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1. Introduction and main results

LetT > 0.PutQ = (0,1) x (0,T) and for any given k € (0, 1], set ax(t) = 1+ kt for t € [0, T]. Denote by @‘ the
following non-cylindrical domain in R?:
U=, eR:0 <y <a(t), t € (0,T)}.

It is easy to check that a}‘ =Qfork=0.
Consider the following controlled wave equation in the non-cylindrical domain QT":

Uy — Uy =0 in ark
u(0,t) =0, u(o(t),t) =v() on(0,T), (1.1)
u©) =u,  u(0) =u' in (0, 1),

where u is the state variable, v is the control variable and (u°, u') € L?(0, 1) x H~'(0, 1) is any given initial value. (1.1)
may describe the motion of a string with a fixed endpoint and a moving one. The constant k is said to be the speed of the
moving endpoint. By Milla Miranda [7, pp. 451-452], for 0 < k < 1, any (u®, u') € [*(0, 1) x H~'(0, 1) and v € [*(0, T),
(1.1) admits a unique solution in the sense of transposition.
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The goal of this paper is to study the exact controllability of (1.1) in the following sense.

Definition 1.1. (1.1)is said to be exactly controllable at the time T, if for any initial value (u°, u') € I*(0, 1) x H~'(0, 1) and
any target (ug, u}) € L*(0, ax(T)) x H~'(0, a(T)), one can always find a control v € L?(0, T) such that the corresponding
solution u of (1.1) in the sense of transposition satisfies

wT =ul,  u(T) =u}.

For k € (0, 1), write
2k(1-;—{k) 1
e 1-k —
T = —. 1.2
X k (1.2)

Then, the first main result of this paper is stated as follows.
Theorem 1.1. Suppose that k € (0, 1). For any given T > T}, (1.1)is exactly controllable at time T in the sense of Definition 1.1.

Remark 1.1. It is easy to check that

2k(1+kk) 1
1— —
EUNEE * __ 13 _
- llmTk = lim ——— = 2.
k—0 k—0 k

It is well known that the wave equation (1.1) in the cylindrical domain Q (or a})) is null controllable at any time T > T*.
However, we do not know whether the controllability time T} is sharp.

Notice that the method used in the proof of Theorem 1.1 is not applicable to the case of k = 1 (see Remark 4.2 for
more explanations). Therefore, when k = 1, we are interested in the following exact controllability for (1.1) with smooth
controllers and initial data.

Definition 1.2. For any given initial value (u°, u') € C2([0, 1]) x C'([0, 1]), a target (uJ, u}) € C2([0, 1]) x C'([0, 1]) is
exactly controllable with a smooth control at time T, if one can always find a control v in the class of

U2 {v e ([0, T]): v(0) = u’(1), v (0) = uy(1) +u'(1), v (0) = 20, (1) + 2u, (D},
such that the corresponding classical solution u of (1.1) satisfies

wT =ul,  u(T) =u}.

Remark 1.2. We impose some conditions on a smooth control v in Definition 1.2 (see the definition of U). This is because a
classical solution u of (1.1) has to satisfy certain compatibility conditions.

By a constructive method, we get the following exact controllability result for (1.1) in the case of k = 1.

Theorem 1.2. Suppose that k = 1. Let T > 1. For any given initial value (u°, u') € C2%([0, 1]) x C!([0, 1]) satisfying
u’(0) = u'(0) = uf,(0) = 0, a target (ug,u}) is exactly controllable with a smooth control at time T in the sense

of Definition 1.2 if and only if (ug, u;) € C?([0, 1]) x CI([0, 1]) satisfies the following assumptions:
u)(0) = uy(0) = uJ,,(0) =0,
u§, ) —ujy) =T -y +u'T—y)  yell—1,T]
ug, ) -y =y —T) —u'(y—T) yelT,T+1],
ug, (T —1) —uf (T — 1) = up, (1) + u)(1).

Several further remarks are in order.

Remark 1.3. It would be quite interesting to study the exact controllability for multi-dimensional wave equations in a non-
cylindrical domain without the additional conditions through a boundary controller or a locally distributed one. We will
consider these problems in the forthcoming papers.

Remark 1.4. It seems natural to expect that the exact controllability for (1.1) in the sense of Definition 1.1 holds for the case
of k = 1. However, we do not success to extend the approach developed in Theorem 1.1 to this case.

Remark 1.5. It would be quite interesting to study the controllability for (1.1) in the non-cylindrical domain a," for the case
of k > 1. However, it seems very difficult and remains to be done. This is because in order to guarantee the well-posedness
of (1.1), one has to impose two boundary conditions on the moving boundary [4].
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There are numerous works addressing the controllability problems of wave equations in a cylindrical domain (see e.g. [3,
5,6,9-11] and the rich references cited therein). However, as far as we know, only a few papers have been published on the
controllability of wave equations in non-cylindrical domains. In [2], the exact controllability of a multi-dimensional wave
equation with constant coefficients in a non-cylindrical domain was established, while a control entered the system through
the whole non-cylindrical domain. Also, [2] requires the boundary to be time like, and therefore in the case of k = 1, the non-
cylindrical domain Qﬁ is not considered in the one-dimensional case in [2]. In [1], the exact controllability of a semi-linear
wave equation with variable coefficients in a non-cylindrical domain was investigated. But some additional conditions on
the moving boundary were required, which enable the method used in [ 1] not to be applicable to the controllability problems
of (1.1). In [7], the boundary controllability problem for a multi-dimensional wave equation with constant coefficients in a
non-cylindrical domain was discussed. However, in the one-dimensional case, the following condition seems necessary:

o0
/ o (£)]dt < o0.
0

It is easy to check that this condition is not satisfied for the moving boundary in (1.1). In order to overcome these difficulties
and drop the additional conditions for the moving boundary, in the case of 0 < k < 1, we transform (1.1) into an equivalent
wave equation with variable coefficients in the cylindrical domain and establish the exact controllability of this equation by
the Hilbert Uniqueness Method. The key point is to construct a suitable weighted energy for a wave equation with variable
coefficients and characterize the polynomial decay rate for the energy explicitly (see (3.4)). On the other hand, in order to
treat the case of k = 1, we introduce an auxiliary boundary value problem in a triangular domain (see (5.2)) and obtain the
desired controllability result by a constructive method.

The rest of this paper is organized as follows. In Section 2, we reduce the controllability problem of (1.1) to that of a wave
equation with variable coefficients in a cylindrical domain. Section 3 is devoted to proving two key inequalities for a wave
equation with variable coefficients. In Section 4, we prove an equivalent controllability result to Theorem 1.1. Finally, in
Section 5, we give a proof of Theorem 1.2 by a constructive method.

2. Reduction to controllability problems in a cylindrical domain

When 0 < k < 1, in order to prove the first main result of this paper (Theorem 1.1), we first transform (1.1) into a wave
equation with variable coefficients in a cylindrical domain in this section. To this aim, set

x=—2 and wx t) = u(.t) = ue(®)x t) for (v, t) € Q.

B a(t)

Then, it is easy to check that (x, t) varies in Q. Also, (1.1) is transformed into the following equivalent wave equation in the
cylindrical domain Q:

[ﬂk(x, t) } @
Wit — x wx =0 inQ,
ak(t) x ak(t) (2 1)
w(0,t) =0, w(l,t) = v(t) on (0, T), ’
w©0) =w’,  w(0) =w' in (0, 1),
where
1— k% 0 0 1 1 0
Br(x,t) = —, Ye(x) = —2kx, w =u, w =u + kxu,. (2.2)
a(t)

By a similar method used in the proof of Theorem 5.1 in [8], we get that for any given (u°, u') € I?(0, 1) x H~'(0, 1) and
v € [%(0, T), (2.1) admits a unique solution in the sense of transposition

w € C([0, T]; (0, 1) () €'([0, T H~'(0, 1)).

Therefore, the exact controllability of (1.1) (Theorem 1.1) is reduced to the following controllability result for the wave
equation (2.1).

Theorem 2.1. Suppose that k € (0, 1). Let T > T (recall (1.2)). Then, for any initial value (w°, w') € L*(0, 1) x H~'(0, 1) and
target (w3, w}) € [*(0, 1) x H71(0, 1), there exists a control v € L?(0, T) such that the corresponding solution w of (2.1)in
the sense of transposition satisfies

w(T) = wy, we(T) = wy.

The proof of Theorem 2.1 will be given in Section 4.
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3. Two inequalities for wave equations with variable coefficients

In this section, we prove two key inequalities for the following homogeneous wave equation:
ok (O)ze — [Br(x, Dzdly + vz =0 inQ,
z(0,t) =0, z(1,t) =0 on (0, T), (3.1)
z2(00=2%  z(0)=zZ! in (0, 1),

where k € (0, 1), (z°, z") € H}(0, 1) x L*(0, 1) is any given initial value, and «y, B¢ and y; are the functions given in (2.1).
Similar to Theorem 3.2 in [8], we have that (3.1) has a unique weak solution

z € C([0, T]; Hy (0. 1) ) €' (10, T1: L* (0, 1)).
Define the following weighted energy for (3.1):
1 1
E(t) = 5/ [ak(D)|ze(x, O + Be(x, D)|ze(x, )] dx fort >0,
0

where z is the solution of (3.1). It follows that

1 1
Eo £ E(0) = 5 / [12' P + Be(x, 01z (0)*] dx.
0

Note that this weighted energy is different from the usual one, but they are equivalent. In the sequel, we denote by C a
positive constant depending only on T and k, which may be different from one place to another.
In order to prove Theorem 2.1, we need the following two key inequalities.

Theorem 3.1. Let T > 0. For any (z°,z") € H;(0, 1) x L*(0, 1), there exists a constant C > 0 such that the corresponding
solution z of (3.1) satisfies

T
/0 A1 Olz(1 O Pde = € (128, ) +12' o) (32)

Theorem 3.2. Let T > T; (recall (1.2)). For any (z°,z') € H;(0, 1) x L?(0, 1), there exists a constant C > 0 such that the
corresponding solution z of (3.1) satisfies

T
/0 Bl Oz OPde = € (128, ) +12' o) (33)

First, we prove two lemmas, which will be used in the proofs of these inequalities. The first lemma is related to the decay
rate for the energy E(t).

Lemma 3.1. Forany (z°,z") € Hj(0, 1) x L?(0, 1) and t € [0, T], we have

E(t) = E. (3.4)

a(t)

Proof. Multiplying the first equation of (3.1) by z; and integrating on (0, 1) x (0, t) forany 0 <t < T, we get

t 1
0= / f {9z (%, )z¢ (%, 5) — [Br(X, $)2x(X, )], 2t (X, 5) + Vi(X)Z(X, )22 (%, 5) } dxds
0 0
£ i +J2+Is.

In the following, we calculate the above three integrals J; (i = 1, 2, 3), respectively. By the definition of «y, it is easy to

check that
t 1 1
/ / Son(s) Iz (x, )], dds
0o Jo 2
t

k t 1
- = / / |z (x, 5)|*dxds. (3.5)
0 2 0 0

N

-1 1
! / ()22 (x, 5)[2dx
2 /s
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Further, by z(0, t) = z(1,t) = 0 on (0, T), it holds that

b

1 t pl
+ / f Br(x, $)zx(x, $)zex(x, S)dxds
0 o Jo
torlq
/ / S Belx.s) [|2(x, )], dxds
0o Jo 2

t t pl
/ / Br.: (X, 5)|zx (x, 5)|*dxds.
0 0

t
- / ﬁk(xv S)Zx(x, S)Zt (X, S)dS
0

1
0o 2

1 1
S / Bi(x, 5)|z(x, 5)|*dx
2 0

By (2.2), we have

k(1 — k*x?) k
P 0 ==~ or = G e O
Therefore, it follows that
1[0 otk !
b= 5/0 Br(x, 5)|zx (X, S)IZdXOJri/O (1+I<s)/0 Br(x, 5)|zc(x, 5)|*dxds. (3.6)

Further, from the definition of y;, we see

t 1 1 1 ¢ 1
3= f / *Vk(X)UZt(X, S)|2]x dxds = _7/ / V(120 (x, 5)[dxds
0 0 2 2 0 0

t 1
=k / f |z (x, 5)|*dxds. (3.7)
0 0

Therefore, by (3.5)-(3.7) and the definition of E(t), we obtain that

1 (" k ! , k[t ! 5
E(t) = Eo — = Bi(x, $)|zx(x, s)|“dxds — 3 |z¢ (x, 5)|“dxds
0 0 0

2 0(1+k5)
E 1/t k fﬂ( Jlae(x, ) Pdxd 1/[ k /1 (x, 9)lze(x, 9)Pdxd
= Eyg— — X, S)|ze(x, ) |>dxds — — a(x, s)|z:(x, s)|>dxds
*T2)y Atk Sy 2o (ks Jo 007

t k
= Ey — ——E(s)ds
’ /o Atk
This implies that

E:(t) = — E(t), 0<t<T.

1+ kt
It follows that

[A+KOEM)] =0, 0<t<T,

which completes the proof of Lemma 3.1. O

Remark 3.1. Notice that Lemma 3.1 also holds for the case of k = 1. Therefore, it is easy to check that forany 0 < k < 1,
(w®, w') € 12(0, 1) x H~1(0, 1) and v € L(0, T), the solution of (2.1) in the sense of transposition is unique. This implies
that for any (u°, u') € I2(0, 1) x H"'(0, 1) and v € L?(0, T), the solution of (1.1) in the sense of transposition for any given
0 < k < 1isunique.

By the multiplier method, we have the following estimate for every weak solution of (3.1).

Lemma 3.2. Suppose that q € C'([0, 1]) is any given function. Then any solution z of (3.1) satisfies the following estimate:

1 (7 1 1 (T 1
[ / ﬁk(x,t)q(x>|zx<x,r>|2dr} == / / (%) [o()]ze (X, D) + Br(x, D)|zc(x, 1)[*] dxdt
2 Jo o 2Jo Jo

T 1 T 1
- / / 0 (002 (x, Dz4(x, Odxdt — / / Bn(, 0000 124(x, 0) Pt
o Jo 2Jo Jo

T

1 1
+ f [ak(t)Q(X)Zt(X, £)zy(x, t) + EVk(X)CI(XNZx(X, t)lz} dx (3.8)
0

0
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Proof. Multiplying the first equation of (3.1) by gz, and integrating on Q, we have
T Pl T 1
0= [ [ awwmix oawaix odde — [ [ 1 om0} aw odde
o Jo 0o Jo

T 1
+ / / Vi(®)Zpe (X, £)q(X)zx (x, t)dxdt
0 0
A [+ 1+ Ls.

In the following, we calculate the above three integrals L;(i = 1, 2, 3), respectively. It is easy to check that

T 1
- / / [ (0002 (%, O24(x, £) + ()02 (x, )z, )] dixdt
0 0

1 T
L= / (a2 (% Oze(x, )X
0 0

1 T T pl
_ / (002 (%, O, t)dx| — / f 0 (D002 (x, Dz4(x, )dxdt
0 0 0 0

1 T 1
+ - f / g (£) (%) |2 (x, )] *dxdt. (3.9)
2 0 0

Further,

1 T pl
+ / / [Be(x, )qu(®)|zc(x, D> + Bi(x, )GX)Zx (X, )Zux (%, 1) ] dxdt

T
L, = _/ Br(x, )q(x)|z¢(x, t)|2dt

= / B (x, )q(x)lzx(x, t)[*dt +/ f Br(x, 0)qx(X) ]z (x, 1)|*dxdt

1
+5/ Bix, £)q(0)|zx(x, t)lzdt
0 0

-2 / / [B(x, )90 Te 2x(x, £) Pelxde
0 0

-l T 1
3 f f [Be(x, )G () |2x(x, O)* — Brx(x, DG |24 (x, )|*] dxdt  (3.10)
0 0

1 (7 !
=—7/ Br(x, D))z (x, O)|*dt| +
2 Jo 0

and

T
(3.11)

1 1
Iy= - / Ye(®)q(x) |z (x, £)[*dx
0

2 0

By (3.9)-(3.11), we arrive at the desired estimate (3.8). O

Now, we give a proof of Theorem 3.1.
Proof of Theorem 3.1. First, we choose q(x) = x for x € [0, 1] in (3.8). Noting that o (t) = k, Brx(x,t) = ’]i";[" and
Yk(x) = —2kx, it follows that

1 T T T 1
5/ ﬁk(l,t)|zx(1,t)|2dt=/ E(t)dt—/ / kxz (x, )z, (x, t)dxdt
0 0 0
T

1
f / |zx(x t)|2dxdt + f [oe(0)x2 (X, D)z (%, £) — kx*|z,(x, D)]*] dx]| . (3.12)
0

0

Next, we estimate every terms on the right side of (3.12). Notice that 1 < a(t) < 14+ kT and 0 < ]J‘r,:; < Br(x,t) <1
for any (x, t) € Q. By (3.4), we have

/ E(t)dt — / / kxz; (x, t)z,(x, t)dxdt+/ / |zx(x t)|2dxdt
0

5/ E(t)dt+C/ / [1z:(x, D> + |zc(x, 1)[*] dxdt
0 0 0

T T 1
< [ E(t)dt + c/ / [ore (D)2 (x, D)1* + Bi(x, D]z (x, 1)[*] dxdt < CE. (3.13)
0 0 0
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On the other hand, for each t € [0, T] and ¢ > 0, it holds that

1
/ [en Oz (x, £)24(x, ©) — kol (x, O] dx
0

1 1 1 1
< itk [2 / (Ol 0P+ / Rlzax, t>|2dx} +k / lza(x, 0)[2dx
€ Jo 0 0
1+ kt 1+ kt
< 5 e+k
£

1
f X2 |ze(x, t)|2dx

0

1
ap(t)|ze(x, £)Pdx + (
0

2(LFEe k) A4k g o
5 / ﬂk(x7 t)|ZX(X, t)|2dX.
0

t ,b)|d
a(t) |z (x, t)|“dx + —

_ «/1+kt1/1
- £ 2 Jo

Take e = % then it is easy to check that
Jitk 2 (—”2““8 + k) (+kt) 14
e>0 and = =

€ h 1—k? T 1—k’
This implies that forany t € [0, T],

1+ kt 1
< E(t) = Eo.
= T EO =7 0

1
/ [ (t)xze (x, D)z (x, 1) — kxP|zy(x, 1)[*] dx .
A _

It follows that

T

<
~1-k

1
/ [o(£)Xz (X, D)z (%, £) — kX* |z, (x, 1)]*] dx Eo. (3.14)
0

0
Therefore, by (3.12)-(3.14), we have

1 T
5/0 Br(1, )z (1, t)|?dt < CEo < C (|z°|i,&(0,l) + |z1|fz<0.1)). O

Remark 3.2. Theorem 3.1 implies that for any (zg, z1) € H(} (0, 1) x L?(0, 1), the corresponding solution z of (3.1) satisfies
z(1,-) € [>(0, T).

In the following, we give a proof of Theorem 3.2.

Proof of Theorem 3.2. We give an estimate from below for the terms on the right side of (3.12). First, for any given
¢ € (0, 1), wehave

T T pl T p1 22

/0 E(t)dt—/0 /0 kxz; (x, t)z,(x, t)dxdt—i—/o / 1+kt|ZX(X’ t)|%dxdt
>/T/1 L (0)]ze( t)2+[1 ( t)+<1 1) ] ( t)z}ddt
= A 5 %k |z (x, £)] Zﬂk X, Tkt |z (x, £)|" | dx

[ a(t) 2 X Bex, t) 2

_/0 /.S (1—2¢) 5 |z: (x, )] —i—[ ( 8) 1—k2x2:| |z (x, )] }dxdt

T o (t) 2 1 Br(x, t)
Z/ / (1—2¢) > |Z¢ (%, )] +[ < 5) l—kz] |z (x, )| }dxdt.

Take ¢ =

k*x?

1+k then it is easy to check that

1 1 Kk? 1
O<e<—- and 1—e=1+ 2—7 = —"
2 1—k2 14k

It follows that

T T Pl T r1 252
/ E(t)dt — / / kxz: (x, t)z,(x, t)dxdt + / / |zo(x, t)|*dxdt
0 o Jo 1+kt
T
R —dtEy. 3.15
= / T 14k / 1+kt ° (3.15)




L. Cui et al. /]. Math. Anal. Appl. 402 (2013) 612-625 619

Hence, by (3.12), (3.15) and (3.14), we obtain

1/T/3(1 Olz(1, 0)de > — /T LR
5 ) Z 5 P — -
20y * T+kJo 14k ° 1-k°

1 1
N1 4 KT)Ey — ———EFy =
k(1 1k M0 RDE = 3 Eo [k(1+k)

IfT > Ty (recall (1.2)), it holds that 7'z In(1 + kT) — 2. > 0. Also,

v

2
In(1 + kT) — —— | Ep.
n(1+ kT) l—k]o

E/Tﬁka Dz, DRt = €| ——— In(1 4+ KT) = —— | (2P, + 12 P 1)
2/, , x(1, = k(1 + k) 1—k Hl©.1) 12(0,1)7"

This completes the proof of Theorem 3.2. O

4. Exact controllability in the case of 0 < k < 1

In this section, we prove the exact controllability for the wave equation (2.1) in the cylindrical domain Q (Theorem 2.1)
for 0 < k < 1 by the Hilbert Uniqueness Method.

Proof of Theorem 2.1. We divide the proof of Theorem 2.1 into three parts.
Step 1. First, we define a linear operator A : Hj(0, 1) x [*(0, 1) — H~'(0, 1) x L(0, 1).

For any (z°,z') € H}(0,1) x L?(0, 1), denote by z the corresponding solution of (3.1). Consider the following
homogeneous wave equation:

Br(x, t) ) .
n—[ i (0) ﬂx]x ak(t)n[x—O inQ,

7)(07 t) :O’ 77(1,0 :ZX(]vt) on (05 T);
n(M) =n(T)=0 in (0, 1).

Then, it is well known that (4.1) admits a unique solution in the sense of transposition
n € C([0, T}; 1*(0, 1)) () €'([0, T; H'(0, 1)).

Moreover, by Theorem 3.1, there exists a constant C such that

(4.1)

1

7lcqo.r20, 10t (0,711 0,1)) = (51113 G, O, + sup [neC, D% )
([0,T];L=(0,1))NC ([0, TT; ©,1) tel0.7] 12(0,1) te[0.7] H-1(0,1)

IA

Clz(1, ')|L2(0,T) <C (|ZO|H&(0,1) + |Z1|L2(0,1)) . (4.2)
For any (z°, z') € H}(0, 1) x L?(0, 1), define a linear operator A:

A THJ(0,1) x [*(0,1) — H'(0, 1) x [*(0, 1),

@°,2") > (1, 0) + Y (Dne(-, 0) — kn (-, 0), —n(-, 0)),

where we use z to denote the solution of (3.1) associated to zp and z;, and n denotes the solution of (4.1) associated to z.

Write F = Hj (0, 1) x L*(0, 1) and denote by F’ its conjugate space. Also, define a bilinear form A on (H{ (0, 1) x L*(0, 1))2
as follows:

A((ZO,Z]), (.VO,.V1)) £ (A(Zoazl)7 (yonyl))F/,F
1
= (14 0) + Ye(Ina( 0), YD1 g1 — fo [kn(x. 0)y° (%) + n(x, 0)y' (x)] dx,

forany (z°,z"), (4%, y") € Hy(0, 1) x L*(0, 1), where 5 denotes the solution of (3.1) and (4.1) associated to (z°, z').

Step 2. We prove that A is an isomorphism, when T > T.
Multiplying the first equation of (4.1) by o (t)z and integrating on Q, by (3.1), we obtain that

T 1
/ A1, D251 Dt = (1, 0) + Y- 00, 201y — / [kn(x, 0)2°(x) + n(x, 0)z' (x)] d.
0 0
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Combining the above equality with the definition of A, we have

T
/ Bl Dlz(1, )P dt = (AE°, 2", (% 2} . (4.3)
0

By Theorems 3.1 and 3.2, it suffices to prove that A is surjective. Notice that Theorem 3.2 and (4.3) imply A is a coercive
bilinear form. Moreover, by (4.2), it is easy to check that A is bounded. Therefore, by the Lax-Milgram Theorem, A is a
surjection. It follows that A is an isomorphism.

Step 3. We prove the exact controllability of (2.1).
First, for any target (w3, w}) € [*(0, 1) x H'(0, 1), the following wave equation

& — |:'8k(x7 ) 5xi| + () &x =0 inQ,

ak(t) ak(t)
£0,t) =0, E1,)=0 on (0, T), (4.4)
EM) =wy, &) =uw, in (0, 1),

has a unique solution £ € C([0, T]; L2(0, 1)) () C'([0, T]; H~1(0, 1)).
Since A is an isomorphism, for any initial value (w®, w') € L?(0, 1) x H~'(0, 1), there exists (z°, z') € Hg(0, 1) xL?(0, 1)
such that

A@Z°, 2" = ([w' — &0)] — k[w® — £(0)] + yilwy — &(0)], —[w® — £(0)]). (45)

Denote by 7 the solution of (3.1) and (4.1) associated to (z°, z!). Then, by the definition of A and (4.5), it is easy to check
that (n(0), n:(0)) = (w° —£0),w' — & (O)). Therefore, if we set w = & + 1, then w is the solution of (2.1) associated
to v = z(1, ). Furthermore, (w(0), w¢(0)) = (w° w') and (w(T), w¢(T)) = (wY, w}). This completes the proof of
Theorem 2.1. O

Remark 4.1. By the equivalent transformation in Section 2, Theorem 2.1 implies the exact controllability for (1.1) in the
non-cylindrical domain Q}‘ for0 < k < 1atthe time T > T; (Theorem 1.1).

Remark 4.2. Notice that the method used in the proof of Theorem 2.1 seems not to be applicable to the case of k = 1, since
Br(1,t) =00n (0, T) fork = 1.

5. Exact controllability in the case of k = 1

In this section, we study the exact controllability of (1.1) with a smooth control in the non-cylindrical domain aTl To this
aim, consider the following wave equation:

ut[ - Uyy == 0 in a]a
u(0,t) =0, u(t+1,t) =v() on(0,T), (5.1)
u(0) = u°, u: (0) = u' in (0, 1),

where Q] = {o.herR0<y<t+1,te0, D}, @ u) € c*(0,1]) x C'([0, 1]) satisfying u’(0) = u'(0) =
u,(0) = 0 and v € U (see Definition 1.2).

In order to establish the existence of classical solutions for (5.1), we introduce the following auxiliary boundary value
problem in a triangular domain:

Ug — Uy =0 in 2r,
Uy, -+ 1)) =%y on(—(T+1),0), (5.2)
Uy,y—1) =) on (0,T + 1),

where 2r 2 {(y,t) e R%; —(t+ 1) <y <t+1,t € (—1,T)}and (¥, &) € C3([—(T + 1), 0]) x C2([0, T + 1]) satisfying
¥ (0) = @ (0). It is easy to check that for any T > —1, one can always find a classical solution U of (5.2) as follows:

UG.t) =& <3%+1> +w (y_%l) —0(0), (.t) € (5.3)

Then, we have the following well-posedness result for classical solutions for (5.1).

Lemma 5.1. Suppose that T > 1. For any (u°,u') € C*([0, 1]) x C'([0, 1]) satisfying u®(0) = u'(0) = uf,(0) = 0 and
v € U, there exists a unique classical solution u of (5.1).
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Proof. First, we extend (5.1) to the domain §T in a suitable way. Then, we can find a solution U (defined by (5.3)) of (5.2)
in §T. Furthermore, we show that u £ U|aﬁ is a unique classical solution of (5.1).
T

Step 1. For any (u°, u') € C*([0, 1]) x C'([0, 1]) satisfying u°(0) = u'(0) = u),(0) = Oand v € U, set

— [ 1
Y1) ye —2,0},
r Py 1
V) ye —1,—;] P19 ye[o,z],
o) = - and @) =1 ~ 1
() ye —T2H7_1]’ @20 ye[z,l],
i T4+ 1 vy—1) ye[l,T+1],
Ya(y) ye —(T+1),_2i|’

where 1}, (i=1,2,3,4) and @ (i = 1,2) are suitable functions to be specified later, such that ¥ e C?([—(T + 1), 0]),
@ € C*([0, T + 1]) and ¥ (0) = @(0) = 0. o

Then, there exists a classical solution U (defined by (5.3)) of (5.2) in §1. Notice that fory € (0, 1), y%] € (%, 1) and
% € (=1, 0). Therefore, by (5.3), if @ (0) = 0, it holds that U(y, 0) = u°(y) and U,(y, 0) = u'(y) in (0, 1) if and only if for
any y € [0, 1], we have that

y+1 y—1 o (y+1 —~(y—1\
o () +e (1) -eo=a () + 7 (25) = o
1., (y+1 To(y=1\ _ 1, (y+1\ T~/ y—1)
5¢<2)—5‘P<2>—2§02<2) 2%<2)_u0’)'

This implies that

. 1 1 2+1 1
w1w>=[—u°(1)+/ ulcy>dy+u°<2y+1)—/ u1<r)dr] ye[—z, ]
0 0

2
1 1 -1 1 (5.4)
o) = 3 [uo(l) —f u'(dy +u’2y — 1) +/ ul(r)dr] ye [5, 1].
0 0
On the other hand, notice that for t € (0, 1), & € (3, 1) and fort € (1,T), %} € (1, IE1). Therefore, if @ (0) = 0, it
holds that U(0, t) = 0 on (0, T) if and only if the following conditions hold:

t+1 t+1 _(t+1\ ~[(—t—1

o( ) e () eo=a () +m(T5) =0 ceon
t+1 t+1 t+1 —~(—t—1

o(5) () e ()R () o e

By the change of variable, we conclude that

_ 1
Y2 (y) = —@2(—y) ye [—1, —2} ,

(5.5)
— T+1
Ys(y) = —v(-y—1) ye [—2, —1] :
Moreover, we take {4 € (- +1, -] and @ € *([0, 1]) such that
~ ~ (1 1o '
Ao =0, @i(5)=5|em- [ vwaw|.
0
~ 1 0 /! 1 1
7)) =w0, | )=2u0,
(5.6)

— T+1 B T—-1 — T+1 . T-—1
(-57) == (57 w5,

— T+1 T—-1

Ya (—2 >=_vtt<72 )
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Then, by u%(0) = u’(0) = u,(0) = 0, v € U and (5.6), it is easy to check that ¥ is C* aty = —=1, —1, —; and & is C* at
y= %, 1. Therefore, ¥ e C2([—(T + 1), 0]), ® € C3([0, T + 1]) and ¥ (0) = ®(0) = 0.
In conclusion, (5.4) and (5.5) imply that

1 1 2y+1 r 1
[—u°(1)+/ ul(y)dy—}—uo(Zy—{—l)—/ ul(r)dr} ye —,0},
2 0 0 | 2
1 1 —2y—1 r 1
[—u°(1)+/ u1(y)dy—u°(—2y—1)—/ ul(r)dr:| ye —1,—],
Yo = [T+ 1
—v(—=y—1) ye —— ,—1],
_ r T+1
Ya(y) ye|—(T+1), —2i| s
and
- 0 1
»1(y) ye [ ,2]
— 1 2y—1
(y) = ;[uo(n—/ ul(y)dy+u°(2y—1)+/y u1(r)dr] ye [;1]
0 0
U(y_l) ye[lsT—i_l]»

where ;ﬁ: and ¢; are two functions satisfying (5.6).

A1

Step 2. We give an expression of the classical solution U in Q;.
To this aim, write Q; = A{JB|J C; |J G, D, where

N |

1
A:{(y,t)eRz;tfyf—t+land0§t§ },
<

1
,ort§y§t+1and§§t§T},

N | =

B={(y,t)eRz;—r+1§y5t+1and05t
1
C1:{(y,t)e]Rz;—t+1§y§tand5§t§1, ort—lgyftandlgth},

1
Cz={@,t)eRZ;yEtfl—yaHdOEyf5},

D={(,)eR}0<y<t—land1<t<T}.

< ¥=X=1 < 0. Then, by (5.3) and noting the definitions of @ and ¥, we have

Forany@,t)eA,%f@f]and— >

that for any (y, t) € A,

1
2

1 1 y+t
Uy, t) = > [uo(l)—/o ul(y)dy+u°(y+t)+fo ul(t)dr]

1 1 y—t
+3 [—uo(l) +/ u'(y)dy +ul(y — t) —/ u1(r)dr]
0 0
1 0 0 . 1
:E[U y+t)+u (y—t)+/ u(r)dr]. (5.7)
y—t

y—t—1

Further, forany (y, t) € B, 1 < 25* <1+ Tand — < 2=J=! < 0. Then, similarly, we get that for any (y, t) € B,
t—1 1 1 y=t
Uy, t) =v (%) +5 |:—u0(1) +/ u'dy +uly —t) —/ u](f)dr] . (5.8)
0 0

Further, forany (y,t) € ¢, 1 < 25 < 7+ land —1 < 5= < —1. Therefore, it is easy to check that for any
., t) eCy,

— 1 ytt
Uy, t) =v (%) + % |:—u0(1) +/ ul(ydy — u®(—y + ) —/ ’ ul(r)df:| ) (5.9)
0 0
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Further, for any (y, t) € G, 3 < H%l <land —-1< % < —3.Then, we have that forany (v, t) € G,
1 r 1 y+t
Uy, t) = 3 u°(1)—/ u‘(y)dy+u°(y+r)+/ ul(t)dt]
L 0 0

1 1 —y+t
+2[—u°(1)+/ u1(y)dy—u°(—y+r)—/ ul(r)dr]
0 0
1 r y+t
== uo(y+t)—u°(—y+t)+/

2L —y+t

u](r)dr] . (5.10)

Further, forany (y, t) € D, 1 < ¥ < Tand - < X==1 < —1. Therefore, we obtain that for any (y, t) € D,

o (yHt=1\ [yt

Step 3. Setu = U|A1 Then, (5.8) implies that u(t + 1, t) = v(t) on (0, T). Therefore, it is easy to check that u is a classical
solution of (5.1). By (5 7)-(5.11), u is given as follows:

1 y+t
> [u"(y+r)+u°(y—t)+/ ul(r)dr] inA,
y—t

1 —t

v<y+t )—;[uo(l)—/ ul(y)dy—uo(y—t)—f—/y ul(z)dr] in B,
0 0

_ 1 —y+t
u(y, t) = (yH 1>—;[u°(1)—/ u1(y)dy+u°(—y+t)+/ ’ u1(r)dr:| incy, (5.12)

1 OY-H °

> |:u Y+t — uo(—y—i—t)—l-/ ul(t)dr:| in Gy,
—y+t

v<y+;_1)—v<_Y+2t_l> inD.

Since classical solutions of (5.1) must be solutions of it in the sense of transposition, by Remark 3.1, the classical solution u
of (5.1) is unique. This finishes the proof of Lemma 5.1. O

Now, we give a proof of Theorem 1.2 by a constructive method.

Proof of Theorem 1.2. For any given initial value (u°, u') € C*([0, 1]) x C'([0, 1]) satisfying u®(0) = u'(0) = uf,(0) =0
and a target (ug, u}i), there exists a control v € U such that the corresponding classical solution u (see (5.12)) of (5.1) satisfies
u(T) = ug and u,(T) = ”}1- if and only if the following conditions (1)-(3) hold:

(1) By the expression of uin B, fort =T andy € [T, T + 1],

1 —T
v0+£‘0—1b%ni/ww@—w@—n+/yu%ﬁﬂ=@m,
0

1 +T-1 (5.13)
2[02)—u@ D+uw T) = u}®):
(2) By the expression of uin Cy,fort = Tandy € [T — 1, T],
_ 1 —y+T

v (HT]> 1 [uo(l) - / u'(y)dy +u’(—y +T) +/ u](r)dr] =),

2 0 (5.14)
1 [(y+T-1 .
5Ut (f) - *U Y=y +T) — *U (—y+T)= ud(y)

(3) By the expressionof uin D, fort =T andy € [0, T — 1],

v(y+T—1)_U<—y+T—l) — ).
2 2
(5.15)

1 [(y+T-1 1 [—y+T—1
PR (f) — QU (f) = 13-
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Therefore, by (5.13), it follows that forany y € [T, T + 1],

v C#) = % |:u0(1) - /0] u'(dy —u’(y —T) + fOH u](r)dt] +ud),
u),») —uy) =uwy—T) —u'@y—T1).
By the change of variable, we obtain
vi(t) = ()

1 1 2t—2T+1
=5 |:u0(l) - / ul(yydy —u®@t = 2T + 1) +/ ul(r)dr]
0 0
1
+uf@t—-T+1) forte |:T— 2,T:|.

Further, by (5.14), it holds that forany y € [T — 1, T],

T—1 1 1 T
v <J%> =3 |:u0(1) —/ ul(yydy +ul(=y +T) +/ ul(‘r)d‘ri| + ug(y),
0 0
ud, ) — uyy) =u(—y +T) +u'(—y + 7).
By the change of variable, we have

va(t) £ w(t)

1 1 2T—1-2t
=5 |:u°(l) —/ u'(dy +u®@T — 1= 2¢) +f u%r)dr]
0 0
0 1
+u,2t =T+ 1) forte T_]’T_E .

Further, by (5.15), we see that for any constant Cy andy € [0, T — 1],

T—-1 1 1 Y
v <L> =G+ fug(y) + f/ ué(r)dt,
2 2 2 Jo

—y+T—1 1 1 (Y
v <f> =Co — Jug) + 5/0 uj(v)dr,

u9(0) = uj(0) = 0.

By the change of variable, we conclude that

1 0 1 2t—T+1 . T—1
v3(t) 2 v(t) :Co+5ud(2t—T+1)+5 ug(r)dr fort € T’T_l ,
0

. 1 0 —2t4+T—1 ; T—1
va(t) 2 v(t) = C — Eud(—Zt +T-1)+ > ug(t)dr fort € (0, .
0

Choose the following control function in (5.1):

1
'U1(f) t e T—,Ti|,

1
v(t) te T—l,T—],
v(t) = :T—l
v3(t) te ,T—l],

U4(t) t e _0, ] s

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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where v; (i = 1, 2, 3, 4) are the functions given in (5.17), (5.19) and (5.21). Then, by conditions (1)-(3), (u(d’, u}) is exactly
controllable with a smooth control if and only if

ug, ) —u) =u(T —y) +u'(T—y) yell—1T],

ug, 0 —u») =uwy —T) —u'y=T) ye[l.T+1], (5.22)
v € U (see Definition 1.2).

It is easy to check that v € U if and only if the following conditions hold:

0 1 0 1 - 1
Go=u(1)+ Eud(T -1- 5/0 uy(v)dy,
u§(0) = uj(0) = ug,,(0) =0, (5.23)
ud (T — 1) —ugy(T — 1) = u(1) +u' (D),
ug, (T — 1) —ud (T — 1) = u) (1) + uy(1).

By (5.22) and (5.23), we arrive at the conclusion of Theorem 1.2. O
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