2,

2
r<min{< 2% ) : i:1,2},
a; — i

and there exists r > 0 with

and oy, =7 for i#j (i,j=1,2).

(5.13)

such that the matriz M = [04;/ (aia;)],<; j<o where o are given by (5.13) satisfies (5.10). Then (5.12) has

a unique T-periodic solution (u,v) such that u (t) > r and v (t) > r for every t € [0,T

equilibrium of the pair of corresponding energy functionals.

, which is a Nash-type

Proof. The existence follows from Theorem 5.3 and the uniqueness is a consequence of the Perov contraction

property of the operator N. O

In particular, if a1 = a3 =: a (when ¢; = ¢ =: ¢) and a@; = ag =: «, the assumptions of Theorem 5.4

reduce to the following ones:

042

(a2 — min {y1,72})?

%<TCQ’ r <
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and
4 (a4 — YY) T — daad®r+a? >0
(the condition for M to satisfy (5.10)). We may choose

o?

(a2 — min {y1,72})

7‘ =
if
min {71,772} > 27172 — a®.

Numerical example. Theorem 5.4 applies in particular if a = T = 1 (when ¢ = v/2), a = 2, 7, = 1/5,
Y2 =1/6 and r = 5.76.
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