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1. Introduction

The studies of contractive fixed points in metric spaces inspired by Banach [1] and Caccioppoli [2] were developed sub-
stantially by Burton [3], Rakotch [4], Geraghty [5,6], Matkowski [7-9], Walter [10], Dugundji [11], Taskovi¢ [12], Dugundji
and Granas [13], Browder [14], Krasnosel'skil et al. [15], Boyd and Wong [16], Mukherjea [17], Meir and Keeler [18],
Leader [19], Jachymski [20,21], Jachymski and J6Zwik [22] and many others not mentioned in this paper.

It is worth noticing that some of the results of the papers of Jachymski [20,21] and Jachymski and Jézwik [22], con-
cerning discussions, comparisons and corrections, are in fact essential tools in the proofs that among various classes of
contractions which are introduced and studied in the above mentioned papers the Leader contractions are the greatest
general contractions. In the complete metric spaces with t-distances, beautiful generalizations of Leader’s result [19, The-
orem 3] are established by Suzuki [23, Theorem 4] and [24]. The above are some of the reasons why in metric spaces the
study of Leader contractions plays a particularly important part in the metric fixed point theory.

Recall, that the maps satisfying the following conditions (L1) and (L2) are called in literature Leader contractions and weak
Leader contractions, respectively.

Theorem 1.1. (See Leader [19, Theorem 3].) Let (X, d) be a metric space and let T : X — X be a map with a complete graph (i.e. closed
in Y2 where Y is the completion of X). The following hold:

(a) T has a contractive fixed point if and only if (L1) Vx yexVe=03p=03renVi jentd(TH(x), TU(y)) < & + n = d(TliH+(x),
TUH(y)) <&},
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(b) T has a fixed point if and only if (L2) 3yexVe=03n=0TrenVi, jen{d(T1H (x), TV (%)) < & + 1 = d(TIH (x), TV (x)) < &}. More-
over, ifx, &, n and r are as in (L2) and if limy_ oo TI™ (x) = w, then Vien{d(TH (x), T+ (x)) < n = d(TE+(x), w) < e}.

By a contractive fixed point of T:X — X we mean a fixed point w of T in X such that, for each w? € X,
limm_ 0o TM (W0 = w.

Recently, Wiodarczyk and Plebaniak in [25] have studied among others the 7-families of generalized pseudodistances
in uniform spaces which generalize distances of Tataru [27], w-distances of Kada et al. [28], T-distances of Suzuki [29] and
t-functions of Lin and Du [30] in metric spaces and distances of Valyi [31] in uniform spaces. Motivated by works reported
in [19,23,24,20-22], our main interest in this paper is the following

Question 1.1. If the spaces X are uniform with 7 -families of generalized pseudodistances, under what conditions does the
fixed point theorem of Leader type for maps T:X — X exist even in the case when the spaces X are not sequentially
complete and the maps T do not have complete graphs?

In this paper, in the uniform spaces, to answer affirmatively this question, we give the definition of the [7-family of
generalized pseudodistances, we apply it to construct /7-contractions of Leader type on X and we provide the conditions
guaranteeing the existence and uniqueness of fixed points of these contractions and the convergence to these fixed points
of all iterative sequences of these contractions. Also we construct weak [J-contractions of Leader type on X and study the
existence of their fixed points. Our contractions essentially extend Leader type contractions introduced and studied in the
literature. Examples showing a fundamental difference between our results and the well-known ones are given. The results
and methods of investigation presented here are new for maps in uniform and locally convex spaces and even in metric
spaces.

2. Definitions, notations and statement of results

Let X be a Hausdorff uniform space with uniformity defined by a saturated family D = {dy: « € A} of pseudometrics d,
« € A, uniformly continuous on X2. If T: X — X, then, for each w® € X, we define a sequence (w™: m € {0} UN) starting
with w0 as follows Vimejojun{w™ = T (w?)} where T"™ =T o T o---o T (m-times) and T!% = I is an identity map on X.
Denote by Fix(T) the set of all fixed points of T, i.e. Fix(T) ={w € X: w=T(w)}.

We start by defining the notions of 7-family of generalized pseudodistances on X and J-contractions and weak 7-
contractions of Leader type on X.

Definition 2.1. (See [25,26].) Let X be a uniform space. The family J = {Jq: X2 — [0, 0), « € A} is said to be a J-family
of generalized pseudodistances |, o € A, on X (J-family, for short) if the following two conditions hold:

(T VaedYxyzex{]a®,2) < Ja X, ) + Ja (¥, D)5 and
(J2) For any sequence (xp: m € N) in X such that

VaeA{ lim sup ]a(xn,xm)=0], (2.1)
n%oom>n

if there exists a sequence (y,: m € N) in X satisfying

VaeA[mleoo Jot(xm»}’m)=0]y (2.2)
then
VaeA{mleooda(xm»Ym)=0]- (2.3)

In the following remark, we list some basic properties of 7-families.

Remark 2.1. Let X be a Hausdorff uniform space and let 7 = {4 : X2 — [0, 00), o € A} be a 7-family on X.

(a) From (J1) and (J2) it follows that if x # y, x, y € X, then Jyc 4{Ja (X, y) > 0V Jo (¥, %) > 0}. Indeed, if Vyca{Ja (X, ¥) =
Ja(y,%) =0}, then Yye a{Ja(x,x) = 0}, since, by (1), we get Yy a{Ja(*®,%) < Ja(X, ) + Ja(¥,%) = 0}. Now, defining
Xm =x and yy, =y for m € N, we conclude that (2.1) and (2.2) hold. Consequently, by (72), we get (2.3) which implies
Voea{da (x, y) = 0}. However, X is a Hausdorff and hence, since x # y, we have 3y 4{dy (%, y) # 0}. Contradiction.

(b) If VgeaVxex{Ja(x,x) = 0}, then, for each « € A, J, is quasi-pseudometric. Examples of J-families such that the
maps J, o € A, are not quasi-pseudometrics are given in Section 6.

(c) The family D is a J-family on X.
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Definition 2.2. Let X be a uniform space and let the family J = {4 : X2 — [0, 00), « € A} be a J-family on X. We say
that:

(i) T:X — X is a J-contraction of Leader type on X (in short, J-contraction on X) if

(c1) Vx,yEXVaEAve>03n>03reNV5,leN{ja(T[S] (%), Tl W) <e+n=Jq (T[S+r] ), U] y) <e}.
(ii) T:X — X is a weak J-contraction of Leader type on X (in short, weak J-contraction on X) if
(€2) IxexVaeaVe=0In=0FrenVs enlJa(THX), TN ) <& + 1= Jo(TEH (), THT () < e}

Definition 2.3. Let X be a uniform space and let J = {J:X% — [0,00), & € A} be a J-family on X. We say that
T:X — X is J-admissible if for each u® € X satisfying ¥y 4 {lim;_, oo SUP;-py Jo (U™, u™) = 0} there exists w € X such that
Voeallimpo oo Jo @™, w) =0}

Remark 2.2. Let X be a Hausdorff uniform space and let T: X — X. If X is sequentially complete, then T is D-admissible.

Definition 2.4. Let X be a uniform space and let T: X — X. We say that T is closed on X, if whenever (x,: m e N) is a
sequence in X converging to x € X and (ym: m € N) is a sequence converging to y € X such that y,, = T(xy) for all m e N,
then y = T (x).

Basing on ideas from [25,26,32-34] we will present an affirmative answer to Question 1.1. More precisely, we will prove
the following three stronger than [1-19], [23, Theorem 4] and [24] results.

Theorem 2.1. Let X be a Hausdorff uniform space and let 7 = { Jo : X*> — [0, 00), o € A} be the J-familyon X.Letamap T : X — X
be J-admissible and let it satisfy one of the following conditions:

(D1) Vo yex {{limm— o W™ = w} = (T is continuous at w}};
(D2) T is closed on X.

The following hold:
(@) If T is a J-contraction on X, then: (i) T has a unique fixed point in X, say w; (ii) for each w° € X, the sequence (w™: m € {0}UN)
converges to w; and (iii) Voyea{ Jo (W, w) = 0}.
(b) If T is a weak J -contraction on X, then: (i) there exist w°, w € X such that the sequence (w™: m € {0} U N) converges to w;

and (ii) w € Fix(T).

Theorem 2.2. Let X be a Hausdorffuniform space and let 7 = { Jo : X*> — [0, 00), o € A} be the J-familyon X.Letamap T : X — X
satisfy one of the conditions (D1) or (D2) and, in addition, the condition

(D3) EIwO,weXVoteA{limmﬁoo Ja(w™, w) =0}

If T is a J-contraction on X, then: (i) there exist w°, w € X such that the sequence (W™: m € {0} U N) converges to w;
(ii) Fix(T) = {w}; and (iii) Voc a{Jo (W, w) = 0}.

Theorem 2.3. Let X be a Hausdorff sequentially complete uniform space and let the family 7 = {Jo : X2 — [0, 00), o € A} be a
J-family on X. Let T : X — X satisfy one of the conditions (D1) or (D2). The following hold:

(a) If T is a J -contraction on X, then: (i) T has a unique fixed point in X, say w; (ii) for each w® € X, the sequence (W™: m € {0} UN)
converges to w; and (iii) Yoy ea{ Jo (W, w) = 0}.

(b) If T is a weak J-contraction on X, then: (i) there exist w°, w € X such that the sequence (w™: m € {0} U N) converges to w;
and (ii) w € Fix(T).

3. Proof of Theorem 2.1

For each w9 v% € X, o € A and k € N, we define

87:a k(WP v0) =inf{A 7.4 k (W%, v°,n): n e N}, (31)
V7 k(WO v0) =inf{ 7.4 k (W, v%,n): n e N}, (32)
Az:ak(W0,v0 n) =max{ Jo (WS, V) n<s,I<n+k}, neN, (3.3)
I7.a k(W v0n) = max{Jo(vS. w'): n<s,I<n+k}, neN. (3.4)
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Proof of Theorem 2.1(a). Assume that the condition (C1) holds. The proof will be broken into nine steps.
Step 1. The following property holds
VWO,VongaeAV8>OE|r/>O{E|r1ENVs,leN{]ot (WS, VI) <e+n=Ja (W5+r1 ) VH_r]) < 5}
A enVsien{Jo (v, W) <&+ = Jo (v, wit2) < g} (3.5)
Indeed, let w9, vO € X be arbitrary and fixed. If we define the sequences (w™: m e {0} UN) and (v™: m € {0} UN) (remem-
ber that w™ = TIM(w®) and v™ = TI™(v9), m € {0} UN) and assume that « € A and ¢ > 0 are arbitrary and fixed, then, us-
ing (C1) for x=w?® and y = v°, we obtain 3;,-03r, enVsien{Jo (WS, v)) <&+ 11 = Jo (WS, v < ¢} and, using (C1) for
x=vand y = w0, we obtain 3,-03r,enV¥s en{Ja (vS, W) < e+1m2 = Jo (vST2, wH72) < £}, Hence, putting 1 = min{n1, 12},
we have 3 enVs jen{Joa (W, vh<e+ n=Ja (W, viH1) < ¢} and FrenVsten{Ja (V5 wh <e+ n=Ja(vt, witiz) < g}
This gives (3.5).
Step 2. We show that
VWO’VOGXVO,EAV]@N{(SJ;Q’]( (WO, VO) = 0} (3.6)

and

VWO,VngVaeAVkeN{VJ;a,k (WO, VO) = 0}~ (3.7)
Indeed, suppose that (3.6) does not hold; that is,

HuOYZOQXH(XoEAHk()EN380>O{&_7;0[0,](0 (uos ZO) = 80}- (38)

With this choice of u°, 2, o and &9 we can use (3.5) and then there exist 79 > 0 and rq € N, such that

Vs 1en] Jao (U, 2) < €0+ 10 = Jap (15170, 2470) < &0} (3.9)

Additionally, (3.8) and (3.1) imply that there exists ng € N such that A 7.4, .k, %, 2% no) < &9 + 1o which, by (3.3), gives
Vo <s.1<no+ko L Jao U, Z') < &0 + no}. Consequently, by (3.9), we get Vno<s.I<ng-tko { Jap W10, ZI*710) < g} which we can write
as Vn0+r0<s,1<n0+r0+ko{]ao(us,Zl) < &o}. This, by (3.3), gives that Aj;ao’ko(uo,zo,n() + ro) < &9. However, hence and from
(3.8) and (3.1) it follows that &g = 8 7.4k %, 2°) = INf{A 7.0 ko %, 2%, 1): 1 € N} < A 740 ko U, 2%, 10 + 10) < €0 Which is
impossible. Therefore, (3.6) holds. Now, suppose that (3.7) does not hold, i.e.

3u0,20€X3010€AE|k0€N380>0{yj;ao,ko (uos ZO) = 80}- (310)

Of course, for this u°, z°, ag and &y, by (3.5), there exist 79 > 0 and rg € N, such that

Vs 1en] Jao (25, U') < €0+ 10 = Joo (25170, ul17) < &0} (311)

In addition, by (3.10) and (3.2), there exists ng € N such that 7.4, , (O, 2% ng) < €9 + no. Hence, using (3.4), we con-
clude that Vn,<s.i<ngtke {Jao (25, u!) < €0 + Mo} and this, using (3.11), gives that Vn,<s.i<ngtke {Jao (2170, u70) < g0}, ie.
that Vi ro<s.i<notrotko L Jap (25, u) < €0}. This means, by (3.4), that I'7.4,k uC 2% no + ro) < £o. Consequently, &y =
Y T aoke W0, 2%) = Inf{ 7.0 ko W0, 2%, 1) 1 € N} < 7209 ko (10, 2°, 0 + 1) < €0 which is impossible. Thus (3.7) holds.

Step 3. Let w?,v0 e X, o € A and & > 0 be arbitrary and fixed and let n > 0 and ri,r; € N satisfy (3.5). Denote
r = max{ri, r2}. We show that if there exists ng € N such that

0

max{A 7.q.r(W% v% o), '7.a.r (W°, v, o)} < minfe, n/2}. (3.12)

then
Vs s | Jo (WS, V') < 3¢} (3.13)

Let ng satisfy (3.12) and let us write A’ = A 7.4, (W%, v%, ng) and I'' = Iz, r,(W°, v% ng), i = 1, 2. Then, by (3.3), (3.4) and
definition of r, we obtain that max{A 7.4 (W%, v% n9), A 7.6, (WO, v0, 110)} < A 7.4, (W®,v0, np) and max{I7.4.r, (WO,
V0, n0), I'7100.r, (WO, v0,110)} < I7.4 r (W0, v0, ng) and, taking this into account, we see that (3.12) implies

max{Al,AZ,Fl,FZ} < min{e, n/2}. (3.14)
To establish

Visn{ Ja (W™, V) <&} (3.15)

it suffices to show that
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L=0¢ (3.16)

where L={le N: I >ng A Jo(W"t"1 vy > ¢}, Suppose that

L#0 (317)

and let lp = minL; of course lp > ng. It is clear then that (3.17) implies

Vio<ci<lo{ Ja (W1, V') < £} (3.18)

Now, we see that lp > ng + r1. Otherwise, lp < no + 1 and, by virtue of (3.3) and (3.14), we get Jo(Whotr yloy <
max{Jo (W', v9): ng <i,j<no+r1}=A7.4r W’ v% ng) < minfe, n/2} < e, which, by the definitions of lp and L, is im-
possible. Hence it follows that ng <lp — rq <lp and, consequently, using (3.18), we conclude that

Ja(whotr yh=r) < g (3.19)

Next, using (J1), (3.3), (34), (3.19) and (3.14), we get Jo (W™, vio=T1) < J, (w0, v10) 4 Jo (v, whotry 4 o (whotr,
vy < A 7.4, (WO, V0 10) + Ty (WO, V0, n0) + & < /2 + /2 + € = £ + 1. Hence, since, by assumption, ry satis-
fies (3.5), we get Jo (W™t ylo) < g which, by definitions of Iy and L, is impossible. Consequently, (3.16) holds which
implies (3.15).
We can show in a similar way that
Vszno{ Ja (W', v10H72) < e} (3.20)

In fact, suppose that

S£Y (3.21)

where S={seN: s >ng A Jo (WS, v012) > ¢} and let s = minS; of course so > ng. Then, by (3.21),

Vno<s<so {]a(W57 vn0+r2) < 8}- (3.22)

We see that sg > ng + 5. Indeed, if so < ng + ro, then, since sg > ng, we see that J, (w0, v"0+72) < max{ Jo (WS, v)): ng <
s,I<ng+nr}= Aj;a,rz(wo, v9,ng) < min{e, n/2} < & which, by (3.21) and definition of s, is impossible. Therefore, ng <
sg — Iz < Sg, and, by (3.22),

Ja (W02 yhot2) < g, (3.23)

Consequently, using (71), (3.23), (3.4), (3.3) and (3.14), we have J, (w02 v"0)  J, (w02 yloti2y 4 j (ylo+T2 ywhotr2)y
Ja(Wotz vy < & + N7y, (WO, 00 10) + A70r, WO, V0 n0) < & + 1/2 + n/2 = & + 1. Hence, using (3.5) we get
Jo (W0 v™0+72) < ¢ This, by the definitions of so and S, is impossible. Consequently, S = @ which gives (3.20).
Let now s,! > ng be arbitrary and fixed. Then, by (J1), (3.20), (3.15), (3.3) and (3.12), we obtain J, (w5, V) <
Ja (WS, v10F72) 4 [, (V072 Wity 4 [ (w1 vl) < & 4max({Jo (vS, wh): ng <s.1<no+r}+& =26+ T7.0, (W, v0, ng) <
3¢. Therefore, (3.13) holds.
Step 4. We show that
ViwoexVaeaVe=0Tnyen¥s izno { Ju (W', w') < £/2}. (3:24)
Indeed, let w® € X be arbitrary and fixed and let (v™: m € {0}UN) be a sequence defined by formulae v™ = w™, m € {0}UN.
We see that for sequences (w™: m € {0} UN) and (v™: m € {0} UN) the property (3.5) holds, i.e.
VaeAV£>03n>0,reNVs,leN{fa (WS, W’) <e+n=Ja (W5+r’ Wl+r) < 5} (3.25)
and, by (3.3) and (3.4), we have

VoteAVk,neN{Aj;a,k(Wov WO’ n) =T7.0k (WO’ WOa n)} (3.26)
Moreover, by Step 2, (3.1), (3.2) and (3.26), we have
VOlEAVkEN{‘SJ;Ol,k(WO’ WO) = Vj;a,k(wov WO) = 0}- (3.27)

Let now w® € X, ag € A and gy > 0 be arbitrary and fixed. By (3.25) there exist no > 0 and rg € N such that
Vs.1en{Joy (WS, W!) < g0 4 10 = Jo (WSH0, wlt70) < g4} and, in particular, (3.27) implies

8 7:00.r0 (W2 W0) = ¥ 7100.r (WO, W0) = 0. (3.28)
By (3.28), using (3.26), (3.1) and (3.2), there exists ng € N, such that
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AZagr0 (WO, W0, n0) = 700,10 (W2, WP, ng) < min{eo/6, 10/2}. (3.29)

From (3.29), using Step 3, we get Vs ;>no{ Jao (W°, w!) < g9/2}. This proved that (3.24) holds.
Step 5. We show that

VioexVaeaf Jim sup o (w", w") :0}. (3.30)
Indeed, (3.24) implies, in particular, that V o.xVoeAVes0TngeNYm>nzno{ Ja (W™, WT) < £/2}. This implies V 0cx Ve AVes0
FngeNVnzne {SUPmn Jo (W, w™) < &/2 < ¢}. Therefore, (3.30) holds.

Step 6. For each w9 € X, there exists a point w € X such that limp_. oo W™ = w and w € Fix(T). Indeed, let w9 € X be
arbitrary and fixed. Since T is J-admissible, (3.30) implies that there exists w € X such that

VaeALnli_)mOO]a(wm,w):O]. (3.31)

From properties (3.30) and (3.31), defining x, = w™ and y, = w for m € N, we conclude that for sequences (xp,: m € N)
and (ym: m e N) in X the conditions (2.1) and (2.2) hold. Consequently, by (J2), we get (2.3) which implies
Vaea{limp oo dg (W™, W) = limp— o0 Ao (Xm, Ym) = 0}, i.e. the limit limpy_, oo w™ = w holds.
If (D1) holds, then we have that T is a continuous map at w and, consequently, W = limm_cc W™ = limm_ oo T(WM) =
T (limms 0o W™) = T(w). If (D2) holds, then, since limm_ oo w™ = w and w1 = T(w™) for all m € N, we get w € Fix(T).
Step 7. For w € X satisfying w € Fix(T), the following holds Vyc a{Jo(w, w) = 0}. Indeed, if we assume that there exists
ap € A such that Ju,(w, w) >0, i.e. &9 = Jo, (W, w) > 0, then, by (C1), there exist 7o > 0 and rg € N, such that

Vsten{{Jao (TEN(w), TV (W) < g0+ no} = { Jaro (TET (), T (w)) < g0} }. (3.32)

However, for each s,l € N, we have Jo, (T (w), TH(w)) = Jo, (W, w) = &9 < &0 + 0. Thus, using (3.32), we obtain that
0<80=Jao (W, W) = Jo (T (w), TIHT0l(w)) < g9, which is impossible.

Step 8. The map T has a unique fixed point in X. Otherwise u, v € Fix(T) and u # v for some u,v € X. Then, by Re-
mark 2.1(a), there exists ag € A such that Ju, (1, v) > 0 or Ju,(v,u) > 0. Suppose Jq,(u, v) > 0. Then, for g9 = Jo,(u, v) >0,
by (C1), there exist o > 0 and ro € N, such that

Vs ten{{Jao (TE ), T (V) < 80 + 10} = { Jao (TET0) ), T (v)) < g0} }. (3.33)

However, for each s, € N, we have Jq, (T (u), TW(v)) = Jo,(u,v) = &0 < €0 + 1o and thus, by (3.33), we get 0 <
€0 = Jap (U, V) = Joo (TISH0l(u), TIHT0l(v)) < g0, which is impossible. We obtain a similar conclusion in the case when
Jao (v, u) > 0. Therefore, Fix(T) = {w} for some w € X.

Step 9. The assertions (i)-(iii) hold. Indeed, this is a consequence of Steps 6-8.

Proof of Theorem 2.1(b). Assume that the condition (C2) holds. Denoting (w™: m € {0} U N), where w® =x € X and x
is such as in condition (C2), and, by using a similar argumentation as in the proof of Theorem 2.1(a) for this sequence
(w™: m e {0} UN), we have that there exists a point w € X such that limy ..o W™ =w and w € Fix(T). O

4. Proof of Theorem 2.2

Assume that the condition (C1) holds. Let w®, w € X and let the sequence (w™: m € {0} UN) be such as in (D3), i.e.

vaeA{n}me Jo (W™, W) :o]‘ (41)

By similar considerations as in the proof of Theorem 2.1(a), we obtain that this sequence (w™: m € {0} UN) satisfies

Vaea| lim sup Jo(w", w™) =0}. (4.2)

li

n—-oo m>n

Now, defining X, = w™ and y, = w for m € N, we conclude, by (4.1) and (4.2), that for sequences (Xn: m € N)
and (ym: m e N) in X the conditions (2.1) and (2.2) hold. Consequently, by (J2), we get (2.3) which implies
Voea{limpy oo dg (W™, W) = liMy—s 00 dg (Xm, ¥ym) = 0}, i.e. the limit limp_ oo W™ = w holds. If (D1) holds, then we have
that T is a continuous map at w and, consequently, w = limp_ oo W1 = limm_ 0o T(W™) = T(liMp_ 0o w™) = T(w). If
(D2) holds, then, since limpy_ o w™ =w and w™t! = T(w™) for all m € N, we get w € Fix(T). Finally, using similar argu-
mentations as in Steps 7 and 8 of the proof of Theorem 2.1(a), we conclude that Fix(T) = {w} and Vyea{Jo(w, w) =0}. O
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5. Proof of Theorem 2.3

Proof of Theorem 2.3(a). Assume that condition (C1) holds and let w® € X be arbitrary and fixed. By similar considerations
as in the proof of Theorem 2.1(a), we obtain that the sequence (w™: m € {0} UN) satisfies

vaeA{ lim sup Jo (", w™) :0]. (5.1)
n—-oo m>n
The proof will be broken into three steps.
Step 1. For each w® € X, the sequence (W™: m € {0} UN) satisfies
VWOGXVC(EAV8>03110€NVSJEN,S>[>I‘!0 {da(WS’ Wl) < 8}- (5.2)
Indeed, let w® e X be arbitrary and fixed. By (5.1), VaeAVe>0Tn,=n; (@,6)eNVn=n, {SUp{Jo (W", w™): m > n} < €} and, in
particular,
Vae.AV£>OE|n1=n1(a,$)eNVn>n1quN{Jo¢ (Wﬂ, Wq+n) < €}~ (5.3)

Let ig, jo €N, ig > jo, be arbitrary and fixed. If we define

Xm=wot and  y,=wot" formeN, (5.4)

then (5.3) gives
VaeA{ lim Jo (W™ xp) = lim Jo (W™, ym) = 0}. (5.5)
m—oQ m— oo
Therefore, by (5.1), (5.5) and (72),
Vaea| Jim do(w",xn) = lim do(w", ym)=0]. (5.6)
m— 00 m— 00
From (5.4) and (5.6) we then claim that

VaeAva>03n2=n2(a,5)eNVrn>n2 {da (Wm, Wi°+m) < 5/2} (5.7)

and

VaeAVe>0In3=n3(a.6)eNVm>n; {d(x (Wms Wj0+m) < 5/2}- (5.8)

Let now ag € A and &y > 0 be arbitrary and fixed, let ng = max{n(ag, &), n3(co, €0)} + 1 and let s, [ € N be arbitrary and
fixed such that s > [ > ng. Then s =ip +ng and | = jo + ng for some ip, jo € N such that ig > jo and, using (5.7) and (5.8),
we get dy, (WS, wh) = dg, (wiotT0, wiotnoy < d, (who, wiotnoy 4 dy, (w0, wiotT0) < g4/2 4 g9/2 = go. Hence, we conclude
that Yy e 4¥e=0Tng=no(a,e)eN Vs, leN, s>Isng {da (W*, w!) < ¢}. The proof of (5.2) is complete.

Step 2. For each w® € X, there exists a unique w € X such that limy— . W™ = w and w € Fix(T). Indeed, let w® € X be
arbitrary and fixed. Since X is a Hausdorff and sequentially complete space and, by Step 1, the sequence (w™: m € {0} UN)
is a Cauchy sequence on X, thus there exists a unique w € X such that limpy_. .o w™ = w. If (D1) holds, then we have that T
is a continuous map at w and, consequently, W = limm_,oc W1 = limm_oe T(W™) = T (liMp— 0o w™) = T(w). If (D2) holds,
then, since limm_o W™ =w and w™t! = T(w™) for all m € N, we get w € Fix(T).

Step 3. The following hold: Fix(T) = {w} and Vyeca{Jo(W,w) = 0}. We obtain this using similar argumentations as in
Sections 7 and 8 of the proof of Theorem 2.1(a).

Proof of Theorem 2.3(b). Assume that the condition (C2) holds. Denoting (w™: m € {0} UN), where w® =x € X and x is as
in condition (C2), and, by using the similar argumentation as in the proof of Theorem 2.3(a) for this sequence (Ww™: m €
{0} UN), we have that there exists a point w € X such that lim;, .o, W™ =w and w € Fix(T). O

6. Examples, comparisons and remarks

In this section we present some examples illustrating the concepts introduced so far. First, we present example of J-
generalized pseudodistances.

Example 6.1. Let X be a metric space with metric d. Let the set E C X, containing at least two different points, be arbitrary
and fixed and let ¢ > 0 satisfy §(E) < ¢ where §(E) = sup{d(x, y): x,y € E}. Let J:X? — [0, co) be defined by the formulae:
Jx,y)=dx,y) if EN{x,y}={x,y} and J(x,y) =c if EN{x,y}# {x, ¥}, x,y € X. The family J = {J} is J-family on X
(see [25, Example 6.1]).
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Now, we present two examples which illustrate Theorem 2.1(b).

Example 6.2. Let X = (0, 1) be a metric space with a metric d: X% — [0,00), d(x,y) =|x—y|,x,y€ X. Let T: X — X be a
map given by formula

—(3/8)x+5/8 ifx € (0,1/3],
Tx) =1 f(x ifxe(1/3,1/2],
[—x2 4+ 2x— 3/DIV?2+1/2 ifxe(1/2,1),

where f:R — R is of the form f(x) =(3/2)x —1/4.

We prove that the condition (D1) is satisfied. Indeed, if w® w € X, then limy_.o w™ = w only when w® e § =
{sk: fI(s) =1/3, ke {0} UN}U{1/2} and w = 1/2. We see also that T is continuous in w = 1/2.

Note that, for each k € N and x € R, f(x) = (3/2)%(x — 1/2) + 1/2. Therefore, f¥I(s) = 1/3 for k € N, implies
limy— o0 (1/2 — 83) = limg— o (2/3)%(1/6) = 0. Hence, Vieioyunyisk < 1/2}, the sequence (si: k € {0} UN) is increasing and
limy_, oo Sk = 1/2. In particular, so =1/3, s1 =7/18, s, =23/54 and s3 =73/162.

Now, let E =S and let

dix,y) if{x,y}NE={x,y},
Jx,y) = [ . (6.1)
2 if {x, y} N E # {x, y}.
By Example 6.1, 7 ={]J} is a J-family on X.
We observe that T is ;7-admissible on X. Indeed, let u® € X be arbitrary and fixed and such that for a sequence (u™: m
{0} UN) the following holds

lim sup J(u",u™) =0. (6.2)
n—-oo m>n
Then, by (6.1) (ie. since J(x,y) =2 if {x,y} N E # {x,y}), we see that (6.2) holds only when u® € S and, conse-
quently, then limp— o u™ =1/2 and Vpeoun{u™ € S}. Hence it follows that, for each u% €S, limpoo JW™, 1/2) =
limpy— 00 d(u™, 1/2) = 0. This proved that T is [7-admissible.

We show that, for each x € S, the condition (C2) is satisfied. Indeed, if x € S is arbitrary and fixed, then denoting
x0 = x we see that the sequence (x™: m € {0} UN) is convergent to w = 1/2; we note that if x = s, for some k € {0} UN,
then we have Vi >q {x" k1 = TIm+k+1l gy — T (T(TK (5.))) = T (T (F K (5.))) = T™I(T (1/3)) = TI™(1/2) = 1/2} and if
x =1/2, then we have Vi1 {x™ = T (x) = fI™(x) = 1/2}. Hence it follows that this sequence (x™: m € {0} UN), con-
vergent in X, is a Cauchy sequence, i.e. V=03 reNVn m>r{d(X", x™) < ¢}. Thus, in particular, since (x™: m € {0} UN) C S, we
have Ve-o3renVs jen{J (7, XF7) = d(x*+7,X7) < ¢}. This implies that the following is true ¥e-o3y-03renVsen{J (¥, ¥) <
€41 = J(x* x1T) < ¢}. This means that T is a weak J-contraction on X.

Therefore, all assumptions of Theorem 2.1(b) are satisfied, Fix(T) = {w} = {1/2} and V05 x{limpu_ oo w™ = w}.

Example 6.3. Let X = (0, 1) be a metric space with a metric d: X? — [0,00), d(x,y) =|x—y|, X,y e X. Let T: X — X be a
map given by formula

—x+3/4 forx € (0, 1/4],
(1/2)x+1/4  forxe (1/4,1/2],
T(x)=1{ (3/2)x—(1/4) forxe (1/2,2/3],
3/4 forx e (2/3,7/8),
—2x+2 forxe[7/8,1).

We observe that T is J = {d}-admissible on X. Indeed, if w® € (0,1/4) U (1/2, 1), then limm_ 0o w™ = w' = 3/4 and if
w0 e[1/4,1/2], then limp_ o w™ =w" =1/2.

Moreover, T is continuous in w’ and w”. Therefore, the condition (D1) holds.

Next, we observe that the map T is a weak J = {d}-contraction on X. Indeed, if x € X is arbitrary and fixed,
then, denoting w® = x we have that (w™: m e {0} UN) is convergent to w’ or w”. Of course, this convergent se-
quence (W™: m e {0} UN) is also a Cauchy sequence, i.e. Ve 03 renVn.msr{d(TM(x), T™ (x)) < &} which we can write as
Ve03renYs en (d(T1(x), TIH () < ). Hence Ve-03y-03ren Vs 1enld(TH (x), TH () < & +1 = d(T+(x), TH (x)) < e},
Therefore, T is a weak J = {d}-contraction on X.

All assumptions of Theorem 2.1(b) are satisfied, Fix(T) = {w’, w”} and, for each w? € X, the sequence (Ww™: m € {0} UN)
converges to w’ or w”.

Finally, we present an example which illustrates Theorems 2.1(a) and 2.2.
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Example 6.4. Let X = (0,1/3]U S U (1/2,1) be a metric space with a metric d: X% — [0, 00), d(x,y) = |x — y|, X,y € X,
where S is defined in Example 6.2 and let

—(3/8)x+5/8 ifxe(0,1/3],
Tx)=13 f®) ifxes,
1/2 ifxe(1/2,1)

where f:R — R is of the form f(x) = (3/2)x — 1/4. We see that T is J = {d}-admissible, T is J = {d}-contraction on X,
T satisfies (D1) and (D3), Fix(T) = {1/2} and V0 x {limm_, 0o d(W™, 1/2) = 0}.

Remark 6.1. Returning to Examples 6.2-6.4 we see that:

(a) In Example 6.2, the existence of 7 = {J} such that 7 # {d} and T is [J-admissible is essential. Indeed, observe that, for
each w9 € X\S, the sequence (w™: m € {0} UN) is not convergent in X since limm_oo W™ =w =1 ¢ X. On the other
hand, for each w® e X\, this sequence is Cauchy, i.e. limy_, o SUpp-n, d(w", w™) = 0. Hence we conclude that T is not
J = {d}-admissible.

(b) In Example 6.3 the map T is a weak 7 = {d}-contraction on X.

(c) In Examples 6.2-6.4, X is not complete, T does not have a complete graph, assumptions of some of our theorems are
satisfied, but assumptions of [1-19], [23, Theorem 4] and [24] theorems do not hold.
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