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1. Introduction

In this paper, we consider the following two species cancer invasion haptotaxis model

cP = AcP —xpV - (cPVv) — ppyrc? + upcP(1 — P — % —v), zecQ,t>0,

c? = Ac® — xsV - (V) + prpyurc? + psc® (1 —cP — ¥ —wv), zeO,t>0,

my = Am +cP 4+ ¢ —m, x e t>0, (11)
v = —mv + ppv(l — P — ¥ — ), reQt>0,
ag:—XDcDg—Z:%—Xscs%zz—T:O, x € 0Nt >0,
cP(z,0) = P (x), ¥(x,0) = c§(z), 7m(x,0) = 7mg(x), v(z,0) = vo(z), = €Q,
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in a bounded domain Q@ C R"™ (n = 2,3) with smooth boundary 92, where 9, denotes the outward
normal derivative on 9§, the unknown functions c?(x,t), ¢®(x,t), m(x,t), v(z,t) represent the density of
differentiated cancer cells (DCCs), the density of cancer stem cells (CSCs), the concentration of the matriz
metalloproteinases (MMPs) and the concentration of extracellular matriz (ECM), respectively, xp, xs > 0
are the haptotactic coefficients of DCCs and CSCs correspondingly. The terms —pgarrc? and +pgyrc?
stand for the epithelial-mesenchymal transition (EMT) from DCCs to CSCs, the terms pup (1 —c? —c% —v),
ps(1 —cP — 5 —v) with coefficients up, s > 0 describe the proliferation of DCCs and CSCs according
to a logistic law which is influenced by the local density of the total biomass and includes competition for
free space as well as resources with the ECM, the term +c” + ¢° indicates the spontaneous production
of the matrix degrading enzyme MMPs by DCCs and CSCs, the term —m shows the decay of MMPs, the
term —mu illustrates the degradation of ECM by MMPs upon contact, the term p,v(1 —cP — ¢ —v) with
coefficient p,, > 0 describes that the ECM is able to be self-remodeled in a typical logistic manner in the
absence of cancer cells (DCCs and CSCs) and assumed to compete for free space and resources with cancer
cells.

This model describes the process of two families of cancer cells invasion of surrounding healthy tissue,
which involves many biological mechanisms, for instance, the migration of cancer cells arising from random
diffusion and haptotaxis (the movement of cancer cells is biased towards a gradient of the non-diffusible
ECM [5,27]), the epithelial-mesenchymal transition from DCCs to CSCs [22], the proliferation of cancer
cells and their competition for space with ECM, the production and decay of MMPs, the degradation and
self-construction of ECM. The parameter 7 € {0,1}. When 7 = 0, it indicates the diffusion rate of MMPs
is much faster than that of cancer cells [7]. When 7 = 1, it was recently proposed by Hellmann et al. [13]
and Sfakianakis et al. [28] as a modified tumor invasion model with haptotaxis effect of Anderson et al.
type [2]. A novel point or a key feature of this model is that it includes not only two families of cancer cells
with haptotactic movement but the epithelial-mesenchymal transition, as for more biological background
and explanations of it, we refer to [13,28] and cited references therein.

Mathematicians have been extensively attracted by the haptotaxis cancer invasion model to develop
a detailed analysis of the global existence and asymptotic behavior of solution. Walker and Webb [35]
considered the haptotaxis model of Chaplain and Anderson [6] which includes one cancer cell species,
the matrix degrading enzyme, ECM and oxygen, and they proved the existence of unique global classical
solution. An Perumpanani and Byrne’s haptotaxis model [27] consisting of tumor cell, tumor cell-derived
protease and the collagen gel was investigated by Tao and Zhu [34], and the existence and uniqueness of
global classical solution was proved by a priori estimates, together with the parabolic LP estimates and
Schauder estimates. Subsequently, Litcanu and Morales-Rodrigo [20] analytically studied the asymptotic
behavior of solutions to the Perumpanani and Byrne’s model. The global existence of weak solutions to the
simplified haptotaxis model of [2] was discussed by Marciniak-Crzochra and Ptashnyk [23] and the uniform
boundedness of solutions was showed by applying the method of bounded invariant rectangles. What is
worth mentioning is that Tao [30] is the first attempt to investigate the global existence of classical solution
to the haptotaxis model with tissue remodeling proposed in [6]. More related works are referred to [3,8,21,37]
and abundant references cited therein.

It is important to remark that there is merely one cancer cell species in above mentioned works on
haptotaxis cancer invasion models, because those haptotaxis cancer invasion models with two or more
cancer cell species may be difficult to be analyzed as a result of the complex structure and strong coupling
between various cancer cell species and ECM. Based on the go-or-grow hypothesis assuming cancer cells can
either move or proliferate, a strongly coupled PDE-ODE-ODE two species cancer invasion haptotaxis model
was proposed by Stinner et al. [29], and the global existence of weak solutions was obtained in arbitrary
dimensions. More recently, we particularly mentioned that, for the case of 7 =1 in two dimensional space
of haptotaxis model (1.1), Giesselmann et al. [10] investigated the global existence and uniqueness of the
classical solutions for large 1p and pg. A natural question followed by the later contribution [10] is whether
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or not the global solvability of haptotaxis model (1.1) remains valid for small pup,pus > 0 or arbitrary
up, s > 0 in two dimensions, to the best of our knowledge, it remains open. In addition, the global
solvability of haptotaxis model (1.1) in three dimensions has never been touched. No matter biological
relevance or mathematical meaning, we find it is worth addressing above question.

In order to answer above question, we discuss the global solvability and boundedness of (1.1) in dimensions
2 and 3. As opposed to [10], we investigate the global solvability of (1.1) with 7 € {0,1} in two-dimensional
case for arbitrary up, us > 0 and in three-dimensional setting for large pup, us > 0, however, only the case of
n=2and 7 =1 for large up, s > 0 was discussed in [10]. In detail, for the case n = 2 and 7 = 1, we only
assume that pp, pg > 0 other than pup > Xpp, s > Xspw (see (1.6) in [10]), the latter only need to esti-
mate the terms [, (a?)", Jo (a®)”, but in the present paper, we need to estimate Jo (aD)p+1 o (as)pﬂ,
this leads to more obstacles. To overcome these obstacles, we make some a priori estimates. Firstly, we
develop a certain dissipative property of the functionals [, eX?? (a” )2 o e¥5Y (a® )2 which will serve as
a starting point to establish an iteration step resulting in the L°°(Q) boundedness of a” and a®. Then,
by building a bridge between ||Vu(, )HLq(Q and fo (HV& ||Lq(Q) + || Va®(- HLQ(Q ) ds, we show the
estimates of || Vvl| s, thereby complete the proof. In the case of n = 2 and T = 0, one can establish
the estimate of |[m(-,)||rs(q) by the L' estimate on semi-linear elliptic equations, then one can prove the
main result by proceeding in like manner as the case of n = 2 and 7 = 1. In the condition n = 3 and
T = 1, we derive an adapted iteration criterion to raise successfully the regularities of a”,a® from L'(Q)
to LP(Q2) for any p > 1, then complete the proof by applying the similar way as the case of n = 2. Under
the circumstance n = 3 and 7 = 0, the estimates of ||m(:,%)||3(q) can be turned into a priori estimates of
t)H L) T HaS( t)H L3(Q) with the help of the standard elliptic LP theory, which can guarantee the
iteration criterion used in the case of n =3 and 7 = 1 also can be applied here.

la”

Let us give the following hypotheses for the need of analysis.
(H7) Suppose that in what follows that the prescribed initial data satisfy

(B, c5,mo,v0) € C?H(Q) for some a € (0, 1),

B cs,mog>0,0<vy<1 inQ,

6‘30 D v dc SOvg __ Omg __
—XDC) G = Hr — XSCh Bt = =0 on0fN.

(H3) Assume that the EMT rate function pgar (cD,cS,m,v) : R* — R satisfies 0 < ppyr < pr
for some constant s > 0. Moreover, gy (cP, ¢, m,v) is Lipschitz continuous, that is, for some finite
constant L > 0, there holds

H,UEMT (C1D7Ciq7m1ﬂf1) — HEMT (CQDa c§,m27v2) HC(QT)
D _ D S
<L (HC1 =3 Nl eapy tllet = Hc Gr) T I = mallogyy + llvr = U2||C(QT)) :
Based on above hypotheses, the main results of the present paper read as follows.

Theorem 1.1. (Global existence in 2 dimensions) Let Q be a bounded domain in R? with smooth boundary
90 € C?T for some o € (0,1) and 7 € {0,1}. Suppose that xp,Xs,pp, s > 0 and p, > 0, and the
hypotheses (Hy) — (Hz) hold. Then the problem (1.1) admits a unique classical solution with ¢P c¢%,m >0
and 0 < v < 1, where cP, ¢, m,v are bounded uniformly in the following sense

tes(l(;p ) HCD('at)HLoo(Q) + ||CS('7t)HLoc(Q) + ||m('7t)||W1,°°(Q) + ”U('vt)”LOO(Q) <cC (1.2)

for some C > 0 independent of time.
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Theorem 1.2. (Global existence in 3 dimensions) Let 0 be a bounded domain in R® with smooth boundary
90 € C?>T for some o € (0,1) and 7 € {0,1}. Suppose that Xp,Xs,ip, s > 0 and p, > 0, and the
hypotheses (Hy) — (Hz) hold. In addition, assume that up > Xppv, s = Xstv. Then the problem (1.1)
admits a unique classical solution with c¢?, ¢, m > 0 and 0 < v < 1, where cP,c¢%, m,v are bounded

uniformly in the following sense

tes(gp ) ”CD('at)HLoo(Q) + HCS("t)HLoo(Q) + ”m('at)”WL‘x’(Q) + ”v('vt)”Lw(Q) <cC (1.3)

for some C > 0 independent of time.

The remaining part of this article is organized as follows. In Section 2, some necessary notations of
this problem are introduced and some preliminary results which are useful for our investigation are given.
Section 3 is devoted to derive the local existence of unique classical solution for (1.1) on account of the
Banach’s fixed point theorem and provide a weakened extensibility criterion of local solutions with the
help of the LP theory and Schauder estimates of parabolic and elliptic equations. In Section 4, we prove
Theorem 1.1 by making some a priori estimates. Section 5 focus on giving the proof of Theorem 1.2. Finally,
we conclude this paper in Section 6.

2. Notations and preliminaries

In this section, we shall introduce some notations and give some preliminary results which will be often
used in sequel and indispensable for dealing with our problem.

For consistency, in what follows, we denote Qr = Q2 x (0,T) for any fixed T € (0, 0), @Q; = 2 x (0,¢) for
any t € (0,T], X7 = 92 x (0,T) and |Q2] represent the measure of Q. For simplicity, we abbreviate [, y(x)dx
as fQ y, the variables  will not be omitted in this integral if we emphasize the spatial dependence of y. In
addition, for the convenience of notation, throughout this section, we denote various positive constants by
Ap that may be different in different places.

Let us first recall the following derivate of Poincaré’s inequality [14].

Lemma 2.1. Let Q C R"™ be a bounded domain with smooth enough boundary. Then, for any u € WHP(Q),
there exists a positive constant Ag such that

[ullwrr) < Ao ([VullLe) + llullLa)) (2.1)
with arbitrary p > 1 and ¢ > 0.

Next, we shall need the following well-known Gagliardo-Nirenberg interpolation inequality in several
places [9,32].

Lemma 2.2. Let Q C R™ be a bounded domain with smooth enough boundary. Let I,k be any integers
satisfying 0 < | < k and p > 0. Then, for any function uw € W*4(Q)(L"(Y), there exists a positive
constant Cgn depending only on ), q, k,r,n such that the following inequality holds:

ID"ull o) = Can (|\Dku||2q(m|\ulli??m + HUHLT(Q)) ; (2.2)

where

ol
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when k — [ — % s mot a nonnegative integer;

<A<, 1<g<oo, r>1,

x|~

when k — 1 — % s a nonnegative integer.

In addition, the following result will play an essential role in the proof of Lemma 4.2 bellow, we would
like refer the reader to [25, Lemma 2.3] for its proof.

Lemma 2.3. Let T > 0, 6 € (0,7) and assume that y is a nonnegative absolutely continuous function
satisfying

y'(t) + a(t)y(t) < b(t)y(t) + c(t) for a.e. t € (0,T) (2.3)

with some functions a(t) > 0, b(t) > 0, ¢(t) > 0 and a,b,c € L}, .(0,T) for which there exist by, c; > 0 and
v > 0 such that

t+0 40
sup / b(s)ds < by, sup / c(s)ds < ¢q
0<t<T—0 J 0<t<T—0 J
and
40 46
sup / a(s)ds — sup / b(s)ds >~ foranyte (0,7 —86).
0<t<T—0 ) 0<t<T—0 )

Then for allt € (0,T), we have

62b1

y(t) < y(0)e’ + 014_7 +erel. (2.4)

1—e

For the estimates of m when 7 = 1 in (1.1), we need following Lemma 2.4. We omit its proof for simplicity
and refer the reader to [18, Lemma 1 and 32, Lemmata 3.2-3.3].

Lemma 2.4. Let Q C R™ be a bounded domain with smooth enough boundary, T > 0 and ug € WH> ().
Suppose that || f(-,t)| ey < Ao for allt € (0,T) and (u, f) satisfies the following inhomogeneous linear
heat equation

up=Au—u+ f, inQx(0,7),

u _ , on 09 x (0,7), (2.5)
u(x,0) = ug, in Q.

Then, for allt € (0,T) and for every 1 < p < mn, we have

[, O)llwra) < Ao, (2.6)

where

q< e (2.7)
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If p=n, then (2.6) holds with every q < co; if p > n, then (2.6) holds with ¢ = co. In addition, there holds
lu(- )]s ) < Ao (2.8)

for allt € (0,T) and any s > p satisfying

1
5

’B_IH

3. Local existence and extensibility criterion

It is worthwhile to point out that, if (c”,c%

,m,v) is a local classical solution of (1.1), we require
v € C?Y(Qr) at least from the two terms —XDCDAU and —ysc®Av of (1.1). However, above mentioned
regularity of v is difficult to obtain due to the v-equation of (1.1) is only an ODE. Hence, for the convenience
of subsequent analysis, we make the following variable transformations followed [17,31,33]:

aP = cPexpv,
a® = cSexsv,

Consequently, the original system (1.1) can be transformed as

atD = ¢ XDVY/ . (eXD”VaD) + xDaDmv — ,uEMTaD

+ (p — XDpov) aP (1 —expvgl _ eXsvgS v) , reQt>0,
af = e XUV . (eXS”VaS) + Xsasmv + MEMTaDeXD”_XS”

+ (ps — X sto?) S(l—eXD” D—eXS”aS—v), x e t>0,
Tmy = Am + eXP?aP 4 eXsvqS —m, zeQ,t>0, (3.1)
Vp = —MU + ly¥ (1 — expvgD _ exsvgS 11) , reQ,t>0,
9a” _ 9a% _ om _ z € 00t >0,

aP(2,0) = aP (z) = @ (2)e X0, 5 (z,0) = af (x) = cf (z)e~ X0,
m(:z:,()) = TmO(x)a ’U(I‘,O) = UO(I)a T e Q.

It is worth noting that the systems (1.1) and (3.1) are equivalent in the sense of classical solution. Therefore,
in what follows we only need discuss the classical solution of (3.1).
In addition, it follows from the assumptions (H;) that

(af’,ag ,mo,v0) € C*F*(Q) for some a € (0, 1),

ab,ag,mg >0, 0<vy<1 forzeQ, (3.2)
8(10D_8a§_6m0_0
v ~ ov  ov

By appropriate adaption of a fixed point arguments and results in [30, Theorems 2.1-2.2 and 34, Lemma
2.1], we have the following two statements on local existence of classical solutions to the problem (3.1). For
the convenience of notation, throughout this section, we shall use a universal positive constant By to denote
various constants that may vary in different places, and denote them by By(a.b...) while we need emphasize
this constant depending on some parameters a, b...

Lemma 3.1. (Local existence and extensibility criterion for 7 = 1) Let @ C R™ (n = 2,3) be a bounded
domain with smooth enough boundary. Suppose that xp, Xs, UD, its, by > 0, T = 1, and that the assumptions
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(H2) and (5.2) hold. Then there exists Tynas € (0,00] such that the problem (3.1) admits a unique classical
solution (aP,a®,m,v) € (C?T*1+% (O x [O,Tm,m)))4 for a € (0,1) satisfying

a? >0, a®>0, m>0, 0<v<1,  forall(z,t)€Qx (0, Tha) (3.3)
and which are such that

either Tyar = 00 o1 1imsup{|‘aD(~7t)ch+a(Q) + ’|GS('at)ch+u(Q) + HU(-,t)HCHa(Q)} =o0. (34)
Lemma 3.2. (Local existence and extensibility criterion for 7 = 0) Let Q C R™ (n = 2,3) be a bounded
domain with smooth enough boundary. Suppose that xp, Xs, D, s, by > 0, 7 = 0, and that the assumptions
(H2) and (5.2) hold. Then there exists Tinqs € (0,00] such that the problem (3.1) admits a unique classical
solution (a”,a®, m,v) € (C?F1+% (Q x [O,Tmaw)))2><02+a’% (Q % [0, Tnaz)) x C*F1FE (Q % [0, Tras))
for a € (0,1) satisfying

a? >0, a®>0, m>0, 0<v<1,  forall (z,t) € Qx (0,Traz), (3.5)
and which are such that
either Tyae = 00 o1 Emsup{HGD<'7t)ch+a(Q) + HGJS(Ht)chra(Q) + HU("t)”C?Jra(Q)} = 0. (36)

max

S

Remark 3.1. It is worthwhile to point out that we only assume the nonnegative function pgarr(c?, e, m,v)

is bounded and Lipschitz continuous other than the Lipschitz continuous of its first derivatives. This as-
sumption on pugarr(c?, e, m,v) is weaker than that supposed in [10] (see (1.7a)-(1.7c) of [10]).

According to Lemma 3.1 and Lemma 3.2, in order to obtain the global existence of the unique classical so-
lution of problem (3.1), we only need show the boundedness of lim sup { HaD(-, t) HCHQ(Q) + ||CLS(-7 t) Hc2+a 5
t N, ()

max

+ ||U("t)|‘02+a(§2)}v but it is always difficult to achieve it. Therefore, inspired by [24, Lemma 2.2 and 16,

Lemma 3.2], we weaken the extensibility criterions (3.4) and (3.6) as follows.

Lemma 3.3. (Weakened extensibility criterion) Let T € {0,1}. Assume that the assumptions (Hz) and (5.2)
hold. Then the solutions (aD, a®,m, v) of (5.1) constructed in Lemma 3.1 and Lemma 3.2 have the property
that

either Ty = 00 or limsup (HaD('?t)HLf’O(Q) + Ha5(~,t)HLOO(Q) + \|Vv(~,t)|\L5(Q)) = 00. (3.7)

max

Proof. Let us consider the case 7 = 1. We proceed the proof by contradiction. Assume that T},4, < 00, but

> D’?t S’t [=S] v "t 5 SB 3.8
(760 #10CDle + 190D < @)

The aP, a-equations of (3.1) can be rewritten as the following linear forms
atD = Ad” + xpVoVa® + gsa” (3.9)
and

af = Ad® + XSVvVaS + ggas + /,LEg\/ITeXD”*XS”aD7 (3.10)
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where gs = (Xpmv — peymT) + (kD — XDHov) (1 — eXPVal — eX5va —v), gg = xsmv+ (s — xsp0v) (1—
eXpvgD _ exsvgS _ v).

By using Lemma 2.4, we infer from (3.8) that
[m|[wiee) < Bo forall t € (0, Thnaz)- (3.11)

This in conjunction with the assumption (Hs) and 0 < v < 1, we deduce that there exist some By > 0 such
that

lgsll gy < Bo and  |lgoll ey < Bo for all t € (0, Trar)- (3.12)

This together with the maximal parabolic regularity results (see [19, Theorem IV.9.1] and [11, Theorem
2.3]) yields

< By and

||Wf'1(Qme) = ||aSHW42*1(QTMM) < By. (3.13)

la”
Hence, by the Sobolev embedding theorem (see Lemma I1.3.3 of [19]), we have

[Va® < By and < By. (3.14)

HLQO(QTmaI) || Va® || L2(Qr,..)

Now, let us deal with v. Applying V to the v-equation of (3.1), we arrive
Vor = g1oVu + g11, (3.15)

where g9 = —m + p, (1 —eXPval — eXsva® —v) — pv (14 xpeXP?a? + xgeXs¥a®), g1y = —vVm —
Lo (eXD”VaD + eXS“VaS).

Furthermore, we find that g;o < p, due to (3.3). Multiplying (3.15) by ¢|Vv|?=2Vv for ¢ > 2, in view of
(3.3) and (3.11), it follows from Young’s inequality that

(IVv]?), = qg10|Vv|? — qu|Vo|?2Vv - Vi — qu,v|Vo|1 2V - (eXP*VaP + eX5vVa¥)
< quo| V[T + | Vm|[Vol9™ + quy | Vo7 (eXP|VaP| 4 eX9|Va®))
< Bo(q) (|Vo|? + |VaP|? + |Va®|9 4 1) (3.16)

Integrating (3.16) over Q and using the Gronwall’s inequality, we obtain

/|Vv|q < By(q //|VaD\q // |Va®|? 41 for all t € (0, Thnqz)- (3.17)

This in conjunction with (3.14) entails
IVu(, t)HLZO(Q) < By forallte (0,T ) (3.18)
According to (3.18) and repeating above process, we further get

< Bo, and < Bo. (319)

Ha H(L HWQO (QTmaa:) -

HW20 HQTmaz)

Thanks to the t-anisotropic embedding argument W (Qr) < C*3 (Qr) for any o € (0,2— "2 if p > 742
[19], this implies



F. Dai, B. Liu / J. Math. Anal. Appl. 483 (2020) 123583 9

HaDH < By, and < Byp. (3.20)

T @r) Il @, <

For m, we also have

Imllos.56, < Bo (3.21)

As for v, by the fourth equation of (3.1), we have
HU("t)Hc%((z) + H”t("t)Hc%(Q) < By forallte€ (0, Taz)- (3.22)
From (3.15), (3.20) and (3.21), we obtain

V(- 8)]| + [V (-, 1) < By forall t € (0, Tyas). (3.23)

ci@) ci@ =
In virtue of (3.2), if we take 8 = min {%, a}, thus by using the regularities of a”, a® and v and the parabolic
Schauder theory [19], we infer from the m-equations of (3.1) that

lmll oo 252 o < Bo- (3.24)

Similar to m, it follows from (3.9) and (3.10) that

1] ez 5, < Bo. (3.25)

D
|a HCH&# (QTmas) 2 (QTmas)

Therefore, a combination of (3.24), (3.25) and the v-equations of (3.1) immediately yields
[vllc2rs @y + vellc2es @y < Bo  forallt € (0, Tiaa). (3.26)
Recalling of the m-equations of (3.1) and applying the parabolic Schauder theory, we further have

< Byp. (3.27)

Il e 2ge 5 <
Going back to (3.9), (3.10) and in conjunction with (3.26), one can obtain

02 vz g+l

o+ F 5 (G, 2fo ) + ||UH()2+/3(Q) + ||Ut||c2+ﬁ((2) < By. (3.28)

24a, 55— 1 A
C 2 (QTWLam

But this contradicts the extensibility criterion (3.4) established in Lemma 3.1. Therefore, we assert that
Tnaz = 00.

As for the case 7 = 0, it is not hard to get it by proceeding as in the proof of case 7 = 1, so we omit it
for simplicity.

Thus, the proof of Lemma 3.3 is completed. O

Before finishing this section, let us give the following observations for the local classical solution of (3.1)
which will be used frequently below.

Lemma 3.4. Let (aD,aS,m,v) be the local classical solution of (3.1) constructed in Lemma 3.1 and
Lemma 3.2. Suppose that the hypotheses of Theorem 1.1 hold. Then, for any p > 1, we have
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p |2

v@D)%

v +1
+ (o = (P = D)X Do / exov (gP)"
Q

< (ppo + (p— 1>XDMv)/eXDU (@®)"+ (- xp / X2 (aP)"m

Q

Q
+ ((p = V)xppo —pup)/ex””““ (a”)" a® (3.29)
Q
and
d 4(p—1 P2
a/ X ()" + (pp )/ e |V (a®)*| + (pus — (0 = Dxsio / e ()
Q Q
< (pus + (p— 1)><suv)/6"s” ()" + (v~ 1)><s/exs“ ()" m
Q Q
+ ((p — Dxspww —pus)/6XD”+XS” (a%)" a® +puM/6XD”aD (@) (3.30)
Q Q

Proof. Multiplying the a”-equation in (3.1) by p (aD)p_ with p > 1 and integrating the resulting equation

over () by parts, then combining like terms, leaving out some negative terms and noting 0 < v < 1, we
obtain

d
dt
Q

:/XDeXD” (aD)pvt +p/eXD” (aD)p 1atD

Q Q

expv (aD)p

= XD / eXr® (aD)me + XDHy /QXDU (aD)pU (1 —exrval — exsvq® —v)
Q Q

o 2
TR g Fou [0 (@) mo—p [ ppare” (@)
Q Q

p
Q
+p/
Q
(
p

(LD — XDlyv) €XPY (aD)p (1 —eXpvgl _ exsvgS v)
< _4p71)/6XD7J

Q

P
2

V(aD)

2 2xpv [, D\PT1
+ ((p — Dxppo — pun) [ X2 (a”)
Q

+((p— 1)Xpho — P1iD) /6’””“‘5” (a®)" a® + (pup + (p — 1)XDuv)/€XD” (a?)"
Q

V (aP)*

Q
+(p—Dxp [ P (a”)"m. (3.31)
/

Hence, (3.29) holds. Proceeding in a same way as (3.29), one can obtain (3.30) immediately.
Thus, the proof of Lemma 3.4 is completed. 0O

Lemma 3.5. Let (aD aS m,v

) be the local classical solutions of (3.1) constructed in Lemma 3.1 and
Lemma 3.2. Suppose that the hypotheses of Theorem 1.2 hold. Then, for any p > 1, we have
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d p — 1 B
el eXDv (CLD ‘v 2
dt

Q

< (XDMU+;.0MD)6XD/(aD)erpreXD/(aD)pm (3.32)
Q Q

and

S
D
D
=
%]
<
—
S
9}
~
]
+
S
i
I
—
~—
<
—
S
19}
~
(NS}

< [(xsto + pps) €X° + (p — 1 puareX”] / (a®)" + parex® / (a”)” + pxsex / (a®)"m.  (3.33)
Q Q Q

Proof. The proof is similar to the proof of Lemma 3.4 but take the additional assumptions up > xppw, ps >
XSy into account, so we omit it here. O

4. Proof of Theorem 1.1

The key point in the proof of Theorem 1.1 is to derive a priori estimates of Ha and

DHLoo(Q)’ ’aSHLOO(Q)
V][5 () on account of Lemma 3.3. To this end, enlightened by [25], we will develop a certain dissipative

property of the functionals fQ expv (aD)2 , fQ exsv (a5)2 which will serve as a starting point to establish
an iteration step resulting in the L>°(Q) boundedness of a” and . Furthermore, inspired by [33], we will
build a bridge between ||Vv(-,t)||Lq(q) and fo (HVa | Vas(-

estimating ||VU|| L5 (Q)

) ds which is crucial of

||LQ(Q HLG(Q)

For notational convenience, in what follows, we shall use C; (i = 1,2...) to denote the positive constants
independent of time, whereas we use C;(T') (i = 1,2...) to denote the positive constants depending on time.
These constants C; and C;(T') may vary from line to line. In addition, according to the above local existence
results Lemma 3.1 and Lemma 3.2, without loss of generality, we can assume that

HCO ||C2 + HCOHCZ(Q + lmollc2(a) + llvollcz(q) < Ch- (4.1)
4.1. The case of T =1

Firstly, based on the ideas of [15, Lemma 2.1], some basic but important properties of solutions of (1.1)
and (3.1) when 7 = 1 are derived in the following Lemma.

Lemma 4.1. Let (¢, ¢%,m,v) and (aP,a®,m,v) be the classical solutions of (1.1) and (3.1) with T = 1,
respectively. Then we have

) [la®( t)HLl(Q) < [|eP( t)HLl(Q) <M= max{ DHLl(Q)} for allt € (0, Tinaz);
W ) 10560l nay = 150 ry < Mo i= ma {662y 2 (14 T+ 22B) L foratt v
0 Tmam

t+0 t+0
(#id) / [la” (- )||;(Q) ds < / HCD("t)H;(Q) ds < Ms :=|Q| + M—Dl for any 0 < 6 < min {1, 5 }

and all t € (0, Thnaz — 9);



12 F. Dai, B. Liu / J. Math. Anal. Appl. 483 (2020) 123583

t+60 t+60

2 My + M-
) [ 10 agyds = [ N lfaggyds < 2ty o= oo+ ZUMEERE) o gy < g <
t t

Tmax
min {1, 5 } and all t € (0, Trpan — 0);

(0) 11m (-, 8) | 1y < Ms := max {moll sy, Mi + Ma} for all t € (0, Tonaa);

(2+up+unr ) Mi+(2+ps) Ma+p||Vmo||2
L& forall t € (

(i) [V 022y < Mo = i

min {jup, s}

0, Trhaz), where p :=

Proof. (i) Integrating the c¢”-equation of (1.1) over 2 immediately yields

%/ (CCt)</1,D/ (z,t) ,UD/|C (2,t)] (4.2)

by (3.3) and a® := e XpvcP. Moreover, by the Cauchy-Schwartz inequality, we have

2

% cP(x,t) < /,LD/CD(JZ,t) - % /CD(x,t) , (4.3)

Q Q Q

which means from the ODE comparison principle that

< max{

HC DHLl(Q)} = My, (44)

Dl o)

this together with a? := e™XPvcP and 0 < v < 1 implies (7).
(ii) Integrating the c®-equation of (1.1) over €, due to (3.3) and a® := e™Xsc% as well as hypothesis
(Ha), we get

e[ ewn < [ @0+w/ o w/kzt’ (15)

Q Q

which, by means of (7) and the Cauchy-Schwartz inequality, yields

2
7 Sz, t) < pa My +,u5/cs(x,t) — ﬁ /cs(x,t) . (4.6)
Q Q Q
Similarly, it follows from the ODE comparison principle that
s 1€ Apn My ,_
[ESCE] s <max{HCOHL1(Q 5 <1+ 1+ pts] = Ms, (4.7)
which, combined with a® := e=Xs%¢% and 0 < v < 1, gives (44).
(#i1) In view of (4.2), one infer from the Cauchy’s inequality that
d
p Pz, t) + 'MTD / (CD(x,t)) < —\Q| (4.8)
Q Q

Integrating (4.8) over (¢, +6) for any 0 < § < min {1, Zme=} and using (3.3) and (i), we have
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t+60

//Wmm%mw%zﬂﬂwmmumﬁzm. (4.9)
KD J HD

t Q

Noting aP := e XP¥cP and the fact 0 < v < 1, thus (744) obviously holds.
(iv) Analogous to the proof of (iii), we obtain

c%w+@/wwwfsijmw#%mawm+%w. (4.10)

dt 2
Q Q Q

Then we integrate above inequality over (t,t + 6) for any 0 < § < min {1, %} to yield

2upar M6 2 2 My + M.
/(cs(ac,s))Z M L9l + — /cs(m,t) <o+ KMt Ma) )
[is [is s
t Q Q
Thanks to a® := e™Xs%¢% and 0 < v < 1, it is easy to find that (iv) is valid.
(v) Integrating the m-equation of (1.1) over § yields
d
E/m(x,t) —l—/m(m,t) = /cD(x,t) +/cs(aﬁ,t) < M + M, (4.12)
Q Q Q Q

which, applied to the Gronwall’s inequality, gives (v).
(vi) Testing the m-equation of (1.1) by —Am and integrating the resulting equation over Q0 by parts,
and using the Cauchy’s inequality, we obtain

2dt/|met|2 /|Am91:t|2 /\met

_ / (P Am) (x,t) - / (c5Am) (z,1)

Q
/|Amxt\2 /|c xt|+ /|c (z, )], (4.13)
Q
which implies
d
E/|Vm(x,t)|2+/wm(:r,t)|2 S/’cD(x,t)’2+/’cS(:c,t)’2. (4.14)
Q Q Q Q

Let us set g := min {up, ps}. (4.14) together with (4.2) and (4.5) directly yields

d

pn (cD(x,t) + S (x,t) + p|Vm(z,t)*) + / (CD(x,t) + ¢ (x,t) + p|Vm(z,t)[?)

Q Q

< (1+,LLD+/IJM) CD(xat)+(1+,uS) cs(x,t)
/ /
< (L+pp + par) My + (1 + ps) Mo, (4.15)

which, applied to the Gronwall’s inequality, yields
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u [ 1Vt

Q
< (L+pp + par) My + (1 + ps) Ma + ||a0D||L1(Q) + HagHLl(Q) + ”vaHQL?(Q)

< (24 pp + par) My + (24 i) Mo + 1 [ Vol 72 5 (4.16)

that is, (vi) holds.
Thus, the proof of Lemma 4.1 is completed. O

Lemma 4.2. Let (aD,aS,m,v) be the classical solutions of (3.1) with T = 1 constructed in Lemma 3.1.
Suppose that the assumptions of Theorem 1.1 hold. Then there exists Cy (min {1, T”jl“’” }) > 0 such that

Tmaz
[[a” G0 ey + 110G oy < Co (min{l, 1 }) Jor all t € (0, Tnaz)- (4.17)

Proof. Let us take p =2 in (3.29) and (3.30), we have

dt

d eXDV (aD)2 + 2/6XD” ‘VaD‘Q + (21D — XD ) /GQXDv (aD)g
Q Q ¢
2

< (2up + XD o) /6’“’“ (a?)? +XD/6XD” (@) m
Q Q

+ (XDpto — 2uD)/eXD”+XS” (aD)QaS (4.18)
Q
and
%/e"s“ (as)2 + Q/GXSU |Vas|2 + (2us — Xs/,bv)/e2’<5“ (aS)3
Q Q Q
< (2,US + Xsﬂv)/est (as)2 + Xs/exsv (aS)Qm + (XSMU . QMS)/eXDv-i-st (aS)2aD
Q Q Q
+ 2uM/eXD”aDaS, (4.19)
Q
which, applied to the Young’s inequality, give
%/e’w“ (aD)2 + /eXD” A% (aD)’2 +/6XD” (aD)2
Q Q Q
< 3 P [y + s L gy + Colml ey + Cs (1.20
and
%/e“” (aS)2 —I—/eXS” A% (as)’2 _|_/e><sv (a5)2
Q Q Q
(4.21)

< Cu |0 |[aq + Ca [P ||y + CallmlEs ) + Ca
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Noting n = 2, by the Sobolev embedding theorem, Lemma 2.1 and the facts of (v), (vi) in Lemma 4.1, we
obtain

Imllzs (@) < Csllmllw20) < CsAo (I[VmlL2(e) + Imllz1 @) < Co. (4.22)
Substituting (4.22) into (4.20) and (4.21), one can deduce that

d

G [eom @ [eor 9 @) [ @) < Orlla] Gy, + Cr o + € (429
Q

Q Q
and
d . 2 » 2 » 2 3 3
E/EXS (a5) +/exs IV ()] +/exs (%) < Cs[|a® | oy + Cs la” [ Ly + Cs- (4:24)
Q Q Q

Combining (4.23) and (4.24), and using the fact v > 0 gives

d
i [ (o @ e @) [(I9 @) 419 @) @)+ @)
Q Q
< (Cr 4 08) [[a” || ) + (Cr + C) [0 [y + Cr + Cis (4.25)

On the other hand, by using the Gagliardo-Nirenberg’s inequality [9,14] and the Young’s inequality, for any
€ > 0, we have

2 1. .3 C¢ 4
el ey >+ Nallsqey — S alltago (4.20)

S

which after inserting into (4.25) for @ = a” and a = a® correspondingly, and taking ¢ = m yields

d
dt
Q

<4(Cr +Cs)? C ||aDHiz(Q) +4(Cr +Cs)* Cey HGSH;

(eXDy (aD)2 + e (aS)Q) +(C7 + Cs) |}C‘D’|is(n) +(Cr +Cy) ||aSH:Z3(Q)

@ +Cr+Cs. (4.27)

Thanks to a® > %az — 8% for all @ > 0 and any € > 0, we have

3
Q

%/(EXDU (aD)2 + eXsv (aS)Q) 4 1 / (eXDU(aD)Q +6X3v(as)2)
Q

(63XD + €3Xs) |Q|
g3 <C7 + 08)2

< 4(Cr +Cs)* Ciy (10| gagqy + 105 12y ) + Cr + Cs +

< 4(Cr+ € Cie (Jla® [y + 0% o) | [ (€7 (@2 + x(a®)?)
Q

(eSXD 4 e3Xs) |Q|

+Cr 4 Cs +
T S (O 4 Gy

(4.28)
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1 T'm,am — 0 P— —— 2 2
Let 0 = min {1, Tose }, & = o ol a(t) 1= 1, b(t) i= 4(Cr + C)” Cliy (|[a|[}20 +

e3XD 4¢3X5)|Q|

2
HaS’|L2(Q)>, c(t) == Cr+Cs+ W and y(t) = [, (eX2?(a?)? + eXsV(a®)?). Consequently, (4.283)
can be rewritten as the following ODE inequality

y'(t) + at)y(t) < b(t)y(t) + c(t). (4.29)

Furthermore, by a simple calculation, using Lemma 2.3 to (4.28) with by = 4 (Cr + 08)2 CS (M3 + My),

e™XD +¢°X5) |0

=Cr+Cs+ ( (o 105) and v = 1 directly yields

2b
/(GXDU(GD)z +€st(as)2) < (eXD Hao HLz(Q +eX ||a0 Hm(ﬂ)) e + 161_66—11 Jrclebl’ (4.30)
Q

which verifies (4.17).
Thus, the proof of Lemma 4.2 is completed. 0O

Now, we can raise the regularity of L2(Q) to LP(Q) for any p > 1 with respect to the boundedness of a?
and a”.

Lemma 4.3. Assume that the hypotheses of Lemma /.2 remains valid. Then for all p > 1, there exists
Co (min {1, TZ‘”’ }) > 0 such that

Tma.r
||aD(.7t)||Lp(Q) + ”aS(.,t)HLp(Q) < Cy (min {1, 1 }) for all t € (0, Thaz)- (4.31)

Proof. Noting n = 2, then it follows from Lemma 4.2 and Lemma 2.4 that

Tmam
M| o () < Chro (min {1, 1 }) for all t € (0, Thnaz)- (4.32)

Applying the Young’s inequality to (3.29) and (3.30) for any p > 1 and using the fact 0 < v < 1, we derive

_ P2

% eXD’U (aD)p + 4(p 1) /@XDU v (aD)5 + /exD'u (aD)p

Q b Q Q

<o (mln{ m}) JaP 2L + Crz a5 [ o + Cz (4.33)

and

d LA 512 S\P
- Xsv X 3 XS5V
d/es p /es +/es(a)

Q Q Q

T,
< Cis (m{l, Z}) laSI17tL o+ Cua [aP 25 g + O (4.34)

Now, it follows from Lemma 2.2 and Lemma 4.2 that

Duptl 2(p+1)
laP sy = [ (@) ¥ e,
2(p+1) 2(p+1) 2(p+1)
DB P DBV D\E|| " ?
e (L e K i TP X



F. Dai, B. Liu / J. Math. Anal. Appl. 483 (2020) 123583 17

» 2(p+1>
<Cis (mln{ Tmas }) <H )? e + 1) ; (4.35)

where A = 2-1 thus 22t p“ = 272 € (0,2) for any p > 1. Hence, by the Young’s inequality and Lemma 4.2,

p+17
Tmaz
<C’11 (min {1, . }) + 014) HaDHiﬁl(g

< 4(pp_ D) Q/eXD“ v (aP O <min{1,T’Z‘“’ }) (4.36)

we have

P
2

a”)

Analogous to (4.36), it is not hard to deduce that

(Clg <min {1, Trza:c }) + C12> ||aS||1£';1_1

< wg/e”” V (a®) ’ + Cig (min{l, T’Z‘” }) . (4.37)

Adding (4.33) to (4.34), and substituting (4.36) and (4.37) into the resulting inequality, this yields

D
2

% (eXD” (aD)p + eXsv (as)p) + / (eXD” (aD)p + eXs? (as)p)

Q Q

< Clg (min {1, TZ&T }) 5 (438)

which, applied to the Gronwall’s inequality and combined with the fact 0 < v < 1, obviously gives (4.31).
Thus, the proof of Lemma 4.3 is completed. 0O

Next, we can establish the L>(Q)-boundedness of a” and a® by making a adaptation of the well-known
Moser-Alikakos LP iteration technique [1] (see also [17,33]).

Lemma 4.4. Under the hypotheses of Lemma /.2. Then there exists Coo(Timaz) > 0 such that
HaD(-,t)HLOO(Q) + Ha HLOO(Q) < Coo(Trmaz)  for allt € (0, Traz)- (4.39)

Proof. Combining (3.29) and (3.30), noting (4.32), then using the Young’s inequality to the resulting in-
equality, for any p > 3, we obtain

% (eXD” (aD)p + eXsv (as)p) + / (eXD” (aD)p + eXs? (as)p)

Q Q

+/ (‘V(aD)g 2)

Tmaa:
< Co (min{l, 1 })p(HQDHi':il(Q)Jr||as||121_i1(m+1), (4.40)

2 P
2

+|V (o)

where Coy (min {1, T";L” }) is independent of p > 3. On the other hand, from Lemma 2.2, we have




18 F. Dai, B. Liu / J. Math. Anal. Appl. 483 (2020) 123583

. Tmam

Can (mln{l, 1 }) Ha”%;il Q)

min ¢ 1 Tmac p‘a 2(?21)
T4 L% (@

T v p+2 b 2(p+1)
min{l7 mag })p HVCﬁ ! ‘af + ’a ’
4 L2(Q) L1(Q) L1(Q)

M}

s

< HVGJ% ’ + C min< 1 Tmaa = ‘ a? > +1
= L2(@) 23 T4 p L)
P 2 Tma,g,‘ 6 p %
< Hva2 4 Cyy (mind 1, P ‘a2 1), (4.41)
L2(Q) 4 L(Q)

Here we have used the Young’s inequality guaranteed by == +2 € (1, %) and 2 p +1) p2 5, we also used the

fact %5 < 6 for p > 3. Inserting (4.41) with a = aP a=a’ mto (4.40), one has

d

= (eXD” (aD)p + eXsv (aS)p) +/ (eXD” (aD)p + eXsv (aS)p)
Q o
_2p
P2
+ 1)
L)

cen(anf 2] (e
N H(‘ID) le)})ﬂ. (4.42)

< Cag (min {17 anm }) i (max {1, @)

Let pi == 3-2%, q = p:’_’“Q and My(Tae) = max{ sup (H( ) k”Ll(Q) + ||(a3)pk||L1(Q))} for

L H(GS)%

LY(©)

P
2

L)

Tmaz)

k = 0,1,2... Therefore, upon the ODE comparison prlnmple, we infer from (4.42) that there exists n > 1
depending on T}, but independent of & such that

My(Thaz) < max{ M (Taz), €X2 Q) HG(I)DHLN(Q) + eXs|Q| HagHLN(Q)} forall k > 1. (4.43)

Consequently, if n* M* | (T}q0.) < eXP[€ ||aODHLC,O(Q +eXs|Q ||a05||Loo(Q for infinitely many k£ > 1, we have

Pht Prt
sup /(aD)pk_l + sup /(as)pk_l
te(o,Tmaz) tE(O7Tmaz)
Q Q
1
s FryT
- <6XD|Q HaODHLOO(Q) —Ze 51Q| Hao HLOO(Q)> Pr—14% | )
n
which implies
te(OS}g)mm) la”( ’t)HLOO(Q) + (S}lﬁw) la”( ||L°° @ S HG(?HLOO(Q +|ag HLoo Q)" (4.45)
Conversely, if n* M{* | (T4.) > €XP|Q Hao || )+ eXs Q| Ha§||LOC(Q) for all sufficiently large k, then it

follows from (4.43) that

Mi(Trnaz) < "M (Timas)  for all sufficiently large k, (4.46)
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therefore, (4.46) still holds for all k£ > 1 by enlarging 7 if necessary, this amounts to say,
My (Taz) < 0 M | (Trnas) forall k > 1. (4.47)
Thus, by a simple induction, we get
Mi(Tinas) < gt Ei=20-DTS 0L N (Thao) =1 @ for all k > 1. (4.48)

Let us set (; := ﬁ, then ¢, = % =2 <1+ i) = 2(1 + (k) for k > 1. In addition, thanks to

pr = 3 - 2F, this means that ¢ := ﬁ = 3 2k 5 < 27°, k_ which, combined with the fact In(1 4+ z) < x for

any x > 0, yields

k
J—
Hqi _ 2k+1 je hp 1n(1+(1) 2k+17j62i:jci

=3

< ok F1ieNin 2 < ok Hlmde forall k> 1 and j € {1,2..., k}. (4.49)

Thus, we have

ko k k. —j :
> == 1) 1l @ < D=2 — 1)2k+1-Je < 2e zk: j-1_ 2¢ 3 e (4.50)
32k - 32k _SJ 27— 3 4 '
Then, we deduce from (4.48) that
1 k Y oG- IE; a _,‘_H’?:1kq7; k e e
Mkpk (Tmaz) S ﬁm+ 3-2F : MO 32 (Tmam) S 77‘3?—"_5 : —]\4'03 (Tmam)a (451)
which after passing to k — oo immediately entails
sup HaD( ?t)HLoo(Q) + sup ||as('7t)||Loo(Q) < 77% 'M0§ (Tmax)- (452)

t€(0,Trmax) te(0,Tmax)

—

Letting Coo(Trnaz) := max{”ao HLOO(Q + Ha@gHLoo @ .n3 'Mog (Thnaz) ¢, hence a combination of (4.45) and
(4.52) directly implies (4.39).

Thus, the proof of Lemma 4.4 is completed. O

Remark 4.1. Recalling the proof of Lemma 4.3 and Lemma 4.4, it is worth noting that the time-
t)HLP(Q) + [l (- ||LP
HaD(-, t)HLOO(Q) + HaS(~7 t)HLOO(Q) established in Lemma 4.4 are as a result of the time-dependent bounded-
+ |la® (-, 1)

dependent boundedness of HaD for any p > 1 derived in Lemma 4.3 and

ness of |la? (1) shown in Lemma 4.2.

HL2(Q) HLz(Q)

According to the weakened extensibility criterion (3.7) of Lemma 3.3, it remains to derive a
priori estimates for |[Vv(-,t)|[z5(q). To this end, the following result bridging ||Vv(-,t)||%q(ﬂ) with

¢
I (||VGD(‘75)||qu(Q) + |Va® (-, )|, ) ds is crucial.

Lemma 4.5. Under the assumptions of Lemma /.2. Then for all t € (0,Thaz) and q > 2, there exists a
Ca7(q) > 0 independent of time such that
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t

Vo0 < care” | Va0l + 1+ [ (IVa2Co5) gy + 1905 (o)) ds | (453)
0

Proof. Proceeding in a same way as (3.15)—(3.17) in Lemma 3.3, it is easy to prove (4.53). We note
[m|lwie@) < Co8(Tmaz) for all t € (0,Tae) which can be ensured by combining Lemma 4.4 and
Lemma 2.4 for n = 2.

Thus, the proof of Lemma 4.5 is completed. 0O

Furthermore, the following Lemma is also needed.

Lemma 4.6. Suppose that the assumptions of Lemma /4.2 are valid. Then, for all t € (0, Tyaz), there exists
C29(Timaz) > 0 such that

t
190”0l 3a00y + 19000y + [ (1807650 + 180569 o))
0
< Coo(Thnaz)- (4.54)

Proof. Firstly, we have the following linear forms with respect to the a”, a-equations of (3.1)

aP = Ad? + xpVuVaP + g1s (4.55)
and

a; = Aa® + xsVoVa® + gi3, (4.56)
where g12 = (xpmv — peur)a® + (up — XDv) a” (1 —expvgD _ exsvgS _ v), gis = xsamv +

(s — Xspov) @ (1 —expvgl — exsvgS v) + pEpmTeXPVTXsVa P,
Combining Lemma 4.4 and Lemma 2.4, we obtain

[m (-, 1) L) < C30(Tmaz) forallt € (0, Thae), (4.57)
which, combined with the assumption (H3) and 0 < v < 1, yields

”gIQHLoo(Q) S CSl(Tmaw) and Hg13HLoo(Q) S C’31 (Tma;ﬂ) for all ¢ S (O7Tmam)- (458)

Multiplying (4.55) by —AaP, integrating the resulting equation over Q by parts and applying the Young’s
inequality yields

2dt/|v D’ +/|AaD{ /XDVU'VGDAGD—/glgAaD

Q

< 2/|A b < /|VaDy +Cn(@) [ V6l + ConlTiar). (459)

Q

which implies that

%/|WD’2+/|A“D’2 S5/|WD!4+2C32(6)/\Vv\4+2033(Tmax). (4.60)
Q Q Q Q
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By Lemma 2.2 and Lemma 4.4, we have

4 2 2 4
190" [ < Céin (180”700 0" ey + 107 1))

2
S 034(Tmaw) ||ACLDHL2(Q) + 034(Tmaw)- <461>
Substituting (4.61) into (4.60) and taking ¢ = m, we get
d D12 1 D12 4
o |VaP|" + 3 |Aa”|” < Cs5(Trmaz) | [VO* + Cs5(Trnaa)- (4.62)
Q Q Q
Analogously, we obtain
d S|2 1 512 4
E |Va | + 5 |Aa } S 036(Tmam) \Vv| +036(Tmam)~ (463)
Q Q Q

Combining (4.62) and (4.63) gives

G [P +1905) + 5 [ (1862 +180°F) < CorlToae) [ 1901 + Cor(Toar). (460
Q

Q

Inserting (4.53) with ¢ = 4 into (4.64) and applying (4.61), we have

% (|7 + |va®]?) +%/(|AQD|2+|AQS|2)
Q Q
t

< CarlTas)eare™ | [Vunllbuey + 1+ [ (VP C9) oy + 1905 (5) sy ) ds | + Cor(Toa)
0
t

< C37(Tmaw)c27e™ <|VUO||L4 + 1+ Csa(Thnax / 1aa”(,9)][3 @ *[[8a”C, )17 sz))d
0

+2034( max) ) + 037( max) (465)

Integrating (4.65) from 0 to ¢, we see that

t
1
90Ol a0y + 19656030+ 5 [ (1802, G + 180569 )
0
t
< Cs37(Tyax ) core®™" <t|VU0||L4 @) tt+ Csa(Tnas t/ HA‘L HL2 o T HAG HL2 )ds
0
+20(Trnae) ) + Crr(Trnae )t + V08 [0y + 1905320 (4.66)

Let us take 0 < t1 < min {1, Tyas} such that Cs7(Thaz)Csa(Tinan ) core?™ 1ty < %. Thus, by (4.66), for all
t € (0,t1], we have
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i
1
9070l 3a 0y + 190 Oy + 5 [ (18020 ) + 1805 8) )
0
= ||Va(’)3||2m + HV“O ||L2 + C38(Tmam)||V”0H%4(Q) + C38(Tinax)- (4.67)
In virtue of (4.61), (4.67) and (4.53), we see that
10ty < Coo(Tmar) (908 |20y - (905 3200y 19000 Esc) (4.68)

which guarantee we can repeat the above procedure by taking t; as the initial time. Consequently, it is
not hard for us to extend the estimate (4.67) to the whole time interval (0, T)q.) after finitely many steps.
Thus, (4.54) holds.

Thus, the proof of Lemma 4.6 is completed. 0O

Now, we are ready to prove Theorem 1.1 with 7 = 1.
The proof of Theorem 1.1 in the case of T =1

Proof. Suppose to the contrary that the maximal existence time T, is finite. Thanks to Lemma 4.4, there
exists a positive constant Cyy such that

HGD('vt)HLoo(Q) + HaS('7t)HLoo(Q) < Cyo. (4.69)

On the other hand, a combination of Lemma 4.6 and (4.61) (we note that (4.61) remains valid when a?

replacing a” with @) directly yields

t
/ |VaP (- me + || Va®(- y\L4(9)) ds < Cu1, (4.70)
0

which, applied to Lemma 4.5 with ¢ = 4, entails
IVo(-, )| 74(qy < Caz forall t € (0, Trnaa)- (4.71)

Recalling (4.58), and applying the parabolic L? theory (see [19, Theorem IV.9.1] to (4.55) and (4.56) and
the Sobolev embedding theorem (see [19, Lemma II.3.3]) yields

HVGDHLE’(QT,,MI) + ||Vas||L5(QTm”) < C43 ||aDHW32’1(Qme) + HGSHWQ?’I(QTmam) < 6'447 (472)
which, applied to Lemma 4.5 with ¢ = 5, gives
IVo(-, )75y < Cas  forall t € (0, Trnaq)- (4.73)

Combining (4.69) with (4.73), which contradicts the weakened extensibility criterion (3.7) established in
Lemma 3.3 and thereby proves that T}, = 00. As for the uniform boundedness of a” and ¢® with respect
to t € (0,00) is a straightforward consequence of Remark 4.1. Indeed, thanks to T},.. = 00, the positive
constants Cy (min {1, Tmaz 1) and Cy (min {1, %}) in (4.17) and (4.31) are independent of T},,,, thus
the bounds in Lemmata 4.2-4.4 are time-independent. From the equivalent of (1.1) and (3.1), we have the
uniform boundedness of ¢” and ¢®. Furthermore, the uniform boundedness of m in the sense of W1>°(Q)
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with regard to t € (0, 00) is immediately obtained by Lemma 2.4 and the uniform boundedness of ¢? and
. Indeed, let us consider the m-equations of (1.1) with 7 =1

mi=Am+cP? +¢%—m, ze€Qt>0,

om _ g, z €Nt >0, (4.74)
m(z,0) = mo(x), x € Q.

By Duhamel’s principle, the solution of (4.74) can be expressed as follows

t
m(t) — €7t6tAm0 +/€7(t*5)e(t75)A (CD +CS) (S)ds, (475)
0

where {etA} ¢>0 is the Neumann heat semigroup in Q). By applying the well-known L? — LP estimates of
the heat semigroup (see [38, Lemma 2.3] and [36, Lemma 1.3] or [26, Lemma 2.1]), for some v > 0 and
a € (0,1), we have

(-, ) lw.e ()
t
< et el + [ I S G e

Woo(Q)
0

ds
La(Q)

t
< Cug ||m0||W100(Q) + Cys / H(—A + 1)‘1@_(t—8)(—A+1) (CD + CS> (S)‘
0

t
< Cus ||m0||W1,oo(Q)+C47(HCD('ﬂf‘LOO(Q)—I-‘}CS(',t)“LOQ(Q))/(t—s)_o‘e_'Y(t_s)ds. (4.76)
0

Here, for estimating the first term of the second inequality in (4.76), we used the maximal principle of
parabolic equations, the well-known results [36, (1.5) and (1.13)]. As to the second term of it, we used the
result of [38, Lemma 2.3]. The second inequality of (4.76) holds if and only if o > § + %. Thus, one can

take a € (% + %, 1) provided ¢ > 2 such that above integral is finite. Consequently, ||[m(-,)||w1.q) is
uniformly bounded with respect to ¢ € (0, 00). In conclusion, (1.2) holds.

4.2. The case of T=10

Analogous to Lemma 4.1, we have some essential results of solutions to the problems (1.1) and (3.1) with
7 = 0 as follows.

Lemma 4.7. Let (CD,cs,m,v) and (aD,aS,m,v) be the classical solutions of (1.1) and (3.1) with T = 0,

respectively. Then we get

(7) HOLD(-,t)HLl(Q) < HCD(',t)HLl(Q) < M := max {|Q\7 CODHL1(Q)} for all t € (0, Traz);

) 00 gy < €560l gy < Mo i= ma {8l gy 2 (14 1+ Z2BEY )} for atl ¢ €
Ovaaz ;
( )t+0 t+60

(iit) / HGD(HS)H;(Q) ds < / HCD('vt)HQB(Q) ds < Mz == [Q] + 2”—% for any 0 < § < min {1, Tn;”}
D
t

t
and allt € (0, Tz — 0);
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t+6 t+0

i) [ o*Colaayds < [ IS COlaeyds < Ma o= 10+
t

2 M- M.
2 My M) 0 < 6 <
us

Tmax
min {1, 5 } and all t € (0, Trpan — 0);
('U> ||m(,t)||L1(Q) < My + M, for allt € (OaTmaa:)-

Proof. Thanks to the results of (i) — (iv) are the same as Lemma 4.1, we only need to prove (v) here.
Integrating the m-equation of (1.1) over © and applying (i) and (i), we have

/m(-,t):/CD(-,t)+/cS(~,t)§M1+M2. (4.77)
Q Q Q

Thus, the proof of Lemma 4.7 is completed. 0O
Retracing the proof of Lemma 4.2, the boundedness of |[m(-,t)|[13(q) plays an essential in the proof of

the boundedness of HaD(-,t)HLz(Q) + ||aS(-,t)HL2(Q)
can guarantee the boundedness of ||m(-, )| zsq)-

. Inspired by this point, we have following result which

Lemma 4.8. Let (cD7cS,m7U) be the solutions of (1.1) with T = 0. Assume that the hypotheses of Theo-
rem 1.1 are true. Then, for any q € [1,2), there exists Cyg > 0 independent of time such that

Hm('7t)HW1,q(Q) < Cy9 forallte (07Tmaw). (4.78)

Proof. Noting n = 2, let us consider the m-equation of (1.1), in view of (¢) and (i7) in Lemma 4.7, (4.78)
is a straightforward consequence of the well-known regularity result on semi-linear second-order elliptic
equations with L' right hand term (see [4, Lemma 23]).

Thus, the proof of Lemma 4.8 is completed. O

Now, we can derive the following result of HaD(-, t) HLOO(Q) + HaS(- by proceeding as in the proof

)| e 0y
Lemma 4.2-Lemma 4.4.

Lemma 4.9. Let (aD,aS,m,v) be the classical solutions of (3.1) with 7 = 0 constructed in Lemma 3.2.
Suppose that the assumptions of Theorem 1.1 are valid. Then there exists Cso(Tmaz) > 0 such that

[a®” o) ooy + 110”0 e ) < C50(Trmaa)  for all t € (0, Tinaa). (4.79)

Proof. Since this proof is very similar to that proof of Theorem 1.1 with 7 = 1, we give the outline of it
here. Firstly, on account of Lemma 4.8, by using the Sobolev embedding theorem WP(Q2) — L4(Q) for
g€ [l,2L]if p<n (see [12], pp. 171), we have

) n—p
||m(~,t)||L3(Q) < C51 forall t € (O,Tmam). (480)
In reality, we only need choose p € [2,2) to ensure (4.80). Secondly, it is not hard to prove that

||aD(',t)||L2(Q) + ||as(',t)||L2(Q) < Cs2(Tnae) forallt € (0, Thax) (4.81)

by applying the same method as Lemma 4.2. Next, in view of (4.81), using the elliptic L? theory to the
m-equation of (3.1) with 7 = 0, from the Sobolev embedding theorem, we can find that
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Hm(7 t)HLO"(Q) < C53||m(', t)HWz,z(Q)

< Coa (0P (,6) + 05Dl pagqy) < Co(Tmaz) for all £ € (0, Tona),  (4:82)

which, applied to the similar way as the proof of Lemma 4.3, implies

1a” C )| oy + 10 D oy < Co6(Tman)  for all £ € (0, Trnaq) (4.83)

for any p > 1. Finally, we can derive (4.79) by making a adaptation of the well-known Moser-Alikakos L?
iteration technique (see the proof of Lemma 4.4).
Thus, the proof of Lemma 4.9 is completed. 0O

Remark 4.2. Analogous to Remark 4.1, we also remark that the time-dependent boundedness of
HaD(-,t)HLOO(Q) + Has(-,t)HLm(Q) established in Lemma 4.9 is due to the time-dependent boundedness
of HaD(-,t)HLz(Q) + Has("t)Hm(Q)’ while the latter is as a result of the time-dependent of the choice of 6
(see the proof of Lemma 4.2). In addition, in the present paper, thanks to the absence of chemotaxis term,
we do not need to deal with the [, a?|Vv|? (see (3.21) of [33]), which is different from [33]. Therefore, we
only need the boundedness of [|m||zsq) other than ||Vv||z2(q) when establishing the a priori estimates of

lla(-,t)||zr (o) for all p > 2 (see [33, Lemma 3.11]).

Furthermore, based on (4.83), by the standard elliptic L? theory and the Sobolev embedding theorem, it
follows from the third equation of (3.1) with 7 = 0 that |[m(-,t)|[w1. ) < Cs7l[m(-,t)[lw2r ) < Css(Timax)
for all t € (0,Tynaz), which, combined with almost exactly the same arguments as that in the proof of
Lemma 4.5 and Lemma 4.6, yields the following results.

Lemma 4.10. Under the hypotheses of Lemma 4.9. Then, for all t € (0,Tnaz) and q > 2, there exists
Cs9(q) > 0 independent of time such that

t
va( )HLG Q) < C5Qecogt ||VU0|| 1(Q) +1 +/ ||Va )” La() + ||Vas('75)”qj;q(g)) ds | . (4.84)
0

Lemma 4.11. Suppose that the assumptions of Lemma 4.9 are valid. Then, for allt € (0, Ty qz), there exists
C60(Tynaz) > 0 such that

t

9020y + 19050y + [ (18076 + 180550 1)
0

< C’60( ma:c) (485)

The proof of Theorem 1.1 in the case of T =0

Proof. From the weakened existence criterion (3.32) in Lemma 3.3, the global existence of the unique
classical solution to the system (1.1) with 7 = 0 is a straightforward consequence of combining Lemma 4.9
with Lemma 4.10 and Lemma 4.11. Analogous to the proof of Theorem 1.1 in the case of 7 = 1, for the

uniform boundedness of a”, a®, from Remark 4.2, we can achieve it by taking 6 = min {1, Tmaz} = 1 when
Trnaz = 00. As for the uniform boundedness of m, it is not hard to obtain by the standard elliptic L? theory
and the Sobolev embedding theorem. Consequently, (1.2) is true.
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5. Proof of Theorem 1.2

Analogous to the proof of Theorem 1.1, to extend the local solution established in Lemma 3.1 and
Lemma 3.2, assuming on the contrary that T,,,, < oo, we need establish the boundedness of ||aDHLOO(Q),
HaSHLOC (o and V]| 50y by Lemma 3.3. In contrast to the proof of Theorem 1.1, inspired by [30], we
will derive an adapted iteration criterion (see Lemma 5.1 and Lemma 5.2 below) to raise successfully the
regularities of a”, a® from L*(Q) to LP(Q2) for any p > 1, then use the iterative technique of Alikakos [1] or

[8,24] to obtain the boundedness of ||a and ||CLS||L00(Q)-

D
HLoo(Q)

5.1. The case of T =1

Lemma 5.1. Let ( D a% m U) be the classical solutions of (3.1) with 7 = 1 constructed in Lemma 3.1.

Suppose that the assumptions of Theorem 1.2 are valid. Then, for p = %q, there exist some Cg1,Cga > 0
independent of time such that

HaD(ut)Hme) + Has(.,t)HL,,(Q) < Cgy forallt € (0,Tpaz) (5.1)

provided HaD(~,t)HLq(Q) + Has( ,t) < Cg1 for allt € (0, Tyaz) and any q > 1.

HL«(Q)

np
np+2q

Proof. Noting n =3, p = %q for any ¢ > 1, then
find r > 1 such that

<1+ % — é holds obviously. Therefore, one can

1 2 1
L P (5.2)
np+2q r n q
From n;&q < 1, we have nr —n < 24 Thus, by the Gagliardo-Nirenberg’s inequality [9,14], we obtain
2(r—1 (r—1
el Zr ) < 063||u||%w,2<mHu||L<WJ(Q> < ol [l | forue WH@). (5.9
On the other hand, from 1 <1+ 2 — 5’ we have & > 1 — 2 for L 4 L =1 Thus, by ||a”( t)HLq(Q) +
Ha HLQ(Q) < (g1 and Lemma 2.4, it follows from the m~equation of (3.1) that ||mHLT/(Q) < Cgs.

Therefore, we infer from the Young’s inequality and (5.3) that

[ @y mze [@)"+cute) [mr
Q

) Q
S e H (aD)g v 067(8)
L27‘(Q)
< eCey H (GD)% ’ H(GD)% 2(;;1) + Cer(e)
W1=2(Q) L7 ()

% (r—1)
S [ N ARE

p |2

< 5068/ +5068/‘V 2 +C67(€). (54)
Similarly, we have

P2

/ (aS)pm < 5068 / (as)p + 5068 / 'V (as) 2 + 067(6). (55)
Q Q

Q
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Substituting (5.3) and (5.4) into (3.32) and (3.33), then choosing ¢ > 0 sufficiently small such that

eCggpmax {xpeXP, xgeXs} < @, we obtain
_ P2
g e @y + 2D |9 @) < o [ @)+ o 6.9
Q Q Q
and
_ P2
i [ @ 9@ <on [ son [ ven @0
Q Q Q Q

Combining (5.6) with (5.7) and adding [, ((a?)” + (a®)”) in both sides of the resulting inequality, we get

e @)« 22 (o <)
+ [ (@) + @)

<Cn / ((a®)" + (@%)") + Om. (5.8)

P
2

2—|— ‘V (as)

It follows from the Gagliardo-Nirenberg’s inequality [9,14] and the Young’s inequality that

/(aD)p _ H(aD)%

2

L2(Q)
Q
o 3]FE HD%Q%
_H(a ) w12(Q) G L7 (@
=€ H(“D) s 620 HGDHZ‘%‘%Q)
2
se H(“D) ’ wiay Cr2(€)Ce1.- (5.9)
Analogously, we have
P2
/(aS)P gsH( S)z W1,2(9)+C72(€)C61' (5.10)
Q

Substituting (5.9), (5.10) into (5.8), and taking sufficiently small & > 0 such that Crie < 2 (we note that
% € [2,2) for p= Lqand ¢ > 1). Then, from (5.8), we obtain

% (eXD” (aP)" + exsv (as)p) - ;/ ((aD)” + (aS)p) < Ops. (5.11)

We derive from 0 < v < 1 that

d
dt

5
(eXD” (aD)p + eXsv (as)p> + omaxnn 5] / (eXD” (aD)p + eXsv (aS)p) < Crs. (5.12)

Q Q
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Consequently, by the Gronwall’s inequality, we get

/ (eXD“ (aD)p + eXs? (as)p) < Cry, (5.13)

Q

which implies (5.1).
Thus, the proof of Lemma 5.1 is completed. 0O

Lemma 5.2. Suppose that the assumptions of Lemma 5.1 remain valid. Then, for all p > 1, there exists
Crs > 0 independent of time such that

[a® )| Loy + a° (0| ooy < Crs - for all t € (0, Tinaa). (5.14)

Proof. From Lemma 4.1 (i) and (i), we have ||a” (-, t)HLl(Q)—i—HaS( t < Mi+Ms for allt € (0, Trnaz)-

M)
Therefore, we infer from Lemma 5.1 that

HaD(.7t)HL6(Q + Ha HL%(Q) < Cqr¢ forallte (0, Thaz)- (5.15)
Using a bootstrap argument to raise the regularity estimate of ||aD(-,t)||Lp(Q) + [la( t)||Lp(Q) as above,

which proves (5.14).
Thus, the proof of Lemma 5.2 is completed. O

Now, let us make a priori estimates of HaD and HaS || Lo(Q) by the iterative technique of Alikakos.

Iz @)

Lemma 5.3. Under the assumptions of Lemma 5.1. Then there exists C77 > 0 independent of time such that

HaD(-,t)HLOO(Q) + HaS(-,t)HLoo(m < Cyr forallt € (0,Thax)- (5.16)

Proof. From Lemma 5.2, we can obtain that there exists a p > % such that ||aD( t) ||LP(Q)+ ||as( t) ||LP(Q) <
C7s. Hence, by using Lemma 2.4, we get

[m( )l oy < Cro forall t € (0, Tinaa)- (5.17)

Combining (3.32) with (3.33), inserting (5.17) into the resulting equation, and adding [, (€XP” (aD)p
+ eXsv (as)p) to both sides of the final result yields
)

(exDv P exsy s>p) _|_/ (’v(ap)g 2+’V (as)%

Q

n / o7 (aP)! 4 55" (o))

Q

< Ctop (0”2 + 1) (5.18)

for any p > 2, where Cgg is independent of p. On the other hand, by Lemma 2.2 and the Young’s inequality,
we obtain
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p
Csop llall7s (g o)
6 4 2
< Csip (HVCLg ’ ‘a% ’ +’a% )
L2(Q) L1(Q) L1(Q)
b 2 5 p 2
< HV@? oy oo o] (5.19)

Inserting (5.19) with a = a”,a = a® into (5.18), we can conclude that

d

7 (eXD” (aP)? + exsv (aS)p) +/ (eXD” (aP) + exsv (as)p>

2
vo)

—'—H(QD)%

. H :

L1(Q)

(a”)*

LY@

Ly o0

Let pp := 2F and M, := max{ sup (H( ) kHL1(Q) + H@S)“Hﬂ(ﬂ))} for k = 1,2... Therefore,
te (O Tmam)
upon the ODE comparison principle, we infer from (5.20) that there exists n > 1 independent of k such that

M, < max{ kM2 | exp|Qf ||a£)HLOC(Q) + eXs|Q| HagHLm(Q)} for all k > 1. (5.21)
Consequently, if n* M2 | < exr|Q| ||a | )+ eXs|Q| Ha | for infinitely many k > 1, it is not hard
to obtain

1 a1
Pr—1 Pr—1

sup /(QD)Pk—l + sup /(aS)Pkﬂ

t€(0,Trmax) o t€(0,Trmax) 5
1

< (eXD|Q HC‘ODH?;C(Q) ‘ZeXS|Q| Ha’gHLOC(Q)> T 7 (5.22)

n
which implies that
wp POy + 0 05O ey [y + Sy 620

tE(O7T’nlaﬂ‘/) (Omiaa‘)

Conversely, if n* MZ_, > ex2|Q|||af
from (5.21) that

+ exs|Q| Hag for all sufficiently large k, then it follows

HLoc(Q) ||L°°(Q)

My, < n*M?_, for all sufficiently large k, (5.24)

therefore, (5.24) still holds for all k£ > 1 by enlarging 7 if necessary. By a straightforward induction, we get
k42421 5 ok

M, <n My forall k >1, (5.25)

which implies that

MM <np'st P2My forall k> 1, (5.26)
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which after passing to k — oo immediately entails that

sup ||aD("t)||L°°(Q) +  sup HaS('vt)HLOO(Q) <1’ Mo. (5.27)
t€(0,Trmas) t€(0,Traz)

Letting Cy7 := max{”a{?”mo(m + HaﬁHLm(Q) .1 -Mo}, hence a combination of (5.23) and (5.27) and by
Lemma 4.1 (¢) and (4¢) immediately implies (5.16).
Thus, the proof of Lemma 5.3 is completed. O

Now, we are ready to prove Theorem 1.2 in the case of 7 = 1.

The proof of Theorem 1.2 in the case of T =1

Proof. Since this proof is very similar to the proof of Theorem 1.1 in the case of 7 = 1, we omit it here (see
Lemma 4.5 and Lemma 4.6 and the proof of Theorem 1.1 in the case of 7 = 1, we note that Lemma 4.5
holds for any dimension if only [|m/[[y1.0 () < Cg4, in addition, Lemma 4.6 holds if only |[m|| ) < Css).

5.2. The case of T =0

As opposed to the proof of Theorem 1.1 in the case of 7 = 0, we can not use the well-known regularity
result on semi-linear second-order elliptic equations with L! right-hand term [4] (see Lemma 4.8 for details).
Indeed, for the case of n = 3, on account of [4, Lemma 23] and the facts of (i) and (¢i) in Lemma 4.7,
we can only obtain the estimates of ||m(-,¢)||w1.a(q) for all p € [1,2), but by the Sobolev embedding
theorem, the boundedness of ||m(-,t)||s(q) is guaranteed by the boundedness of ||m(-, t)||w1.q(q) for ¢ > 3.
However, by the standard elliptic L? theory, we transform the estimate of ||m(:,%)[/13(q) into the estimate
of ||aD(',t)||L3(Q) + Has(-,t)HLs(Q) which can be controlled by some terms successfully (see the proof of
Lemma 5.4 below).

Lemma 5.4. Let (aD,aS,m,v) be the classical solutions of (3.1) with 7 = 0 constructed in Lemma 3.2.
Suppose that the assumptions of Theorem 1.2 hold. Then there exists Cgg > 0 independent of time such that

02Ol a0y + o)y < Can o allt € (0. Tac). 2%

Proof. Multiplying the first equation of (3.1) by 2a” and the second equation of (3.1) by 2a°, adding
fQ expv (aD)2 and fQ exsv (as)2 to both sides of the resulting equalities, then integrating the results over
Q by parts and using the Young’s inequality yields correspondingly

% XDV (aD)2+2/|vaD|2+/exDv (aD)2
Q Q Q

S(XD/“LU+2)UD+1)6XD/(aD)2+XD6XD/(CLD)Q’ITL—'LLD/(CLD)?’

Q Q Q
S €1 ((ZD)3 + 087(51) + &2 (GD)3 + C88(52) m3 — UD (G,D)B (529)
/ [ fr ]

and

%/exsv (aS)2+2/‘VaS|2+/eXS” (as)2
Q Q Q
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< (st + 20541 4 pe®) [ (@ 450 [ (@)

Q 4
. ) )
+pase / (a”)* ~ s / (%)
3 3
<e Q/ (a5)* + Croles) + 4 J (%) + Cooles) ! m?
3 3
+65Q/(aD) +C’91(E5)—u5!(as) : (5.30)

Combining (5.29) with (5.30) entails
d

= | (27 (@) + e (a%)°) +2 / (IVaP[* + [Va®[*) + / (07 (aP)* + 7 (a)?)

< (e1+ée2+e5—pup) / (aD)3 + (e3+¢e4 — Ms)/ (GS)3 + (Css(e2) + 090(54))/7”3

+ Cs7(e1) + Cso(e3) + Cor(es). (5.31)

It follows from the Gagliardo-Nirenberg’s inequality, the standard elliptic LP theory and the fact of (v) in
Lemma 4.7 as well as the Young’s inequality that

(Css(e2) + Conlea)) / m

= (Css(e2) + Coo(e4)) Hm“ia(g)

2 2
< Coa(ez,4) [[mlyyra(q) Ml 1) < Coz(e2,€4)(My + M) [ml[j15q)
D||2 52 D3 s
< Co(e2,4) (Ha ||L3(Q) +|la HLB(Q)) < €6 (Ha HL?’(Q) +||a HLB(Q)) + Coa(eo)- (5.32)
Substituting (5.32) into (5.31) gives

9] (00 @) + v (05)7) + / (xev (aP)? + " (o))

3 3
<(e1+e2+e5+e6—pp) / (GD) + (€3 +e4 +e6 — Ms)/ (GS) + Cos(e1,€3,65,€6).  (5.33)
Q Q

Taking sufficiently small ¢; > 0, (i = 1,2, ...,6) such that ey +ea+e5+e6—pup < 0and eg+e4+¢e6— s <0,
then by the Gronwall’s inequality and the fact 0 < v < 1, we conclude from (5.33) that (5.28) is valid.
Thus, the proof of Lemma 5.4 is completed. 0O

Based on the estimate of Lemma 5.4, by applying the standard elliptic LP theory to the m-equation
of (3.1) and the Sobolev embedding theorem, it is not hard to show the boundedness of ||m(:,t)|| L) <
Cos||m(-,t)|lw2.2(q) < Cor for all t € (0, Trnqaz). Consequently, using the same arguments that for the case
7 =1 (we note (5.4) obviously holds on account of ||m(:,t)||z~(a) < Co7), we can obtain the estimate of

D s
Ha (-,t)HLw(Q) + Ha (-,t)HLOC(Q) as follows.
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Lemma 5.5. Under the assumptions of Lemma 5.4. Then there exists a constant Cog > 0 independent of
time such that

||aD(-,t)||LOO(Q) + Has(o,t)HLoo(Q) < Cog forallt € (0, Thazx)- (5.34)
Now, one can prove the main result.

The proof of Theorem 1.2 in the case of T =0

Proof. Proceeding in a same way as the proof of Theorem 1.1 in the case 7 = 0, one can complete this
proof, we omit it here for simplicity. O

6. Conclusions

This paper is concerned with the global solvability of the two species cancer invasion haptotaxis-only
system in two and three dimensional spatial settings. We obtained the global existence and boundedness
of unique classical solution for arbitrary pup, s > 0 in dimension 2, this result improves the existing result
in [10]. Moreover, the global existence and boundedness of unique classical solution for large pp,ps in
dimension 3 are investigated, which extend the previous result [10]. Unfortunately, we can not get rid of
the technical assumption up > xppy, s > Xsity for the case of dimension 3. It is worth noting that some
recent works are dedicated to investigate the global boundedness of solutions in 3-dimensional setting for the
chemotaxis-haptotaxis model with tissue remodeling. Undoubtedly, since the chemotaxis-haptotaxis model
with tissue remodeling is more complicated than the chemotaxis-only model, the researches of the global
bounded solutions in dimension 3 are more challenging. For instance, the paper [16] studied the global

solvability under some strong restriction on generalized logistic damping of cell for ¢ > % in dimension
3 (see [16, Theorem 1.1] for its details), but the cases ¢ < 2 or ¢ = 1 are open. In [25], the authors

used a sufficient small birth-rate parameter of cell r and suitable small initial data to control the quantity
Joa®(t) + [ [Vu(t)]* such that it satisfies an autonomous ordinary differential inequality, then established
the global solvability for n = 3 (see [25, Theorem 1.2] for its details), but the case r = 1 is open. Inspired by
[16,25], we expect that the similar results for our haptotaxis-only model (1.1) can be obtained. Furthermore,
we hope that we can solve the open questions in [16,25] mentioned above for our haptotaxis-only model.
Therefore, some of further explorations are as follows:

(1) Introducing the generalized logistic damping as [16] into two cancer cell equations of model (1.1), for
the case of arbitrary up, us > 0, discussing the global boundedness of solution in the n-dimensional setting
(n > 1), especially in the physically most relevant case n = 3.

(2) Taking the logistic type as [25] into account for model (1.1), studying the global boundedness of
solution in the n-dimensional setting (n > 3).
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