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Abstract

In this paper, we consider the initial boundary value problem for a class of thin-
film equations in R"™ with a p-Laplace term and a nonlocal source term |u|9 2u —
ﬁ Jo [u|""?udx. We prove that there exist weak solutions for the problem with ar-
bitrarily initial energy that blow up in finite time. We also obtain the upper bounds for

the blow-up time.
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1 Introduction

The thin-film equation
u— Nut V- (f(Vu) = g
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can be used to describe the evolution of the epitaxial growth of nanoscale thin films [1-3].
Various mathematical aspects of the thin-film equation have been studied by many researchers
in recent years, as reported in [4-11] and the references therein. In [12], Qu and Zhou studied

the following thin-film equation with a nonlocal source term

Up + Upper = |ulP " u — ﬁ Jo lulPtudx,  (2,t) € Q% (0,7),
Up = Ugzy = 0, (.fL',t) € 00 x (0,T)7 (].1)

u(x,0) = uo(x), T €Q,

where Q = (0,a), p > 1, and ug € H*(Q) with [, updx = 0 and ug # 0. By using the potential
well method, the authors obtained a threshold result for the global existence and finite time
blow-up of the weak solutions with initial data at low energy level (i.e. J(ug) < d). They
also studied the extinction of the solutions for the problem under some conditions. In [13], Li

et al. studied the following thin-film equation with the same initial and boundary conditions

1
Up + Upgpy — (|ux]p_2um)x = |u|? u — @/ lu|!"tudx, (x,t) € (0,a) x (0,T),
Q

where p > 1, ¢ > max{l,p — 1}, and obtained similar results by using the potential well
method. In [14], Zhou considered problem (1.1) and established a new blow-up result for the
case that the initial energy is positive but upper bounded. He also gave an estimate for the
upper bound of the blow-up time.

To our knowledge, no results have been obtained about the global existence, extinction
or finite time blow-up for the solutions of the thin-film equation in R™ with initial data at
high energy level. In this paper, we are concerned with the finite time blow-up for the weak

solutions of the following initial-boundary value problem

up + A%u— Apu = |ulT%u — ﬁ Jo lul*?udx,  (x,t) € 2 x (0,T),

fu = 25 — 0, (w0 €00 x (0,T),  (1.2)
U(J?,O) = Uo(l'), xr e Qv

where () is a bounded domain of R™ (n > 1) with smooth boundary 02, p > 1, ¢ > 2,
Apu = div (|[VuP?Vu), ug € H*(Q) such that [, updx = 0 and ug # 0. In addition, we

assume p, g satisfy the following conditions:



(H1) 2<g<+oo, ifn<4;, 2<qg< 2 ifn>4

n—47

(H2) 1 <p <400, ifn<2; 1<p<%, if n > 2.

(H3) ¢ > max{2,p}.

By applying the technique similar to that in [9,15] and using Levine’s concavity method [16],
we show that there are weak solutions of problem (1.2) with arbitrarily initial energy that

blow up in finite time. We also obtain the upper bounds for the blow-up time.

2 Preliminaries

For convenience, we denote the L™-norm (1 < r < 00) by |+, and the usual norm of H?(Q)
1
by |ullgz = <fQ (Jul® + |Vul® + |Aul?) dx) *. We also denote (-,-) as the inner product on
the Hilbert space L*(12).

Recalling that ug € H*(2) with [, uodx = 0 and considering the homogenous Neumann

boundary condition of problem (1.2), we introduce the following space

H(Q) = {u € H*(Q) : g—Z‘aQ =0 and /QUdX: 0}.

For every u € H%(2), we have

/Vu - Vudx = ‘/ uAudx
Q Q

Let Ay > 0 be the first nontrivial eigenvalue of —A in 2 with homogeneous Neumann bound-

[Vul3 = < luls|Auls.  (2:1)

u@dS—/uAudx
an Q

ary condition = 0. By (2.1), we have

e
on o9
Aluls < An|Vuls < [Aul3

for all u € H% (). Moreover, following from [4] and [17], HZ(f2) is a Hilbert space with the
1
inner product (u,v)y := [, AuAvdx and the norm ||ul| := (u,u)} = |Auls is equivalent to

the usual norm || - ||z in H%(9).

In this paper, we consider the weak solutions as defined below:



Definition 2.1 A function uw € L>(0,T; H%(Q)) with u, € L*(0,T; H%(Q)) is said to be a
weak solution of problem (1.2) if u(0) = up € HZ () and

¢
/ / [utqb + Aulé + |VulP2Vu - Vo — <|u|q u — @/ |ul?™ 2udy> ] dxdr =0
0 Jo

for all ¢ € L*(0,T; H%(S)).

By using the argument similar to that in [4], we can obtain the local existence, uniqueness

and regularity for the weak solutions of problem (1.2).

Suppose that u is a weak solution of problem (1.2) with initial data uy and 7" is the
maximal existence time of u. Integrating equation (1.2) over 2, in view of the boundary

condition, we have

— udx-/utdx = / {—A2u+APu+|u|q2u— <L/ \u!qQUdy>} dx
— _/ G(Au)ds—i—/ |Vu\p72@ds
90 on 90 on

1
+/ u|P~?udx — <—/ |u|q_2udy>/dx

~ 0, (2.2)

s0 Jou(t)dx is a constant for all ¢ € [0,7™). Since ug € H?*(Q), ug # 0 and 5 [, uodx = 0,

we obtain that

/u(t)dx = / updx =0 for all t € [0, T"). (2.3)
Q Q

Since u is a nontrivial solution of problem (1.2), (2.3) implies that u is a sign-changing solution.

Multiplying equation (1.2) with u; and then integrating the equation over Q by parts, in

view of the boundary condition, we have

1
(Jul2u, u7) — (@ / ru|“udy,ut)

= Juel3 + (A%, up) — (Apu, uy)
= w3+ / Uy 8(Au)d —/ Au %ds—l—/Au div(Vuy)dx
o0 on Blg)

= </ ut\Vu]pd@ds —/ |VuP?Vu - Vutdx>
o9

d d
= ]ut@ dt( |Au\§dx)+d—< |Vu\p>

4




On the other hand, by (2.2) we get

1 1 d /1
a2 —( = -2y = (Jul7? S -24d dx = — ( =|u/9).
(™) <mr/g'“' “y’“t) () |Q\/Q'“' “Y/Q“”‘ dt <q'“'q>

So

d /1 1

1
i <§\Au]§ + Ewu\g — 6]u!3> = —Juel3- (2.4)

Motivated by the calculation above, we introduce the energy functional J and the Nehari

functional I on H% () for problem (1.2) by

1 1 1
T(u) = 51Au} + - Vul — ful (25)

I(u) = |Aul? + Vulh — |u]?. (2.6)

Since p, ¢ satisfy the assumptions (H1) and (H2), the functionals J and I are well-defined

and continuous on H% (). Furthermore, simple calculation shows that
J(w) = L2 au + L2 wur + 2 1w). 2.7)
2q Pq q

By using the Fountain Theorem, we obtain the following lemma.

Lemma 2.2 Assume that p,q satisfy (H1)-(H3). Then the functional J on HZ(Q) N H%(Q)

has a sequence of critical points {uy} such that
(U BN B
J(ux) = élAukb + Z_?‘VUk’p - 5]uk|p — 400, ask — oo.

Proof. The proof is similar to that of Theorem 1.1 in [17] with a few modifications. O

In view of (2.4), we have the following lemma.

Lemma 2.3 Assume that p,q satisfy (H1) and (H2) and u is a solution of problem (1.2)
with initial data ug. Then < J(u(t)) <0 and

J(u(t)) + /o lu(7)|3d7T = J(ug) for all t € [0, T*). (2.8)



3 Main results

Theorem 3.1 Assume that p,q satisfy (H1)-(H3) and u is a weak solution of problem (1.2)

with initial data ug € H3(Q). Suppose that one of the following statements holds:
(1) J(uo) <0;
(ii) 0 < J(up) < g—;|uo\§, where C* = (q — 2)A\%.

Then T* < 0o, which means that u blows up in finite time. Moreover, the upper bound for T™*
1s estimated as follows:

e In case (i),
o3

(2= q)qJ (uo)’

*

e In case (ii),
2
T* < > 8Q‘u02|2 )
(g =2) (C*fuolz — 24 (uo))

Proof.

(i) For the case of J(ug) < 0, let

0t) = Slu(B,  n(t) = —J(u(®))

then 6(0) > 0, n(0) > 0. By (2.7) and Lemma 2.3, we have

(8) = — T (ult)) = ()3 >0,

then n(t) > n(0) > 0 for all ¢t € [0,7*). Since ¢ > max{2,p} and in view of the boundary
condition, (2.3), (2.6) and (2.7), it holds that

o) = (ult)ur)
_ (u(t), —A2u(t) + Ayult) + |u(t)]T2u(t)
= —[Au()3 ~ V(D)2 + [u(b)]!
= —I(u(t))
_ %Q]Au(t)\g + qp%pwu(t)\;; — qJ(u(1))

o q—2
o J, 1 uv)

6



> qn(t) (3.1)

for all t € [0,7™). Using the Cauchy-Schwartz inequality, we obtain that

/ 1 2 2 1 2 1 / 2 q ,
00 () = Slu®Blu®) > 5 (W) w@)) =5 @7 = 2000, (32)
By (3.2) and through simple calculation, we have
_a\’ _a_q Y.
2 = 2 — = >
(w72) =07 (o = o'} =0
SO
0< M= n(0)0730) < (0 E(1) < SO0 H0) = oo (7P W) . (33)
7 = T q (2 —4q)q ' '
Since ¢ > 2, integrating (3.3) yields
0< 6T (1) < —@Mt +07"2(0), te 0, T (u)). (3.4)

Note that the above inequality (3.4) does not hold for all ¢ > 0. So T* < +o00. Moreover, by

(3.4), we get
2 q=2
TP< — 2 95 0) =
~ (g—2)qM 0

\UO@
(2 = q)qJ (ug)

(ii) For the case of 0 < J(ug) < g—;|u0\§, suppose that the solution u of problem (1.2) with

initial data wug is global.

Since

= [u(t) —uol2 > [u(t)|a — [uglz, t€[0,00),
2

/0t ug(7)dr

by the Holder’s inequality and (2.8), we obtain that

t
/ | (7)]odT >
0

N

u(t)]s < Juols + (/Ot yut(T)yng> " gl + £ (J(uo) . J(u(t))> . (3.5)



Since u is a global solution of problem (1.2), we have J(u(t)) > 0 for all ¢ € [0, 00). Otherwise,
there exists tg € (0,00) such that J(u(tp)) < 0. From the first part of the proof, it follows

that v blows up in finite time, which is a contradiction. Finally, (3.5) implies that

-
=

u(t)]s < |uols + t3 (J(uo) - J(u(t))f < |ug|s + 2 (J(uo)) > forallt€0,00). (3.6)

On the other hand, from (3.1), it follows that

%@w)yg) = 010 = L5 18u) + T Valt) — eI wt)

> %muu)r% — qJ(u(t))

= o (0 - ).

Since £-J(u(t)) < 0, we have

& (30 - L) = 5 (Fu@3) 2 ¢ (GluB - L),

Let H(t) = 3u(t)|3 — &J(u(t)), then $H(t) > C*H(t) for all t € [0,00). By using the
Gronwall’s inequality, we get H(t) > e *H(0), hence

2q

1|2 >
u®)l3 > =

(u(t)) + 2P H(0), t€0,00).

Since 0 < J(ug) < g—;’U()l%, we have H(0) > 0. Recall that 0 < J(u(t)) < J(ug) for all

t € [0,00), we have |u(t)]3 > 2¢“"TH(0), i.e.,

[

()], > (2H(0))? 5t for all £ € [0, 00), (3.7)

which contradicts (3.6) for ¢ sufficiently large. So T* < +o0.
Next, we will find an upper bound for 7.

By (2.7), we have

—9 _
Hug) = qJ(uo) = *5=[Aulf = FFVuo]



cr q—2 q—p
= () - Sotunl) - 52 (1Bl - Ry lual) - L Tl

We claim that I(u(t)) < 0 for all ¢ € [0,7*). Otherwise, there exists ¢ty € (0,7*) such that
I(u(te)) = 0, I(u(t)) <0, te€][0,t).

By (3.1), we have 0'(t) = —I(u(t)), then 0(t) is strictly increasing on [0, ¢y), hence

*

& L) (38)

C*
0<J < —|upl? <
< J(uo) 2q\“@|z 2

On the other hand, by (2.7) and Lemma 2.3, we have

Huo) 2 Jut) = L= Autto) + L L Tatto) + - Huto)

*

q—2 C
> 2—q|AU(t0)|§ > 2—(]\“(%)@,

which contradicts (3.8). So, I(u(t)) < 0 for all t € [0,7*) and 6(t) is strictly increasing on
[0, 7%).

For any T € (0,7*), « > 0, 8 > 0 and ¢ > 0, define the function
t
F(O) = [ fuo)Bdr + (17 = 0w+ 5t -+ )% te (0.1
0
In view of (2.7), (2.8) and (3.1), we have
F'(t) = |ut)]3 — uol5 +26(t + o)

= /di|u(7')|gd7'+25(t+a)
o dr

~ 9 / (0, w)dr + 28t + o), (3.9)
F'(t) = 2(1?, uy) + 23

— 20(u(t)) + 28

= 2070 + (g — 2l + XL vl + 25



t
2 —
- —2qJ(uo)—|—2q/ |ut|§d7+<q—2)mu§+¥vu|g+25 (3.10)
0

for all ¢ € [0,7]. Notice that F(0) = T*|ug|3 + fo? > 0 and F'(0) = 280 > 0. Recalling
that 0(t) is strictly increasing on [0, 7%), it follows that F'(¢) > 0 on [0, 7], that is, F(¢) is

strictly increasing on [0, T]. By using the Cauchy-Schwartz inequality and Young’s inequality,

we have

2

£(t) = (/Ot luf2dr + B(t + 0)2> (/Ot g 27 + 5) - </0t(u7ut)d7' T a)) >0 (3.11)

for all ¢t € [0,T]. Therefore, in view of (3.9)-(3.11), for any a > 0, we get

Y

v

FF" —a(F')

FF" — 4« (/Ot(u, u)dT + B(t + o)>

(/ lu2dr + B(t + o) )(/ |m|2d7+5>
([t s) (o) ([ e+

¢ t
FF" +4a€(t) + 4a(T* — t)|uol3 </ |ut|§d7‘+ﬁ> —4daF (/ |ut|§d7+ﬁ>
0 0

t
F <F” — 4a/ || 3dT — 4045)
0

t
2 _
F [—w(uo) 2 / jwnfZdr + (a — 2)|Auf? + %\wg

2

FF" + 4«

—4a/ |ug|3dT — 4045}

F | =207 () + (g — 2023 u(t)2 + (2¢ — 4a) / |ut|2df—4aﬁ]

F'|=2¢J(uo) + (¢ — 2)\y|uol3 + (2¢ — 40)/ Juef3dr — 4045]
0

F -2q <§—;]uo\§ — J(u0)> + (29 — 4a)/0 |, |3dT — 4aﬁ] (3.12)

for any ¢ € [0,T]. Taking o = £ in (3.12), we have

*

FE - () 2 2gF [(g—q|u| - J(uo>) - 5] >0 (3.13)

10



for any ¢ € [0,7] and § € <07 g—; ugl3 — J(uo)}. Let G(t) = F'~%(t) for t € [0,T]. Through

simple calculation, we obtain

G'(t) = (1-%) FEOF @), (3.14)
¢ = (1-3)F e (FoFm -1 @ o))

for any ¢t € [0,T]. By (3.13) and since ¢ > 2, we have G"(t) < 0 for all ¢t € [0,7]. This means
that G(t) is concave on [0,7]. Then, it holds that

G(T) < G(0) + G'(0)T. (3.15)
Since F(0) > 0 and F(¢) is strictly increasing on [0, 7], we have
G(0) = F'72(0) > 0 (3.16)

and
G(T)=F'2(T) >0 (3.17)

for any 7" € (0,7*). In addition, recalling that F'(0) > 0, p > 2 and using (3.14), we have

£(0)

/ q -4 / q
G(0) = (1-3) FEOF0) = (1= 3) GO) g7 <0 (3.18)
Therefore, from (3.15)-(3.18), it follows that
po GO 2P0 TluwBtBe k. o

- G@0) (¢-2)F(0) (¢ —2)fo (¢ —2)fo q—2

for any 7' € (0,77), so

|uo)3 4
* T 3.19
~(¢—2)po - q—2 (3.19)

for any 3 € <0, g—;|u0]§ — J(up)| and o > 0. Fixing an arbitrary (5, € (0, g—;|u0|§ — J(uo)], it
holds that

|U0\§

(q —2)Boo

0< <1

11



for any o € ( |uo|3 ,—|-oo>. Then, by (3.19), we obtain

(a—2)Bo
* o ’Uo‘% ) BOO—
m<—\(1—-— = 3.20
S -w) ~ e 520
for any o € ((qlfg‘)%ﬁo : +oo). Define a function T, (o) by
Boo® < \Uo|§ >
Ts (o) = , 0€|—="+,400].
2 el 7 a2
It is easy to verify that Tj, (o) has a unique minimum at og, := (5@)%0 € ((q|1j%|)%50,+oo>.
Then, in view of (3.20), we have
. . Afuo 3
" < ‘11‘12f Ty (0) = Ty (05,) = m (3.21)
ve (st +o)
for any fy € (O, g—;|u0]§ - J(uo)}. Finally, it holds that
T < wf Aluold 8q|uol3 '
"~ B0e (0.5 fuoli—I(wo)] (€ —2)*Bo (g = 2)* (C*[uol3 — 29 (uo))
U

Corollary 3.2 Assume that p, q satisfy (H1)-(H2). Then there exists weak solution for
problem (1.2) with initial data at arbitrary high energy level that blows up in finite time .

Proof. Let 4, 25 be two disjoint open subdomain of €2 and v be an arbitrary nonzero

function in C§°(y) N HZ(2). For any R > 0, there exists r; > 0 sufficiently large such that

2
Irl3 = Tf/ lv|2dx = r%/ [v]2dx > —(ilR. (3.22)
Q o C
We claim that there exist @ € H3%(Q2) and r > r; such that J(w) = R — J(rv). In fact, due

to Lemma 2.2, there exists a sequence {wy} C HZ(s) N H% () such that

1 1 1
— [ JAwpPdx+ = [ |[Vwi[Pdx — = [ |wi|%dx = 400, as k — oo.
2 Qo b Ja, q4Ja,

12



On the other hand, since ¢ > max{2, p}, it holds that
R—J =R 12A21pvpqu
— J(rv) =R — 57 | v|2—5r | v|p+§r |v[f — 400, asr — +o0.
So, there exist £ € N and r > r; both sufficiently large such that

1 1 1
R—J(rv) = —/ | Awy|?dx + —/ |Vwy|[Pdx — —/ |wy [1dx. (3.23)
2 Qo p Qo q Qo2
Now, extend w = wy, € H3 () N H% () to be w € H% () such that

w, x € o,
0, .’EEQ\QQ

By (3.23), we obtain

1 1
R—J(rv) = |Awdx+ = [ |[Vw[]Pdx — = [ |w|9dx
b q

1

2 Ja 2 2,
! (/ |Aw| dx+/ \AW\QdX)
2 O\Qs

1

T

1

5

|Vw|pdx+/ |Vw|pdx>
0\

(
_ ( / w|qu+ - |quc1x>
().

(3.24)

Let ug := rv +w. In view of (3.22) and (3.24), we have uq € H%(1),

2q

C*R

luol3 = / |uo|*dx > ]rv\de >
Q

and

1 1 1
J(ug) = 5/Q\Auo|2dx+B/Q\uo\pdx—a/9|u0|qu

1 1 1

= / (—\rAv\z + —|rv|? — —|rv]q> dx
o \2 p q
1 1 1

—I—/ (—|Aw|2+—]w]p——|w|q> dx
2, \2 p q

13



= J(rv) + J(w)

C*

According to Theorem 3.1, the solution u of problem (1.2) with initial data ug blows up in

finite time. This completes the proof. 0

Remark 3.3 If J(up) < 0, we have I(ug) < 0. If ug € H%(Q) satisfies the statement (ii)
in Theorem 3.1, in view of (2.7), it also holds that I(ug) < 0. It is a natural question that
whether negative initial Nehari energy I(ug) < 0 is sufficient for the finite time blow-up of

the weak solution to problem (1.2) with initial data ug. For the heat equation

uy — Au = |ulP ",

where 1 < p < Z—fg, Dickstein et al. proved that negative initial Nehari energy I(ug) =

|Vug|3 — |u0|£j: < 0 is not sufficient for the finite time blow-up of the solution [18]. While,
in [19], the authors studied the following pseudo-parabolic equation

uy — Au— Ay +u = |ul "y,

where 2 < p < 2%, and proved that negative initial Nehari energy I(ug) := |ug|3 + [Vuol3 —

[uolb < 0 is sufficient for the finite time blow-up of the solution.
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