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Abstract

We consider an inverse problem of determining spatially varying density and two Lamé coefficients in
a non-stationary isotropic elastic equation by a single measurement of data on the whole lateral boundary.
We prove the Lipschitz stability provided that initial data are suitably chosen. The proof is based on a
Carleman estimate which can be obtained by the decomposition of the Lamé system into the rotation and
the divergence components.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and the main result

We consider the three-dimensional isotropic non-stationary Lamé system:
P ux, 1) = (Ly ) (x, 1) =f(x, 1), (x,0)€ Q=82 x (=T, 1), (1.1)
where

(L, V) (x) = u(x) AV(x) + ((x) + A(x)) V div v(x)
+ (divv(x)) VAE) + (Vv + (VW) Vi), xef2 (1.2)
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(e.g., Gurtin [12]). Throughout this paper, 2 C R? is a bounded domain whose boundary 92
is sufficiently smooth, ¢ and x = (x1, x2, x3) denote the time variable and the spatial variable
respectively, and u = (u1, us, u3)T, where - denotes the transpose of matrices,
¢ d¢
0ipg=——, j=1,2,3, 0rp = —.
]d’ 3)6.1' J & 91

For o = (o1, a2, a3) € {(NU {0}}°, we set 3% = 9;"95%05” and || = o] + 2 + &3, and 3%,
is similarly defined. We set Vv = (3;v;)1<; k<3> Vi,V = (Vv, d;v) for a vector function v =
(v1, vy, v3)T. Moreover, the coefficients p, A, i under consideration, satisfy

P, A, E C2(§), p(x) >0, ux)>0, A(x)+ u(x) > 0forx € 2. (1.3)
Letu=u(}, u, p; p, q)(x, t) be sufficiently smooth and satisfy

p () (37u)(x, 1) = (L pw)(x,1),  (x,1) € Q, (1.4)

u(x,0)=px), Ouwx,0)=qlkx), xesi. (1.5)

We consider

Inverse problem with a finite number of measurements
Let w C £2 be a suitable subdomain and let p;, q;, 1 < j <N, be appropriately given. Then
determine A(x), u(x), p(x), x € £2, by

u(h, i1, 03P A lwx(~1,7)- (1.6)

As for the inverse problem of determining some (or all) of A, i and p with a finite number of
measurements, we can first refer to:

Isakov [26] where the author proved the uniqueness in determining a single coefficient p(x),
using four measurements (i.e., N = 4).

Ikehata, Nakamura and Yamamoto [14] which reduced the number A of measurements to
three for determining p.

Imanuvilov, Isakov and Yamamoto [16] which proved conditional stability and the uniqueness
in the determination of the three functions A(x), u(x), p(x), x € £2, with two measurements (i.e.,
N =2). See also Isakov [30].

Imanuvilov and Yamamoto [23-25] which reduced N' =2 to N' =1 (i.e,, a single mea-
surement) in determining all of A, u, p by a single measurement u|,x(—7,7), and established
conditional stability of Holder type by means of an H ~!'-Carleman estimate. See also [21].

As for similar inverse problems for the Lamé system with residual stress, see Isakov, Wang
and Yamamoto [31], Lin and Wang [44].

Our method is based on a method by Carleman estimates, which was originally introduced
in the field of coefficient inverse problems by Bukhgeim and Klibanov [8] simultaneously and
independently on each other for the proofs of global uniqueness and stability theorems for these
problems. Also see Klibanov [36]. In particular, for the Lamé system, we use a modification of
the method in [8] by Imanuvilov and Yamamoto [23]. In [23], only a Holder stability estimate
is proved, but by the ideas in Klibanov and Timonov [40], Klibanov and Yamamoto [41], we
can prove the Lipschitz stability for our inverse problem with A= 1. For a related technique,
see Chapter 3.5 in Klibanov and Timonov [39]. In [16,23], an H ~!_Carleman estimate is a key
but requires more technical details. Here we will use a Carleman estimate for the Lamé system
which is derived from a usual L?-Carleman estimate for a scalar hyperbolic equation.
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Thus the advantages of this paper are:

(1) the Lipschitz stability in our inverse problem with N'=1,
(2) use of a conventional Carleman estimate.

On the other hand, for (2) we have to choose a neighborhood w of 92, although it is sufficient
that w is a neighborhood of a sufficiently large subboundary [23-25]. Then, u(X, i, p; p, Q) (-, 1),
t € (—T,T),is given in a neighborhood of 942, so that we do not directly assign boundary values
but the observation data in w x (—T7, T') include information of boundary values.

For the statement of the main result, we introduce notations and an admissible set of unknown
coefficients A, u, p. Set

1

d= <sup x —xol? — inf Jx —x0|2> (1.7)
xes

where x( ¢ 2 is arbitrarily fixed. Let My >0, 0 < 6y < 1 and 61 > 0 be arbitrarily fixed and let

us introduce the conditions on a scalar function S:

B(x)=60,>0, xe$,
(VB(x) - (x — x0)) - (1.8)
1Bl < My, <1—-6), xef\ow.
c@ = 2B(x)
For a fixed subdomain dwg D 952 and fixed sufficiently smooth functions Ao, (o, po on 2, we
set

=\13 .
W =W 60,0, = {(A,u,p)e {CP@Y}s p=po. A=ho, u=poinwp,

A+2
AR sty (1. 8)} (1.9)
0
We choose 6 > 0 such that
Myd
0+ — \/5<9091, 01 mf |x—x0| — 0 sup |x—x0| > 0. (1.10)
\/91 xXeN

Here we note that since xq ¢ £2, such 0 > 0 exists.

Let E3 the 3 x 3 identity matrix. We note that (L) ,p)(x) is a 3-column vector for 3-column
vector p. Moreover, by {a}; we denote the matrix (or vector) obtained from a after deleting the
Jjth row and det; A means det{A}; for a square matrix A. Let (A, u, o) be an arbitrary element
of W.

Now we are ready to state

Theorem. Let w C 2 be a subdomain such that dw D 382. For p = (p1, p2, p3)! and q =
41,92, q3)T, we assume that there exist ji, ja € {1, 2, 3,4,5, 6} such that
. ((LA,MP)(X) @iVP()Es (VP + (VP() ) (x — xo)) 0
(L@@ @iva@)Es (Ve + (V@) — xo)
Vx € 2\ wo, (1.11)
T : _
. ((Lx,up)(x) Vp(x) + (VP(X))T (d?VP)(x XO)> 20, Vre@Van. (1.12)
(L@ x)  Vqx) + (Vqx))"  (divg)(x — xop)
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and that

1
T>—d. (1.13)

N
Then, for any M1 > 0, there exists a constant C; = Ct(OW, M, w, 2, T, A, i, p) > 0 such that
A = Ml g2y + 12 = wll g2y + 16 = ol e
g Cl (Hu()\v :u" 107 pa q) - u(j\’ /:La 157 pv q) H H5(—T,T;H2(w))

+ [u(r, i, o3 @) —u@k, i1, 5; p, Q)| ), (1.14)

H4(—T,T;H%(w))

provided that (A, fL, p) €W and

”ll()\,, K, P3P, ‘I) H W7 (Q)’ u(h, /19 157 P, q) H W72 (Q) <M. (1.15)
Inequality (1.14) gives the Lipschitz stability by a single measurement in a neighborhood
of the whole boundary, and after artificial choice (1.11) and (1.12) of initial values, a single
measurement yields such stability. Moreover, conditions (1.11) and (1.12) depend on a fixed
(X, i, p), so that in our conclusion (1.14), we cannot change both (A, u, p), (i, i, p)eW.
As the following example shows, we can take such p and q.

Example of p, q satisfying (1.11) and (1.12). For simplicity, we assume that A, @ are positive
constants. Noting that the fifth columns of the matrices in (1.11) and (1.12) have x — xq as factors,
we will take quadratic functions in x. For example, we take

2

0 x5
p(x) = <x1x2> ) qx) = ( 0 ) )
0 <2

Then, by choosing j; =6 and j, =5, we can satisfy (1.11) and (1.12).

Remark. The regularity and the bounds in (1.15) can be derived by the compatibility condi-
tions of the known Ag, 1o, po and p, q and the regularity of A, u, p, ):, [, p. For example, as
u(A, i, p; p,q) and u():, &, 0; P, q), we can consider the solutions to the initial value/boundary
value problem (1.4) and (1.5) with the homogeneous Dirichlet boundary condition u(x, t) =0,
x €082, —T <t < T.We choose a subdomain w; C wg with dw; D 92 and assume

peC’ @), Pl =0, qeC*@), qlu,=0, 1 ueC¥®), pel’(@).

Then, applying the general theory for the hyperbolic system (e.g., Lions and Magenes [45])
to Btsu()L, i, p; P, q), the elliptic regularity of the operator L) , and the Sobolev embedding
theorem, we have

8/uGh. . pip. @) € C(I-T. T HO/(2)) C C(I-T.T1: C"/ (@), 0<j<T.
Moreover, the constant M in (1.15) is bounded by
]IZI = max{||p||c9(§), ||(I||c8(§), ”)\”(;8(5), ||M||C8(§)a

||)\’||C8(§)7 ”ll”(jié(ﬁ), ||,0||c7(§), ”'5”6‘7(.(_2)}'
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In this case, thanks to pl,, =qls, =0 and u(A, w, p;p,q) =0o0n 92 x (=T, T), we see that
the compatibility conditions are automatically satisfied. As is seen from the proof of the main
result in Section 2, the constant C in (1.14) depends on M1, w, w1, 2, T, A, i, p, o, 10> PO,
My, 6y, 6.

We can give more comprehensive conditions for (1.15) by means of the theory of the forward
problem such as the initial value/boundary value problem, but for concentrating on the inverse
problem, throughout this paper, we assume the boundedness condition (1.15).

We conclude this section with the references to other publications concerning inverse prob-
lems by Carleman estimates after the originating paper Bukhgeim and Klibanov [8].

(1) Baudouin and Puel [2], Bukhgeim [6] for an inverse problem of determining potentials in
Schrodinger equations.

(2) Imanuvilov and Yamamoto [17,20], Isakov [27,28], Klibanov [37] for the corresponding
inverse problems for parabolic equations.

(3) Amirov and Yamamoto [1], Bellassoued [3,4], Bellassoued and Yamamoto [5], Bukhgeim
et al. [7], Imanuvilov and Yamamoto [18,19,22] (especially for conditional stability), Isakov
[27-29], Isakov and Yamamoto [32], Khaidarov [34,35], Klibanov [36,37], Klibanov and
Timonov [39], [40], Klibanov and Yamamoto [41], Puel and Yamamoto [46,47], Yamamoto
[49] for inverse problems of determining potentials, damping coefficients or the principal
terms in scalar hyperbolic equations.

(4) Li[42], Li and Yamamoto [43] for Maxwell’s equations.

(5) Yuan and Yamamoto [50] for plate equations.

2. Proof of theorem

We set

Y, ) =x —xol* —01*, ox,n=eV"D (x,1)eQ,
and

Qp=wx(=T,T).

First, in terms of (1.9) and (1.10), we can deduce the following lemma in the same way as in
[23]. Henceforth C, C; denote constants which are independent of s but dependent on £2, w, T
and the choice of fixed A, u, p.

Lemma 2.1. Let (A, u, p) € W and let (1.10) and (1.13) hold. There exists T > 0 such that for
any T > T, we can choose sy = so(t) > 0 and C1 = C1(s0, 19, 2, w, T) > 0 such that

/<s4|y|2+s2|vx,,y|2+ 3 182y + 52| Vi (roty) [
lo|=2

+ s*rotyl* + szwx’t(divy)|2 + 54 divy|2)ezs‘p dx dt

<C) /(s|clivf|2 + s|rotf* + s|f1%)e*? dx dt + Ce“ |ly|3,,

0
s 2> 50, 2.1

(=T, T;H?(@))’
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for any'y € H3(Q) such that
pdly—Liy=f  3/y(.£T)=0, j=0,1

The constants in (2.1) can be taken uniformly as long as (;, i, p) € W.

1245

Proof. Let us set v =divy and w =roty. Then we have (e.g., Eller et al. [11], Imanuvilov and

Yamamoto [23]):

P32y — pAy+ Qi(y,v)=f in Q,

P2V — (L +20) Av + Qa(y, v, W) =divf in Q
and

,08,2w — uAW+ Q3(y,v,w) =rotf in Q,

where Q1(y,v) = Zm 1aa)(x)3°‘y+2‘a|<1b (x)aav 0y, v, W) = ZM 1a(’)(x)3°‘y+
Zlal 1 ba ”(x)a% + Z|a\ \c (x)a"‘w j=2,3,and a(/) bg/), ff) € L°°(Q). Therefore we

apply a Carleman estimate by Imanuvﬂov [15] to the system, so that

f{s3(|roty|2+|divy|2+|y|2)+s(|vx,t(roty)|2+ Ve (divy) |+ Ve iy 12) ) €29 dx di

Q

c/(| divf|? + | rotf? + |f1*)e*¢ dx dt + Ce“* |yl g1 1.7: 11 @)
0

and

/ (s Iy + 52| Vi sy 1?) ™ dx dt
Q

s€ f(s| divf|* + s rotf|* + s|f1%)e** dx di + Ce“ Y151 1 7111 (o)
Q

Next for all large s > 0, we have
A(ye’?) = V(div(ye’?)) — rot(rot(ye*?))

V(9;e*) )y 4 (3;¢*)Vy;} +5(Vp)e'? divy + ¢ V(divy)

Mw
i
v

j=
+(y- V)(Ve?) — ((Ve'*) - V)y
+ (Ve*?) divy — ydiv(Ve'?) — (Ve'?) x roty — e*% rot(roty)
=e"V(divy) + O(s?) K1 (y)e™ + O(5)K2(Vy)e*® — (rot(roty))e’”
where K1, K> are linear operators. Therefore

|A(ye™)| < Cet?fs?

b

so that

(2.2)

(2.3)
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Aly(x, 1)ef?&D 2 dx
Ay

2

<C /(s4|y|2 +52|Vy? + | V(divy)|” + | V(roty)[*)e?? dx 2.4)
2

for any ¢ € [T, T]. The elliptic regularity and (2.4) yield

> [l neeo) P

|a|=29
s\ |2 sg |2 sg |2
<c [(ale)P +lyer Pyax+clye
2
< c/(s“|y|2 +52|Vy? + | V(divy)|” + |V (roty)|)e? dx + C|lye** ||§12(w).
2
Therefore
3
Z /|(8x“y)(x,t)e‘“p(x”)|2dxdt —CSZZ/ |8jy|2e2‘w’dxdt —Cs4/ ly>e*% dx dt
|01|:2Q A/'=1Q 0

<C /(s4|y|2 +52|Vy? + | V(divy)|” + | V(roty)|*)e? dx di
0

+Ce“yl7, 2.5)

(~T.T;H*(0))"
Thus, in terms of (2.2), (2.3) and (2.5), we have

f(s4|y|2+s2|vx,fy|2+ 3 102y + 52| Vi (roty)
0 lor|=2

+ s*roty|? + sz}vx,,(divy)|2 + 54 divy|2>e2‘“" dxdt

<C /(s| div]> + s| rotf|* + s|f*)e?? dx dt + Ce®* ||u||§11(_T,T;H2(w)).
0

Thus the proof of Lemma 2.1 is complete. O

As for Carleman estimates, see also Hormander [13], Triggiani and Yao [48].
Next we consider a first-order partial differential operator
(Pog)(x) = B(x) - Vg(x) + Bo(x)g(x), x €2, (2.6)
where B = (by, by, b3) € {W2°(£2)}? and By € W2 (£2). Then

Lemma 2.2. We assume

|(B(x)- (x —x0))| >0, xef. 2.7)
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Then there exists a constant tg > 0 such that for all T > 1, there exist so = so(t) > 0 and
Cr = Cy(s0, 0, 82, w) > 0 such that

s? / ( > I8§g(x)\2)e2w<x’°> dx < C> / < > }8;‘(Pog)(x)|2>ez“”(x’0) dx (2.8)
o lel<2 o Clal<2

forall s > sopand g € Hg(ﬂ).
Proof. We set F' = Pyg and ¢o(x) = ¢(x, t). By integration by parts, we can prove

52 / 1g12e* %0 dx < Cy / |F|?e®% dx (2.9)
2 Q
(e.g., [23]). Since Py(d;g) =9; F — (3 Po)g and 9;glysz =0, we apply (2.9) to 9; g, so that

S2/|ajg|2623¢0d_x<CZ/(|g|2+|Vg|2)825900dx+cz/|ajF|262S(p0dx
2 o o
<C2/(|F|2+|8jF|2)e2‘“p°dx+C2/|Vg|2e2‘¢0dx,
2 2

Therefore

s2/|Vg|262S“’°dx <CZ/(|F|2+|VF|2)e2W0dx+02/|Vg|2e2Wde.
2 2 2

Taking so > O sufficiently large, we have

s2/ IVg|2e% dx < C, /(|F|2 +|VF?)e*% dx. (2.10)
2 Q
Next we have
3
Po(kdeg) = ke F — Y (kb ) (00d;8) + (3eb;) (940;8) + K (2. V),
j=1
where K is a linear operator of g and Vg. Noting that d;d,g = 0 on 952, we apply (2.9) to dxd, g,
and, similarly to (2.10), we can complete the proof of Lemma 2.2. O

Finally, we show an observability inequality, which may be an independent interest.

Lemma 2.3. Let (A, i, p) € W and let us assume (1.13). Let u € H3(Q) satisfy (/oE)t2 —
L;.,,)u=f. Then there exists a constant C3 > 0 such that

/( 3 [%uee, )’ + latu(x,t)|2> dx+/]va,u(x,z)|2dxdt
0

o lels2

)

<C3/(|divf|2+|r0tf|2+|f|2)dxdt+C3(||u||§11(7T)T;H2(w))+ ||u||iz( r b
ST H (@
0

forallt e [-T,T).
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Starting from works of Klibanov and Malinsky [38] and Kazemi and Klibanov [33], this kind
of inequality is usually proved by Carleman estimate. See, e.g., Cheng et al. [9], and we will
prove it in Appendix A for completeness.

Now we proceed to

Proof of theorem. The proof is similar to Imanuvilov and Yamamoto [23]. Henceforth, for
simplicity, we set

u=ut u,0:p. @,  V=u( i, 5P (2.11)
and

y=u-—v, f=p—p, g=A—A, h=pn— . (2.12)
Then

007y = L; ;y+Gu inQ (2.13)
and

y(x,0)=0y(x,0) =0, xe£2. (2.14)
Here we set

Gu(x,t) = —f(x)B,zu(x, H+(g+h@Vdiva)(x, 1) + h(x)Au(x, t)
+ (divu)(x, NVg(x) + (Vu(x, 1) + (Vu(x, ) ) VA(x), (2.15)

By (1.13), we have the inequality #T2 > d>. Therefore, by the definition of 4 and the defini-
tion of the function ¢, we have

(p(x70)>dla (p(x’T)Z(p(xa_T)<d]a xe‘(—29

with d; = exp(rinfyecp |x — xolz). Thus, for given ¢ > 0, we can choose a sufficiently small
8 = 4(e) > 0 such that

px,0)=d—e, (x,1) €2 x[-8,8], (2.16)
and
p(x,t)<dy—2¢, xeR,te[-T,—T+28U[T —268,T]. (2.17)

In order to apply Lemma 2.1, it is necessary to introduce a cut-off function x satisfying 0 <
x <1, x € C*°(R) and

_ |0 on[-T,-T+68U[T —3§,T],
X_{l on[—T 428, T — 26]. (2.18)

In the sequel, C; > 0 denote generic constants depending on s, T, Mo, M1, 6o, 01, 2, T, xo, w,
x and p, q, €, §, but independent of s > sp.
Setting z| = Xafy, 7 = X8,3y and z3 = X8,4y, we have

pdjz1 = L; zz1 + x G(87u) + 26808,y + (37 x) 37y,
POtz = L 70+ x G (3;7w) + 253 )3y + 5(37x) 3,y (2.19)

POz = Ly 23+ x G (9;w) + 253, x)3)y + 5(87x)dy in Q.
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We set

= IIY||H5( T,T;H%(w)) + ||y||H4( T,T; H2(w))

Noting that u € W7>>°(Q), in view of (2.18) and Lemma 2.1, we can apply Carleman estimate
(2.1) to (2.19), so that

Z/( 7y %> + 5 [Voly P+ Y !3?35y|2x2)e2“‘”dxdt

J= 2Q la|=2

4
CS/Z (C|V(G (3] ) | + x2|G@w|*)e® dx di
j=2

5
+Cs/(|3,x|2+ |97 x| {Z |div(3]y)|* + [rot(8/y)|> + |3]'y| )}eZS‘ﬂdxdt
0 =2

+Ce“*D. (2.20)

Here we used div(3(3,x)3/y) = V(50 x) - 8]y + (3 x) div(®/y) and rot(5(3x)8]y) =
V(5 x) x 8]y + (3, x) rot(d]y) for j =2,3,4,5.
Moreover, by (1.15) we see that

V(G (8/w))] <C{|Vf|+|f|+ PEHIOIE S |agh(x)|} ino,

] <2 ] <2
|G (8/u)| < C(I/1+1Vgl+ VA + gl +|A]) inQ (2.21)

and
’x|#0 onlyforte (T —28, T —8)U (=T +38,—T +29). (2.22)

On the other hand, (2.13) implies
P2 (37y) = L; ;0]y+G(3/u) inQ, j=0,1,23.4.
Therefore Lemma 2.3 and (2.21) yield

5 4
/{ Z(\vafy|2 + ]a[‘y\z) +Y > ]a,’a;‘y\z} dx dt
k=2

J=2 la|=2

4
<CY (167 0) 2.0, + VG (3/u) [ 2g) + €D

j=0
<C/< > loe@ + Y [arheo + [ Fo + [V 0] >dxdt+CD
o a2 | <2
<C(1F I ) + 1813200, + W12 ) + CD. (2.23)

Hence inequalities (2.20)—(2.23) yield
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Z/(S4|8iiy|2x2+s2|VBJY|2x2+ > }3?3/y|2x2>e2”’dxdt

=29 lor|=2
Cs/<|f|2+|Vf(x)|2+ S lago)+ Y |8§‘h(x)|2>ezs“’dxdt
0 lo] <2 lor| <2
25(d1—2e) 2 2 2 C:
+CS€ s ¢ (”f”Hl(_Q)—i_ ||g||H2(.Q)+ ||h||H2(Q))+C€ S‘D
= CsE+Cs(ILf 151y + 1815200 + 11132 )) €™ 77 + Ce©D.
On the other hand, for || =2, we use (2.23) and

/| 820%y) (x, 0)|*e>¢0 g

%(ﬂ (020%y) (x, D) x (1) e 2de>d

H\o S—o

0

-T 2
0

+//|823°‘ ))ezs‘”dxdt

T 2
s C/SX2(|3?3§‘Y|2 +[0795y[*) e dx
0
+CP N 17 @) + 181520y + 1113 ) + CDe.
Therefore (2.24) yields
> [I6703) 00 ay
|oe|=2 0
CS (”f”Hl(Q) + ||g||H2(Q) + ||h||H2(Q)) 2S(d1_28) + CS2E + CeCSD

/2 ((379%y) - (379%y)) x* dedwzs/ﬂa 0%y|’ x2(3i9)e™? dx di

(2.24)

for all large s > 0. Similarly, we can estimate Z|a\ - f_Q |(838°‘y) (x,0)|2e259(x-0) gx to obtain

3
3997 y(x, 0) 2290 gy
Z Z | 0y |

J=2lel=2 5

< Cs2eP @2 112, + 1132 q) + C5*E+CeSD

2

for all large s > 0.

(2.25)

Now we will consider first-order partial differential equations satisfied by #, g and f. That is,

by (2.13), (2.14) and (1.15), we have
32y(x,0) = Gu(x, 0), £8y(x,0) = Gdu(x,0).

(2.26)
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For simplicity, we set

oo (CHinem)
—pLnng
divp 0 0
0 divp 0
b, = .O , b= 0 , b3= divp ,
divq 0 0 27
0 divq 0 (2.27)
0 0 divq
Vp+ (Vp)!
di,dy,d3) = )
(d,dp, d3) (Vq+(Vq)T
_ <ﬁ82y<x,0> — (g +M)V(divp) - hAp) oD
po7y(x,0) — (g +h)V(divg) — hAq '
Then we can rewrite (2.26) as
af +bjoig+brdag+b303g=G—d191h —dyorh —dzdzh.
Therefore for j; € {1, 2, 3,4,5, 6}, we have
{a}j, f + {b1};, 018 + {b2}, 028 + {b3}, 03¢
={G}j, —{di1};,01h — {d2};,02h — {d3};,33h on 2. (2.28)

Equality (2.28) is a system of five linear equations with respect to four unknowns f, 91 g, d2g,
03¢, and so for the existence of solutions, we need the consistency of the coefficients, that is,

detj, (@, b1, b2, b3, G —d;d1h — d2dh —d333h) =0 on 2,

that is,

3
> " det), (a. b1, by, by, di)dgh = det, (a. b1, by, b3, G) on 2\ wo (2.29)
k=1

by the linearity of the determinant. Here by (1.15) we note that p, q € W>°°(£2) and
3
>l <cy Y joralye o)+ ¢ Y g +C Y [k
lor] <2 J=2 le|<2 lor| <2 lor] <2

In terms of condition (1.11)and h=u — 1 € Hg(.Q \ @), considering (2.29) as a first order
partial differential operator in i, we can apply Lemma 2.2 in 2 \ &g to obtain

§2 Z |a;ch‘262s<p(x,0) dx
2\ap l¥Is2

3
<c/z Z |3§‘3rjy(x,0)|ze2sw(x,o>dx
22 j=2 la|<2

e [( X e+ X fsne )0 ax
2

lo|<2 Ja|<2
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<SCs2eP N2 fl1 ) + 181130y + I1hl13p ) + Cs*E + Ce&D
¢ f ( 3 lae + Y |8$h<x>|2)e2“”“°> dx (2.30)
o lels2 lo] <2

for all large s > 0. Here we used (2.25). Similarly to (2.30), in terms of (1.12), we can argue
for g. Hence with (2.30), we have

(X hoteeof + X fagncol? )0 as
Q\ag lI<2 lr| <2
<C N2 £l g + 1810y + 11172 0)

Cf(lf(x)|2+ VP + Y g + Y |agh(x>|2>e2wczxdt
0

<2 ol <2
+CeS D+ — /( 3 g+ 3 [ah(o)] ) 2000 gx
lo|<2 o <2

for all large s > 0. Here we recall the definition of £ in (2.24). Taking s > O sufficiently large
and noting that g = h =0 on @q by (1.9), we can absorb the last term into the left-hand side:

/( PNEHIOIEDS |8)‘§‘h(x)|2>e2‘“p(x’0) dx
o lal<2 o] <2
<CP NN f I3 ) + 181520y + 111520
2 2 2 2
C/<|f(x)| HIVF@[ + D [0%@)| + D |9k )&W dx dt
0 lo| <2 lo] <2
+CeSSD. (2.31)
Finally, by (2.28), we have
af = —blalg — bzazg — b383g + G- d131h - dzazh - d333h in £2.
Moreover, by (1.11) or (1.12), we see that |a(x)| > 0 for x € £2 \ wp, so that
@) =KiG+Kx(Vg,Vh) on2\wy,
where 1?1 s 1?,2 are linear operators with WL-o°_coefficients. Thus

V)| < C<|VG(x)| + > @]+ > |agh(x)|)

|| <2 || <2

3
{Z V(3y) @, 0 + 3y 0)) + D Jag )|+ Y }agh(x)|}

j=2 lo] <2 lo|<2

and

3
| £ ()] <C{Z|a!y<x,0)|+ PNERICIE |a;:h<x>|}

j=2 lr| <2 el <2
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for x € £2 \ wp. Hence, since f = 0 on &g, we have

/(|Vf(x)|2+ |f(x)|2)62s(p(x,0) dx

2

/{Z > laalye o + 3 el + 3 o) } 00 dx.

j=2 o<1 o] <2 lo|<2
(2.32)

On the other hand, for j =2, 3, we have by (2.23) and (2.24),

V(87 y)(x, 0)|?e>¢E0 gy
| (ty) |

0

=/%/X2|V(8,jy)|2ezwdxdt

-T 2
< [CIVOPr + 96y Pr)es axar
o
+ Cek(dl_zg)(“f”?{l(g) + ||g||%12(9) + ||h||§{2(9)) + CceSSp
<SCP NN f I} ) + 18152 + 11152 ) + Ce“D+CE (2.33)

and

f | (3ij) (x,0) |262S40(x.,0) dx

2
0

[ 2 [ ai P asar
-T 2
< C/(s|8,jy|2x2+ |8,j+ly|2)(2)ezs“’ dxdt
)
+CP N F 7 o) + 181520y + I3 ) + CeSD

<CE DS 130 + 1183200 + 1Al g)) + CeC D+ CE (234)

for all large s > 0.
Substituting (2.31), (2.33) and (2.34) into (2.32), we obtain

/(‘Vf(X)\z FF0)[})eX o0 gy

2
< Cezs(dlizg)(”f”i[l(g) + “g”iIZ(_Q) + ”h”ilz(ﬂ)) + ce + CeCSD.

Here with (2.31), we have
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f( > lozel+ 3 |3§h|2+lvf|2+|f|2>e2W(xs0>dx

o lel2 J| <2
<CE D F12 o)+ 181220, + 10122 0)) + CeSD
+C/( D loxel*+ 3 loxnl + |Vf|2+|f|2)e2‘“pdxdt.
0 laIs2 o] <2
Since
f( O logsl*+ 3 [aral + 19 717+ |f|2>e2‘“pdxdt
o lals2 lr] <2

T

:/< Z |3;lg|2+ Z |agh|2+|vf|2+|f|2>€2w(x’0)< /eZS(w(x,t)—w(x,O)) dt) dx

o lels2 la| <2

:0(1)/( Z |agg|2+ Z |3gh|2+ |Vf|2+ |f|2>62“p(x’0)dx,
o a2 loe| <2

as s — oo by the Lebesgue theorem and ¢ (x, 1) < ¢(x, 0) for ¢ # 0, we can absorb the last term
on the right-hand side into the left-hand side, and

/( > logel + 3 |8§3‘h|2+|Vf|2+|f|2)62w<x,0>dx
o lal2 lo|<2

SCP NN 131 ) + 181520y + 10132 ) + CeSD

for all large s > 0. By ¢(x, 0) > d;, we divide the both sides by X we have
2 2
f( D [otel + D [+ IV + |f|2> dx
o <2 lor| <2
<SCe (1 f 110y + 181130y + 111132 ) + Ce©D
for all large s > 0. Choosing s > 0 sufficiently large, we can absorb the first term on the right-

hand side into the left-hand side, so that we have conclusion (1.14). O
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Appendix A. Proof of Lemma 2.3

Let us set v = divu and w = rotu. Then, as in the proof of Lemma 2.1, we have

pd’u — pAu+ Qi(u,v)=f inQ, (A.1)
0070 — (A +2)Av + Qa(u, v, w) =divf in Q (A.2)
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and

00>W — LAW + Q3(u, v, w) =rotf in Q, (A.3)

where Q1(,v) = Y 2 a8 ()8%u+ Y 4 <) b (0820, 0w, v, w) = X -y ) ()au+
Y1 b 0800 + X 2y e (082w, j =2,3, and o, b, ¢ € L=(Q).
Lett > 0. We set

E\(t) = /(yvx,,u(x, D+ | Ve v, 0 + | Ve,wie, n)[) dax.
2

Taking the scalar products of (A.1) and (A.3) with d,u and d;w, respectively, and multiplying
(A.2) with 0;v, we integrate by parts to have

t
E\(t) <CE(0) + c( f E1(§)dE + [1fl 72, + 1 divEll > o) + | rotfniz@)
0

2 2 2
+ C(Hat“”LZ(a.Qx(—T,T)) TNl 0w 7,7y TNV 2000 1,1

10001 20 1. T 1% 20 1.y T 1WI 2005 1.19)-
Applying the trace theorem, we have
t
Ei(t) <CE1(0)+CF + C/El(g)dg, 0<r<T.
0

Here we set

F =10l 72w + ”“”izH,T;H%@)) + 1 div el o) + ITotfl75 o) + 1172 -
The Gronwall inequality implies E;(t) < C(F + E1(0)), 0 <t < T. Similarly we can prove
C'E1(0)<E|(t)+CF,0<t<T.For —T <t <0, we can similarly argue to obtain

E\(t1)) KCE|(n)+CF, —-T<t,n<T. (A4)

2

L2(02)
the trace theorem, we can find u*(-,¢) € H!(£2) such that w*(-,7) = u(-,#) on 9§ and
lu*(., f)”Hl(_Q) < Cllug, l‘)”[-ﬂﬂ(ag) < Cllug, f)||1-11(w) for =T <t < T.Then (u—u*)(-,1) €

Hj (£2) and the Poincaré inequality yield
[ —u)¢, 0] 2@ S€ [ (Vu—vun(, 0 L2(82)
<C|Vu(, 1) ||L2(.Q) +Clluc, t)”Hl(w)'

Moreover, the Sobolev embedding theorem implies

Next we will include |u(-,1)]| into E1(t). By the Sobolev extension theorem and

[uc.0) ”3{1(50) S C”u”il'(fT,T;Hl(w)) < CF.
That is,
Ju.0)[32iq) < C[VUC. 0720 +CF. —T<t<T.

Therefore
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E\()<E(t) = /(|u(x, D +|Veux, ) + | Ver divalr, 0] + | Ve rotutr, 0)]7) dx

2
SCE()+CF, -T<t<T,

so that (A.4) implies
EM)<CEMR)+CF, -T<n,n<T. (A.5)

Let x € C3°(R) satisfy 0 < x < 1 and (2.18). We set v = xu. Then 8,jv(-, +7)=0,;=0,1,
and

PORV — Ly uv = xf — p(200, )00 + (87 )u).
We can apply (2.1) to v:

/(|v|2 + Ve VI? + | Vi divv® + |V rotv]?)e®? dx dt
0

1
<CeCF + C/(|atx|2 +102x%) D (|87 uf* + |div o/ u|* + [rot 3] u[*)e>** dx .
0 =0

Taking § > 0 small and shrinking the domain Q into £2 x (—4, §) on the left-hand side and using
(2.16) and (2.18), we have

8
> o) / f(|u|2 + Vo ul + Vi divul* 4 |V, rotul?) dx di
-5 8
< Ce® F + Ce?di—2e) / Z(}&fu!z + |div 8,]u|2 + |rot8/u|2) dxdt.
0 J=0

Therefore by (A.5), we have

283N (E(0) — CF) < Ce“ F +2TCe* 72 (E(0) + F),
that is,

E(0)(28 —2CTe %) < Ce“ F + CF.
Taking s > O sufficiently large, we obtain E(0) < CF. By (A.5), we have

E(t)<CF, —-T<t<T. (A.6)

By the Sobolev extension theorem, we can find u*(-, 1) € HZ2(£2) such that |u*(-, Na2e) <
Cllu(,)ll g2y and w*(-,7) = u(-,7) on 9£2. Set v=u —u*. Then Av = Au — Au* =
V(divu) — rot(rotu) — Au* and v|3 = 0. Hence the a priori estimate for the boundary value
problem for A implies

HV(” t)” H22) S C(”Vdivu(-, t)”LZ(Q) + Hrot(rotu)(-, 1) H ey T HA“*(" 1) HLz(Q))'
Since u = v + u*, we have
Juc, 0| H2A2) S C(|vdivuc, t)”LZ(.Q) + [[rot(rotw) (-, 1) ”LZ(Q) + [urc, t)”Hz(.Q))
<C(|vdivuc, l)”LZ(Q) + [rot(rotw) (., t)||L2(I2) +[luc.n ”Hz(w))'
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Since ||ll(', t)||H2(w) < C”u”Hl(—T,T;HZ(a)))’ we have

JuC. 03200, < C(|Vdivue, 0|20, + [rototw) (. 1) 2o, + F).
with which (A.6) yields

/( 3 [0%ute, ) + [due. o) + o, divu(x,z)|2+|atrotu(x,z)|2) dx<CF. (A7)
2 <2

Finally, we will estimate V(d;u) on the right-hand side of the conclusion. By the Sobolev
extension theorem and the trace theorem, for —7T <t < T we can find u’f such that uT(~, 1) =
oru(-, 1) on 082 and ||u*1‘ . t)HHl(Q) < Cllosu(-, t)”H%(a.Q) < C||osu(-, t)IIHl(w). Applying The-

orem 6.1 (pp. 358-359) in Duvaut and Lions [10], we have
[rut D) —ui D) 41 o) < Cllu D) —uiC D) g
+ C||div(d,u(-, 1) —ui(, 1)) ||L2(_Q)
+ C|rot(d,u(-, 1) — uj(-, 1)) ||L2(Q)’
that is,

/!&Vu(x,t)]zdx
22
< C/(|3tu(x, D7 + 8, divutr, 0] + |3 rotucx, H*) dx + C[duc, 0|3,

2
Hence by (A.7), we obtain

(@)

f|atVu|2dxdt < C/(|8tu(x,t)|2+ |0, divu(x, H)|* + |, rotu(x, H)[*) dx d + CF

0 0
< CF. (A.8)

Inequalities (A.7) and (A.8) complete the proof of Lemma 2.3. O
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