J. Math. Anal. Appl. 399 (2013) 625-637

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa = e

Multivalued mixed variational inequalities with locally Lipschitzian and
locally cocoercive multivalued mappings

Boualem Alleche
Laboratoire de Mécanique, Physique et Modélisation Mathématique, Université de Médéa, Cité, Ain Dheb, 26000 Médéa, Algérie

ARTICLE INFO ABSTRACT
Article history: In this paper, we study the problem of solving multivalued mixed variational inequalities.
Received 22 February 2012 By using some sequential approximation techniques of fixed point theory, we solve the

Available online 30 October 2012

! multivalued mixed variational inequalities involving locally Lipschitzian or locally cocoer-
Submitted by H. Frankowska

cive multivalued mappings. We establish that the convexity of the multivalued mapping
values is not needed and construct by using the Banach contraction principle converging
sequences to the solutions. Also, we show how to choose regularization parameters to com-
pute these solutions.

Keywords:

Multivalued mixed variational inequality
Lipschitzian

Cocoerciveness

Fixed point

Multivalued mapping

Hausdorff metric

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Let C be a nonempty closed convex subset of R” and let F : R" — 2% be a multivalued mapping such that F (x) is
nonempty closed subset, for every x € C. Suppose further that ¢ : C — R is a convex subdifferentiable function. We
consider the following multivalued mixed variational inequality:

Find x* € C  such that
Jw* € F(x*), (wSy—x")4+e@) —¢(x)=0 VyecC. (1.1)

This problem has been considered by several authors (see [1-6]). One usually calls F the cost operator and C the set of
constraints.

A large variety of problems arising in elasticity, fluid flow, economics, oceanography, transportation, optimization, pure
and applied sciences can be seen as special cases of problem (1.1). See [4,7,8,5,9-11] and the references therein.

The methods based on fixed point theory for solving variational inequalities have been largely developed by several
authors (see [1-4,12-16] and the references therein).

In this paper, we extend some results of [1] about solving the multivalued mixed variational inequality (1.1). By using
the Banach contraction mapping principle, we introduce some sequential approximation techniques to construct converging
sequences for solving the multivalued mixed variational inequality (1.1) when the involved multivalued mapping is locally
Lipschitzian with respect to the Hausdorff metric or locally cocoercive. We prove that the multivalued mixed variational
inequality (1.1) has a unique solution if F is locally Lipschitzian and strongly monotone or locally Lipschitzian monotone
and g is strongly convex. It has at least one solution if F is locally cocoercive. Also, we show how to choose regularization
parameter « such that these solutions can be obtained by computing fixed points of a certain multivalued mapping.

Variational inequality problems as well as optimization, saddle points, Nash equilibrium, fixed points, complementarity
problems and many other problems in nonlinear analysis are special cases of the more general concept of equilibrium
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problems (see, for example, [17-27,5,28-31] and the references therein). Recall that an equilibrium problem on C in the
sense of Blum and Oettli [19] is a problem of the form

Findx* € C suchthat® (x*,y) > 0Vy e C (1.2)

where @ : C x C — RU {+o00} is a function such that @ (x, x) = 0, for every x € C. The function ¢ is called an equilibrium
bifunction.

The last section of this paper is devoted to a discussion in order to compare the results obtained here for multivalued
mixed variational inequalities with the old existing for equilibrium problems.

2. Preliminaries and fixed point formulation

Throughout the paper, (-, -) denotes the Euclidian inner product on R" and || - || its associated norm.
Let ¢ : R" — R U {400} be a function. Recall that the domain of ¢ is
clom(q))d:er{x ER" | ¢ (x) < +oo}.

The function ¢ is said to be proper if dom (¢) # @.
Let C be a nonempty convex subset of R", that is:

A+ (1—-—A)yeC Vx,ye(C,Vrelo,1].
Suppose that C C dom (¢). Recall that the function ¢ is said to be:
e Convex on C if
Vx,y € C, Vi €0, 1]
pOx+(A-MY =2 +A-1e©).

If the above inequality is strict whenever x # y, then the function ¢ is said to be strictly convex.
e Strongly convex with modulus n > 0 or briefly n-strongly convex on C if

Vx,yeC, Viaelo,1]

1
pOx+ A=Y =i +1A-Noy) - 5)»(1 — M) nllx =yl

Obviously, every n-strongly convex function is strictly convex and every strictly convex function is convex. The converse
is false is general.

Let M be a nonempty subset of R" and let F : R" — 2&" be a multivalued mapping from R" to R" such that M C

dom (F) o {x € R" | F (x) # ¢}. The multivalued mapping F is called:

e Monotone on M if
VXl,XzeM, le EF(X]),VU)zéF(Xz)
(w1 — wy, X1 —x2) > 0.

If the above inequality is strict whenever x; £ x;, then the multivalued mapping F is said to be strictly monotone.
e Strongly monotone with modulus 8 > 0 or briefly B-strongly monotone on M if

VXl,XzeM, le GF(X]),VerF(Xz)
(w1 — wa, x1 — X2) = BlIx1 — x|
Obviously, every -strongly monotone multivalued mapping is strictly monotone and every strictly monotone multival-

ued mapping is monotone. The converse is false is general.
Recall that for a convex function ¢ : R" — R U {400}:

e The subgradient of ¢ at xy € dom () is the set
dp (x0) Z {2 € R" | 9 (x) — ¢ (X0) > (2. X — X0) VX € R"}.
e The function g is said to be subdifferentiable at x, if d¢ (xo) # 0.

It is well known that the subdifferential operator x — d¢ (x) of a convex function ¢ is a monotone multivalued mapping
and d¢ (x) is closed and convex, for every x € dom (¢). One can consult [32] to see that a subdifferentiable function ¢ is
strictly convex (resp., B-strongly convex) if and only if d¢ is estimated strictly monotone (resp., -strongly monotone).
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The function ¢ is said to be:
e Lower semicontinuous at x € C if for every sequence (x,),, we have

lim x, =x = liminfe (x;) > ¢ (x)
n——+00 n—+00

where liminf,, ;o ¢ (Xn) = SUPpey INfi=n @ (Xk).
e Lower semicontinuous on C if it is lower semicontinuous at every point of C.

It is well known that if C is a nonempty closed convex subset of R" and f is a strictly convex function on C to R, then the
optimization problem

rpeicnf )

has at most one solution. If f is lower semicontinuous and n-strongly convex on C, then the problem has a unique solution.

Existence and uniqueness of the solutions of variational inequalities have been already studied by several authors.
(See [12,10] and the references therein). The following result concerns uniqueness of solutions of the multivalued mixed
variational inequality (1.1).

Theorem 2.1. Suppose that one of the following two conditions holds:

1. The multivalued mapping F is strictly monotone on C.
2. The multivalued mapping F is monotone and ¢ is strictly convex function on C.

Then, the multivalued mixed variational inequality (1.1) has at most one solution.

To study the existence of solutions of the multivalued mixed variational inequality (1.1), we need the following well-
known result (see [33,1,34,4,5,10]) which provides us with a construction of a multivalued mapping which is essential to
solve the multivalued mixed variational inequality (1.1).

Theorem 2.2. Let G be a symmetric positive definite matrix. Let x and w two points such that F (x) # @ and w € F (x).

1. The optimization problem
. 1
mln{f<y—x,G(y—X)>+<w,y—><>+<p0’)} (2.1)
yeC | 2

has a unique solution. We denote this solution by h (x, w).
2. Apoint h € C is a solution of the problem (2.1) if and only if there exists z € d¢ (h) such that

(w+Gth—-x)+2z,y—h)y>0 VyecC. (2.2)

Following Theorem 2.2, we can associate to each pair (x, w) with x € dom (F) and w € F (x) a unique point h (x, w
which is the unique solution of the optimization problem (2.1). Now, we consider the multivalued mapping H : R" — 2F
defined by

{h(x,w) | weF(x)} ifxedom(F),
] otherwise.

H(x) = {
We have C C dom (F) = dom (H).

The following lemma gives a characterization of the solutions of the multivalued mixed variational inequality (1.1) by
means of fixed points of the multivalued mapping H. See [33,1].

Lemma 2.3. A point x* is a solution of the multivalued mixed variational inequality (1.1) if and only if x* is a fixed point of H.
More precisely, we have x* = h (x*, w*) € H (x*) if and only if

(wy—x)+9o@ —¢@(x*)>=0 VyeC.

In the sequel we shall restrict our attention to the important case of G = oI where @ > 0 and [ is the identity matrix. In
this case, the optimization problem (2.1), forx € C and w € F (x), becomes

. o
min {2y = xI? + (w.y =0 +o 0]
yeCc L2
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We need again some notions of continuous properties of multivalued mappings. The multivalued mapping F is said to
be:

Closed at x if for every sequences (x,), and (y,),, we have

lim x, =x,
nﬁ.+oo

lim y, =y, { =yeF®X.
n— 400

Yn € F (xn),Vn

Closed on M if it is closed at every point of M.

Upper semicontinuous at x if for every open subset G containing F (x), there exists an open subset U containing x such that
F(x') € G, foreveryx € U.

e Upper semicontinuous on M if it is upper semicontinuous at every point of M.

Remark 2.1. e A multivalued mapping F is upper semicontinuous at x if and only if it is continuous at x as a mapping from
R™ to the set of subsets of R" endowed with the upper Vietoris topology (see [35,36]).
e If F is closed at x, then F (x) is closed.
e If F is upper semicontinuous at x and if F (x) is closed, then F is closed at x.

3. Solutions with locally Lipschitzian multivalued mappings
Let A and B be two nonempty closed subsets of R". Recall that the Hausdorff metric dy between A and B is given by
dy (A, B) & max {sup inf |a — b||, sup inf |la — b||} )
aeA beB beB G€A

This metric could take the value +o00; see [37].
Let F be a multivalued mapping such that F (x) is closed, for every x € M. The multivalued mapping F is said to be
Lipschitzian with a constant L > 0 or briefly L-Lipschitzian on M if

dy (F(x),F (X)) <Lllx=X|l Vx,x €M.
In particular, F is said to be L-contraction on M if L < 1 and nonexpansive on M if L = 1.
The following lemma is useful for the sequel.
Lemma 3.1. Let F : R" — 2%" be a multivalued mapping such that, for every x € M, F (x) is nonempty closed subset. Then,
Vx,x € M, Yw, € F(x), Jwy €F (X)
lwy — wyll < dy (F(x),F (x)).

Proof. Let x, X' € M and let w, € F (x). Assume that dy (F x),F (x’)) is finite, otherwise we are finished. For every n > 1,
letw (n) € F (x') such that

1
lwy —w () || < - +dy (F (), F (¥)).
This is possible since dy (F (x) , F (X)) < 1 + dy (F (), F (x)). Without loss of generality, we may assume that (w (n)),

converges to some w, and since F(x) is closed, then wy € F(x'). It is clear that

lwx — wy|l < dy (F x),F (X/)). O

The last lemma extends Lemma 2.2 of [ 1] to multivalued mappings with nonempty closed values. Recall that such a wy is
not necessarily unique and if F (x/) is nonempty closed convex subset, then w, could be taken the orthogonal projection of
wy on F (x').

The following theorem provides us with a tool for solving the multivalued mixed variational inequality (1.1).

Theorem 3.2. Let C be a nonempty closed convex sybset of R" and let M be a nonempty subset of C. Let ¢ be a proper convex
subdifferentiable function on C and let F : R" — 2® be an L-Lipschitzian multivalued mapping on M such that, for every x € M,
F (x) is a nonempty closed subset. Then,

VXX €M,  Vuwy €F(x),Jwy €F (X)
[h x, we) — h (X, wye)

| < 8lIx =¥
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where
— 128 12, LoirFi
Lé=\1-3+ 5 witha > 7 if F is B-strongly monotone on M and
/12 2 2 2
2.6 = DLI_;“ witha > & 2_nn if F is monotone on M and ¢ is n-strongly convex on C.

Proof. Let x,xX' € M, w € F(x) and w' € F(x). Let h(x, w) and h (x', w’) the unique solutions of the optimization
problem (2.1)

(o
mm[—lly—xll2 + (w,y —x) +<p(y)]
yeCc L2

associated to x and w and to x' and w’ respectively. From Theorem 2.2, let z € 3¢ (h (x, w)) and 2’ € d¢ (h (x', w’)) be such
that

(d¢thx,w)—x)+w+z,y—hKx, w)) >0 VyeC
and
<a (h(x,w)=x)+w +z,y—h(x,w))>0 VyeC.

Substituting h (x/, u/) for y in the first inequality, h (x, w) for y in the second, and by addition, we obtain

<x—x/—;(w—w/)—;(z—z/),h(x,w)—h(x/,w/)>—(h(x,w)—h(x/,w/),h(x,w)—h(x’,u/))zo.

It follows that

Ih(x, w) = h(X', w)|>

IA

<x—x/—l(w—w/),h(x, w) —h(x, u/)>—§(z—z/,h(x, w) —h(x,w))

o

IA

XA == (w= )| B w) (¢ w)| ~ - =2 R w) — R (¢, w)).

If F is L-Lipschitzian and 8-strongly monotone on M, we use the monotonicity of d¢ and obtain

I, w) = (x, w)|

IA

x—x’—é(w—w’) Hh(x,w)—h(x’, w’)”.

Then

I, w) = (x, w)|’

IA

2 1
=lx=X[? == (x=x,w—w)+ S lw—w]
o o

By Lemma 3.1, replace w by wy and take wy in place of w’ such that |wy — wy || < dy (F (x), F (x')). Since F is L-Lipschitzian
and B-strongly monotone on M, we have then

2 12 ,
25(1——ﬁ+—2) = X1
o o

2 12 / ,
Sy1——+ 5llx=x| Vx,x € M.
a o«

In the case where F is L-Lipschitzian and monotone on M and ¢ is n-strongly convex on C, we use the strong monotonicity
of d¢ and obtain

[h (x, wo) —h (X, wy)

and then

[h (x, wo) —h (X, wy)

I w) =R () [ < o= = = (= w)

Iy = ¢ w) | = 2 i) = ()
Then

7\2 / YA
<1+&) ||h(x,w)—h(x,w)|| <
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By Lemma 3.1, replace w by wy and take wy in place of w’ such that [wx — wy || < dy (F (x), F (X')). Since F is L-Lipschitzian
and monotone on M, we have then
LZ
I’ < (1 + ;) I — x|

(1 1) w0 (¢ o)

and then
/12 2
[hx we) —h (X, we)| < %le —X| Vx,x eM. O

The following theorem allows us to construct by the Banach contraction principle, a convergent sequence to the unique
fixed point of the multivalued mapping H and then to the unique solution of the multivalued variational inequality (1.1).
This theorem is based on some techniques of fixed point theory (see [38,39]). Recall that, for x, € R" and r > 0,

B(xo,r)dZEf{x €R" | [Ix — x|l <}

denotes the open ball around xy with radius r.

Theorem 3.3. Letr > 0,Ca nonempty closed convex subset of R™ and let xo € C. Let ¢ be a proper convex subdifferentiable
function on C and let F : R® — 2% be a closed multivalued mapping on C and L-Lipschitzian on C N B (xo, 1) such that F (x) is
a nonempty subset, for every x € C N B (Xg, ). Suppose further that there exists wg € F (Xo) such that

IR (x0, wo) — Xoll < (1 =8)r

/ . 2 . VI24a? . 2,2 .
where§ = /1 — % + 5—22 with o > 573 if F is B-strongly monotone on C and § = Ao ith o > E20 if F is monotone

a+n 2n
and ¢ is n-strongly convex on C. Then the problem (1.1) has a unique solution x* € C.
More precisely, there exist a sequence (x,), in C N B (xq, ) converging to x* and a sequence (wy),, converging to w* € F (x*)
such that w, € F (x,),

1
1Xn12 — Xp1ll < 8lXng1 — Xall, X, — x*|| < m”xn+l — Xull,
n+1
lwnsr = wall < Lixner =xall - and - fluy = w*| < T Llxi =l

foreveryn € N.
Proof. Put x; = h (X9, wo). We have then
X1 —xoll < (1 =¥)r.

We will construct two sequences (x,), and (wy), satisfying the above conditions. The first step of the recurrence being
similar to the step of order n, then suppose that (X)y<n+1 and (wy),<, are constructed. By Lemma 3.1, let wy 1 € F (Xp41)
be such that

”wn - wn+l|| =< dH (F (Xn) ) F (Xn+1))

and put X, = h (Xp41, wWp41). By Theorem 3.2, we have then
IXn+2 — Xnt1ll < 8ll%n+1 — Xnll.

It follows that x,., € C N B (xg, 1), since

1 1
IXni2 = Xnp1ll < 8" Hxy —xoll < (1—8) 8" 'r

and then
n+1 n+1 )
Ixni2 = %oll < Y llxipr —xill < D _ (1= 8)8'r
i=0 i=0
1— 5n+2

= ?(1—3)r=(1—5"+2)r<r.

Now, we will prove that the sequence (x;,), is converging in C. For every n € N and every p € N*, we have

p—1 p—1
D Ixngier = Xagill < D8 xar1 — %all
i=0 i=0

IA

||Xn+p — Xl

1-—6P 1—6P
-— X — Xl <
1_8||n+1 n” 1—35

(1—8)8"r = (1—26")38"r.
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Then the sequence (x,), is a Cauchy sequence in C. It converges then to some x* € C. Also, by tending p to +o00, we have

X0 — x*|| < %1 — Xnll-

1-34
Now, we will prove that the sequence (w,), is converging in R". By its construction, for every n € N, we have
lwns1r — wall < Llixnt1 — Xnll.
It follows that, for every n € N and every p € N*, we have
lwntp — wall < LllXnp — xall < (1 —87) 8"Lr.

This means that (w,), is a Cauchy sequence in R" too and then converges to some w* € R". Since F is a closed multivalued
mappings on C and since w, € F (x,), for every n € N, then w* € F (x*).

It remains to prove that x* = h (x*, w*) € H (x*) and then x* is the unique solution of the multivalued mixed variational
inequality (1.1). Since x,+.1 = h (x,, wy), for every n € N, we have then

1 1
EO‘”y - Xn”2 +{wn, Yy —x) + @ (¥) = Ea||xn+1 - xn”2 + (Wn, Xnp1 — X)) + 0 (Xnp1) VY €C.

By the continuity of the inner product and since ¢ is lower semicontinuous, we have
1 1
Eally — X+ (why —x)+ o) = iaIIX* — X2+ (wh X —x)+ o (x) Vyec.
Thus x* = h (x*, w*) and then by Theorem 2.1 and Lemma 2.3, x* is the unique solution of the multivalued mixed variational
inequality (1.1). O
As a corollary, we obtain Theorem 3.1 of [1].
Corollary 3.1. Let C be a nonempty closed convex subset of R". Let ¢ be a proper convex subdifferentiable function on C and let
F : R" — 2% be a closed L-Lipschitzian multivalued mapping on C such that F (x) is a nonempty convex subset, for every x € C.

If F is B-strongly monotone on C or F is monotone and ¢ is n-strongly convex on C, then the problem (1.1) has a unique solution
x*eC.

Proof. Choose xg € C and r > 0 such that ||x; — xo|| < (1 —8)r where x; = h (xo, wp) is the unique solution of the
optimization problem (2.1)

. o
min | 21y = %I + (wo.y = x0) + 9 0] .
yec L2

Now, apply Theorem 3.3. O

Here an example where the conditions of Theorem 3.3 are fulfilled.

Example 3.1. Let C = {(x, 0) | x > 0} be a closed convex subset of R?. Define a multivalued mapping F on C by

{2x,y)10<y=<x} ifx<4,

The multivalued mapping F is strongly monotone on C with modulus 8 = 2 and Lipschitzian on {(x,0) | x > 0 and
|x — 1| < 3} with constant L = /5. It is easily seen that F is a closed and locally Lipschitzian-non-Lipschitzian multivalued

mapping on C. For the sake of simplicity, take ¢ : C — R the constant function such that ¢ (X) = 1, for every X € C. Note

that ¢ is not strongly convex. Let X = (1,0) and Wy = (2,1) € F (Xp). Letr = 3anda = 2 > % = %. By a simple

calculation, we have § = ,/1 — % + ;—22 = % The problem of optimization (2.1) associated to X, and Wy € F (Xp) is

min {21 0,0) = (1.0) 2+ (2. 1. 0.0 = (1.0)) +¢ (0. 0} .

(y,0)eC
The objective function f is defined by
o
f(y,0) = 5 . 0) — (1,0)[1”> + (2, 1), (. 0) — (1, 0)) + ¢ ((¥. 0))
=y-D}4+200-D+1=y*—2y+14+2y—2+ 1=y~

It is clear that X; = (0, 0) is the unique solution of the above optimization problem and || X; — Xp|| = 1 < % =1=9r.
By Theorem 3.3, the multivalued mixed variational inequality (1.1) associated to C, ¢ and F has a unique solution.
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In what follows by e-solution of the multivalued mixed variational inequality (1.1) we mean a point x € C such that
|lx — x*|| < e where x* is an exact solution of the multivalued mixed variational inequality (1.1).
Applying Theorem 3.3, we have the following algorithm for solving the multivalued mixed variational inequality (1.1).

Algorithm 3.1. Choose a tolerance ¢ > 0.

2
T if ¢ is n-strongly convex.

2 .
Choose o > 573 if F is B-strongly monotone and o > pT

Fixr > 0,xp € Candx; € CNB(xg, ).

Iterationn(n =1,2--).

Find w, € F (x,) such that |w, — wy_1]| < dy (F (xy) , F (Xn—1)).
Solve the strongly convex program

L (a
min {21y = xall2 4 (wn.y = %) + 9 0)
yec L2

to obtain its unique solution x,, 1.
If || %41 — Xl < (1 — &) &, then terminate: x,, is an e-solution of the problem (1.1).
Otherwise, let n = n + 1 and go to iteration n.

4. Solutions with locally cocoercive multivalued mappings

Now we deal with the case when the multivalued mapping F is cocoercive. Note that in this case, the multivalued mixed
variational inequality (1.1) is not necessarily uniquely solvable. Recall that a multivalued mapping F is said to be cocoercive
with a constant y or briefly (y-cocoercive) on M if

vx,Xx €M, VYweF®x, VYw eF(x)
ydy (F (), F(¥)) < (w—w',x—x).

As noted in [1], we will say that F is projectively cocoercive with a constant y or briefly (projectively y-cocoercive) on M if
vx,X €M, VuwyeF(x), 3wy eF(x)

(Wy — wy, X — X')

—y .

Every y -cocoercive multivalued mapping on M is projectively y-cocoercive on M.

lwy — well < du (F (x),F (X/)) =

Theorem 4.1. Let C be a nonempty closed convex SLrl]bset of R" and let M be a nonempty subset of C. Let ¢ be a proper convex
subdifferentiable function on C and let F : R" — 2% be a projectively y -cocoercive multivalued mapping on M such that F (x)
is a nonempty closed subset, for every x € M. Then,

vx,X €M, Vuwy€F(x), Jwy €F(x)
[h (x, w) —h (X, wy)

| < lx—x].
Proof. By the same way as in the proof of Theorem 3.2, for every ¥, X' € M, we have
YweF(x), VYuw eF(x)
2 1
[hew) —h (%, w)|* < Ix =21 = = (x =%, w—w)+ — |w—w|
o o

Since F is s projectively y -cocoercive on M, take w, in place of w and choose wy satisfying the definition of cocoerciveness.
We have then

, 2y 1
[ (x, we) — h (X, we) II” < llx = X|I> — ;df{ (F,F(x))+ ?”wx — wy|?
and then

[h (x, wo) —h (X, wy)

| 2

IA

2y 1
lIx = X1? - (; - ;) llwx — wyl|?.

Choose « > i.Then

[ &, we) —h (X, wy)

| <lx—X| Vx,x eM. O
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Recall that, for xo € R"and r > 0,

B(xo, N E [x e R | Ix —xoll <1}

denotes the closed ball around xo with radius r.

Theorem 4.2. et > 0,C a nonempty compact convex subset of R" and xo € C. Let ¢ be a proper convex subdifferentiable
function on C and let F : R" — 28 be a closed projectively y-cocoercive multivalued mapping on C N B (xo, 1) such that
F (C N B (xo, r)) is bounded and F (x) is a nonempty subset, for every x € C N B (xq, ). Let ¢ > % and suppose further that

X —Xo # 0 (h (x, w) — xo) whenever 0 < 8 < 1,x € C such that ||x — xo|| = r and w € F (x). Then the problem (1.1) has at
least one solution x* € C.

More precisely, there exist a sequence (y,), in C, two sequences (x,), and (z,),in C N B (xo, ) and a sequence (wy), such that

. the sequence (xy), has at least a cluster point x*,

. every cluster point of (x,), is a cluster point of (y,), and (z,), and it is a solution of the problem (1.1),
. the sequence (wy), has at least a cluster point w* € F (x*) and w, € F (x,),Vn € N,

Y1 = Yall < 1Xnp1 — xall, VR €N,

. the sequence (||x, — zy||), is decreasing and

My oo 1% — 2ol = 0.

DU WN =

Proof. First, define a (radical retraction) mapping f; : C = C N B (xg, 1) by

x if [x —xoll =T,
= X —Xo .
fr®) r|7 +xo if|x —xo| >T.

Ix = Xol

The mapping f; is nonexpansive (see [40]). Fix0 < A < 1 and define by induction the sequences (xy,),,, (Wn)n, (Zn), and (Vn),
as follows: Choose wg € F (xg), put yo = h (X9, wo) the unique solution of the optimization problem (2.1)

(o
min { 2y = %ol + (w0, y = x0) + ¢ 1)}
yeC L2
and put zg = f; (Vo). Suppose now x,, wy, ¥, and z, are constructed. Put

Xny1 = (1 - )\)xn + zp.

By assumption, choose wy+1 € F (xp41) such that

— Xy — X
10n = wasll < di F () F (as1)) 5\/ o et m1),

Put yn 1 = h (Xn11, way1) and finally, put z, 1 = f; (Yng1)-
For every n € N, by Theorem 4.1, we have ||yp,+1 — Yall < llXn+1 — Xa|| and since f; is a nonexpansive mapping, it follows
that

Allxn — zall Xn1 — xall = 11 = A) xp + Az — (1 = 1) Xp—1 — AZa—1)||
< (1= 2) X0 — Xn—1ll + Allzn — Zo—1ll
< lxn — X1l = AMlXp—1 — Zp—1 |l

Thus the sequence (||z;, — X4]|), is decreasing.
Before proving that lim,_, 1 ||X, — z,|| = 0, we shall prove the following statement: for each i, n € N,

Izign — xill = (1 =) 7" (1Zign — Xignll — llzi = x:11) + (1 + An) ||z — x|

We proceed with induction on n. Since it is obvious for n = 0, suppose that the statement is true for a given n and all i.
Replacing i with i + 1, we obtain

IZigns1 — Xigall = (1 = 27" (Izigns1 — Xignpa | — Nzigr — xiga D) + (1 + An) [|zigq — X |l
On the other hand, we have

1zizni1 — (1 = 1) x; + Az ||
< Mzigner — zill + (1 = 2) |zigns1 — Xill

Zivne1 — Xicall

A

n
(=2 ziensr = xill + 2 ) Nziskr — Zil
k=0

IA

n
< (1= 1) IZipnr = %l 42 ) Ik — Xigacl-
k=0



634 B. Alleche /J. Math. Anal. Appl. 399 (2013) 625-637

It follows that

IZisnir — il = (1= 2" (Izigns1 — X1 | — Nzier — Xt ) + (1 =271 (14 An) 1zig1 — Xiga |l

n
—2(1=x)"" Z Xt ke1 — Xigkll
=0

Since ||Xi k1 — Xivkll = Allzigr — Xigkll, then

IZientr — il = (1= 27" (|zipnt1 — Xipnpa | = 2ie1 — Xiea ) + (1= 271 (1 + An) 1zig1 — xi |
A=+ 1)z - xll
= (1= 2" " (Izignpr — Xipns | — llzi — xil)

+ (=07 A+ A = (1 =7V flziey — x|
+ (A=Y =22 A=+ D) Iz = xill.
Since the sequence (||z, — X,||),, is decreasing and 1+ An < (1 — A) ™", we have then

IZisnss = 2l = (1= 27" (Izignsr = Xipnall = 120 = xil) + (1 =271 (A4 2m) = (1=~ "D) ||z — x|
+ (A=Y =22 A =07+ D) llzi = xil
= (1=0""Y (zignsr = Xipnrall = 12 = xilD) + (142 1+ 1) 1z = xl1.
Thus the statement holds for n + 1.
Suppose now that lim,,_, ;  [|X, — z,|| = | > 0 and choose a positive integer k > ﬁ and ¢ > Osuchthate < [(1 — 1)k
Since (|lyn — xa||),, is decreasing, there exists an integer i such that
0 < llzi = Xill — llz+i — Xierill < €.
Therefore, by using the above statement, we arrive at the contradiction
2r+ 1<+ k)< (14 kX) ||z — x|
< Mzkri — xill = 1= 07 Ulziri — xesill = llzi = xil)
< Mz —xill + Q=2 Fe <2r+1.
Then lim,—, 40 [|Xn — 24]| = 0.

By the construction and the convexity of C N B (o, rl, the sequence (x,), liesin C N B (xo, ). Without lost of generality,
we may assume that (x,), converges to some x* € C N B (xo, I).

Since F (C N B (xg, 1)) is bounded, then without lost of generality too we may assume that (wy),, converges to w* and since
Fis closed on C N B (xo, r), we have w* € F (x*).

Also the sequences (y,), and (z,), lie in C and C N B (xo, r) respectively and, once again, we may assume without lost of
generality that (y,), converges to y* € C and (z,), to z* € C N B (xg, 1).

It follows from the definition of the sequence (x,), that z* = x*.
We shall prove now that y* = x* = h (x*, w*) € H (x*) and then x* is a solution of the multivalued mixed variational
inequality (1.1). Since y, = h (x,, wy), for every n € N, then

1 1
Ea”y _Xn||2 +(wn,y —x0) + @) > Ea”J’n _Xn”2 + (Wn, Yn —Xn) + 9@ (yn) Vy €C.
By the continuity of the inner product and the lower semicontinuity of ¢, we have

1 1
Sely —XP+(why =)+ o) = ey’ —XP+(why =X )+ (y) VyecC.

Thus y* = h (x*, w*) and since f; (y*) = z* = x*, it follows thaty € C N B(xo, r). Otherwise r -4 =0

X —Xp = m y* — xo) with ||x* — xg]| =rand0 < 6 = M < 1. Contradiction.

Then x* = z* = y* = h (x*, w*) and then x* is a solution of the multivalued mixed variational inequality (1.1). O

”y* 0 H + xo = x* and then

As a corollary, we obtain Theorem 3.4 of [1].

Corollary 4.3. Let C be a nonempty compact convex subset of R". Let ¢ be a proper convex subdifferentiable function on C and
let F : R" — 2®" be an upper semicontinuous y -cocoercive multivalued mappmg on C such that F (x) is a nonempty compact
convex subset, for every x € C. Then the problem (1.1) has at least one solution x* € C.

Proof. Choose xo € C,r > diam (C) and apply Theorem 4.2. O
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Here is an example where the conditions of Theorem 4.2 are fulfilled.

Example 4.1. Let C = {(x,0) | 0 < x < 10} be a compact convex subset of R?. Define a multivalued mapping F on C by
{(2x,y)[0=y=x} ifx=<4,

F((x,0)) = {<2x, !

{(o, 2;(}_ ifx > 5.

if4 <x <35,

Clearly the multivalued mapping F is neither closed nor cocoercive on C. Also, it is neither Lipschitzian nor strongly
monotone on C too. However, the multivalued mapping F is closed, bounded and cocoercive on the subset {(x,0) | x > 0
and |x — 1] < 3} withmodulus y = % For the sake of simplicity, take ¢ : C — R the constant function such that ¢ (X) = 1,

forevery X € C.LetXy = (1,0).Letr = 3anda = 2 > ﬁ = %. Let X = (4, 0) be the unique point of C such that

IX —Xo|l = 3.Let W = (8, a) € F (Xp) where 0 < a < x. The problem of optimization (2.1) associated to X and W is

min {2 110,0) — 401> + (8. @), (/.0) = (4.0)) +¢ (. )} .

(y,0)eC

The objective function f is defined by
f(y,0) = %II(V, 0) — (4, 0)[° + (8, 0), (.0) — (4,0)) + ¢ (¥, 0))

=@y—-4>+8(y—-4)+1=y"—8y+16+8y —32+1=y°—15.

It is clear that h (X, W) = (0, 0) is the unique solution of the above optimization problem and, for every 0 < 6 < 1,
X—Xo = (3,0) # 0(—1,00 = (h(X,W) — Xp). By Theorem 4.2, the multivalued mixed variational inequality (1.1)
associated to C, ¢ and F has at least one solution.

Now, applying Theorem 4.2, we have the following algorithm for solving the multivalued mixed variational inequal-
ity (1.1).

Algorithm 4.1. Step 0. Choose a tolerancee > 0,A € 10, 1[, ¢ > ﬁ,xo € C and seek wgy € F (xp). Let k = 0.
Step 1. Solve the strongly convex program

. o
min { %1y = xall? + wn,y = 30 + 0 )]
yec L2

to obtain its unique solution y,. Take z,, := f; (¥n).

If ||z, — x| < &, then the algorithm terminates. x,, is an e-solution. Otherwise go to Step 2.
Step 2. Take xp+1 := (1 — 1) X, + Az,. Find wy41 € F (X441) such that

(W1 — Wn, Xpg1 — Xn)
14

lwayr — wall < dy (F Rny1) » F (X)) < \/
Letn = n + 1 and return to Step 1.

Remark 4.1. Clearly, if x,, = 2y, for some ng, then X,y = f (h (Xny, Wny)) = h (Xng, W, ). It follows that x,, is a fixed point
of H and therefore, it is a solution of the multivalued mixed variational inequality (1.1).

5. Equilibrium problems: discussion and conclusion

Many results concerning existence of solutions of equilibrium problems are known in the literature and they are generally
based on two techniques. The first technique is related to the separation of convex sets, the second, to fixed point theory.

Any solution of the multivalued mixed variational inequality (1.1) is a solution of the equilibrium problem (1.2) where
@ is defined on C x C by

@ (x,y) = sup ¥ (z,y) Vx,yeC (5.1)

zeF(x)
and Y, is a bifunction defined on F (x) x C by
@) =Zy—x+e¥) —9X.

The converse is true under additional conditions (see, for example, [19,21,25,26,5]).
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If ¢ is a convex function, then the bifunction ¥, defined above is convex in its second variable, for every x € C. It follows
from [26, Proposition 2.3] that if x* € C is such that ¥,« is weakly concavelike in its first variable, then the two following
conditions are equivalent:

1. If x* is a solution of the equilibrium problem (1.2) where @ is defined by (5.1), then x* is a solution of the multivalued
mixed variational inequality (1.1),
2. F (x*) satisfies the following strong closedness condition: if

{{z e F(x*) | ¥ (z,y) < =8} |y € C,§ > 0}
covers F (x*), then it contains a finite subcover. We say in this case that F (x*) is compactly adapted to Wyx.

Obviously, if F (x) is a compact convex subset, for every x € C, then by the upper semicontinuity of ¥, in its first variable,
the set F (x) is compactly adapted to ¥, for every x € C and then any solution of the equilibrium problem (1.2) where @ is
defined by (5.1) is a solution of the multivalued mixed variational inequality (1.1).

Remark 5.1. Observe that under assumptions of Theorems 3.3 and 4.2, the sets (F (x)),cc are not supposed convex and
neither closed are when x € C \ B (X, r) under assumptions of Theorem 4.2. In other words, no ¥, is supposed weakly
concavelike in its first variable and no F (x) is supposed compactly adapted to ¥, except under assumptions of Theorem 4.2
when x € C N B (xo, ).

Generally in the literature, most results on existence of solutions of equilibrium problems, except Proposition 2.3 of [26],
provide sufficient conditions. Standard assumptions on the equilibrium bifunction @ are

1. monotonicity of @ on C, thatis, ® (x,y) + @ (y,x) <0,Vx,y € C;
2. hemicontinuity of @ in its first variable on C;
3. convexity and lower semicontinuity of @ in its second variable on C.

The following coercivity condition on unbounded sets: there exist a compact subset L and a point y, € L N C such that
¥ (x,y0) <0 VxeC\IL,

as well as some general convexity concepts are also usually assumed. Proofs of the results concerning existence of
solutions of equilibrium problems are generally based on KKM Lemma and Ky Fan Lemma in infinite dimensional spaces
(see [20,23,27]). See also [25] for an exposition of some classical and recent results concerning existence of solutions of
equilibrium problems.

Remark 5.2. If @ is defined by (5.1), then the monotonicity of @ on the whole C is only assumed in Theorem 3.3 and no
other property of continuity on @ on the whole C is assumed in both Theorems 3.3 and 4.2. In comparison with [21, Lemma
2.15], the maximal monotonicity is nowhere assumed and therefore the sets (F (x)),c are not assumed to be compacts. The
above coercivity condition becomes: there exist a compact subset L and a point yg € L N C such that

@ (x) —¢ (o) > sup (z,y0—x) VxeC\L
zeF(x)
Thus, the coercivity condition is in this case very close to the subdifferentiable function ¢. Finally, we point out that under
assumptions of Theorems 3.3 and 4.2, both the solutions obtained and their approximation sequences are constructed in
the compact convex set C N B (xq, I').

To our knowledge, there does not seem to be any result in the literature concerning existence of solutions of multivalued
mixed variational inequalities and equilibrium problems when the subdifferentiable function ¢ is not constant and the
multivalued mapping values are not necessarily convex. Also, there does not seem to be any consideration of local conditions
on the multivalued mapping and on the equilibrium bifunction. In conclusion, the approach used in this paper provides again
sufficient conditions for solving multivalued mixed variational inequalities and equilibrium problems and offers, at least,
another attempt in order to reach optimal conditions.
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