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We analyse the problem of continuous elastic beam on unilateral elastic
supports. The study is done in the appropriate analytical framework by using
the functional analysis methods and the variational inequalities theory results.
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1. INTRODUCTION

In this paper we shall study a nonlinear problem of the theory of
structures: the continuous elastic beam on unilateral elastic supports. We
analyse, for the sake of simplicity, the two-spawn scheme.

The beam, of linearly elastic material, covers the interval Q =]a, c[ of
the real axis. The supported cross-sections have abscissa a, b,c with
a<b<ec.

The cross section is variable: its bending stiffness B (B > b, €]0, + )
is essentially bounded on ().

The loading on the beam consists of distributed forces g, € L*(Q)
(positive downward). Furthermore, at abscissas xi,...,x,, (@ =x; < -
<x,, = c) concentrated forces (positive downward) and couples (positive
clockwise) act upon, with intensities F,,...,F, and .#,,...,.#, (with
F>+/47>0Vie{2,....m—1}).

We assume that the bending moment is a linear function of the
linearised curvature.
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Let us denote by u(x) the vertical displacement of the cross-section
whose abscissa is x (positive downward) and by ¢ the element of (H*((2))’

(q:0) = [ qudv + L Fo(x) + Lav'(x) YueHY(Q).
i=1 i=1

The reacting behaviour of the elastic unilateral support can be described
by Winkler’s model

R; = _kiu+(i) (i = {a,b,c}),

where elastic constant k; of the support i (i € {a, b, c}) is an element of
10, + <.
The problem is to find the beam’s elastic line u, i.e., Problem (1).2
Find u € H?(Q) such that

(1.1) (=Bu")" +q —k,u"(b)8, = 0on Q in the distribution sense
(1.2) (=Bu")(a") =4,
(13) (~Bu")'(a") =ku'(a) — F,
(14) (—Bu")(¢c7) = ~4#,
(1.5) (-Bu")'(¢c”)=F, —ku"(c).

In Section 2 we prove (Theorem 1) the equivalence of Problem (1) with
a variational equation. We also prove (Theorem 2) that Problem (1) is
equivalent to a variational inequality and to minimize the energy func-
tional.

In Section 3 we analyse existence and uniqueness of the solution. We

give a necessary condition (Theorem 3) for Problem (1) to have a solution.
In Theorem 4 we obtain the existence and uniqueness results.

2. SOME EQUIVALENT FORMULATION
Let us consider the virtual works’ equation (Problem (2))
ueH*(Q): /C — Bu"v" dx + {q,v) — k,u"*(a)v(a)
—k,u* (b)v(b) —k.u*(c)v(c) =0 YveH*(Q).

% Let us denote Vy € R by g, the Dirac distribution relative to y.
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We have
THEOREM 1. The following statements are equivalent

(1) wu is a solution to Problem (1)

(i) wu is a solution to Problem (2).

Proof. (i) = (ii). First of all, let us observe that Vo € C;(Q)?

(g0 = [‘qede = L F [ H (x)¢'(x) dv
a i=1 a

WE

= L[ H(x)¢" () ds

(k™ (b) 8y, ) = kyu™ (b) @(b) = —kyu™ (b) [ Hy(x)¢'(x) d.
Therefore from (1.1) we get

2 —-
DT puy-si, a0t Dlop o co- ket iy = ~ 1y,

from which
() (~B0)() = LA () + L RH (05 )
+ k,u*(b)H,(x)(x —b)

_fx(ftqo(z) dz) dt + hy(x —a) + h,a.e.onQ,

where h,, h, € R.
Now let us put Vx € Q — {x,,..., x,,_}

F() = Lt () + X FH, (3= x) + kye” () () (x = D)

_f‘(f‘qo(z) dz) dt + hy(x —a) + h,
and observe that, because of (3), we have

(=Bu")(x) =f(x)a.e.on (.

% Let us put V(y, z) € R?

1 ify>z
H.(y) = {0 if y <z.
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Obviously, one of the following possibilities can occur

(4) Jdje{l,....m—1}:b €]x;,x;, [ or
(5) Jjef{2,....m—1}:b=x,.
In the (4) case we have Vv € H?(Q)
/ _ Bu// //dx / fUde + fU”dx
Q ]b,x2[
m—1
+Zf forde ifj=1
i=2 7 T xil
[ — Bu"v"dx = Zf fu”dx+/ fo" dx + fo" dx
Q T x4l Ix;, bl 16, x;,4[

+ ¥ / forde ifje{2,...,m—2}.

i=j+1 T, xial

fQ—Bu” 0" dx = 2/ fo"dx + o

]x Xl+1[ ]xmfl b[

+f fordx ifj=m— 1.
16, cl
In the (5) case we have Vv € H?(Q)
. Bu’/ ”dx U”dx U”dx
A K Z [

T x40

Consequently, by part integration, in elther (4) or (5) cases we have

[ B

= hw(a) — hyu'(a)

Z/Z—k ZF(x —c) + k,u*(b)(c —b)

i=1 i=1

_f:(fatqo(z) dz) dt + hy(c —a) + h,

v'(c¢)

'M§

Il
—

Fy =k (0) + [ q(x) de = by o)

|

Il
—

x) = ¥ Fo(x) = qoeds + kyu (b)o(b)

i=1
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from which

(6) fQ — Bu"v"dx + {q,v) — k,u"(a)v(a)

—kyu* (b)o(b) — ku*(c)v(c)
= —hyw'(a) + (hy — ku*(a))v(a)

S+ Y F(x - ) +kyu' (b)(c — b)

i=1 i=1

+

v'(c)

_f:(fa‘qo(z) dz) dt + hy(c — a) + hy

+

le ~ k" (0) + [go(x) de — hy - kcu+(c))v<c>.

Because of (3), (1.2), (1.3), (1.4), and (1.5) we have

hy=0
hl =kau+(a)
m—1 m—1 ¢ .
L4+ L (-0 + ke =0y () = [ [a) ] i
i=1 i=1 a a
+h(c —a) +h, = =4,
m—1 ¢
— ¥ F+kut(b) — [ qo(x) dr + hy
i=1 a

=F, —ku"(c).

Therefore (ii) is true.
(ii) = (i). Because u is solution to variational equation, Vo € Cj(Q) we
have

f —Bu"¢"dx +{q,¢) —k,u"(a)e(a)

— kyu" (b)e(b) —ku"(c)e(c) =0

so that (1.1) is proven.
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After that let us proceed as earlier in the proof. Then from (1.1) we get
(3) and (6). By using (6) we have Yv € H?(Q)

—hyw'(a) + (hy — ku*(a))v(a)
m—1

Tt TR ) ko (B~ b)

_f:(fa’qo(z) dz) dt + h(c—a)+h,

v'(c)

£k (0) 4 [ ax) e by = ket ()] o) =0

From this, for suitable choices of v, we have
h, = 0 (choosing v: v(a) =v'(c) =v(c) =0, v'(a) # 0);
h, =ku"(a) (choosing v:v'(a) =v'(c) =v(c)=0,v(a) #0);

Z/% + Z F(x;—c¢) + kyu™(b)(c —b)

i=1

—Lc(j;tqo(z) dz) dt + hy(c —a) +hy =0

(choosing v: v(a) =v'(a) =v(c) =0, v'(c) # 0);

M

Fo— ke (b) + [ qy(x) dx = hy = ku* () = 0
1 a

(choosing v: v(a) =v'(a) =v'(c) =0, v(c) #0).

Consequently, because of (3), (1.2), (1.3), (1.4), and (1.5) are true. The
thesis follows. |

Let us now consider the variational inequality

(7) ueHz(Q):fCBu”(U” —u")dx —{q,v —u)
+5 (k07 (@) + k(07 (b)) + k(07 (€))7)

=5 (ka(u* (@) + ky(u* (D))" + k(u*(€))?)=0

Vv e H*(Q).

Nl»—\ t\)l»—\
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Furthermore, let us consider the functional energy

1
J:ve HX(Q) - EfB(u")zdx —<{q,v)
Q

1 + 2 + 2 + 2
+ 5 (ko (v (@) + Ky (07(8))" + k(7 (€)))
and the minimum problem of the functional J
(8) ue H*(Q): J(u) <J(v) YveH*(Q).
Let us now show

THEOREM 2. The following statements are equivalent

(9) u is a solution to variational equation (2)
(10) u is a solution to variational inequality (7)
(11)  u is a solution to Problem (8)

Proof. We proceed in a similar way as in [9].

3. EXISTENCE AND UNIQUENESS RESULTS

Let us now denote by P, the subspace of H?({) given by not greater
than first degree polynomials* and let

VxeR1(x) =1, Y(x,y) €R’> p(x)=x—y.

Moreover, let us denote by P and M, the resultant and the moment
with respect to the origin of the loads applied to the beam

m
PZIQde+ EFz
Q i=1

m m
M, =qude+ ZFixi+ Z%;
Q i=1 i=1
Let us now show

THEOREM 3. A necessary condition for Problem (1) to have a solution is
P>0.IfP =0, M, =0 is a necessary condition so that Problem (1) admits
a solution.

4P1 can be used to describe the compatible rigid body displacements of the structure.
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If P > 0, a necessary condition so that Problem (1) admits a solution is that
the point £ = M,,/P belongs to [a, c].

Proof.  Let us suppose that Problem (1) admits a solution. For v = —1,
we obtain from variational inequality (2)

(q,1) =ku"(a) + k,u™(b) + ku*(c) =0;

e, P> 0.
Let us now deal with the case P = 0. We have

(q,py> =ku"(a)a +ku*(b)b+ku*(c)c.
On the other hand, because
P=<{q,1) =ku*(a) +ku*(b) +ku(c)=0
we have u*(a) = u*(b) = u*(c) = 0, so that
M, =<q,py> = 0.

Finally, let us analyse the case P > 0.
Proceeding by contradiction, let us assume

M M

§=70<a resp.§=?0>c.

Consequently a real number z €]¢,d[ [resp. z €]c, €[] exists and we
have

(q,p.>) = (£—2){q,1) <0 [resp.{q,p.) = (é—2z) <q,1>0].

On the other hand, choosing v = p,, from variational inequality (2) we
obtain

(q,p.) =ku"(a)(a —z) +ku*(b)(b—2z) + ku"(c)(c—2z)
from which
{(q,p,) =0 [resp.{q,p,> <0].
The thesis follows. |

By Theorem 3, for Problem (1) to have a solution, one of the following
possibilities must occur
(12) P=0,M,=0
13) P>0,¢(=M,/Pe{a,c}
(14 P>0, £=M,/P €]a,cl.
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The following theorem holds

THEOREM 4. In Cases (12) and (13), Problem (1) has infinite solutions;,
their set is a subset of an element of H*(Q)/P,.

Furthermore in Case (13) the following results
(15)  every solution u to Problem (1) is such that

P
g:a:u(a)zk—,u(b)éo, M(C)SO

a

P
§=c=>u(a)§0,u(b)$0,u(c)=k—

c

(16) each and every solution to Problem (1) is of the type
uy+h(x—§),

where u, is a whatever solution to Problem (1) and

f=a=h< min{— ZO(b) uy(c) }

—a’'c—a

b—c’ a-c

f—coh s max{— uy(b) uy(a) }

In Case (14) Problem (1) has at least one solution. If ¢ # b, the solution to
Problem (1) is unique.

Proof. At first let us study the problem
(17)  u € HX(Q): [9 — Bu'v"dx + {q,v) =0 Yo e H*(Q).
To this aim we consider the bilinear form
a: ([w],[v]) e H*(Q) /P, - fQBw”U”dx
and the linear form

g: [v] € H*(Q) /P, > (q,v).
Now let us notice that
dcy,c, €10, +[: Vo € HX(Q) cllv”ll 2y

< ”[U]”HZ(Q)/PI < Cz||U"||L2(Q)-
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Then, by using the same method as in [8], we prove that g is continuous,
a(fw],[v]) is continuous and coercive.

Obviously H*(Q)/P, is an Hilbert space. Thus for the Lax—Milgram
theorem the variational equation

(18) [u] € H*(Q)/Py: a([u][v]) = <. [v]) V[v] € H*(Q)/P,

has a unique solution, which we denote with the symbol [#].
Obviously every u* e [i] is such that

f — Bu*"v"dx = —{q,v) VveH(Q)
Q
and, consequently, is solution to (17).
Thus, Vu* € [iz] the function
u* — max{u*(a),u*(b),u*(c)}

is solution to the variational equation (2), i.e., of Problem (1).
Therefore in Case (12), Problem (1) has infinite solutions. Let us now
prove that, if u,,u, are solutions to Problem (1), then u; — u, € P,.
Because (g,1) = 0, we have

Cc
f — Bu (W] —u%) dx + {q,u; —u,) =0
a

f — Buby(u) — uf) dx + {q,u; —u,) =0

a

from which
¢ 2
| B(uy —us)* dx =0
a
from which
IIu/{ - u/é“Lz(Q) =0

and consequently u, — u, € P,.
Let us now consider Case (13).
Let us assume & = a [resp. £ = c¢] and consider the set

H={veH*(Q): v(a) =0,0v'(a) =0}
[resp. H = {v € H*(Q): v(c) =0, v'(c) = 0}].
Clearly H is a subspace of H*(Q)). Let H be equipped with the norm

lollg: v e H—Iv"li2a).
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Because Vv € H
lo(x)l < llv'll2a)(c — a)l/2 a.e.on |a,c|
[0"(x)] < 0" l20)(c — cz)l/2 a.e.on |a,c[,
we have
lollze) < ((c —a)' + (¢ = a)” + 110" ll20).

Thus the norm ||e||y is equivalent to the norm of H?(Q).
On the other hand, H, equipped with the inner product

(e,®)y: (u,v) €EH X H - f u"v"dx
Q

is a Hilbert space.
Moreover,

a(e,*): (u,v) e HX H — chu”U”cbc
a

is a bilinear form on H, continuous and coercive; g is a form on H linear
and continuous.

Thus for the Lax—Milgram theorem there exists an unique & € H such
that

C
{q,v) =fBﬁ”U”dx Yv € H.
a

Let us now note with u the function @i + ax + B, where

_ P 1 P 1
aSmln{(—k—a—u(b))m, _k_a_u(c))c—a}

P 1 P 1
[resp-azmax{(—k—c—u(b))b_ca (_k—c_”(”))a—c”

and

p k

c

P P
B=—aa+k— resp. B= —ac + —

We will now verify that u is solution to variational inequality (2) and
consequently to Problem (1).
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In fact we have

u(a) = [resp. u(a) < 0]

Kl

u(b) <0

P
u(c) <0 [resp. u(c) = k—},

c

from which

P
ut(a) = = [resp.u™(a) = 0], u™(b) =0, u*(c) =0

a

Cc

P
[resp. ut(c) = k_}

Moreover Vv € H*(Q), putting & = v — v'(a)p, — v(a) [resp. & = v —
v'(c)p, — v(c)], it results H(a) = 5'(a) = 0 [resp. #(c) = &'(c) = 0; i.e.,
0 e H.

Thus we have

fc — Bu"v"dx + {q,v)
a

= fc — Bi"0"dx + {q,0) +v'(a)({q, py> — alq,1)) + v(a){q, 1)

a

=v(a)P [resp. fc — Bu"v"dx + {q,v) = v(c)P|.

a

and from this

/c — Bu"v"dx + {q,v)

=ku*(a)v(a) + k,u*(b)v(b) + ku*(c)v(c).

Therefore Problem (1) has infinite solutions.
Let u,, u be solutions to Problem (1), with u, such that

E=a=uy(a) = o uy(b) <0, uy(c) <0

a

P
E=c=uy(a) <0, uy(b) 0, uyfe) =+

c
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We have
C
f — Bujy(uy — u") dx + {q,uy — uy
a

= koug (a)(ug(a) —u(a)) + kyug (b)(uo(b) — u(b))
+keug (¢)(ug(c) —u(c)),

fc — Bu"(ufy —u") dx + {q,uy — uy
a

= k,u"(a)(uo(a) —u(a)) + k,u" (b)(uo(b) — u(b))
+ku'(c)(up(c) —u(e));
hence

[ Bl =y de + k(5 (a) = u” (@) (uo(@) = ()

+ ky(ug (b) — u™ (D)) (ue(b) — u(d))
4 ki (¢) — u” () (y(€) — u(c)) = 0.

This implies that
u, —u € Py,

uy(a) —u(a) =0 or uy(a) <0, u(a) <0,

uy(b) —u(b) =0 or uy(b) <0, u(db) <0,

ug(c) —u(c) =0 or uy(c) <0, u(c) <0.
Therefore we have

P
§=a=>u(a)=k—,u(b)50, u(c) <0

a

P
E=c=u(a) <0, u(b) <0, u(c) = —

Let us now observe that, because u,, is a solution to variational equation
(2), for v = u, — u we have

c

(q,uy —uy =0.

Hence by putting u,(x) — u(x) = hx + f Vx € la,c[, where h, f € R,
we have

0 = <q’u0 - Ll> = h<‘1>P§> + (h§+f)<q’1> = (“o(f) - u(g))<CI>1>
from which it follows directly u,(£) = u(£).
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Therefore, we have proven that
u(x) —uy(x) =h(x—§¢) Vx€la,c|.

Let us now observe that, if ¢ = a, because u(b) = uy(b) + h(b — a) <
0, u(c) = uyc) + h(c — a) < 0, we have

u(h)  u(e) }

19 h in{ —
(19) smln{ b—a’ c¢—a

if £€=c, because u(a) = uya) + h(a —c) <0, u(b) = uy(b) + h(b — ¢)
< 0, we have

(20) h > max{ - L;O(_bc) , — I;O(_az }

In the above discussion we have proven that, if u is a whatever solution
to Problem (1), every other solution is sum of u, and of the polynomial
hp, where h is a convenable real number.

Let us now establish that, if u, is a particular solution to Problem (1)
and hp, is a polynomial such that 4 satisfies (19) [resp. (20)], if £ = a [resp.
& = c], then function u = u, + hp; is a solution to Problem (1).

Indeed we have

u(a) = uqy (a) [resp. u™(a) = ug (a) = 0],
ut(b) =ug(b) =0 [resp.u”(b) =ug(b)=0],
ut(c) =ug(c) =0 [resp.u’(c) =ug(c)];

therefore u is a solution to variational equation (2).

Finally, we are also concerned here with the proof that in Case (14),
Problem (1) has a solution (unique if £ # b).

To this aim let us consider variational inequality (7). It is a known result
that, to prove that variational inequality (7) admits at least a solution, it is
sufficient establish that

(21) dre R*: Vv e H*(Q) with [[vllg2a) =7
c 2 1 2
J B(v")? dx = <q,v) + Ska(v7(a))

1 , 1 2
+Ekb(v+(b)) + Ekc(UJr(C)) > 0.
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Using a proof by contradiction, let us assume (21) to be false. Thus a
sequence {v,} of elements of H?({)) exists such that

c
1
Vn eN |lv,llgxoy=n Vne Nf B(v!)” dx + Eka(l),:r(a))2
a

1 2 1 2
+ 3k, (07 (B)) + Sk (0] () = <o)

v
. . n

or, in terms of the notation w, = —,
n

(22) ||Wn||H2(Q) =1 VneN

¢ 2 1 n 2 1 n 2 1 i 2
[ BOR) de 4 Sku(w (@) + Ska(w, (5))" + Sk (¢))

1
< —{q,w,> ¥Yn€eN.
n

Therefore we get

2
b()“W,:”LZ(Q) < ;”CI“(HZ(Q))"
which implies

(23) lim ||WZ||L2(Q) = 0.

n— +ow

On the other hand, since the first of (22), it is possible to extract from
{w,} a subsequence (which we indicate by the same index) weakly conver-
gent in H2(Q) (and thus strongly in H'(Q)) to an element w. Thus,

(24) lim ||Wn - W||H1(Q) =0.

n— +ow

Let us consider now the functional
¢ 2 1 2
®: v e H(Q) > [ B(v")'dx + Ski (07 (a))
1 2 1 2
3k (07 () + 5k (07 ()

It is easy to verify that @ is weakly lower semicontinuous.
Therefore

d(w) < lim d(w,)
n— +w
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and from (22) we get
JBOW") dv + k,(w* ()" + ky(w (B)) + k(W ()" = 0.

Hence w” = 0 a.e. on la, c[, w(a) < 0, w(b) < 0, w(c) < 0.
From this and taking into account (23) and (24) we have

lim w, = w strongly in H?(Q).

n— +ow

Moreover because the first of (22), w # 0 a.e. on la, c[.
Let us prove that Vx €la, c[ w(x) < 0.
By absurd, let us suppose that

Ax, €]a, c[: w(xy) = 0.

Because w” =0 a.e. on Ja,c[, w is not greater than a first degree
polynomial; i.e., 3/, m € R such that

w(x) =mx+1 Vx€&la,c[.

Clearly w is monotonic. As a consequence, if w(x,) > 0, because
w(a) < 0 and w(c) < 0, we have an absurd result. If w(x,) = 0, we get
w = 0 on [a, c], which contradict the condition w # 0 a.e. on la, c[.

Finally we observe that

{q,w) =mlq,p;) + (m&+ 1){q,1)
= (mé+1){q,1) =w(£){q,1) <O0.
On the other hand, because of (22) we get

{q,w) = lim {(q,w,) = 0.
n— +ow

This absurd proves that variational inequality (7) (and by Theorem (2),
Problem (1)) has at least a solution.

We must now study the uniqueness of the solution.

Let u,, u, be solutions to Problem (1).

By proceeding in a similar way as in Case (13), we have

uy —uy € P, up(§) = uy(§).
Moreover, because of the hypothesis P = {g,1) > 0, we get

As € {a,b,c}: u(s) = uy(s).
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Therefore, if ¢ # b, because u, — u, belongs to P, and has the distinct
zeros s, & we get

u, —u, =0

and the thesis follows.
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