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1. Introduction

In a series of papers [8-10,12-15] we considered the logarithmic convexity and concavity with respect to
the parameter p for the class of functions defined by the series

Fluie) = Ao(u) Y faAr(n+ p)a™, (1)

n>0

where the coefficients Ag(-), A1(-) are chosen from the following nomenclature

1 T(a+-)
Ag, Ay € {LF(%F(-)’F(Z)—F-)} (2)
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and f, is a (usually non-negative) real sequence. Here T' stands for Euler’s gamma function and a, b are
non-negative parameters. The main motivating examples of functions of the form (1) are the (generalized)
hypergeometric functions. Moreover, their derivatives with respect to parameters other than p are also
instances of (1). Further examples of (1) can be given with f,, not expressible in terms of gamma functions.
Our papers [8-10,12-15] cover nearly all possible combinations of Ag and A; from the collection (2). Most
our results are shaped as follows. Logarithmic concavity (convexity) of 1 — f(u;x) on an interval T is
equivalent to non-negativity (non-positivity) of the generalized Turdnian

Af(a, Biz) = f(u+ as o) f(p+ Bix) = fp o) f(p+ o+ Biz) =Y 6pa™ (3)
m=0

for arbitrary o, > 0 such that p,pu+ a,u+ B, 0+ o+ 8 € I. In many cases, however, we were only
able to prove non-negativity of A¢(c, 8;x) for p, 5 > 0 and o € N, so that our results in such cases are
incomplete in the sense that they can probably be still extended to all & > 0. On the other hand, in most
cases we actually demonstrate that, under certain restrictions, all coefficients d,, have the same sign. This
type of results can be termed “coefficient-wise logarithmic concavity/convexity” and can be viewed as a
strengthening of usual log-concavity /log-convexity.

The purpose of this paper is to extend our previous results by substituting the nomenclature (2) with
{1,T,()), [T4()]7*}, where I'y(-) denotes the g-gamma function, defined in (6) below. To this end, we
prove four theorems corresponding to four nontrivial combinations of Ay, A; chosen from the above set.
We also present a number of corollaries giving two-sided bounds and integral representations for the gen-
eralized Turdnians (3) and certain product ratios of functions (1). Finally, we furnish seven examples of
g-hypergeometric functions satisfying our general theorems. Some results dealing with the Turdn type
inequalities for g-hypergeometric functions have been recently obtained by Baricz, Raghavendar and Swami-
nathan in [2,3] and Mehrez and Sitnik in [18,19]. In particular, our Theorem 1 can be seen as a far-reaching
generalization of [2, Theorem 3.2], their connection explored in Example 2. Furthermore, our Theorem 3
generalizes some statements from [2, Theorem 3.1] and [19, Theorem 1] which we explore in Example 3.
Continued fractions for and the mapping properties of the ratios of the basic hypergeometric functions have
been recently studied in [1,3].

2. Definitions and preliminaries

Let us fix some notation and terminology. We will use the standard symbols N, R and C to denote
natural, real and complex numbers, respectively; Ng = NU {0}, Ry = [0, 00). A positive function is called
logarithmically concave (convex) if its logarithm is concave (convex). Next, a function f : I — (0, 00) defined
on an interval I C (0, 00) is said to be multiplicatively concave if

Flay' =) > f@) f(y)' ™

for A € [0,1] and all x, y such that z*y'~* € I. It is multiplicatively convex if the above inequality is
reversed. In other words this says that log(f) is concave function of log(z), i.e. log[f(e®)] is concave. If f is
continuous, its multiplicative concavity is equivalent to

fVzy) > V@) f(y), xyel, (4)

which can be termed Jensen multiplicative concavity, GG-concavity or concavity with respect to geometric
means [21, section 2.3]. We will need the following elementary lemma.
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Lemma 1. A positive function f is Jensen multiplicatively concave (convex) on an interval I C (0,00) iff

f(a)> > (2)f(a/q)f(aq) for all g € (0,1) and all a such that aq,aq* € I. (5)

Proof. Suppose (4) holds. By symmetry we may assume that 0 < y < z. Denote a = /oy € I, q =
Vy/x € (0,1). Solving these equations we get y = aq, © = a/q, so that (4) squared becomes (5). For reverse
implication note that ag,ag™' € I implies a € I and apply the inverse change of variable. O

From the above lemma we conclude that for continuous f (and this is the only case we are dealing with
here) inequality (5) is equivalent to multiplicative concavity. Recall that a nonnegative function f defined
on an interval I is called completely monotonic there if it has derivatives of all orders and (—1)"f(™) (z) >0
for n € Ng and = € I, see [23, Defintion 1.3].

Lemma 2. Suppose ¢(x) = Zkzo érx® converges for |x| < R with 0 < R < 0o and ¢y, > 0. Then x — ¢(x)
is multiplicatively convex and y — ¢(1/y) is completely monotonic on (1/R, ).

Proof. Hardy, Littlewood and Pdlya theorem [21, Proposition 2.3.3] states that functions with non-negative
m

power series coefficients are multiplicatively convex. Furthermore, y~™, m € Ny, is apparently completely
monotonic and a convergent series of completely monotonic functions with nonnegative coefficients is again

completely monotonic according to [20, Theorem 3]. O

A sequence f : Ny — R, is PFy (Pdlya frequency sub two) or doubly positive if it is nontrivial, log-
concave, ff > fy—1fk+1, k € N, and has no internal zeros. The last claim means that fy = 0 implies either
fnyi=0forallieNyor fy_;=0for¢=0,...,N.

The next two lemmas can be found in [9, Lemmas 2 and 3].

Lemma 3. Let f be a nonnegative-valued function defined on Ry and

Ap(a, B) = f(p+a)f(p+B) — f(wfr+B+a) >0 fora=1and all p,3 > 0.

Then Af(c, ) > 0 for all o« € N and p, 5 > 0. If inequality is strict in the hypothesis of the lemma then it
is also strict in the conclusion.

Lemma 4. Let f = Y 0" fo(p)z™ and Ag(a, B;2) be defined in (3). Suppose that Ag(1,3;x) has non-
negative power series coefficients for all u, 8 > 0. Then Ay («, B; ) has non-negative power series coefficients
foralla e N, a < B+1 and p, 5 > 0. If the coefficients in the hypothesis are strictly positive, then they are
strictly positive in the conclusion.

Next, we formulate an elementary inequality we will repeatedly use below.
Lemma 5. Suppose u,v,r,s > 0, u = max(u,v,r,s) and wv >rs. Thenu+v >7r+s.

The proof is straightforward and will be omitted. Note also that Lemma 5 is a particular case of a much
more general result on logarithmic majorization, see [17, 2.A.b].

In the next lemma proved in [8, Lemma 2.1] we say that a sequence has no more than one change of sign
if it has the pattern (— — -+ — — 00---00+ +--- + +4), where zeros and minus signs may be missing.
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Lemma 6. Suppose { fi}}_, is a doubly positive sequence and Ao, A1, ..., A}, 9] is a real sequence satisfying

Apy2 >0, >0 Ar >0 and having no more than one change of sign. Then
0<k<n/2

> fefakAr>0.

0<k<n/2

Equality is only attained if fr = foo*, a >0, and 5. Ap =0.
0<k<n/2

We will use the standard definition of the g-shifted factorial [5,7]:
n—1
(@qo=1, (a;qn=]](0-ad"), neN

k=0

This definition works for any complex a and ¢ but in this paper we confine ourselves to the case 0 < ¢ < 1.
Under this restriction we also define

(a;q)00 = nh_{go(a; O,

where the limit can be shown to exist as a finite number for all complex a. For products of the g-shifted
factorials we will use the usual short-hand notation

(a1,a2, ..., am;@)n = (a1:9)n(a2;@)n - (@m; @n,

where n may take the value co. The g-gamma function is defined by

Ty(z) = (1— q>% (6)

for |g| < 1 and all complex z such that ¢*** # 1 for k € Ng. A g-number [z], is the ratio (1 — ¢*)/(1 — q).
The generalized g-hypergeometric series is defined by [5, formula (1.2.22)]

(a1, a2,...,0rQ)n " ("
r(bs(alana-'war;bla---abs;q;z) :Z( 2 q) [(71) q(2

2", 7
(qublw-wbs;q)n ( )

n=0

where r < s+ 1 and the series converges for all z if » < s and for |z| < 1if r = s+ 1 [5, section 1.2].

In our previous work on log-concavity we repeatedly used the celebrated Chu—Vandermonde identity [5,
formula (1.2.9)] as, for instance, in [15, Theorem 1] and [8, Lemma 2.2]. This identity can be obtained by
equating coefficients in (1 —2)%(1—2)? = (1 —2)**". Here, we will need a g-analogue of this simple equality.
The g-analogue usually found in the literature reads [5, formula (1.3.13)]

190(a; —; 2)100(b; —; az) = 1¢o(ab; —; 2).

The apparent asymmetry of the left-hand side with respect to a and b makes this formula inappropriate for
our purposes. Instead, we will use the following symmetric version.

Lemma 7. The following q-identity holds when both sides are well defined

100(a; —; 2)100(b; —; 2) = 1¢0(ab; —; 2)201(a, b; abz; z). (8)

Please cite this article in press as: S.I. Kalmykov, D.B. Karp, Inequalities for series in g-shifted factorials and g-gamma
functions, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.11.041




Doctopic: Real Analysis YJMAA:21840
S.1. Kalmykov, D.B. Karp / J. Math. Anal. Appl. ese (eses) eee—see 5

Proof. Applying g-binomial theorem [5, formula (1.3.2)] and Heine’s ¢-Gauss theorem [5, formula (1.5.1)]
we get:

ol = (b 2) = T

abz;q) o (az,b2;q) s
:((zq)q) Eabz ZZ; = 1¢0(ab; —; z)a¢1(a, b; abz; z). O

The next lemma is a g-analogue of [8, Lemma 2.3].

Lemma 8. Suppose m > 0 is an integer. Then for all complex 8 and

m

1 1
m(u,ﬂ)=I§{Fq(,€+u+1)pq(m_k+ﬂ+ﬁ) _I‘q(k+u)f‘q(m—k+u+5+1)}

_ (@7 Dmrr = (@5 D o)
Lo(p+m+Dg(p+B8+m+1)(1 —g)mtt

Proof. We will use the following simple properties of g-gamma function which are straightforward from its
definition (6):

Mot ) =l T (10)

Denote a = ¢*, b = ¢” for brevity and compute utilizing the above formulas

1
Sm(p, B) =
) = F T I, T AT )
XZ’”‘:{ Co(pt+ Dlq(u+ Bl +Blg  Tq()lq(p+ B+ 1)kl }
Ty (n+ 1+ RTy(u+B+m—k)  To(p+k)Te(n+B+1+m—Fk)
_ 1-g™ i{ u+B] _ [1lq }
Po(p+DTg(p+B+1) & L@ Qe(@ P @)m-k (@5 0)k(@ TP @)mi
- (1—q)mt i l—a 1—ab){ o 1 }
C Ty(p+ DT (pu+ B+ 1) &= (a:@)i(ab; )m—k |1 —ag® 1 —abgm*
_ a(l—q)"" i q* —bg™*
 Ty(u+Dhy(n+ B+ 1) & (aq; @)1 (abg; q)m—
Define
1 <)< 1—a 1—ab
U = , <kS<m, up=-——"——, U = .
7 (005 @)1 (abg; )k *T @bgg)m " (0 g)m
An easy calculation shows that
a(¢" —bg™ ")
Uk+1 — Uk =

(aq; @)r(abq; @)m—k
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for k=0,1,...,m, so that

m—k m

(ab; Q)m+1 - (a; Q)m+1

m
q —bq
a Uk — UL ) = Um =
z;) (ag; q)k(abq; @)m—k ; F1T ) = tt — t0 (ag; @)m (abg; @)m
and
(1 - Q)mil (ab; Q)m-‘rl B (a; Q)m+1

Sm(ﬂaﬁ) = Pq(/i"_ 1)]-—‘q(/u‘+5+ 1) (aq; (])m(ab(ﬂq)m

which is equivalent to (9) after substituting back a = ¢*, b= ¢°. O

The next corollary is a straightforward consequence of formula (9).

Corollary 8.1. If m € Ny, p > —1, >0 and u+ 5 > 0, then Sy, (u, 8) > 0. The inequality is strict unless
B8=0.

3. Main results

Our first theorem is a g-analogue of [15, Theorem 1]. The power series in this theorem is to be understood
as formal. Nonetheless, we will show in a remark below that it has a positive radius of convergence under
the hypotheses of the theorem.

Theorem 1. For a real sequence { fn}n>0 and fired 0 < ¢ < 1 define

an . : (11)

n=0 44

Suppose { fn}n>0 is doubly positive. Then the generalized Turdnian

Ap(a, B;z) = f(g" T 2) f(g" P 2) — fg"s2) f(g" TP z) (12)

has positive coefficients at all positive powers of x for all o, 8 > 0 and p > 0. In particular, p — f(q*;x) is
log-concave on [0,00) for each fized x > 0 in the domain of convergence.

Proof. Writing Af(a, B32) = 3,50 d¢(m)z™ we calculate using the Cauchy product:

m m
(@ Q)@ @k — (@7 Q)1 (g"; Dt
hhzk =) Jefm—rMy,
Z (¢ (¢ Dm— kZ:O

where the last equality is the definition of the numbers M. We aim at applying Lemma 6 with Ay =
My + My for 0 < k < m/2, Ay = My, for k = m/2 (this term is only present for even m). To this end,
we first need to demonstrate that

Spm)= 3 Ap=> M >0.
k=0

0<k<m/2

This definition together with (7) and Lemma 7 yields the next chain of equalities:
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oo
D dpm)a™ = 1¢0(q" T =) 10(d" s =) — 100(¢" T = 2)100(0; —3 )
m=0
= 100(** T = 1) [201 (¢, P PP P s 1) — 261 (TP g PP P )]
— L bo(gPHet ) i (@ " P @)k — (@7, g kg
= (> +otP; q)r(g; @)k
As
1 (q2u+o<+[3+k: 0 2u+a+,6+k q>n
J— n
(@rtetbeiq), (PP HotPrq) o 2_: D

by the g-binomial theorem [5, formula (1.3.2)], to prove positivity of gf(m) it remains to check that the
difference (¢, ¢"%; q)r — (¢"T18, ¢*; q)i is positive. This amounts to

o = (@ ¢ g (" d" T g)e
Dk = (ah quaBrk; gy T (qitk, great Bk gy
(1—¢%s;)(1—q"s;) _ (1—q°t)(1 - ¢°t;)
(1—s5)(1 = q**Ps;) = (L=1;)(1 —q*0t;)’

(¢, ¢" P ) — (¢ tF >0

~=

where s; = ¢"t7 > t; = ¢"T*H for all j € Ny and k € N. The last inequality is true since the function

(1 B qax)(]_ — qﬁx) (13)

oo U = )

is easily seen to be increasing on [0,1). This completes the proof of positivity of gf (m) for all m > 1.

Our next goal is to show that the sequence Ag, Ay, ..., Apy o) satisfies Ap,, 90 > 0 and has no more
than one change of sign. It suffices to prove the implication Ay <0 = Aix_; < 0 for & > 1. Indeed, as
gf(m) = Zogkgmm Ay > 0, this implication immediately leads to the conclusion that Ap,, /2 > 0. Next, we
spell out:

(6 Q)i(@ Dm-1Ax = (@ k(@ Qmere + (@ Q)i (@75 @)k

Uk Vi

Mt ) (@5 @m—r — (g

Tk Sk

~(q P g k(@ )k for 0 <k <m— k.

Assuming that Ax = up + v — 5 — Sk < 0, we need to show that

1— qN-‘rB-‘rm—k 1— qu+a+m—k
0> (¢ QDr—1(0 Q) m—rt1Ap—1 = T gerathoT W + T AT Uk
— —

=1 =1,
1-— q’“Lm*k 1— q#+a+ﬁ+mfk
Tl gutetBrR—1 TR T T T ugk-t Ok
=13 =14

Performing some elementary calculations and employing the increase of the function U(z) from (13), we
see that rp < min(ug, vk, Sk), urvr > TSk and ug > v if @ < 8 while up < v if @ > . Combined
with our hypothesis uy + vy — 7 — s < 0 these inequalities imply that s > up > v > ri if a < 5 or
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Sk > v > up > 1 if a > B. Indeed, if ug > s > v > r or up > v > Sk > g, then ug + v — rp — s > 0.
Rearranging the above expression for A;_; gives

(¢ De—1(G Dm—k+1Ak—1 =
Ig(uk + v — T — Sk) + (IQ — I4)(Sk — ’U,k) + (Il — I4)(Uk — ’f'k) + (Il + Iy — I3 — I4)Tk. (14)

The first term on the right is non-positive by the assumption A < 0. We will show that all further terms
on the right hand side are negative. The second term is negative since s; > uy (as we have just proved) and

1— ql’«+0£+m*k 1— qHJraJrBer*k

Lh<lh & 1 — gnthth-1 ST ght=1T

which is true as 8 > 0 and 0 < ¢ < 1. Next,

1 — ghtB+m—k 1 — ghtatp+m—k
L <1, & g g

I _grrath T S [ _guik1

which is true as & > 0 and 0 < ¢ < 1. In view of uy > 7 the third term in (14) is then negative. It remains
to show that I1 + Iy < I3 + I which will be accomplished by means of Lemma 5. We have

1— qu+m—k 1— qu+a+,8+m—k
1 gutotfrh—1 <

<y & 1—qﬂ+k—1

as «+ >0 and 0 < g < 1. Therefore, Iy = max{l;, I, Is, I, }. Furthermore,

1— qu+a+m—k 1— qu+,8+m—k 1— qu+m—k 1— qu+a+,8+m—k
LD, < I3 < . < .

1— q/“i‘ﬁ“l‘k_l 1— qH+a+k—1 1— qli+a+ﬂ+k_1 1 — qﬂ+k—1

1— q,u+a+m—k 1— q;L+B+m—k 1— qu+a+k—1 1— qu+ﬁ+k—1

4

1— q/_t+mfk : 1— qy+a+ﬁ+mfk < 1— qy‘+k71 ’ 1— q;l,JrOLJr,BJrkfl :

The last inequality holds because 0 < k — 1 < m —k and the function U(x) from (13) is increasing on [0, 1).
Hence, I + Is < I35 + I4 by Lemma 5 and negativity of the last term on the right hand side of (14) follows.
This completes the proof that Ag, Ay, ..., A} 2 has no more than one change of sign and Ay, /9 > 0.
According to Lemma 6 the coefficients d7(m) are positive for allm > 1. O

Remark. Log-concavity of the sequence {fy},>0 implies that the series (11) has a positive radius of con-
vergence, Ry > 0. Indeed, by log-concavity we have f,,/fn+1 > fn—1/fn, so that the nonnegative sequence
{fn/frnt+1}n>0 is increasing. Hence,

fn(]- _ qn+1)

. fn(a; Q)n(q; q)nJrl
Ry = lim
! fn+1(1 - aqn)

= lim
n—=00 | fr1(a; @Q)nt1(¢; @)n

= lim
n— oo

Remark. The conclusion of Theorem 1 holds trivially also for —2k —1 < u < —2k, k € Ny, as long as p+ «
and p+ (3 are positive, since in this case the rightmost term in (12) has non-positive power series coefficients.

Corollary 1.1. Suppose {fn}n>0 is a doubly positive sequence. Then the function a — f(a;x) defined in
(11) is multiplicatively concave on (0,1). If also o, 8 > 0, and p > 0, then the function x — Af(a, f;x)
defined in (12) is multiplicatively convex on (0, Ry), where Ry is the radius of convergence in (11), while
the function y — Ay¢(a, B;1/y) is completely monotonic (and therefore log-convex) on (1/Ry,c0).
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Proof. Multiplicative concavity of a — f(a; ) follows from Theorem 1 by Lemma 1. Multiplicative convexity
of x = Ay(e, f;x) and complete monotonicity of y — Ay(«, 8;1/y) are implied by Lemma 2 as the power
series coefficients of Af(a, §;x) are positive by Theorem 1. O

Remark. Complete monotonicity of y — A¢(a,8;1/y) implies by Bernstein’s theorem [23, Theorem 1.4]
that there exists a non-negative measure 7 supported on [0, co) such that

As(a, fix) = / e~ Wa=V RO L (dt).
[0,00)

If Ry = oo, this measure is given by

(dt) = 5;(0)10 + <Z°° M) dt,

m=1 (m — 1)!

where 1 is the unit mass concentrated at zero. This formula can be easily verified by termwise integration.
Note, that in this situation the function A f(a, 8;1/y) satisfies the conditions of [16, Theorem 1.1] and hence
enjoys all the properties stated in that theorem.

The next theorem is a g-analogue of [15, Theorem 2|. Again, the power series in this theorem is to be
understood as formal.

Theorem 2. Suppose {dy}n>0 is a non-negative sequence, 0 < q < 1 is fized and d(p;x) is defined by

d(p;z) =Y dpTq(p+n)a". (15)

Then, the generalized Turdnian
Adgla, Bsx) = d(p + a;2)d(p + B o) — d(p; x)d(p + o + B x)

has negative coefficients at all powers of x for all p,a, 8 > 0. In particular, the function pu — d(p;x) is
log-convezx on (0,00) for each fixed x > 0 in the domain of convergence.

Proof. Writing Ay(a, B;2) = >.°°_, da(m)z™ we calculate using the Cauchy product:

m=0

da(m) = Z didm—i{Tq(u+a+k)Ty(u+B+m—k) —Ty(u+ k) (u+a+B+m—k)}
k=0
We can rewrite d4(m) in the form
[m/2]
da(m) = Z ddm—k Ak,
k=0

where, for k < m/2,

A =Ty (p+a+k)Ty(u+B+m—k)+T (u+a+m—EkT(u+ B8+ k)

=ug =Vk

— T (p+ k)T +a+B+m—k) —Ty(u+m—ET,(u+a+5+k)

=Tk =Sk

Please cite this article in press as: S.I. Kalmykov, D.B. Karp, Inequalities for series in g-shifted factorials and g-gamma
functions, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.11.041




Doctopic: Real Analysis YJMAA:21840
10 S.1. Kalmykov, D.B. Karp / J. Math. Anal. Appl. ese (sses) eee—ses
and, for k = m/2,
Ay =T (p+a+k)Ty(u+B+m—k) —Ty(u+k)Tylu+a+B+m—k).
We aim to show that Ay < 0 for £k =0,...,[m/2] using Lemma 5. For k& < m — k the following comparisons

between the numbers wuy, vy, 7 and s are straightforward to verify from the increase of x — I'g(u+~v+2z)/
Ty + x) for any v > 0 (which is equivalent to log-convexity of x — I'y(x)):

Pouta+tk) TelptatBtm-—k)
Ly(p+F) Lp+B+m—k)
Polut+B+k) _TolptatpBtm-—k)
Ly(p+ k) Cy(u+a+m—k)
Do(u+a+B+k) Top+a+p+m—k)

Lo(p+ k) Lo(p+m—k)

U <71 &

Ve < T <

)

S < T <&

and

UV < TEpSp S Fg(u+5+k).FQ(u+B+m_k)<Fq(ﬂ+a+5+k)_Fq(,“‘f‘a‘f'ﬂ-i-m—k)
KUk < TkSk Ly(p+ k) Ly(p+m —k) L,(p+a+k) Titatm—Fk)

Therefore, according to Lemma 5 ug + vi < rg + Sk, so that Ay < 0 for 0 < k < m/2. For even m the
inequality between uy and 7 remains true and implies A < 0 for kK =m/2. O

In the next two corollaries R4y > 0 denotes the radius of convergence of the series in (15). Our first
corollary is similar to Corollary 1.1 and is a direct consequence of Lemma 2.

Corollary 2.1. Under conditions of Theorem 2 and for all a, 8,1 > 0, the function © — —Ag(a, B;x) is
multiplicatively convex on (0, Rq), while the function y — —Ay4(a, B;1/y) is completely monotonic (and
therefore log-convex) on (1/Rg4,00).

The next two corollaries are obtained by joint application of Theorems 1 and 2.

Corollary 2.2. Suppose {d,(q; ¢)n}tn>0 s a doubly positive sequence and d(u;x) is defined in (15). Then for
all p,a, >0 and 0 <z < Ry the following estimates hold:

Lolp +a)Tg(p+P) _ dp+asz)dp+fiz)
Co(u)Tq(p+a+pB) = dlp;x)d(p+ o+ 35 x)
and
Fq(ﬂ+0‘)rq<ﬂ+5) . . .
T,(Tatath) L d(p; 2)d(p+ a+ B;z) < Agle, B;2)

< g [Dg(n+ a)lg(p + B) = Ty(u)Ty(i+ a + B)]

with equality only at x = 0. The upper bounds in both inequalities remain valid if {d, }n>0 s any non-negative
sequence.

Proof. The upper bound in the first inequality is equivalent to Ay («, 8; ) < 0 which is one of the conclusions
of Theorem 2. To prove the lower bound define f,, = dy,(¢; ¢)n(1—¢) " and notice that { f,, }»>0 is doubly pos-
itive by hypothesis of the corollary. If f(a; ) is given by (11) then (10) implies that f(g";z) = d(p; x)/T ().
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Hence, the lower bound is equivalent to A (e, 8; ) > 0 which is a conclusion of Theorem 1. The right hand
side of the second inequality is equal to d4(0), so that the upper bound in the second inequality follows imme-
diately from Theorem 2. The lower bound is a rearrangement of the lower bound in the first inequality. O

Recall that Ry is the radius of convergence in (11). We have

Corollary 2.3. Suppose {fn}n>0 is a doubly positive sequence and f(p;x) is defined in (11). Then for all
a,>0, u>0and 0 <z < Ry the following bounds hold true:

Lo+ a)lolp+B)  flg";a)f(g" TP a)

T (Tt ot B) = Flam o) f(@Pa) =

and

Ty(p+a)ly(u+ B)
Ly(u)Tq(p+a+3)

with equality only at x = 0. The lower bound in the first inequality and the upper bound in the second

q"x
1—g¢q

fofi(1=¢*)(1 = 4% < Ap(a, Biz) < |1— Fl@ o5 2) f(g" )

inequality remain valid if {fy,}n>0 s any non-negative sequence.

Proof. The upper bound in the first inequality is equivalent to Ay (e, 8; ) > 0 which is one of the conclusions
of Theorem 1. To prove the lower bound define d,, = (1 —q)" f,,. If d(p; x) is given by (15), then (10) implies
that d(p; ) = Tq(p) f(¢"; x). Hence, the lower bound is equivalent to Ag(c, 5;x) < 0 which is a conclusion
of Theorem 2. The left hand side of the second inequality is equal to d¢(1)x, so that the lower bound
follows immediately from Theorem 1. The upper bound is a rearrangement of the lower bound in the first
inequality. O

The next theorem is a g-analogue of [8, Theorem 3.5].

Theorem 3. For a real sequence {gn}n>0 and fized 0 < ¢ < 1 define

oo

g(miz) = F(,?Ziaj:n)' (16)

n=0

Suppose {gn}o> is doubly positive. Then (16) has a positive radius of convergence R, and the generalized
Turanian

Agla, B5x) = g(p + s 2)g(p + B52) — g(ps 2)g(p + o + B )

is positive for 0 < x < Ry ifa € N, 8 > 0 and p > max(—p3, —1). If, in addition, a < B+1, then Ag(e, ;)
has positive power series coefficients at all powers of x.

Proof. The convergence of the series (16) in some disk when {g,}52, is doubly positive follows from the
argument given in the remark after Theorem 1 together with the asymptotic formula for the g-gamma
function [4, (2.4)]. To prove the remaining statements it is sufficient to consider the case a = 1 according
to Lemmas 3 and 4. Writing Ag(a, B;2) = >, 64(m)z™ we calculate using the Cauchy product:

5. (m) = i{ Ik Gm—k - GkGm—k }
g A\ Dg(k+p+Dg(m—k+p+pB) Tom—k+p)le(k+p+1+p)

= Z Ik Gm—k Ak,

0<k<m/2
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where

A = [Dq(k + p+D0g(m =k + p+ 7" + [Dq(k + p+ B)Tqg(m =k + p+ 1))
- [Fq(m —k+ N)Fq(k +pu+l+ ﬂ)]_l - [Fq<k + M)Fq(m —k+p+1+ 5)]_1

for k < m/2 and

Apyz = [Dg(m/2+ p+1)0g(m/2 + p+ B 7" = [Dg(m/2+ @)Tq(m/2 + p+1+ B)] 7

for k = m/2 (this term is only present for even m). This last term is always positive since x — I'y(z + a)/
I',(x) is increasing on (0, 00) for any o > 0 due to log-convexity of x — I'y(x). For S,,(u, 8) defined in (9)
we get

Y Ak =Sn(n,5) >0

0<k<m/2

by Corollary 8.1. We will demonstrate that the sequence {Ak}gﬁf] has no more than one change of sign in
order to apply Lemma 6. This amounts to showing the implication Ay <0 = Ai_; <0for 1 <k <m/2.
Using the second formula in (10) we can rewrite Ay as

(1 _ q)m+1

A = (T (a1 B)

(F(a,b, k) + F(a,b,m —k) — F(b,a,k) — F(b,a,m — k)),

where a := ¢* > b:= ¢"*? and F(a,b,k) := [(a; @) r11(0;@)m_r] L. It is easy to verify that

1—aqg* 1 — bg*
F —k)=—Y F —k)=—""1
(b,a,m — k) g% (a,b,k) and (a,b,m — k) T agn—F (b,a, k),
which yields
(1—g)mt'g* (a — bgm2* ag™ % —b )
Ap = F(a,bk) + —————F(b,a,k) | .
F ST, (at B) \ T byt -0 e e )

Hence, the condition Ay < 0 is equivalent to

(b Or1(03 Qmbs1 _ b—ag™ "

(a; Q)41 (b; Q)m—+1 — a —bgm =2k’

Assuming this to be true for some 1 < k < m/2, we immediately conclude that Ax_; < 0 as

m—2k b m—2k+2

(b; @) (a; @) m—rt2 - (0; @)1 (a5 @) m—k41 cb-ag —aq

(@;0)e0; Om-ttz (@G Qrt1(0;QDm—rt1 ~ a—bgm=2k ~ a— bgm—2k+2’

where both the rightmost and the leftmost inequalities follow from 0 < b < a < 1. An application of
Lemma 6 completes the proof. 0O

We believe that the restrictions « € N and o < 4 1 in the hypotheses of Theorem 3 solely reflect the
limitations of our method of proof. Writing R, > 0 for the radius of convergence in (16), we claim that the
next conjecture is true.
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Conjecture 1. All conclusions of Theorem 3 are valid for all a > 0, while conditions on other parameters
remain intact. In particular, p — g(p; ) is log-concave for each fized 0 < x < Ry.

Corollary 3.1. Suppose {gn }n>0 is a doubly positive sequence. Then the function

o0

0= gaiy) = (@@ > (f:Z;

n=0

is multiplicatively concave on (0,1) for each fizred 0 < y < Ry, where Ry is the radius of convergence of this
series.

Proof. Indeed, on applying the definition (6) and the obvious identity (¢"™";q)oo = (¢"; @)oo/ (q"; @)n, the
inequality Ay(1,1;z) > 0 takes the form

2
(@' q)? EOO IV ) S (e (@) EOO L EOO _9ny”
’ - oo o ’ ’
R\ @ an ’ ’ = (@) ) \ = (@ H9)n )

where 4/ = p+1 and y = x(1 — ¢). Setting @ = ¢* this inequality can be rewritten as §(a;y)? >
d(a/q;y)g(aq;y). The claim now follows by Lemma 1. O

Corollary 3.2. Suppose >0, B+1>a €N, > 0. Then the function x — Ay(c, f;x) is multiplicatively
convez on (0, R,) and the function y — Ag(w, B51/y) is completely monotonic (and therefore log-convex)

on (1/R,, o).

The next theorem is a g-analogue of [15, Theorem 3]. The power series in this theorem is to be understood
as formal. It might converge or diverge depending on the behavior of the coefficients.

Theorem 4. Suppose {hy}n>0 is a non-negative sequence, 0 < q < 1 is fized and h(a;x) is defined by

haz) =S (an; . (17)

n=0

Then, the generalized Turdnian
Ap(a, ;) = h(g"T*;2)h(¢" P ) — h(g"; 2)h(g" T ) (18)

has negative coefficients at all positive powers of x for all i, v, B > 0. In particular, the function up — h(g*; x)
is log-convex on (0,00) for each fixred x > 0 in the domain of convergence.

Proof. Writing Ay (a, B;2) = >.°°_ 65 (m)z™ we calculate using the Cauchy product:

m=0

- 1 1
—0p(m) = PP — -
w(m) kZ:O ‘ k((q“;q)k(q‘”“*ﬁ;Q)m_k (q“M;Q)k(qﬁﬁ;Q)m_k)

Z hfk hm—kAk' )

0<k<m/2

where, for k < m/2,
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1 1
A= @ D@ (@ D@ )
=U =Vk
1 1
(@O @ P ek (@5 @)k (0F )
=Tk =sk

and, for k = m/2,

1 1
(@ k(@B e (T k(PP Q)

The following comparisons between the numbers uy, vy, rr and sy are straightforward to verify:

>y & L > L & mﬁl L™ <1
Vi Uk .
(@ Qm-rk (@B, ~ (0" Qr(@"TFP @) m—rk 1— gntotiti
Next,
> L > L
Vg > T
(@ Dm—r (@B~ (" Q) m—r ("5 Q)
k-1 k—1 : om—k—1 .
1 — p+oti 1— e 1— e
eIl Tt T e
1 — grtatpfti 1 — gutp+i ; 1 — grth+i
747 1=

The rightmost product is clearly less than one. Comparing i-th terms in the remaining two products amounts
to (1 — gtrati)(1 — ghth+i) > (1 — gttathti)(1 — g#+%) which is equivalent to (1 — ¢*)(1 — ¢®) > 0. The
inequality v > sj is proved similarly by exchanging the roles of a and 3. Finally,

(@ @)k (q" P @) m— ko (@ ) (@ TP @) i

UV > TESE <=
(0" Or(a"; Qm—r (" k(@ @ m—k

The last inequality holds because each function

1 — pghtB+i
T — qi" i1=0,1,...,
1 — pgrtt
is increasing on [0, 1]. Now we are in the position to apply Lemma 5 to conclude that uy + vg > 7 + si or
A, > 0,0 < k <m/2. For even m from the inequality between vy and ry yields Ax > 0 for k =m/2. O

By Lemma 1 we see that a — h(a; ) is multiplicatively convex on (0, 1) for each fixed 0 < z < Ry, where
Ry, is the radius of convergence in (17). Next, we have:

Corollary 4.1. Suppose a, 3, > 0. Then the function v — —Ap(a, 8; x) is multiplicatively convex on (0, Ry),
while the function y — —Ap(a, B;1/y) is completely monotonic (and therefore log-convex) on (1/Rp,00).

Corollary 4.2. Suppose {hy}n>0 s a doubly positive sequence and h(a;z) is defined in (17). Then for all
w,8>0, €N and 0 <z < Ry, the following estimates hold:

Lo(p+ a)lq(p+B)  h(g"t*;z)h(¢"7; x)
Co()Ty(p+a+B) ~ h(ghax)h(ghtothx)
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and

Ly(p+ )Ty + B)

_ . +a+03. .
L (0T, (i tatp) 1) Mo ) < Anla, fiz)

< —hohizg" (1 —¢*)(1 — ¢°)
T (=g (L= grtetP) (1 — grte) (1 — gt P)

with equality only at x = 0. The upper bounds in both inequalities remain valid if {hy }n>0 is any non-negative

sequence and o is any positive number.

Proof. The upper bound in the first inequality is equivalent to Ay (e, 8; ) < 0 which is one of the conclusions
of Theorem 4. To prove the lower bound define g,, = h,, (1 —¢)~" and notice that {g, }»>0 is doubly positive.
If g(p; x) is given by (16) then (6) shows that g(u; x) = h(g";z)/T'4(u). Hence, the lower bound is equivalent
to Ag(e, B; ) > 0 which is a conclusion of Theorem 3. The right hand side of the second inequality is equal
to dx(1)x, so that the upper bound in the second inequality follows immediately from Theorem 4. The lower
bound is a rearrangement of the lower bound in the first inequality. O

Corollary 4.3. Suppose o € N, 8> 0, p > max(—0, —1), {gn}n>0 % a doubly positive sequence and g(u;x)
is defined in (16). Then the estimates

g(p;z)g(p + a+ B;x)
g(p+a;2)g(p + B )

Ly(p+ a)ly(p + B)

Ty ()Tl + ot )

<1 (19)

and

2 _ L\ w. N—1 _ (pn+B. ,\—1 .
90(1 CI) [(q aq)a (q + ,q)a } < Ag(a,ﬁ;x) < l:l_ ((](Z+’Bq)(]‘3)‘a:| g(ﬂ+a7x>g(ﬂ+ﬂ7x)

Ly(w)Ty(p+ B)

hold for 0 < x < R,, where Ry is the radius of convergence in (16), and equality is only attained at x = 0.
The lower bound in the second inequality requires the additional restriction o < 8+ 1.

Proof. The upper bound in the first inequality is a restatement of Theorem 3 since it is equivalent to
Ag(a, B;z) > 0. To prove the lower bound we first assume that g > 0 and define h,, = g,(1 — ¢)". For
h(a;x) given in (17) formula (6) shows that h(¢”;x) = T'q(u)g(p; x). The lower bound is then equivalent to
Ap(a, B;z) < 0. If =0, then the left hand side is zero, while the ratio in the middle is nonnegative. For
1 = —1 the lower bound is again zero if o, 8 # 1. If « = 1 or § = 1, then the lower bound is finite and
negative while for o = § = 1 it is negative and infinite. It remains to consider —1 < p < 0. Since I'; (1) < 0,
the lower bound in (19) reduces to

Lo(p+a)g(p+ a;2)lq(p+ B)g(u + Bix) — La(n)g(u; #)q(p +  + B)g(p + o + B52) > 0.

This inequality holds since I'y(1)g(p; ) = > neo(1 — ¢)"gnz™[(¢"; ¢)n] ™" and the m-th power series coeffi-
cient of the expression on the left hand side equals

m
1 1
1—qu gkgm_k{ - }
(-9 = (@ k(@i Qm—r (@5 k(@ TP @) m—r

Each term of this sum is positive because (¢*;q)r < 0 for k = 1,2,...,m, and (¢"**?;¢)m < ("2 Q)
for kK = 0.
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To prove the lower bound in the second inequality we employ the second formula in (10) to check that
it is equal to d4(0). Hence, the lower bound follows immediately from Theorem 3. The upper bound is a
rearrangement of the lower bound in the first inequality in view of the second formula in (10). O

4. Applications

In this section we explore the application of the general theorems from the previous section to derive
inequalities for concrete special functions. Expectedly, the most natural examples come from the basic
hypergeometric functions although their g-derivatives in parameters or “mixed” classical-basic series could
also be considered.

Example 1. The g-analogues of the modified Bessel function I, were introduced by Ismail [6, (2.5)] and

]
rediscovered by Olshanetskii and Rogov [22, section 3.1]. These g-analogues are given by [22, (17), (18)]

b () & (/2"
W0 = 2 T g,y M <2

and

1P (y:q) = <y/2>)” Z(l,q)qn e e

(1—-q) "(¢;@)nlq(v +n+1)

(1)

The sequences gn’ = (¢;q), (1 —q)~" and gg) — qn2+nl/(

9t (1 —¢q¢)™, n=0,1,..., are immediately
seen to be doubly positive, and hence we are in the position to apply Theorem 3 and its corollaries to the
functions (y/2)7"(1—q)" ﬁj)(y), j=1,2, with z = (y/2)? and pu = v+ 1. In particular, Corollary 4.3 yields

the following bounds:

(/2 (@ et = (@ 9t _ ) ) () ) .
T,(v+ Dl(v+ B+ 1)(1 — q)2+F < La(y; )Iy+5( a) — L (y; )Iy+a+ﬂ(yvq)
("5 9)a
1= @ g, 19y ) 1) 5 (5 0)

for v > max(—8 —1,-2), 8> 0, « € Nand 0 < y < Rj, where Ry = 2, Ry = 0c0. Fora = § =1 and
changing v to v — 1 this leads to the Turdn type inequality (recall that [z], = (1 —¢")/(1 — q)),

20 o 2v . .
([z/—?l]qq[ (1( q)l)]z < (I9(w9) = L (o) L (v 0) <

ot 1}q(1yj)(y;q))2-

Using the limit relations [22, Remark 3.1] limgyy 19 )((1 - q)y; q) = I,(y), 7 = 1,2, the above inequality
reduces to [8, (26)]. Finally, we remark that, in fact, v — IS (y;¢) is log-concave on (—1,00) for each
0 <y < 2. A proof of this claim will be presented in our forthcoming work.

Example 2. The ¢-Kummer function can either be defined by » = s = 1 case of (7):

qn(n—l)/Z

o (a:9)n
M (a;b;2) = 191 (a3 b;q;—2) = > . ", z€C,
—= (b

which corresponds to the Gasper-Rahman definition [5, (1.2.22)] or by the series
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¢® (a;b; 2) = 261(a, 05 b; ¢; 2) Z b p— 2 2 < 1,

which is the definition used by Bailey and Slater [24, (3.2.1.11)]. Both sequences fi" = ¢n(n=1/2(p; Q!
and f,(f) = (b;q),,! are easily seen to be doubly positive for any 0 < b < 1. Hence, we are in the position
to apply Theorem 1 and its corollaries and conclude that p — ¢)(g";b; ¢; 2) is log-concave on [0, 00) for
J = 1,2 and the power series coefficients of the generalized Turanians A 4 (a, 8; x) (see definition (3)) have
positive coefficients at all positive powers of x. Furthermore, by Corollary 2.3 we have the following bounds:

1—g%)(1—-¢° r r . _

for j = 1,2. These results for the function ¢ (a;b; z) strengthen and generalize [2, Theorem 3.2] due to
Baricz, Raghavendar and Swaminathan which asserts that

¢ (q",q%2)* > ¢ (¢, ¢ )P ("™ g% )
forx>0,¢>0,a>m—1, meN.

Example 3. Keeping the notation of Example 2, we see that the functions h;(b;x) = ¢\ (a;b; ), j = 1,2,
satisfy the conditions of Theorem 4 and its corollaries. In particular, u — ¢(j)(a; g"; x) is log-convex on
(0,00), Ap,(, B;2) has negative power series coefficients for all y,a, 5 > 0. Furthermore, it is easy to
check that the sequences hiY = """ Y/2(a;¢),/(¢; q)n and WD = (a;)n/(q; @Q)n, n € Ny, are both doubly
positive if 0 < a < q. Hence, by Corollary 4.2 we have for j =1, 2:

Ly(p+a)ly(pu+ B)
Lo(w)lq(p+a+ B)

-1 ¢( )(a 7" x)¢(])( ptots., x) < Ay, (o, B; )

—(1—a)zg"(1—¢*)(1 —q°)
T (1=q)(1 =g — grtatB)(1 — grte)(1 — g th)

forall 0 <a<gq, u,8>0,ac Nand 0 <z < Rj, where Ry = 0o, Ry = 1. The upper bound holds all
0 <a<1and u,a,s > 0. Note that for j = 2 this inequality is a refinement of the second statement in [19,
Theorem 1]. It is interesting to remark here that the first statement in [19, Theorem 1] states essentially that
the ratio in the middle of the first inequality in Corollary 4.2 built on hg(b;z) = ¢(2)(a; b; x) is a monotone
function of x.

Example 4. Put f,, = (b;¢)n/(¢; q)n for n =0,1,.... Then for f(a;x) defined in (11) we have

fla;z) = 201(a,byc;q; ), x| <1,

where the function on the right hand side is given in (7). It is straightforward to check that { f,, }»>0 is doubly
positive if 0 < b < ¢ < 1. Under this condition we can apply Theorem 1 and its corollaries. In particular,
the function p — 2¢1(g", b; ¢; ¢; x) is log-concave on [0, 00) for each fixed 0 < x < 1 and Af(«, 8;z) has
positive power series coefficients. Furthermore, according to Corollary 2.3 we have:

¢~ D)1~ g*)(1 — ) .
A-g-—q  =oesos

forall 0, >0, p>0and 0 <z < 1.

_ Dylp+ )ly(pn+B)

,qua,x .U«+5.x
Ly(u)Tq(p+a + B) (@ %52) f (775 x)
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Example 5. Put h,, = (a;¢)n(b; q)n for n € Ng. Then for h(c;z) defined in (17) we have

h(e;x) = 2¢1(a,biciq2), 2| <1,
where the function on the right hand side is given in (7). Hence, we are in the position to apply Theorem 4
to conclude that the function p — 2¢1(a,b; ¢*; ¢; x) is log-convex on [0,00) for any fixed 0 < a,b,z < 1

and Ay (a, f;2) defined in (18) has negative power series coefficients at all positive powers of . Moreover,
according to the upper bound in the second inequality of Corollary 4.2 we have

. —(1—a)(1 =b)(1 - ¢*)(1 — ¢#)g"a
Ap(a, B;x) < (1 — q#)(1 — grtatB)(1 — guta) (1 — guth)’

Before turning to the next example let us define the rational function

. H2:1(ak + )

R, s(x) = 20
7‘,5( ) HZZI(bk _|_ iI)) ( )
with positive a, bg. Let e,,(c) = ep(ci, ..., ) denote the m-th elementary symmetric polynomial,
eo(cty...,cr) =1, er(cl,...,cr)=c1+cea+ - +cp
ea(c1,...,¢r) =crea+cicg+ - Fcicqg+cacz+ - Fcacg + - ermiCry
er(C1,y .. ¢r) =crea+ - Cp.
We will need the following lemma [11, Lemma 3].
Lemma 9. If r < s and
b _1(b _
¢s(b) < ¢s-1(b) <...< Cs—r+1\0) r+1(b) < es_r(b), (21)

e-(a) = er—1(a) e1(a)

then the function R, s(x) defined in (20) is monotone decreasing on (0,00).

Example 6. Suppose a; > 0,79 =1,...,7,8; >0,57=1,...,sand r < s. Define f,, = gD 2(gen
7 Q)n/ (@™, ..., ¢%;q), for n € Ny. This sequence is clearly positive. By definition of log-concavity, it is
doubly positive if and only if the sequence {fn+1/fn}n>0 is decreasing. Straightforward calculation then
reveals:

fn+1 _ (s=7r)n (1 — qa1+n) e (1 — qar-‘rn)

fn (1= gPrtn).- (1= gPtm)
— q(s—r)n szl qak HZ:l(q_ak - qn) _ q(s—r)n szl qak szl(ak + yn>
s B — o s s ’
[T ¢% T (aPF — q™) [Trz1 @ i1 (b + yn)

where a, = ¢ % —1 >0, by =¢ P —1>0,y, =1—¢* > 0. As n — y, is increasing, it is clear that
{fn+1/fn}n>0 is decreasing if

_ H2:1(ak +y)

FO) = (e v )

is decreasing. Hence, if condition (21) is satisfied with a; = ¢=** — 1, by, = ¢~ %% — 1, then
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o (@9)
=> fn(qf—q)":c” = r10s (@, g g7 07 g (1))

satisfies Theorem 1 and Corollaries 1.1 and 2.3. Note that the logarithmic convexity of ,.;1¢, with respect
to shifts in Bk, k € {1,...,r}, has been recently proved in [19, Theorem 2].

Example 7. Suppose o; > 0, ¢ = 1,...,7, B; > 0,j =1,...,s =1, B = 1 and r < s+ 1. Define
gn = DOk 2(gea o gereg) (g% L¢P q), for mo € Ny. Similarly to the previous example
this sequence is doubly positive if (21) is satisfied with ar, = ¢~ — 1, k = 1,...,r and b, = ¢ % — 1,
k=1,...,s. Then using (10) we have

1
= “a gt g (1 — 1)tts—r
ZF o) Fq(u)rﬁbs(q N L4775 (1= g)(—1) x)

satisfies Theorem 3 and Corollaries 3.1, 3.2 and 4.3.
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