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1. Introduction

Let (pn) = (Pn)nez be a two-way infinite sequence of integers p, > 2, and Zp, ={0,1,..., py, — 1}, for every n € Z.
We define the corresponding Vilenkin group G as G ={y = (¥n) € [ ez Zp,» liMy—_oo yn = 0}, where the group operation
is the coordinate-wise addition modulo p;.

Each element y € G is of the form (...,0, ¥ m,..., Y1, Y0, Y1, ¥Yn»--.), Yn € Lp,,,-

If every Zp, is endowed with the probability measure and the discrete topology, then the measure y and the topology
of G are obtained by taking the product measure and the product topology. A basis of neighborhoods of G is given by the
family of open subgroups G, :={(yi) € G: y; =0, Vi <n}. For every y = (yn) €G let Gp(..., Yn_i,..., Yn—1) denote the set
Y+ Gn.

The dual group of G is denoted by I'. It is the union of the increasing sequence of groups I ={y e I': y(x) =1,
Vx € Gp}. Choose the Haar measures jt, A on G and I" respectively, such that (Go) = A(Ip) =1, and w(Gp) = A ()~ =
my !, where

Mp=pip2...pn and M-} =pop_1p—2...p—nt1 (M =1).

The group G is said to be bounded if sup, p, < co. Otherwise, it is unbounded.
2. Maximal functions and Hardy spaces

We recall the definitions of p-atoms, maximal function f** and Hardy spaces HE, used in [4-6].
P. Simon [4] introduced the following decomposition of the sets {0,1,...,p, — 1}, ne N:
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Any restricted interval I, contained in y + G, has the form Lﬂieuk Gn+1(-.., ¥n—1,1), for some Uy. The definition of
restricted intervals is such that two intervals are either disjoint or one of them is a subset of the other.

Definition 2.1. A complex function a is called a p-atom on G for 0 < p <1, if

(1) supp(a) C Iy, for some restricted interval I,
_1
(2) llalloo < (u(In)) 7,

(3) foa(x)dx=0.
The maximal function f** of any integrable function f is defined by

)

= SI;D

(n(n) ™" / F6yde
I

where the supremum is taken over all restricted intervals containing the point x. This maximal function can be extended to
martingales f = (f;, n € Z) with respect to the sequence of o-algebras F;, :=o{x+ G, x € G} (see [6]).

Then, HY, consists of martingales f for which f** € LP. The norm in this space is given by ||f||H£* =1
(0 < p < 00). It is known for 0 < p < 1 that f € H?, if and only if f allows a decomposition f = > iAia;, where the
functions (a;); are p-atoms and ) _; |Ai|? < +oc. Moreover, ||f||Zp =inf)_;|A;|P, where the infimum is taken over all possi-

ble atomic decompositions (see [6]).
The Hardy spaces Pp introduced in [6] have atomic decomposition with respect to the following family of atoms.

Definition 2.2. A complex function a is called a Pp-atom on G for 0 < p < 1, if

(1) supp(a) C x + Gy, for some G, and x € G,
1

(2) llalleo < (U(Gp))™ 2,
(3) foa()dx=0.

The norm in P, is defined through atomic decomposition as in the previous case when 0 < p < 1. It can also be obtained
by means of the families (A,); of non-decreasing, non-negative functions with the property my| fx+cn f@®)dt| < Ap—1(x), and
such that 4, is constant on the cosets of G,. Then, || f|p, = inf||sup, Anllp, where 0 < p < oo and the infimum is taken
over all such families of functions. The proof can be found in [6].

In [1] the following maximal functions were used:

’

/f(t)dt‘ and 1\71f(><)zsgplf*(u(ln))_llzn(x)

x+Gn

f*x) = sup

where the sets I, are of the form I, = U—Jf:a Gn+1(...,0,1), 0 <@ < B < pn+1. They correspond respectively to the spaces
HE and HP. Actually, we can express the function M f using only intervals I, for which « = 8, since

/ f(t)dt’ <maxmua| [ f(t)dt‘,

x—In Gt (s Xn—2,Xn—1,1)

()™

where the maximum is taken over i: Gpy1(...,Xp—2,Xn—1,1) € x — I;. We recall that all Hardy spaces can be extended to
martingales. It is known that HY ~ H?, ~ LP for 1 < p < oo, where ~ denotes the equivalence of norms and spaces (see [6]).

Theorem 2.3. We have
Iflge <Uflige, <Uflige ~ 1 fllp, (0<p<o0).

Ifthe sequence (py) is bounded then all the spaces are equivalent. If (py) is unbounded, the converse of the first (resp. second) inequality
is not valid when 0 < p < 1 (resp. 0 < p < 00).
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Proof. The first two inequalities are straightforward. The proof that the converse of the first one does not hold for 0 < p <1
in the unbounded case can be found in [5]. For the converse of the second inequality, take the functions

Mpt1, t € Gpy1;
an(t)z _mn+17 teGn+‘l(...,0,...,0,1);
0, otherwise.

Then, it is easily seen that
1

1-1 _1
{ and ||an||111p=mn+1mnp~

n+1
In order to prove the equivalence || fll5, ~ Il fll»,, consider the sequence of operators My given by

1
lanllye =27m

MNf(X)=sup —max Mpy
n<N i=0,....pn41—-1

£ dt‘.
Gy (o Xn—2,Xn—1,1)

The sequence (My f)n possesses the properties cited above for (An)n. Therefore, || supy My fllp = |l fllp,. Notice that

Mo / FOdt = (i) f 51,00,
Gng1 (s Xn—2,Xn—1.1)

where I = Gpy1(...,Xn—2,Xn—1, Pn+1 — i). Hence, Mf =supy My f, and
1o = 1 1p = [sup My s | > 1517,

It remains to prove the inequality || supy Mn fllp < | fllp,. We only need to check that My f < Ay for any family (An)n
with the properties mentioned above. For every n it is clear that

max  Mpyq

f@ade ’ < An.
Gt (oo sXn—2,Xn—1,1)
Consequently, My f < maxpgn An = An. It follows that || supy Mn fllp < I flp,.
The equivalence of the spaces H?, HY, and ‘Pp when (pp)n is bounded can be found in [6]. O

3. Multiplier theorems

In this section we give a more precise form of Theorem 3.1 of [1] and prove some additional results about multipliers.

Theorem 3.1. Let ¢ € L°°(I"). Suppose that

p
sthllpf(u(cm)‘l (/|<¢ —¢n) (x —u)| du) dx=0(1),

(o
Gy N

where ¢y = ¢1, and A, Vv denote respectively the Fourier transform and the inverse Fourier transform. Then ¢ is a multiplier from
Pp to HY, and HE.

Proof. Using the first inequality in Theorem 2.3, we only need to prove the boundedness of Tf = (¢ f")" from P, to HE,.
In order to prove that ¢ is a multiplier it suffices to verify that the operator Tf = (¢ f*)V is bounded on the set of atoms
of Pp. Let a be an atom whose support is a subset of some Gy. We have

/|(T(a))**(x)|”dx=/|(T(a))**(x)|"dx+/|(T(a))**(x)|"dx.
G GN G5

Since || f**||, is equivalent to the L2 norm [6], then the standard L? argument in [3] can be used to estimate the first
term. Namely,

/|(T(a))**(x)|"dx=/|(T(a))**(x)|"1GN(x)dx
GN

_ _ _p
< T@) |16y 1377 < o T@ |2 16y 1377 < CpllgliBllallh (1(Gu)) ' 2
p
b

< ColllZ ((Cm) 2 (1(Gn) T = Cpllple.
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A similar estimate was applied in the proof of [1, Theorem 3.1] using [1, Proposition 2.2]. Here we mention that the
assertion in [1, Proposition 2.2] is not valid for the maximal function M f. Namely, M f is not bounded in L? by Theorem 2.3.
To estimate the second integral, we write T (a) in the form

o v o
T(@ = (¢a")’ =¢" xa= ( > A,¢> xa= Y (Ajg)Y xa,
j=—00 j=—o00
where the equality holds in the sense of distributions, and Aj¢ =¢1p,,, — 1. As fGN a =0, it follows that a” vanishes
on ['y. This means that (Aj¢)a” = (Aj¢)Y xa=0 if j <N — 1. Therefore, T(a) = (¢ — ¢n)" *a.
It is easily seen that if x € G, y € Gy, then fln a(t — y)dt =0, for every interval I,, containing x. This is clearly true

when n < N, because I, either contains Gy or does not intersect it. Now if n > N, then I, —y C x4+ Gy C GY.
We obtain

(M(I))_lfT(a)(t)dt=(M(I))_]/((tb on)Y xa) () dt = (D)) //(¢ on)” (y)a(t — y)dydt
1 1
=/(¢—¢>N)V(y)(u(1))_l/a(t—y)dtdy,
G5 1

for every interval I that contains the point x € G{,. Consequently,

p
/|(T(a))**(x)|pdx=/ sup (M(z))’]fT(a)(t)dr dx
Gf\, Gﬁ, I,xel )
v -1 P
=/15;15 /(¢—¢N) ) (D) fa(t—y)dtdy dx
G5, G5, I
p
/(/I(qb on)Y ()| sup (D)q'[a(t—y)dt‘dy) dx.
GE C I

Now, from f]n a(t — y)dt =0, when n < N, and (M(In))‘llfln at —y)dt] < (u(Gn))~ » 1¢y(x — y), when n > N, we obtain
p
/( /!(45 on)” ()] sup (n)™ ‘ /a(t -y dt‘dy> dx
G G5 I
-1 p
< (u(GN)) /( /|(¢_¢N)V(J/)|1GN(X_Y)dY> dx
Gy G%
/(M(GN) (/|<¢ o)V (x — u>|du) dx=0(1). O
9%
We derive two corollaries analogous to Corollaries 5 and 6 proved in [3].

Corollary 3.2. Let ¢ € L*°(I"). If

sup/ Z ()Y ]dx=0(1),

GC j=N+1
then ¢ is a multiplier from P; to H), and H].

This is obviously true as

f(u(cm /|(¢> o) (x—u)|dudx—/|<¢ )" ()] dx < / Z |(Ag))¥ (0] dx.

CC Gc j=N+1
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Corollary 3.3. Let ¢ € L°(I") and 0 < p < 1. If
J

p
> (w(Gw) *( / |<A¢,-)V<x)|dx) <c(uGp)' .

N=—co GN\GN+1

then ¢ is a multiplier from Pp to HY, and HE.

Proof. The result is easily established by following the proof of Corollary 6 in [3], since the number Uy mentioned there is
of the form Uy = fcfv (M(GN))_l(fGN [(p —dN)Y (x —u)|du)Pdx. O

Theorem 3.4. Let ¢ € L°°(I") and 0 < p < 1. Suppose that (¢ — ¢n)" is supported on {y € G, yn = 0} and

S:P/( (In)) (f|(¢ on)” (X—u)\du> dx=0(1).

Iy
Then ¢ is a multiplier on HY,.

Proof. The first steps of this proof are the same as in Theorem 3.1. We easily obtain the estimation

/|(T<a>)**(x>|"dx=f|(T(a))**(x>|”11N<x>dx< C,f,||¢>||é’o(u(1N))1‘%(uum)%‘1 =Cplipl%.
I

Similarly, f,n a(t—y)dt=0if xelf, y € Gyy1 and I, is an interval containing x. One has

(n) ™! / T(@)(t)dt = (u()) ™ / (¢ — pn)” *a) () dt = / (@ —om) ()™ / a(t — y)dedy.

! I G4 [
Now,
p
/|(T(a))**(x)|pdx=flsup (,u(l))_]fT(a)(t)dt dx
Ii\] IC xel Y
:/ISUPI /(¢_¢N)V(J’)(M(1)) /a(t—y)dtdy dx
Iy - Gl !
p
/( / (¢ — oN) (J/)|5UP(/L(1) ‘fa(t—y)dt‘dy) dx.
Iy Gii

Consider the intervals I, that contain the point x. For n < N, the term f[na(t — y)dt clearly vanishes. If n > N then

1
(;L(In))*1|f,na(t — y)dt| is bounded by (u(Iy)) 7 and vanishes when x — y € I§,. Now if n = N, then for yy =0,
I, — y remains an interval that contains the point x — y. Therefore, (M(In))‘llf,na(t — y)dt| is similarly bounded by

(M(IN))_%llN (x—y). We get

p
/( / (¢ —on)” (y)lsup (1))_1‘/a(t—y)dt’dy> dx
1

5 G

p
<(M(IN))_]/< [ |(¢_¢N)V(J/)|11N(X—Y)dY) dx
Iy G
p
</(H«(IN))_]</\(¢—¢N)V(X—U)!dU> dx=0(1). O
Iy N

The next multiplier theorem bears on the form of conditions in related problems of integrability and summability on
unbounded Vilenkin groups [2].
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Theorem 3.5. Let G be a compact Vilenkin group. Assume that ¢ € L°°(I") satisfies

N-1 1 oo %
Y omllogpsi || D [agm|”) =o0),
s=0 k=mN+1

for some p € (1, 2], where % + % =1, A¢ (k) =¢ (k) — p(k+ 1), and (p — ¢n)" is supported on {y € G, yn =0}, foreach N € N.
Then ¢ is a multiplier on HJ,.

2mi
Proof. Let xm, denote the element of Iy for which xm, (X) = eP+1, and xn :=[[p—o X,f{;{ ifn=>}_oam and 0 < g <
DPk+1- Writing explicitly the inverse Fourier transform and using the formula of partial summation, we get

oo Mjt1—

1
[1@=an elax= |33 ptoxnm|dx
i

va j=N k=m;j

oo Mjy1—1 oo Mjy—1
< / > ebx|dx+ / D) ekx|dx
G, j=N k=m;j GN\IN Jj=N+1 k=m;j
myy1—1

+ / > 00X dx
Gy\Iy | k=mn
oo Mjt1—2
<[ Yo D (@) —¢k+1)Diyr (0| dx

Gf\l j=Nk=m;

oo Mjp1—2

+/ 3 Y (@00 — @k +1)Dieyr (0| dx

Gh\IN j=N+1 k=m;

My4+1—2
+ / 3 (@) — Gk + 1)) D1 (0] + ¢ () Do,y (0 dix.

Gu\Iy | k=my

since Dm;(x) = Dp;,, (x) =0 for j > N and x € G-
Dealing with the expression above as done in [1], we easily obtain that each term is bounded independently on N. O
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