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1. Introduction

Recall that if ¢ is an analytic self-map of D, a so-called Schur function, the composition operator C,
associated to ( is formally defined by

C@(f):fosp-

The Littlewood subordination principle [3, p. 30] tells us that C, maps the Hardy space H 2 to itself for
every Schur function ¢. Also recall that if H is a Hilbert space and T: H — H a bounded linear operator,
the n-th approximation number a,(7T) of T is defined as

an(T) =inf{||T — R||; rank R<n}, n=12,.... (1.1)
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In [9], working on that Hardy space H? (and also on some weighted Bergman spaces), we have undertaken
the study of approximation numbers a,(C,) of composition operators Cy, and proved among other facts
the following:

Theorem 1.1. Let (g,,)n>1 be a non-increasing sequence of positive numbers tending to 0. Then, there exists
a compact composition operator C, on H? such that
(Cy)

. .. p0an
lim inf
n— o0 En

> 0.

As a consequence, there are composition operators on H? which are compact but in no Schatten class.

The last item had been previously proved by Carroll and Cowen [2], the above statement with approxi-
mation numbers being more precise.

For the Dirichlet space, the situation is more delicate because not every analytic self-map of D generates
a bounded composition operator on D. When this is the case, we will say that ¢ is a symbol (understanding
“of D”). Note that every symbol is necessarily in D.

In [8], we have performed a similar study on that Dirichlet space D, and established several results
on approximation numbers in that new setting, in particular the existence of symbols ¢ for which C, is
compact without being in any Schatten class S,. But we have not been able in [8] to prove a full analogue
of Theorem 1.1. Using a new approach, essentially based on Carleson embeddings and the Schur test, we
are now able to prove that analogue.

Theorem 1.2. For every sequence (£,,)n>1 0f positive numbers tending to 0, there exists a compact composition
operator Cy, on the Dirichlet space D such that
(Cy)

. .. p0an
lim inf
n— o0 En

> 0.

Turning now to the question of necessary or sufficient conditions for a Schur function ¢ to be a symbol,
we can observe that, since (2™/y/n )n>1 is an orthonormal sequence in D and since formally Cy,(2") = ",
a necessary condition is as follows:

@ is a symbol =— H(p”HD =0(v/n). (1.2)
It is worth noting that, for any Schur function, one has:
peD = Hgo"HD:O(n)

(of course, this is an equivalence). Indeed, anticipating on the next section, we have for any integer n > 1:

el = e + [ w2l ) dac)

<l + [ n?e') dale) < n?llel,

giving the result.
Now, the following sufficient condition was given in [4]:

H‘PnHD =0(1) = ¢ isasymbol (1.3)
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In view of (1.2), one might think of improving this condition, but it turns out to be optimal, as says the
second main result of that paper.

Theorem 1.3. Let (M,,)n>1 be an arbitrary sequence of positive numbers tending to co. Then, there exists
a Schur function ¢ € D such that:

1) |l¢™lp = O(My,) as n — oo;
2) ¢ is not a symbol on D.

The organization of this paper will be as follows: in Section 2, we give the notation and background.
In Section 3, we prove Theorem 1.2; in Section 3.1, we prove Theorem 1.3; and we end with a section of
remarks and questions.

2. Notation and background

We denote by D the open unit disk of the complex plane and by A the normalized area measure dx dy /7
of D. The unit circle is denoted by T = 9D. The notation A < B indicates that A < ¢B for some positive
constant c.

A Schur function is an analytic self-map of D and the associated composition operator is defined, formally,
by C,(f) = f o ¢. The operator C, maps the space Hol(ID) of holomorphic functions on D into itself.

The Dirichlet space D is the space of analytic functions f:ID — C such that

2 2
191 = 1O + [17 @[ dA() < +x. @)
D
If f(z) => " cnz", one has:
115 = leol® + Y nleal®. (2.2)
n=1
Then ||.||p is a norm on D, making D a Hilbert space, and ||. ||g2 < || .||p. For further information on the

Dirichlet space, the reader may see [1] or [11].
The Bergman space B is the space of analytic functions f:ID — C such that:

1712 = / £ dA(:) < +oc.
D

If f(z) =07 ycn2™, one has || f|3 = > 00, ‘53_‘12 If f € D, one has by definition:

B

1% = || f][5 + | £(0)

Recall that, whereas every Schur function ¢ generates a bounded composition operator C,, on Hardy and
Bergman spaces, it is no longer the case for the Dirichlet space (see [10, Proposition 3.12], for instance).
We denote by b, (T') the n-th Bernstein number of the operator T: H — H, namely:

bu(T)= sup (inf |T]]) (23)

where Sg denotes the unit sphere of E. It is easy to see [8] that

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
Appl. (2015), http://dx.doi.org/10.1016/j.jmaa.2015.01.062




Doctopic: Functional Analysis YJMAA:19189

4 D. Li et al. / J. Math. Anal. Appl. e e e (e e e0e) e 0o 06—00e

bp(T) = an(T) forallm >1

(recall that the approximation numbers are defined in (1.1)).
If ¢ is a Schur function, let

ne(w) =#{z€D; p(z) =w} >0 (2.4)

be the associated counting function. If f € D and g = f o, the change of variable formula provides us with
the useful following equation [12,8]:

/ 10/(2)F dA(z) = / |/ (w) [Py (w) dA(w) (2.5)
D D

(the integrals might be infinite). In those terms, a necessary and sufficient condition for ¢ to be a symbol
is as follows [12, Theorem 1]. Let:

pp(h) = sup / ne dA (2.6)
£€T
S(&:h)

where S(€,h) =D N D(&, h) is the Carleson window centered at £ and of size h. Then ¢ is a symbol if and
only if:

1
sup ﬁf%(h) < 0. (2.7)
0<h<1

This is not difficult to prove. In view of (2.5), the boundedness of C, amounts to the existence of a constant C
such that:

/}f *ng(w) dA(w gc/\f )|?dA(z), VfeD.

Since f’ = h runs over B as f runs over D, and with equal norms, the above condition reads:

/’h(w)|2n¢(w) dA(w) < C/|h(z)|2 dA(z), VheDB.
D

This exactly means that the measure n, dA is a Carleson measure for 8. Such measures have been charac-
terized in [6] and that characterization gives (2.7).

But this condition is very abstract and difficult to test, and sometimes more “concrete” sufficient condi-
tions are desirable. In [8], we proved that, even if the Schur function extends continuously to D, no Lipschitz
condition of order o, 0 < a < 1, on ¢ is sufficient for ensuring that ¢ is a symbol. It is worth noting that
the limiting case a = 1, so restrictive it is, guarantees the result.

Proposition 2.1. Suppose that the Schur function ¢ is in the analytic Lipschitz class on the unit disk, i.e.
satisfies:

lo(z) — p(w)| < Clz —w|, Vz,weD.

Then Cy, is bounded on D.
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Proof. Let f € D; one has:
ICo (D% = £ ((0)) ]2+/]f’( ()P (=) dA2)
< e + w1 /|f DI dac:

This integral is nothing but ||C,(f’)||3; and hence, since C,, is bounded on the Bergman space B, we have,
for some constant Ki:

/u NP aAG) < K215 < K31

On the other hand,

—1/2

17 (e)] < (1= [o@) "Il < (1= ]2©@) 111,
and we get
ICo (Dl < K211,
with K2 = K2 + (1 — |p(0)[)~ L. O
3. Proof of Theorem 1.2

We are going to prove Theorem 1.2 mentioned in the Introduction, which we recall here.

Theorem 3.1. For every sequence () of positive numbers with limit 0, there exists a compact composition
operator Cy, on D such that

lim inf Inite) (Ce)

n—00 En

> 0.

Before entering really in the proof, we may remark that, without loss of generality, by replacing &,, with
inf(27%, supy>,, €x), we can, and do, assume that (e,,), decreases and e <275,
Moreover, we can assume that (e,), decreases “slowly”, as said in the following lemma.

Lemma 3.2. Let (¢;) be a decreasing sequence with limit zero and let 0 < p < 1. Then, there exists another
sequence (€;), decreasing with limit zero, such that & > €; and &1 > p&;, for every i > 1.

Proof. We define inductively &; by &1 = &1 and

51‘/:1 = maX(p@,€i+1)~
It is seen by induction that & > &; and that &; decreases to a limit a > 0. If &; = ¢; for infinitely many
indices 7, we have a = 0. In the opposite case, £;11 = p&; from some index 7y onwards, and again a = 0

since p < 1. O

We will take p = 1/2 and assume for the sequel that ;11 > €;/2.
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Proof of Theorem 3.1. We first construct a subdomain {2 = {2y of D defined by a cuspidal inequality:
Q={z=z+iyeb; |y <6(1-2), 0<az<1}, (3.1)
where 6:[0,1] — [0, 1] is a continuous increasing function such that
0(0)=0 and 0(1—2)<1-—u. (3.2)

Note that since 1 — 2 < /1 — a2, the condition |y| < §(1 — ) implies that z = x + iy € D. Note also that
1 € 2 and that 2 is a Jordan domain.
We introduce a parameter § with e < 9§ <1 —¢;. We put:

0(87) = e;67 (3.3)

and we extend 6 to an increasing continuous function from (0, 1) into itself (piecewise linearly, or more
smoothly, as one wishes). We claim that:

O(h) <h and 6(h)=o0(h) ash—0. (3.4)

Indeed, if 671 < h < §7, we have 0(h)/h < 0(67)/67 ! = £;/8, which is < &1/§ < 1 and which tends to 0
with h.

We define now ¢ = @p:D — 2 as a continuous map which is a Riemann map from D onto {2, and with
©(1) = 1 (a cusp-type map). Since ¢ is univalent, one has n, = 1, and since {2 is bounded, ¢ defines
a symbol on D, by (2.7). Moreover, (3.4) implies that A[S(&, h)N§2] < hO(h) for every £ € T; hence, p, being
defined in (2.6), one has p,(h) = o(h?) as h — 0%. In view of [12], this little-oh condition guarantees the
compactness of C,: D — D.

It remains to minorate its approximation numbers.

The measure y = ny, dA is a Carleson measure for the Bergman space 98, and it was proved in [7] that
C;Cy is unitarily equivalent to the Toeplitz operator T), = I;1,,:B — B defined by:

7.5 - [ W) ) = [ Kz daw), (3.5)
D

(1 —wz)?
D

where I,: B — L?(u) is the canonical inclusion and K, is the reproducing kernel of B at w, i.e. K,(z) =

1
ETDER
Actually, we can get rid of the analyticity constraint by considering, instead of T, the operator S, =

I, L?(p) — L?(p), which corresponds to the arrows:

*

L) 2 8 L 12(p).
We use the relation (3.5) which implies:
an(Cyp) = an(1,) = an(IZ) = 1/an(Sy). (3.6)
We set:
cj=1-2 and r;=¢e;0’ (3.7)

One has rj = ¢;(1 — ¢;)/2.

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
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Lemma 3.3. The disks Aj = D(cj,rj), j > 1, are disjoint and contained in §2.

Proof. If z = z+iy € Aj,then 1 —2 > 1—c¢; —r; = (1 —¢;)(1 —;/2) = 267(1 —¢;/2) > & and
ly| < rj = 6(87); hence |y| < 0(67) < 6(1 — z) and z € 2. On the other hand, c¢;11 — ¢; = 2(67 — &) =
2(1 —6)67 > 2e,07 > Qsjdj =2r; >rj+rji1; hence A;NA L =0. O

We will next need a description of S,,.

Lemma 3.4. For every g € L*(u) and every z € D:

—wz)?

S, = ( [ 25 dA(w) | 1a (o). (39)

a2 = | (19<7w_>d,4(w) (3.8)
(9]

1—wz

Proof. K, being the reproducing kernel of B, we have for any pair of functions f € B and g € L?(u):

(29, [y = (9 IuS) L2y = /g(w) (w) dA(w) = /g(w)<Kw,f>% dA(w)

[o} 2

- < [ s, dA(w),f>93,

so that I}g = fQ g(w)K,, dA(w), giving the result. O

In the rest of the proof, we fix a positive integer n and put:
1 .
fi=—1a, j=1,...,n (3.10)
Ty

Let:

E =span(fi,..., fn)-

This is an n-dimensional subspace of L?(j).
The A;’s being disjoint, the sequence (f1, ..., f) is orthonormal in L?(u). Indeed, those functions have
disjoint supports, so are orthogonal, and:

/fjdu /fjnwdA / dA = 1.

We now estimate from below the Bernstein numbers of Ij;. To that effect, we compute the scalar products

m; ;= (1;(fi), 1;;(f;)). One has:

mas = (fi Su(f3) / fi(2) 805 (2) dA(2)

=//f1fé A() dA(w)

02x 02

:rilrj // ﬁdﬁl(z)d/&(w).
AXA,

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
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Lemma 3.5. We have

2
My > ;—;, and |m; ;| < 5i8j6j—i fori < j. —
Proof. Set ¢} = ‘1_%’701_ = 30ty One has § <& < 5. We observe that (recall that A(A;) = r2):
72 1 1 1
ii— & = 3 _ QA dA(w).
T r? / [(1 —wz)?2 (11— 012)2} (2) dA(w)
A XA;

Therefore, using the fact that, for z € A; and w € D:

l—g¢ i
1w2|21|z|210irilci5i( C)z(lci)<1%>2—

and then the mean-value theorem, we get:

m___€/2|<l // 1 . 1
veEe T T asar

IA

327‘3 3 5/.2
<32 %87 <
I—c)p = Sio=Tgr
since g; < e; < 278 implies that &, < 1/(32 x 16). This gives us the lower bound m;; > €,°/2 > £2/32.

Next, for i < j:

1 1 1 4
il < — | dA(2)dA < 2.2
[mi gl < rirj // ‘ (1 —wz)? () dA(w) < rir; (1 — ci)QTZ "y
AiXAJ‘
de;e 60 .

and that ends the proof of Lemma 3.5. O

We further write the n x n matrix M = (m; ;)i<i j<n @8 M = D + R where D is the diagonal matrix

2
m; = m;,; with m; > §—§7 1 <% < n. Observe that M is nothing but the matrix of S;, on the orthonormal

basis (fi,..., fn) of E, so that we can identify M and S, on E.
Now the following lemma will end the proof of Theorem 3.1.
Lemma 3.6. If 6 < 1/200, we have:
|D'R| < 1/2. (3.12)
Indeed, by the ideal property of Bernstein numbers, Neumann’s lemma and the relations:

M=D(I+D™'R), and D=MQ with |Q| <2,

we have b, (D) < b,(M)|| Q] < 2b,(M), that is:

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
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v > (D) €n
an(Su) bn<5u) > bp(M) > B 2 = 64’

since the n first approximation numbers of the diagonal matrix D (the matrices being viewed as well as
operators on the Hilbertian space C™ with its canonical basis) are mq 1, ..., my . It follows that, using (3.6):

an(Iy) = an(I}) = \/an(Sy) > gn (3.13)
In view of (3.6), we have as well a,(C,) > €,/8, and we are done. O
Proof of Lemma 3.6. Write M = (m; ;) = D(I + N) with N = D™'R. One has:
. mg. g . .
N = (v;;), withy,; =0andvy;; = o for j # . (3.14)

We shall show that || N]| < 1/2 by using the (unweighted) Schur test, which we recall [5, Problem 45]:

Proposition 3.7. Let (a;;)i<ij<n be a matriz of complex numbers. Suppose that there exist two positive
numbers a, § > 0 such that:

L Y30 laigl < « for all 4
2. Y0 iz < B for all j.

Then, the (Hilbertian) norm of this matriz satisfies || A|| < +v/ap.
It is essential for our purpose to note that:

i<j = |y <3267, (3.15)
i>j = v | <32(20). (3.16)

Indeed, we see from (3.11) and (3.14) that, for ¢ < j:

vij| = Imig] < 32eiee; 26971 < 3267
1,1

)

since ¢; < g;. Secondly, using ¢€;/e; < 2i=J for i > j (recall that we assumed that ez, 1 > €1/2), as well as
|m; ;| = |my;,i|, we have, for ¢ > j:

i | = Ml o 398 si-i < 39(25)i-
my i =
Now, for fixed i, (3.15) gives:

Z|VZ7J|—Z|VM|+ZIV”|<32<Z(5J Z"’Z (26)° )

7>t 1<t > 1<i
1) 26 30 96 1
< < < < —
32(1—5+1—25> Ry T

since 0 < 1/200. Hence:

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
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sup <Z |uw-|) <1/2. (3.17)

In the same manner, but using (3.16) instead of (3.15), one has:

sup(Z |y1,j|) <1/2. (3.18)
I\
Now, (3.17), (3.18) and the Schur criterion recalled above give:

INI < VIZX 12 =172,

as claimed. 0O

Remark. We could reverse the point of view in the preceding proof: start from 6 and see what lower
bound for a,(C,) emerges. For example, if 0(h) ~ h as is the case for lens maps (see [8]), we find again
that a,(C,) > 6o > 0 and that C,, is not compact. But if §(h) ~ h'*® with a > 0, the method only
gives a,(Cy,) 2 e~ " (which is always true: see [8, Theorem 2.1]), whereas the methods of [8] easily give
an(Cyp) 2 e~V"_ Therefore, this p-method seems to be sharp when we are close to non-compactness, and
to be beaten by those of [8] for “strongly compact” composition operators.

8.1. Optimality of the EKSY result

El-Fallah, Kellay, Shabankhah and Youssfi proved in [4] the following: if ¢ is a Schur function such that
v € D and [|¢P||p = O(1) as p — o0, then ¢ is a symbol on D. We have the following theorem, already
stated in the Introduction, which shows the optimality of their result.

Theorem 3.8. Let (M,)p>1 be an arbitrary sequence of positive numbers such that lim,_,, M, = co. Then,
there exists a Schur function ¢ € D such that:

D) [[¢?llp = O(My) as p — oo;
2) ¢ is not a symbol on D.

Remark. We first observe that we cannot replace lim by limsup in Theorem 3.8. Indeed, since ¢ € D, the
measure /i, = n, dA is finite, and

p—1
2 _
vl =2 [ 1wP? dutu) >cp2( / w|2du<w>) > o,
D D

where ¢ and 9§ are positive constants.
Proof of Theorem 3.8. We may, and do, assume that (M) is non-decreasing and integer-valued. Let (1,)n>1
be a non-decreasing sequence of positive integers tending to infinity, to be adjusted. Let {2 be the subdomain
of the right half-plane Cy defined as follows. We set:

En = —log(l - 2_") ~27",

and we consider the (essentially) disjoint boxes (k =0,1,...):

By, = Bon + 2kmi,

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
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with:
By ={u€C; epy1 <Reu <&y and [Jmu| <277},
as well as the union

T,= J Bran
0<k<ly,

which is a kind of broken tower above the “basis” By g, of even index.
We also consider, for 1 < k <1, — 1, very thin vertical pipes Py, connecting By, 2, and Bj_1 2p, of side
lengths 472" and 27 (1 — 272") respectively:
Py = Py + 2kmi,

and we set:

Pn: U Pk,n

1<k<l,
Finally, we set:
n=2 n=1 n=1
and:
Q=F

|

Then {2 is a simply connected domain. Indeed, it is connected thanks to the By, and the P,, since
the Py, were added to ensure that. Secondly, its unbounded complement is connected as well, since we take
one value of n out of two in the union of sets By ,, defining F.

Let now f:ID — (2 be a Riemann map, and ¢ =e~/:D — D.

We introduce the Carleson window W = W (1, h) defined as:

W(,h)={2€D; 1-h<|z|<1and |argz| < 7h}.

This is a variant of the sets S(1, k) of Section 2. We also introduce the Hastings—Luecking half-windows W,
defined by:
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W, ={2eD; 1-27"<|2] <1-2""""and |argz| < m27"}.
We will also need the sets:

E, = e~ (TnUBo2n+1UPn) e_(BO,2nUBO,2n+1UPO,n)’

for which one has:
eD) C | J En.
n=1

Next, we consider the measure u = n, dA, and a Carleson window W = W(1,h) with h = 272N We
observe that W}, C W and claim that:

Lemma 3.9. One has:

1) we Wiy = ny(w) > Iy;
2) [le?l% < p° Zio:l 1167 Pt

Proof. 1) Let w = re’ € W, with 1 —272N < r <1-272N"L and |§] < 7272V, As —(logr +1i6) € Boan,
one has —(logr 4+ i0) = f(zo) for some zy € D. Similarly, —(logr + i0) + 2kmi, for 1 < k < ly, belongs
to Byon and can be written as f(zg), with 2z € D. The z’s, 0 < k < ly, are distinct and satisfy
o(zk) = e~ (k) = ¢=1(20) = g for 0 < k < lyy, thanks to the 2mi-periodicity of the exponential function.

2) We have A(E,) < e 725204247210 < 4727 (the term e~ 2°27+2 coming from the Jacobian of e=%) and we
observe that

2p—2

weE, = |w*?*<(1-272"1) <e P,

It is easy to see that ny,(w) < I, for w € E,; thus we obtain, forgetting the constant term |p(0)[* < 1,
using (2.5) and keeping in mind the fact that n,(w) = 0 for w ¢ p(D):

7l =5 [ wPr~ngw) datw)
(D)

< p? (Z /|w|2p—2nw(w) dA(w))

n:lEn

< p? (Z [ 1wz, dA<w>>

n:lEn
o0
SPPY 16 e P
n=1
ending the proof of Lemma 3.9. O

End of the proof of Theorem 3.8. Note that, as a consequence of the first part of the proof of Lemma 3.9,
one has

/ _ / 2
W(W) > pu(Why) = / ngdA > Iy A(Wiy) = Inh?,
Win
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which implies that supg.,<; h~?u[W (1, h)] = 400 and shows that C,, is not bounded on D by Zorboska’s
criterion [12, Theorem 1], recalled in (2.7).

It remains now to show that we can adjust the non-decreasing sequence of integers (l,) so as to have
loPlp = O(M,). To this effect, we first observe that, if one sets F'(z) = z%e™®, we have:

o0 o0 p
2 —n —pd4~"
1 P - F|l— ) <1.
Py t6er =Y F( ) <
n=1 n=1
Indeed, let s be the integer such that 4° < p < 45+ We have:

iF(fn) < ZS: S P A P T iF(zr”) < 00,
n=1 n=0

n=1 p n>s

where we used that F' is increasing on (0, 1) and satisfies F(x) < min(2?,1/z) for x > 0. We finally choose
the non-decreasing sequence (I,,) of integers as:

Iy = min(n, Ms)

In view of Lemma 3.9 and of the previous observation, we obtain:

7|l S p? Y 167,

n=1
p
<p?) 167 P L+ p? ) 167,
n=1 n>p

Shy+p® Y 4 S, +p*7P S M2,
n>p

as desired. This choice of (I,,) gives us an unbounded composition operator on D such that ||¢?||p = O(M,),
which ends the proof of Theorem 3.8. O

References

[1] N. Arcozzi, R. Rochberg, E.T. Sawyer, B.D. Wick, The Dirichlet space: a survey, New York J. Math. 17A (2011) 45-86.
[2] T. Carroll, C. Cowen, Compact composition operators not in the Schatten classes, J. Operator Theory 26 (1991) 109-120.
[3] C. Cowen, B. MacCluer, Composition Operators on Spaces of Analytic Functions, CRC Press, 1994.
[4] O. El-Fallah, K. Kellay, M. Shabankhah, H. Youssfi, Level sets and composition operators on the Dirichlet space, J. Funct.
Anal. 260 (6) (2011) 1721-1733.
[5] P. Halmos, A Hilbert Space Problem Book, second edition, Grad. Texts in Math., vol. 19, Springer-Verlag, 1982.
[6] W.H. Hastings, A Carleson theorem for Bergman spaces, Proc. Amer. Math. Soc. 52 (1975) 237-241.
[7] P. Lefevre, D. Li, H. Queffélec, L. Rodriguez-Piazza, Compact composition operators on the Dirichlet space and capacity
of sets of contact points, J. Funct. Anal. 264 (4) (2013) 895-919.
[8] P. Lefévre, D. Li, H. Queffélec, L. Rodriguez-Piazza, Approximation numbers of composition operators on the Dirichlet
space, Ark. Mat. (2014), http://dx.doi.org/10.1007/s11512-013-0194-z.
[9] D. Li, H. Queffélec, L. Rodriguez-Piazza, On approximation numbers of composition operators, J. Approx. Theory 164 (4)
(2012) 431-459.
[10] B. MacCluer, J. Shapiro, Angular derivatives and compact composition operators on the Hardy and Bergman spaces,
Canad. J. Math. 38 (4) (1986) 878-906.
[11] W.T. Ross, The classical Dirichlet space, in: Recent Advances in Operator-Related Function Theory, in: Contemp. Math.,
vol. 393, Amer. Math. Soc., Providence, RI, 2006, pp. 171-197.
[12] N. Zorboska, Composition operators on weighted Dirichlet spaces, Proc. Amer. Math. Soc. 126 (7) (1998) 2013-2023.

Please cite this article in press as: D. Li et al., Two results on composition operators on the Dirichlet space, J. Math. Anal.
Appl. (2015), http://dx.doi.org/10.1016/j.jmaa.2015.01.062



http://refhub.elsevier.com/S0022-247X(15)00091-8/bib737572766579s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib434152434F57s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib434F574D4143s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib454B5359s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib454B5359s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib48616C6D6F732D6C69767265s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib484153s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4469726963686C6574s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4469726963686C6574s1
http://dx.doi.org/10.1007/s11512-013-0194-z
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4A4154s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4A4154s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4D63436C7565722D5368617069726Fs1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib4D63436C7565722D5368617069726Fs1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib526F7373s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib526F7373s1
http://refhub.elsevier.com/S0022-247X(15)00091-8/bib5A4F52s1

	Two results on composition operators on the Dirichlet space
	1 Introduction
	2 Notation and background
	3 Proof of Theorem 1.2
	3.1 Optimality of the EKSY result

	References


