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! ! measure zero (for example such a set cannot “disconnect” an open connected set). Let
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us also mention that if the (N — 1)-dimensional Hausdorff measure of A is zero, then
A is intervally thin. A function f is preconvex if it is convex on every convex subset

é(:ifnv;/sgiiemy of its domain. The consequence of our main theorem is the following: Let U be an open
Approximate convexity subset of RN and let A be a closed intervally thin subset of U. Then every preconvex function
Extension f:U\ A — R can be uniquely extended (with preservation of preconvexity) onto U. In fact we
Paraconvexity show that a more general version of this result holds for semiconvex functions.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Convex functions and their generalizations play an important role in mathematics [8], in particular in optimization [1,2]
and optimal control [3]. A special role is played by semiconcave and semiconvex functions considered by S. Cannarsa and
C. Sinestrari [3]:

[3, Definition 2.1.1] Let S be a subset of RN, We say that a function f:S — R is semiconvex if there exists a nondecreasing
upper semicontinuous function w:R; — Ry such that lim,_, ¢+ @(p) =0 and

flax+ (1 —a)y)<af®+0-—a) f(y) +ad —a)lx—ylo(lx—yl) foraecl0,1],
for any points x, y € S such that
[x, yl:={ax+ (1 —a)y: a€[0,1]} CS.
We call w a modulus of semiconvexity of f. We will shortly say that f is w-semiconvex.
Remark 1.1. We would like to mention that a similar generalization of convexity was independently developed by S. Rolewicz

under the name of paraconvexity [10,11]. For related results concerning the general theory of approximately convex functions
see also the results obtained by A. Hazy and Zs. Pales [9,5,6,4] and by the authors [12,13].

A semiconvex function is locally Lipschitz on the interior of its domain, see [3, Theorem 2.1.7]. For more information on
properties and applications of semiconvex functions we refer the reader to [3]. We reserve the name preconvex function for
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a 0-semiconvex function (in the case when the domain is open preconvex functions were considered in [7] under the name
of locally convex functions). Let us note that preconvexity does not depend on the norm.

Dealing with spaces of functions we naturally meet the problem of their extensions. More precisely, we ask when the
extension with the preservation of its properties to a larger domain exists. Clearly the most satisfactory situation occurs
when the extension exists and is uniquely determined. Such is the case for subharmonic functions.

[7, Theorem 3.4.3] Let U be an open setin RN, A a closed polar subset and f a subharmonic function in U \ A such that f is bounded
above in K \ A for every compact set K C U.
Then f can be uniquely extended to a subharmonic function in U. If U is connected, then U \ A is connected.

Preconvex functions can be seen as the “coordinate free” subharmonic functions (a function is preconvex iff it is sub-
harmonic under an arbitrary affine change of coordinates, see [7, Theorem 3.2.28]). Our aim in this paper is to study a
similar problem for preconvex and semiconvex functions. To do so we introduce and study intervally thin sets, which play
a similar role for semiconvex functions as polar sets for subharmonic ones. Main results of the paper, Theorem 3.1 and
Observation 4.2, can be summarized in the following theorem.

Theorem. Let U be an open set in RN, A a closed intervally thin subset of U and f a semiconvex function on U \ A.
Then f can be uniquely extended with the preservation of the modulus of semiconvexity onto U. If U is connected, then U \ A is
connected.

2. Semiconvex functions

The role of negligible sets for semiconvex functions is played by intervally thin sets.

Definition 2.1. Let A c RN. We call A intervally thin if for all x, y € RN and & > 0 there exist x' € B(x, ¢), y’ € B(y, &) such
that

X, y1NA=0.
Since intervally thin sets play a basic role in our investigation, in the last section of the paper we present a detailed

study of their properties.
For AC RN and & > 0 we put

Ag = {x e RN: dist(x; A) <¢}.

We begin with the theorem which shows that continuous functions which are semiconvex almost everywhere (with respect
to intervally thin sets) are semiconvex.

Theorem 2.1. Let U be an open subset of RN, and let f : U — R be a continuous function. Suppose that there exists an intervally thin
set A C U such that f|y\4 is w-semiconvex. Then f is w-semiconvex.

Proof. Let x,y € U, x # y be arbitrary points such that [x, y] C U. Since A is intervally thin there exist sequences x; — X,
yn — Yy satisfying

[%n, ynlNA=40. (1)
Let € > 0 be such that [x, y]¢ C U. Without loss of generality we may assume that ||x, — x||, |[yn — ¥|| < &. Then

[xn, ynl C [x, yle C U. (2)
Consider an arbitrary « € [0, 1]. Making use of continuity of f, (1), (2) and upper semicontinuity of @ we obtain

flax+ (1 —a)y)= lim f(ax,+ (1 —a)yn)

n—-oo
<limsup[ee f (%) + (1 — &) f(yn) + (1 — )|1xXq — yllo(IXa — yall)]
n—oo

Saf@+0-afy+aeld-aolx—ylo(lx—yl). ©

We are going to show that the assumption of the previous theorem that A is intervally thin cannot be much weakened.
It occurs that the assertion of Theorem 2.1 fails to hold if A is a ball in hyperplane of codimension one.
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Example 2.1. We consider RN and take
M:={(x1,....xN-1,0): X1,...,Xn_1 € R}.

In RN ~ M x R we take the product maximum norm
|, )| = max(|jml|,|r]) for (m,r) e M x R.

Let p=(Op, 1) and A = Bp(0, 1) x {0}. We define a function F:RN — R by the formula
F(x) := dist(x; {—p. p}).

Evidently F is continuous. We are going to show that F|gn,, is preconvex, but F is not convex.

To show that F is preconvex on RN \ A it is sufficient to prove that for each point x e RN \ A there exists a neighbour-
hood V, such that F is preconvex on V.

So let us take an x = (m,r) € RN \ A. We consider three cases.

1) r > 0. We will show that F is convex on B(x,r). Consider an arbitrary X' = (m’,r’) € B(x,r). Clearly r’ > 0 and we have

F(x)=F@m',r"y=min(|x — pll, |¥ + pll)
= min(max(||m’|l, |r" — 11), max(|lm'[|, |r" + 1)) = max([|m'||, |r" — 1]) = | — pl|.

Since the norm is a convex function, we obtain that F is convex on B(x,r).

2) r < 0. By the similar reasoning as in the case 1) we directly obtain that F is convex on B(x, —r).

3) r =0. We are going to verify that F is convex on B(x, &), where ¢ = W

Since x = (m,0) € RN \ A, we know that |x| = ||m| > 1. Consider an arbitrary x¥' = (m’,r’) € B(x, ). Then clearly
Im" —m| < & and |r'| < &. Whence we obtain
Iml—1 |im|l+1

22

Im"| > Im[l — & = [Im|| — > [l +1.

Now we get
F(x") = min[max([|m’|l, [r" — 11), max([|m'|, [r" + 1])]
= max(|m'|l, |F' = 1) = |IX' - pl,

which directly proves the convexity of F on B(x, &).
To verify that F is not convex on RN notice that F(p) = F(—p) =0, while F(M) =F(0)=1.

Example 2.2. Let us notice that the function F from Example 2.1 can be modified in such a way that it is preconvex on
RN\ A, but does not have a continuous extension onto RN. We put

Fxp. . x) = {maX(Il(xl,...,xn_1)||, |xn —1]) ifxy >0,

TG xnm D otherwise.

One can easily check that F is preconvex. However, it does not have a continuous extension onto RN since
lim F(,...,0,h)=1#0= lim F(O,...,0,h).
h—0t h—0—

3. Unique extension

Let S ¢ RN. We say that a function f:S — R is locally bounded from below at a point a € cl S if there exists a neighbour-
hood U of a such that the set f(U NS) is bounded from below.
To prove our main theorem we will need a few auxiliary results.

Proposition 3.1. Let U C RN be an open set and let A be a closed intervally thin subset of U. Then every w-semiconvex function
f:U\ A— Rislocally bounded from below at every point of U.

Proof. Let us first observe that since A is intervally thin, int A =, and consequently U C cl(U \ A).

Now suppose, for an indirect proof, that f is not locally bounded from below at a certain point a € U. Then there exists a
sequence a, € U \ A, a; — a such that f(a,;) < —n. Since f is continuous and U \ A is open, there exists a sequence &, — O,
&n > 0 such that B(ay, &) C U\ A and f(B(ay, &n)) C (—o0, —1).

Because int A =), we can find a point b € U \ A such that [a,b] C U. Furthermore, as U \ A is open, there exists an
o € (0,1) such that [wa + (1 — a)b,b] C U \ A. Since A is intervally thin, we can find sequences (G,), (bs) such that
an € B(an, &), bn — b and [a,, by] C U \ A. Then we have

fladn + (1 —)bn) <@ f(@n) + (1 —a) f(bn) + (1 —a)lldn — ballw(lldn — ball),
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and consequently
1 - o - ~ ~
fbn) = 1—f(aan +0 - Ot)b,-,) - ——f(an) —alla, - bn”w(”an - bn”)-
- 1-«a
Since f(adn+ (1 —a)by) — f(xa+ (1 —a)b) and f(a,) — —oo, we obtain that f(b,) — oo, which gives a contradiction as
fbn)— fb). O

Lemma 3.1. Let (ay)k—o....n C R and o € R be such that

.....

ag+a
ak+1<%+a fork=0,...,n—2. (3)
Then
ax >ag +k(ag —ag) —k(k —1a fork=0,...,n. (4)

Proof. The proof goes by induction. For k =0, 1 (4) is trivial. Suppose that (4) holds for a given k > 1. Directly from (3) we
obtain that

Qg1 — A 2> Q — Qg1 — 2.
Applying the above inequalities k-times we obtain
(a1 — ax) > (@ — ag—1) — 2 > -+ > (@1 — ao) — 2kar.
Adding all the above inequalities up we get
Qg1 — Ao = (Ag+1 — ax) + -+ + (a1 — ap) = (k+ 1)(a1 — ap) — (k + Dk,
which directly yields (4).
Lemma 3.2. Let U C RN be an open set and let A be a closed intervally thin subset of U. Let f:U \ A — R be an w-semiconvex

function.
Then for every a € U and every € > 0 there exists a § > 0 such that

|f(b)— f(©)| <& forb,ceB(a,8)NU\A).

Proof. Since f is continuous, it is sufficient to consider the case a € A. For an indirect proof suppose that there exist € > 0
and a € A such that the assertion of Lemma 3.2 does not hold. Without loss of generality we may assume that a = 0.

By Proposition 3.1 we can find r > 0 and M € R such that B(0,r) c U and f(B(0,r)\ A) C (M, 0o0). Because ANB(0, 1) is
a closed nowhere dense subset of B(0,r), we obtain that (AN B(0,r))U(—ANB(0,r)) is a nowhere dense subset of B(0, ),
and consequently that there exists an x € B(0, r), x # 0 such that x, —x ¢ A. By continuity of f we can find r{ >0 and K e R
such that

B(x,r1), B(—x,r1) C B(0O,1)\ A,

f(B(x,r1)\ A), f(B(—=x, 1)\ A) C (—00, K).

Let us fix an arbitrary n € N, n > 2 and consider the balls Bg := B(0,r1/(4n)), By := B(x/n,r1/(4n)). By the assumptions
there exist b, c € Bg \ A such that | f(b) — f(c)| > €. Let us now take an arbitrary d € B; \ A. Then either |f(b) — f(d)| > &/2
or |f(c) — f(d)| > €/2. Suppose that |f(b) — f(d)| > &/2 (the other case is analogous). Then two cases may occur: either
fb) > f(d)+e/2or f(d)> f(b) +¢/2.

Suppose that f(b) > f(d) + ¢/2. Consider the line | from b through d (that is the affine function such that [(0) = b,
[(1) =d). Thus our inequality means that f((0)) > f((1)) + /2. Since 1(0) € By, I(1) € B1, we obtain that

I(—n) € B(—x,11).

Because A is intervally thin and f is continuous, we can find a line I’ such that I'([—n,1]) C U \ A and that [’ is so close
to [ that

I'(—n) e B(—x,r1), I'(0)eBo, I'(HeBy,  f(I'0)>f(I'()+e/2.

Then ||I'(1) — I'(0)|| < (|||l +r1/2)/n =: s/n. Consider the sequence a, = f(I'(1 — k)) for k=0,...,n+ 1. Then by the
w-semiconvexity of f we have
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" , (1 —k I'(-1-k
G — +201+2 — (k) - fara—r) +2f( ( )
1 1
< 5(1 - §>a)(||l’(1 —k=l(=1=k|) |[la-k -T(=1-k]|

1 S
= 5w(2||1’(1) —rO|)- '@ -ro| <w@s/n)- T
n
Directly from the definition of the sequence a; we also get

ap—ag= f(I'0) — f(I'(M) >¢e/2.
Applying Lemma 3.1 with o = w(2s/n)s/(2n) we obtain that

K > f(I'(=n)) = an1 = a0 + (n+ 1) (a1 — ap) — n(n + N
>M+ (n+1eg/2— (n+ Dw2s/n)s/2=M+ 1+ 1)[e — w(2s/n)s]/2.

Now we discuss the case f(d) > f(b)+¢&/2. Since it is similar to the previous one we just show the main steps. Consider
the line [ from b through d. Thus our inequality means that f(I(1)) > f((0)) + /2. Clearly, as I(0) € By, I(1) € By, we obtain
that

I(n) € B(x, 11).
Since A is intervally thin and f is continuous, we can find a line I’ such that I'([0,n]) C U \ A and that
[(meBx.r)., [©eBy, IMeBr, fIM)>f(O)+e/2.

We consider the sequence a, =1I'(k), k=0, ...,n. Analogously as before, making use of Lemma 3.1, one can show that
K > M +nle — w(2s/n)s]/2.
Thus in both cases we have obtained that

K > M +n[e —w(2s/n)s]/2 forneN,

which yields a contradiction as € > 0 and w(2s/n) - 0asn— oco. O
We are ready to prove the main result of the paper.

Theorem 3.1. Let U be an open subset of RN and let A be a closed intervally thin subset of U. Let f : U \ A — R be an w-semiconvex
function. Then f has a unique w-semiconvex extension onto U.

Proof. Since U \ A is an open set, the function f is continuous. It follows from Lemma 3.2 that f has a continuous exten-
sion F onto U. Since A is nowhere dense this extension is unique. By Theorem 2.1 we obtain that F is w-semiconvex. O

At the end of this section we would like to pose the following problem.

Problem 3.1. Let A be a closed subset of RN. Suppose that for an arbitrary open set U containing A, every preconvex
function f:U \ A — R has a unique convex extension onto U. Is A an intervally thin set?

4. Intervally thin sets

As we have seen, closed intervally thin sets play the role of “negligible sets” for semiconvex functions. Since in our
opinion this family is important in this section we investigate its properties.

We are going to show that the family of intervally thin sets have properties consistent with intuition of “small sets”.
Subset of an intervally thin set is obviously an intervally thin set. It is also evident that this family is invariant with respect
to affine isomorphisms. We show that the union of a finite family of closed intervally thin sets is an intervally thin set.

Observation 4.1. Let A1, ..., A, be closed intervally thin sets. Then A1 U---U Ay is a closed intervally thin set.

Proof. It is enough to show that the union of two intervally thin closed sets is an intervally thin set. Let A, B C RN be
closed intervally thin sets. Consider arbitrary x, y € RN and ¢ > 0. We can find x; € B(x,£/2), y1 € B(y, ¢/2) such that
[x1,y11N A =@. Since A is closed, there exists a § € (0, €/2) such that

X1, y1ls NA=10.
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Now we can find x’ € B(x1,8) C B(X', &), ¥’ € B(y1,8) C B(y', €) satisfying
X,y1NB=40.
Since [x', y']1 C [x1, y1ls C RN \ A, we obtain that [¥, yINA=0. O

As a consequence we obtain that being a closed intervally thin set is a “local” property.

Corollary 4.1. Let A be a closed subset of RN. Then A is intervally thin iff for every a € A there exists an & > 0 such that A N B(a, €)
is intervally thin.

Proof. Assume that for every a € A there exists an & > 0 such that AN B(a, ¢) is intervally thin. To show that A is intervally
thin, it is clearly enough to prove that A" := AN B(0,r) is intervally thin for every r > 0.

By the assumptions, for every point a € A" there exists an &, > 0 such that B(a, &) N A" is intervally thin. Applying
compactness of A" and the previous observation we get that A" is a finite union of intervally thin sets, and consequently A"
is intervally thin. O

It occurs that closed intervally thin sets cannot “disconnect” open connected sets.
Observation 4.2. Let A be a closed intervally thin subset of an open connected set U ¢ RN. Then U \ A is connected.

Proof. Consider arbitrary points x,y € U \ A. We are going to show that x can be connected with y by a “broken line”
in U\ A.
Since U is open and connected there exists a sequence x = Xg, X1, ..., X, = y such that

[xi,xip11CU fori=0,...,n—1.
Now we can find r > 0 with the property
[xi,xiy1lrcU fori=0,...,n—1. (5)
Without loss of generality we may assume that
B(x,r)CU\A, B(y,rnCU\A. (6)
Because A is intervally thin, we can find x{ € B(xo, 1), ] € B(x1,1) such that
[xp. 1] NA=0.
Since A is closed, there exists a §; > 0 such that
B(x;,81) C B(x1,1)\ A.
Now we choose x| € B(x}, 1), X, € B(x2,1) in such a way that
[x]{. %] NA=9.
We continue the above procedure and get é1,...,8;-1 > 0 and points xg, ..., x;, X{,...,x,_, such that
X, € B(xg, )\ A fork=0,...,n,
X, € B(x, 8) C B(x¢, )\ A fork=1,....,n—1,
[x,’c’,x,’{ﬂ]ﬂA:@ fork=1,...,n—1. (7)
In view of (5), (6) and (7) the “broken line” with vertices
X=2X0,X0 X1, K], s Xn_1, X, Xn = ¥
lies entirely in U\ A. O
It is obvious that every intervally thin set has empty interior. However, the opposite need not be true. We will give a
criterion for a set to be intervally thin.
Let M be an affine subspace of RN, If a € M then by By (a, r) we denote the open ball in M centered at a with radius r. If

A C M then by inty A we understand the relative interior of A in M. By py : RYN — M we denote the orthogonal projection
onto M.

Proposition 4.1. Let A C RN. We assume that inty (pp(A)) = @ for every (N — 1)-dimensional subspace M of RN. Then A is
intervally thin.
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Proof. Consider arbitrary x, y € RN and & > 0. Clearly it is enough to consider the case when x # y. Let M := (x — y)*. We
are going to prove that there exists an h € By(0, €) such that [x+h, y + h]N A = @. Suppose, for an indirect proof, that this
is not the case, i.e. that

[x+h,y+hlNA#@ forhe By(0,¢).
Then we get
pmx) +Bm(0,8) C A,

which means that inty (pp(A)) # ¥, a contradiction. O

As a consequence of the above result we will obtain that the sets with the (N — 1)-dimensional Hausdorff measure zero
are intervally thin. For the convenience of the reader we recall [14] that a subset A of a metric space X has an s-dimensional
measure zero (where s > 0), which we write As(A) =0, if

Ve >03(Wiken C X, (ken CRy: AC | JBWin) and > ri<e.
keN keN

Example 4.1. Let M be an affine subspace of RN of codimension 1 and let a € M, r > 0 be arbitrary. Then Bp(a,r) is not
intervally thin. To notice this choose an arbitrary v L M, v # 0 and consider x=a + v, y =a — v. One can easily see that
for the pair x, y the condition in the definition of intervally thin set does not hold.

We will need the following well-known facts:

e if X, Y are metric spaces, f:X — Y is Lipschitz and A C X is such that A;(A) =0, then A;(f(A)) =0;
e Ax(Bum(a,r)) >0 for ae M, r >0, where M is an affine subspace of RN of dimension k.

Now we are ready to show
Observation 4.3. Let A ¢ RN be such that Ay_1(A) =0. Then A is intervally thin.

Proof. Let M be an arbitrary (N — 1)-dimensional subspace of RN. Since An_1(A) =0, we obtain that Ay_1(pm(A)) =0,
which consequently yields that inty (pp(A)) = @. Proposition 4.1 completes the proof. O

As a trivial corollary of the above observation and Theorem 3.1 we get the following result.

Corollary 4.2. Let U be an open convex subset of RN and let A be a closed subset of U such that Ay_1(A) =0. Let f:U\ A — R be
preconvex. Then f has a unique convex extension onto U.

Remark 4.1. To construct compact intervally thin set A ¢ RN such that Ay_1(A) > 0 it is sufficient to take any compact
nowhere dense set B c RN~ with Ay_1(B) > 0 and put A =B x {0}.
On the other hand there exists a compact set A ¢ RN, with Ay_1(A) < oo, which is not intervally thin, see Example 2.2.
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