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1. Introduction

A well-known theorem of Riemann [21, p. 235] says that if a series of real numbers is conditionally convergent, then it
can be rearranged to converge to an arbitrarily taken real number or to diverge to +oo or —oo. In other words, for every
conditionally convergent series y_,.,, an and r € R there exists a permutation 7 : @ — w such that Y, dxm =T. (The set
of natural numbers is denoted by w.)

In this paper, we consider a question if it is always possible to take the permutation 7 : @ — w, in Riemann’s theorem,
so that it changes only a small set of terms of the series.

Of course, the answer depends on the notion of smallness we will consider. In this paper we focus on the notion of
smallness induced by ideals of subsets of the set of natural numbers. Namely, for an ideal Z C P(w) we say that a permu-
tation 7 : w — w changes only small set of w if {n € w: w(n) #n}eZ.

We will say that an ideal Z C P(w) has the (R) property if for every conditionally convergent series ) _ a, and r € R
there is a permutation 77, : @ —  such that Y, az @ =1 and

{new: mn)#n}eT.

It was already proved by Wilczynski [28] that the ideal Z; (the ideal of sets of asymptotic density zero) has the (R) prop-
erty. In his paper, Wilczyniski also proved the following theorem: if >, . an is conditionally convergent series then there
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exists a set A C w such that A € Z; and the series )", _,a, is also conditionally convergent. It is not difficult to see that
from this results one can easily get that the ideal Z; has the (R) property.

We will say that an ideal Z C P(w) has the (W) property if for every conditionally convergent series »_, ., an there is
A €T such that ), _,an is also conditionally convergent. Wilczyfiski asked [28, Question 1] to find a characterization of
ideals which have the (W) property.

In Section 3, we show (Theorem 3.3) that both properties (R) and (W) are equivalent. Moreover, we characterize these
properties in terms of extendability to summable ideals (Theorem 3.3)—and this answers the question of Wilczynski.

Moreover, we give a sufficient condition for an ideal to have the (R) property in terms of the Bolzano-Weierstrass
property (Corollary 3.5). We also show that for density ideals this condition is also necessary (Proposition 3.7).

In Section 4 we examine ideal version of some theorems of Sierpifiski which strengthen Riemann’s theorem.

For another characterizations of the set of permutations for which a series stays convergent (divergent, convergent to
the same limit) see e.g. [1,22,18,10,15,11,19,5,20]. Smith in [26] considered very similar question if for every non-absolutely
convergent series and r € R there is a permutation of a given type which makes a series convergent to r. The rearrangements
of series convergent with regard to the ideal Z; was considered in paper [4].

It is known that the properties (R) and (W) are equivalent to the Positive Summability Property, which was considered
in the literature, see e.g. [6,2].

2. Preliminaries

The cardinality of a set X is denoted by | X|. We do not distinguish between natural number n and the set {0,1,...,n—1}.

For a given sequence (an)pey We define g = max{an, 0} and a; = min{a,,0}. For a series Y newdn and A C w, by
Y nea Gn we denote the series Y, xa(n) - an. By R =R U {—00, +00} we mean the extended real line.

An ideal on w is a family Z ¢ P(w) (where P(w) denotes the power set of @) which is closed under taking subsets and
finite unions. By Fin we denote the ideal of all finite subsets of w. If not explicitly said we assume that all considered ideals
are proper (# P(w)) and contain all finite sets. We can talk about ideals on any countable set by identifying this set with w
via a fixed bijection.

An ideal Z is a P-ideal if for every sequence (Ap)new Of sets from Z there is A € Z such that A, \ A € Fin for all n, i.e. A,
is almost contained in A for each n.

An ideal 7 is called dense if every A ¢ Z contains an infinite subset that belongs to the ideal.

2.1. Analytic ideals

By identifying sets of naturals with their characteristic functions, we equip P(w) with the Cantor-space topology and
therefore we can assign the topological complexity to the ideals of sets of integers. In particular, an ideal Z is F, (analytic)
if it is an F, subset of the Cantor space (if it is a continuous image of a G5 subset of the Cantor space, respectively).

A map ¢ :P(w) — [0, o0] is a submeasure on w if

¢¥) =0,
¢(A) <P(AUB) <p(A)+¢(B),

for all A, B C w. It is lower semicontinuous if for all A C w we have
¢(A) = lim ¢p(ANn).
n—-oo
For any lower semicontinuous submeasure on w, let || - |4 : P(w) — [0, oo] be the submeasure defined by
[Allp =limsupg(A\n) = lim ¢(A\n),
n—00 n—o0
where the second equality follows by the monotonicity of ¢. Let
Exh(¢) = {A C w: |Ally =0},
Fin(¢) = {A C w: ¢(A) < o0}.

It is clear that Exh(¢) and Fin(¢) are ideals (not necessarily proper) for an arbitrary submeasure ¢.
All analytic P-ideals are characterized by the following theorem of Solecki.

Theorem 2.1. (See [27].) The following conditions are equivalent for an ideal Z on w.

(1) Z is an analytic P-ideal,
(2) Z = Exh(¢) for some lower semicontinuous submeasure ¢ on w.

Moreover, for F, ideals the following characterization holds.



66 R. Filipéw, P. Szuca /J. Math. Anal. Appl. 362 (2010) 64-71

Theorem 2.2. (See [17].) The following conditions are equivalent for an ideal Z on w.

(1) Zisan Fy ideal;
(2) Z =Fin(¢) for some lower semicontinuous submeasure ¢ on w.

Below we present a few examples of analytic ideals. More examples can be found in Farah’s book [7].

Example 2.3. The ideal of sets of asymptotic density 0

. |[ANn|
Zg= 1A C w: limsup , =0y,

n—oo

is an analytic P-ideal. If we denote

|ANn|
¢d(A) =sup Tinewr
then d(A) = ||Allg, and Zg = Exh(¢q).

Example 2.4. (See Just and Krawczyk [13].) For a function f:w — R™ we define the Erdés-Ulam ideal by

_ R ZieAﬂn f(l) _
EUf = HACa). "lnoloizienf(i) _O}.

This is an analytic P-ideal. And for f(n) =1 we get the ideal Zj.

Example 2.5. (See Farah [7].) Assume that I, are pairwise disjoint intervals on w, and u, is a measure that concentrates
on I,. Then ¢ = sup, w, is a lower semicontinuous submeasure and Z(u) = Exh(¢) is called a density ideal. Every Erdds-
Ulam ideal is a density ideal.

Example 2.6. (See Louveau and Velickovi¢ [16].) Let {n;}ic, be an increasing sequence of natural numbers. Let I; be pairwise
disjoint intervals on w such that |I;| = 2". Let ¢; be a submeasure on I; given by
log,(JANT|+1)

1

¢i(A) =
Then ¢ = sup; ¢; is a lower semicontinuous submeasure and LV ;) = Exh(¢) is called a Louveau-Velickovi¢ ideal.

Example 2.7. The ideal
1
Z1 =4A : —
p=face ¥l <ol
neA
is an F, P-ideal. If ¢ is a submeasure defined by the formula

W‘):Z%

neA

then Z1 = Fin(¢) = Exh(¢).
Example 2.8. (See Mazur [17].) For f:w — R* such that >, f(n) = +oo we define the summable ideal by

I = {Acw: > fm) <oo}.

neA

1

Every summable ideal is an F, ideal. For f(n) = ; we get the ideal Z;.

Example 2.9. The ideal of arithmetic progressions free sets
W ={W C w: W does not contain arithmetic progressions of all lengths}

is an F, ideal which is not a P-ideal. The fact that WV is an ideal follows from the non-trivial theorem of van der Waerden.
This ideal was first considered by Kojman in [14].
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2.2. Bolzano-Weierstrass property

Let Z be an ideal on w, A C @ and (xp)new be a sequence of reals. By (x;) [ A we mean a subsequence (X;)nca. We say
that (x;) [ A is Z-convergent to x e R if {n € A: |x, — x| > €} € Z for every ¢ > 0.
An ideal Z on w is called:

(1) Fin-BW if for any bounded sequence (X;)ne Of reals there is A ¢ Z such that (x,) [ A is convergent;
(2) BW if for any bounded sequence (xp)nce Of reals there is A ¢ Z such that (x,) [ A is Z-convergent.

By the well-known Bolzano-Weierstrass theorem, the ideal Fin is Fin-BW. For the discussion and applications of these
properties see [9]. In particular, it is known that the ideal Zy of sets of asymptotic density 0 is not BW, and every F, ideal
is Fin-BW. Moreover, in the paper [8] the authors show how these properties are connected with Ramsey’s theorem.

3. Riemann’s theorem
Lemma 3.1. If an ideal Z has the (R) property then it is dense.

Proof. Suppose that the ideal Z is not dense. Let A C w be such that |A| = w and for every BC A, BeZ <= |B| < w. Let
A={n: kew}and ng <ny <---. Let ap, = (—1)"/k for every k € w and a, =0 for n € w \ A. Then the series >, _,a, is
non-absolutely convergent. On the other hand, if B C w, B € Z then

D lanl= D" lan| <0
neB neBNA

since |BN A| < oco. Thus Z does not have the (R) property. O
Lemma 3.2. No summable ideal has the (R) property.

Proof. Let f:w— [0,00) and Z={A C w: Y 4.4 f(n) < oc}. We have two cases:

(1) There is € > 0 such that A, ={n € w: f(n) > ¢} is infinite.
(2) limp— o0 f(1) =0.

In the first case the ideal 7 is not dense (see e.g. [12, Lemma 1.4]), so by Lemma 3.1 it does not have the property (R).
Now assume the second case. Since limy_.o f(n) =0 and ), f(n) = oo, there are sequences (Mp)new and (Npnew
such that:
(1) Mg <Ng<M; <Ny <---,
(2) iz < Xily, FO <

Let
A=JMn Nalnw

new

and a; = (—=1)"- f(i) if i € [My, N,] for some n € w and a; = 0 otherwise.
It is not difficult to see that, by well-known Leibnitz’s criterion, ) ;. a;i =s is conditionally convergent.
Note that if B €7 then ) ;_pa; is absolutely convergent. Indeed, since ) ;. f(i) < oo, then

Ylail= Y lail= ) f)<)  f(i)<oo.
ieB ieBNA ieBNA ieB

Let 77 : @ — w be a permutation such that } ;. az =s+land C={necw: 7)) #n}eZ. letr=> ;. cai = iccar (-
Then

S—r=Y -y =Y G=) g — Y Griy=S+1-T,

icew ieC icew\C icw ieC
a contradiction. O
Theorem 3.3. Let Z be an ideal on w. The following are equivalent.
(1) Z has the (R) property.

(2) Z cannot be extended to a summable ideal.
(3) Z has the (W) property.
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Proof. (1) = (2). It is easy to see that if a series )., an witnesses that 7 does not have the (R) property then it also
witnesses that Z does not have the (R) property for each Z C J. Hence, if Z can be extended to a summable ideal, then by
Lemma 3.2 it cannot have the (R) property.

(2) = (3). Suppose that Z does not satisfies (W). Let }_, ., an be a series which witnesses this fact.

We claim that then either Y, _,af < +oo for every A€Z, or Y, ,a; > —oo for every A € Z. Indeed, suppose that
there is A € Z with _,_, a7 =+o00 and there is B € Z with ), za;, =—oc. Then C=AUB €T and ), -a;f =+oo and
Y nec @ = —oco as well. Then there exists D C C such that Y, _p a, is conditionally convergent, a contradiction.

Without loss of generality, suppose that ", _, a;f < +oc for every A €Z. Let f:w — R be given by f(n) =a; for every
n € w. Then the summable ideal Z; extends Z.

(3) = (1). Obvious. O

Remark. There is a well-known conjecture by Erdés and Turan which says that the van der Waerden ideal WV is contained
in the ideal Z:. Thus, if the ideal VW had the (R) property then that conjecture would be false.

Corollary 3.4. Every maximal ideal has the (R) property.

Proof. Since there is no proper extension of a maximal ideal, it has the (R) property iff it is not a summable ideal.
Summable ideals are measurable (in fact F, ), but maximal ideals are non-measurable (see e.g. [3]). O

Corollary 3.5. If an ideal T is not BW then it has the (R) property.

Proof. Let 7 be an ideal which does not have the (R) property. Then by Theorem 3.3 there is a summable ideal Zf > 7.
Since every summable ideal is F, ideal and every F, ideal is Fin-BW [9, Proposition 3.4] we have that Z is also
Fin-BW [9, Proposition 4.1] hence BW. 0O

For more examples of ideals which are not BW see [9]. For instance, we know that Z; is not BW, hence it has the (R)
property—so we get a different proof of Wilczyfiski’s theorem [28].

The above corollary cannot be reversed. All maximal ideals are BW (see e.g. [9]) and they also have the (R) property.

The above corollary cannot be reversed even in the class of all analytic ideals. For instance, Mazur has given an example
of Fy, ideal (hence BW) which cannot be extended to a summable ideal (see [17, Theorem 1.9]). The ideal introduced by
Mazur is not a P-ideal. In the following example we show how to modify it to get an F, P-ideal which cannot be extended
to a summable ideal.

Example 3.6. By [17, Lemma 1.8] for every n > 0 there exists a finite set K;; and a family S; C P(Ky) such that:

(1) Ywq,...,wp €85y (W1 U---Uwy # Kp);
(2) if P is a probability distribution on K, then there exists a w € S, such that P(w) > 1/2.

Assume that {K,: n € w} is a partition of w into intervals, and define ¢, : P(K,) — [0, co) by
bn(A) = minllSl: SCSpandAcC US}

for any A C K;. For any B C w let

1 ¢n(BNKn)

~n gn(Kn)

Let 7 = Fin(¢) = Exh(¢). We claim that Z ¢ Zy for any summable ideal Z¢. Indeed, let f:w — [0, 00) with > 2y f(i) = co.
For each n define a probability distribution P'} on K, by P?({i}) = f(@)/ Zjekn f(j). Pick wy, € S, with P?(wn) >1/2,

and w = J;2; wp. Then Y i, f() > 1/2- 32, f(i) = co. Since ¢n(wy) =1 and ¢n(Ky) =0, ¢p(w) < Y o2y nll < oo. Thus
wel\Zy.

¢(B) =

Below we show that there is a subclass of analytic P-ideals in which the property (R) and negation of BW are equivalent.
Proposition 3.7. A density ideal has the (R) property if and only if it is not BW ideal.
Proof. Let 7 = Exh(¢) where ¢ = sup,, ity and u, is a measure on an interval I,. We have two cases:

(1) There is 6 > 0 such that {n € w: ¢({n}) > 8} is infinite.
(2) limp— o0 ¢ ({n}) = 0.
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In the first case ideal Z is not dense (see e.g. [12, Lemma 1.4]), so by Lemma 3.1 it does not have the (R) property.
Moreover Z is BW ideal.
Assume the second case. Here we have two subcases:

(1) sup, pn(In) < oo.
(2) sup, pun(In) =00

In the first subcase the ideal Z is an Erdés-Ulam ideal (by the result of Farah [7, Lemma 1.13.9]). On the other hand, it
is known that no Erdés-Ulam ideal is BW (see [9]), so by Corollary 3.5 the ideal Z has the (R) property.

Now assume the second subcase. In [9] it is proved that in this case the ideal Z is a BW ideal. So we have to show that
7 does not have the (R) property.

It is not difficult to prove that there is a sequence (kp)ncw and sets (Ap)new Such that:

(1) k0<k1<-~v,
(2) Ap C I, for every n € w, and
(3) n < pg, (Ap) <n+1.

Let A =Upep An- Let

M, (i)
a; = (—])n . <72
n
if i € A, for some n € w, and a; = 0 otherwise.
Since
M, ({i}) _ Pk (An)

> lail = n2 n2

i€Ap i€Ay
and

n g (An)  n+1
I
n n n
we get that the series >, an is conditionally convergent.
Now we will show that for every B € T the series ) _,_pa, is absolutely convergent. Let B € Z. Since

0=[Blls = lim ¢(B\k) =klingo(sgpun(<3 \K 1)),

there is N € w such that for every n > N, u,(BNI,) < 1. On the other hand,

Z"MZZ:( > Iai|>=2< Hia ( '})) Zukn(AmB)

ieB new “iel,NB new “iel,NB new
Miey (An [15) (An N B) Miey (An F15) (An N B) Miey (An [15) (An N B) 1
DD D e D D EERED Dl D Wi LD
n<N n>N n<N n>=N

S0 Y ,cpan is absolutely convergent. It follows that Z ¢ (W), and by Theorem 3.3 Z does not have the (R) property. O

An example of analytic P-ideal which is not a density ideal is the Louveau-Velickovi¢ ideal. This ideal is BW (see [9])
and as we show below this ideal does not have the (R) property.

Proposition 3.8. A Louveau-Velickovic ideal does not have the (R) property.

Proof. Let 7= £V (n;) be a Louveau-Velickovi¢ ideal. Let a, = (—1)!/(i - 2") for n € I; and i € w, a, = 0 otherwise. Since

< 1 (-Di-2m (=1)
=D = =

nel;

so the series ), a, is non-absolutely convergent.
Let A € Z. Then there is N € w such that for every i > N, |ANI;| < 2" /i. Indeed, if there were infinitely many i's with
|ANI;j| >2"/i then for infinitely many i

logo (AN L +1) _ log, Eal _,_logi
n; - ni o ni

$i(A) = -1,

so sup; ¢;(A) > 0. Thus A ¢ Z, a contradiction.
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On the other hand,

3 ol =Z< 3 |an|) =YAnkl o

neA iew “neliNA icw
1 1
=D AN+ Y IAN T
i<N iZN
1 2Mi 1 1 1
SLIANK o+ 2T g = LIAN o+ D <o
i<N i>N i<N i=N

S0 Y .caln is absolutely convergent for every A € Z. Thus Z ¢ (W), so it does not have the (R) property. O
4. Sierpinski-like theorems
Sierpinski [23-25] proved the following versions of Riemann’s theorem:
(1) For every conditionally convergent series ) .., a, and every r € R, there is a permutation 7 :w — w such that
> newlnm =T and

a, <0 <~ Qr (n) <0

for every n € w.
(2a) For every conditionally convergent series ) .., an =s and every r <s, there is a permutation 7 :w — w such that
Znew gm) =T and
ap<0 = mw(Mm)=n
for every n € w.
(2b) For every conditionally convergent series » ., a:, =s and every r >s, there is a permutation 7 :@ — w such that
Znea) axm =1 and
a, >0 = mw(m)=n

for every n € w.

In [28], Wilczynski proved that in Sierpinski's theorems one can require that {n € w: m(n) # n} € Zy. Below we show
that ideals for which ideal version of Sierpiiski’s theorems hold are exactly ideals which have the (R) property.

Theorem 4.1. Let 7 be an ideal on w. The following are equivalent:

(1) Z has the (R) property.
(2a) For every conditionally convergent series > ... an = s and every r < s, there is a permutation 7w :w — w such that
Y newldnm =T {new: ) #n} e and
ap<0 = mw(Mm)=n

foreveryn e w.

(2b) For every conditionally convergent series y .., an = s and every r > s, there is a permutation w:w — w such that
D newlnm =1 {new: m(n) #n} el and

ap>0 = mw(m)=n

foreveryn e w.

(3) For every conditionally convergent series ) ., an and every r € R, there is a permutation 7w : w —  such that Y newnm =T,
{new: m(n)#n}eZand

ah <0 <= aym <0

foreveryn € w.

Proof. (1) = (2a). Let > ,.,an =s be a conditionally convergent series and r < s. Then there is A € T such that
Y nean =5’ is conditionally convergent. Now, applying ordinary Sierpifiski’s theorem to the series ), ,an =5 >1r—5s+5/,
there is a permutation 0 :A — A such that ), _,0,m =1 —s+5" and a, <0 = o(n) =n for every n € A. Then the
permutation 7 : w — w given by 7 (n) = o (n) if n € A and 7 (n) =n otherwise is as required.

(2a) = (2b). Apply (2a) to the series ), ., (—an).
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(2b) = (2a). Apply (2b) to the series )., (—an).

(2b) = (3). Let >, ., an = be a conditionally convergent series and r € R. If r < s then we are done by (2a), otherwise
we are done by (2b).

(3) = (1). Obvious. O
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