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Abstract In this paper, we study the critical Kirchhoff type fractional Schrédinger equation:
2
1+oz/ / [u(@) = uy)| P dady ) (—A)Su 4w = Bf(u) +u?s T in R3, (0.1)
r3 Jrs |z —y[3T2s

where s € (0,1) and 2% = ﬁ. We establish the Pohozaev type identity of (0.1). When
s € [%, 1), under some conditions on «, 8 and f(u), we obtain some results on the existence of
ground state solutions. When s € (0, %}, we also prove the non-existence result. In particular,

when a = 0, we obtain an existence result.

Keywords: Fractional Schrédinger equation; Kirchhoff type; Critical growth; Variational
method

1 Introduction

In this paper, we study the Kirchhoff type fractional Schrodinger equation with
critical growth:

<1+a/ / - |3+21|2d dy) (=A)u+u = Bf(u)+u®"1 in R®, (1.1)
R3 JR3 -

where @ > 0, 8 > 0 are parameters, s € (0,1), 2% = 35 2 is the critical exponent.

The fractional Schrédinger equation is formulated by Laskin [21, 22]. It is a
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fundamental of fractional quantum mechanics. Also, it appears in various areas
such as plasma physics, optimization, finance, free boundary obstacle problems,
population dynamics and minimal surfaces.

Finding ground state solutions is a very classical problem. The ground state
solutions are those solutions whose energy level is minimized. When a = 0,
problem (1.1) reduces to the equation

(=A)u = g(u) in RV, (1.2)

When s = 1, in the celebrated paper [5, 6], the authors gave almost neces-
sary and sufficient conditions of the existence of ground state solutions of the
subcritical problem

—Au=g(u) in RV, (1.3)
Precisely, they assumed the following conditions:
(91) g(u) € C(R,R) is continuous and odd;
g(u) g(u) _

(92) —oo < liminf, o £ < limsup, ,, &% = —a < 0 when N > 3 and
lim, 0 %% = —gq < 0 when N = 2;

u

(93) when N > 3, limsup,_, . g(g")ﬁ < 0; when N = 2, for any « > 0, there

Jul V=2

exists C, > 0 such that g(u) < Chpexp(au?) for all u > 0;
(9a) there exists & > 0 such that G(&) = [;” g(s)ds > 0.

Motivated by [5, 6], Chang and Wang [11] considered the fractional subcritical
problem

(—A)u=g(u), ue HRY) (N >2). (1.4)

They proved that when s € (0,1) and g € C1(R,R) satisfying (g1)-(g4), problem
(1.4) had ground state solutions. For the critical case, by using the Nehari
manifold method, the authors in [19, 28, 30] also obtained ground state solutions
of (1.4). We point out that, in [19, 28, 30], the Ambrosetti-Rabinowitz condition
and the monotonicity of u — f(u)/u are essential. Recently, without these
conditions, the authors in [34] proved the existence of ground state solutions
of the fractional Schrodinger-Poisson system. A natural question is whether
similar results hold for the Kirchhoff type fractional Schrodinger equation (1.1).

In the last few years, many papers focused on the Kirchhoff type equation,
which occurs in various branches of mathematical physics. On the contrary,
the results of Kirchhoff type fractional equations are relatively few. When the
domain is bounded in RY, Fiscella and Valdinoci [16] established a station-
ary Kirchhoff type problem and proved the existence, asymptotic behavior of
nontrivial solutions. Subsequently, Autuori, Fiscella and Pucci [4] extended
the results of [16] to a more general case. By using the truncation argument



and the genus theory, Fiscella [17] obtained infinitely many solutions of a crit-
ical Kirchhoff type problem involving a fractional operator. When the domain
is unbounded, Pucci, Xiang and Zhang [25] considered the nonhomogeneous
fractional p-Laplacian equation of Schrédinger-Kirchhoff type in RY. By us-
ing the Ambrosetti-Rabinowitz condition, they obtained at least two nontrivial
solutions. For the critical case, Pucci and Saldi [24] proved the existence and
multiplicity of solutions of a critical Kirchhoff type eigenvalue problem with a
fractional Laplacian in RY. However, there are still few things about the Kirch-
hoff type fractional equation with critical growth. Recently, the authors in [23]
studied ground state solutions of the critical fractional Kirchhoff equation for
the case s € (%, 1). However, when s € (0, %], to our best knowledge, there are
no results on the corresponding critical problem.

Motivated by this fact, in this paper, we study the existence of ground
state solutions of (1.1). To solve the problem, we must deal with the lack of
the compactness caused by the critical term. Also, we have to consider the
interaction between the Kirchhoff term and the critical term, which is crucial
when we seek solutions. Moreover, when s € (0, %L since 2% < 4, it is difficult to
derive the geometric structure of the functional and the boundness, convergence
of the Palais-Smale sequences. In this paper, we first consider the case s € (%, 1).
We assume the following conditions:

(f1) f€C R,R) and lim, o £ = lim,_, oo L& = 0.
(f2) F(u) = jou f(s)ds > 0 for u € R. Moreover, there exist Dy, Rg > 0 and

po € (2,2%) such that F(u) > szjg% |u|Po for u > Ry.

Theorem 1.1. Let s € (2,1). If (f1)-(f2) hold, then there exists By > 0 such
that for > By, problem (1.1) has a radial ground state solution.

Remark 1.1. When replacing (f2) with the stronger condition:
(f3) there exist D >0 and q € (2,2%) such that f(u) > Dud™! foru >0,

the authors in [23] proved the existence of ground state solutions of the critical
fractional Kirchhoff equation with D large enough. The condition (f4) was in-
troduced in [35] and played an important role in estimating the upper bound of
the energy. In this paper, instead of (f5), we use a more general condition (f2),
which involves more nonlinearities. Moreover, instead of using the monotonicity
trick developed by Jeanjean [20], we give a direct proof here.

Remark 1.2. Without the Ambrosetti-Rabinowitz condition and the monotonic-
ity of u — %, we cannot use the Nehari approach to obtain ground state
solutions of (1.1). In particular, we cannot prove the boundedness of the Palais-
Smale sequences easily. To overcome the difficulties, we establish the Pohozdev

type identity.



Now we consider the case s € (0, %] Denote the best Sobolev constant:

Jrs |Vu|?da

S(s) = inf >
weD N0} ([ 1u[2 da)

We make the following assumptions:

€ ) and 1My —0o = MMy —o00 -T — Y.
/ C(R,R) and li ) — fw. —

u u2s

(f3) There exists € > 0 such that F(¢) = fog f(s)ds > 0.

Theorem 1.2. Let s = %, a < ﬁ, B > 0. If (f1)-(f2) hold, then problem
(1.1) has a radial ground state solution.

Theorem 1.3. Let s = %, a > ﬁ Then

(i) there exists /1 > 0 such that for 8 € (81, +0o0), problem (1.1) has a radial
ground state solution if (f1) and (f3) hold;

(i) there exists fo € (0,51) such that for B € (0,B2), problem (1.1) has no
nontrivial solutions if (f{) holds.

3—4s
2s(3—4s) 2s

Theorem 1.4. Let s € (0, %), a > ———>———— Then there exists 33 > 0
[S(s)]25 (3—2s) 25

such that for 3 € (0, B3), problem (1.1) has no nontrivial solutions if (f1) holds.
Remark 1.3. Because of the presence of the Kirchhoff term and the growth
of the nonlinearity, it is difficult to deal with the geometric structure of the

functional and the convergence of the Palais-Smale sequences. To solve the
problem, the condition (f2) or (fs) is essential.

The condition f € C'(R,R) is only used to guarantee the Pohoziev type
identity. When « = 0, problem (1.1) reduces to

(=A)u+u=Bf(u) +u>"1 in R (1.5)

By replacing the condition (f;) with (f]), we get the following result, which
improves the existing results.

Theorem 1.5. Let 8> 0. If (f{) and (f2) hold with s € (0, 3], py € (2,2}), or
s € (%, 1), po € (2% —2,2%), then problem (1.5) has a radial nontrivial solution.

Before closing this section, we say a few words on the equation
(=A)u+V(z)u= f(z,u) in RV, (1.6)

A valid tool to deal with the fractional problem is due to Caffarelli and Silvestre.
In the remarkable paper [9], they expressed the nonlocal operator (—A)* as a



Dirichlet-Neumann map for a certain elliptic boundary value problem with local
differential operators defined on the upper half space. Subsequently, this com-
mon approach is widely used to deal with the fractional equation in the respects
of regularity and variational methods. When V' (z) =1 and f(x,u) has subcrit-
ical growth satisfying the Ambrosetti-Rabinowitz condition, Felmer, Quaas and
Tan [18] proved the existence, regularity, decay, and symmetry properties of
positive solutions of (1.6). When lim,|_,o V(2) = +o0 and f(z,u) = |u[P~ u,
the authors in [12] obtained the existence of ground state solutions of (1.6).
Later, by using the Nehari manifold method, Simone [31] provided a general-
ization of the main result in [12]. Under weaker assumptions of the behavior of
the potential V' at infinity, he also gave some existence results. When f(z,u)
is asymptotically linear with respect to w at infinity, Chang [10] proved the
existence of ground state solutions. By using the method of Pohozaev-Nehari
manifold, the monotonic trick and the global compactness principle, Teng [32]
obtained ground state solutions of the fractional Schrodinger-Poisson system
with critical growth. Recently, the semiclassical limit of problem (1.6) was also
discussed. See [1, 2, 19, 29, 30] and the references therein.

The outline of this paper is as follows: in Section 2, we give some important
lemmas; in Section 3, we prove Theorem 1.1; in Section 4, we prove Theorems
1.2-1.3; in Section 5, we prove Theorem 1.4; in Section 6, we prove Theorem
1.5.

2 Preliminary Lemmas

We introduce some definitions. Let ® be the Schwartz space of rapidly decaying
C*° functions in R®. For any s € (0, 1), define the functional Laplacian (—A)® by
F((=A)*0)(€) = |€|>*F(9)(€), where ¢ € ®, ¢ € R3| F is the Fourier transform.
In particular, if ¢ is smooth, then

(—=A) dlz) = CSP.V./

R3

|6(z) — ¢(y)I*

o —gre

where P.V. is the Cauchy principle value, Cj is the normalization constant.
Let w = F(u). For any s € (0,1), define the fractional Sobolev space

B (RS) = {u € L2(RY) : /]R (€290 + 4%)d¢ < oo}

3

1
with the norm [Jul| = ra) = (s (|]**4? + 42)d€) 2. From Plancherel’s theorem,
for any u € H*(R3),

/ fu2dz = / ji2de, / (~A)iufde = / €?*a2de.
R3 R3 R3 R3

1

Then

Vol ey = ( JRCSET, +u2)dx)



From [15],

2
IR3|(7 )2u|2dx—70 /Rz/Rz T ‘M)S‘ dady. (2.1)

Without loss of generality, we assume C, = 2. By [15], the embedding H*®(R3) <

LP(R3) is continuous for p € [2,2%], and is locally compact for p € [2,2). For

simplicity, we denote |||z ®s) and ||.|| »®s) by [|.]| and |||, respectively. Let
H(R®) = {u € H*(R®) : u(z) = u(|z])}.

Lemma 2.1. ([11]) Assume that P € C(R,R) satisfies

P
i —(t) = lim P(t) =0
t—0 |¢t|? t—oo |t[%2

and there exists a bounded sequence {u,} C HE(R3), v € L'(R3) such that
lim, oo P(un(2)) = v(z) a.e. 2 € R®. Then P(uy,) — v in LY(R?) as n — oo.

We denote D*2(R3) the completion of C§°(R?) with respect to the norm

||u||Ds,2(R3) = </‘]R3 |€|25ﬂ2d£) 2 _ (/Rs |(—A)%U|2dx) 2 '

Define the best Sobolev constant:

Jes |(=A) 2 u?da

ueD*2(R?)\{0} (fRB |u($)|2sdm) BN

By [14, 27], S(s) is attained by the functions @(x) = W, where k €
w2+

R\ {0}, 4 > 0. Let u(x) = ‘ﬁ](lﬁ)*, we have S(s) = [ps [(=A)2a(x)[*dz. Let

u(x) = u <S(ii>' Then ||u*||§§ = [S(s)]zs and (—A)*u* = |u*|>2u* in

R3. For any ¢ > 0, define U.(z) = 5*¥u*(f), Then [|U, ||§: = [S(s)]2F and
(—A)*U. = |U.|*72U. in R3. Define ¢ € C5°(By,(0)) such that (z) = 1 on
B,.(0) and 0 < ¢(z) < 1. Let u.(x) = ¢(x)U-(x). By [27],

[(—A) 5 u 2dz < [S(s)]3F + O(372%),
/ Jue|* dz = [S(s)]2 + O(E®). (2.2)
R3
By the direct calculation, there exists kg # 0 such that

U.(z) ==~ 54 <ﬁ>

3—2s Ko
= 2 3_2s °

e el

T

e[S(s)]25




Thus,

lucll? < / U (2) Pdar = =529 /
B2,(0) B2, (0) (

2 53 Ao
2
pe S(s)
) 2 2 0(e%), s€(0,2),
el I L—— Yo TE T =3 2.3
<ce | Tl = (O ose), s=1 @3
0(53 28 ) s € (Z 1)
Define the functional on H*(R?) b

I(u)

1 2 1 .
Sl + / (—A)sulPde ) — B | Fu)de — —/ Juf? dz.
2 4 R3 ]RS 2’; ]R3

(2.4)
Clearly, I € C'(H*(R3),R) and

(I'(u),v) = (1 +a . |(—A)%u|2dz) /Rs(_A)%u(_A)%de—i_/Rs
— ﬁ/}Rs f(uw)vde — /]12{3 lul% 2uvdz, Vv e H*(R®).

Then critical points of I are weak solutions of (1.1)

uvdz

We introduce the s-harmonic extension technique in [9] to establish the

Pohozaev identity. Define the weighted space X S(Riﬂ) the completion of
Cg°(R?) with respect to the norm

1

2

sy = (ko [ [ v vuiasey)
R+ JR3

where k; is a constant. For any u € D*2(R?), we call its s-harmonic extension
w = F4(u) by the solution of the problem

— div(y' ~?*Vw) =0,

: 341
in Ry,
w(zx,0) = on R3.
By [7], we have ||w\|Xs(Ri+1) = |lullps2(r3)

Moreover, by [8], the fractional
Laplacian operator (—A)® can be defined by the Dirichlet-to-Neumann map

. 1_25 OW s,2 3
— D*=(R?).

Jm v (z,y), Vue€ D" (R?)

Let g(u) = Bf(u) +u?~1 —u. Then (1.1) reduces to the local problem

(1 +a |(—A)%u|2d$> div(y'"?*Vw) =0, in R3™
R3

| (2.5)
(1+0 [ 1-a)tuPas) o5 = gtw)

on R3,



where 05w (z,0) = —L limy_o4 y1*25‘3—2’(m,y), vV x € R%. Obviously, if w is a

weak solution of (2.5), then u = w(.,0) := Tr(w) is a weak solution of (1.1).
Without loss of generality, we assume ks = 1. Now we establish the PohoZaev
identity for the Kirchhoff type problem (1.1).

Lemma 2.2. Assume that (f1). If u € H*(R?) be a weak solution of (1.1),

then
-2
32 (1+a [(—A) 3yl dz)/ (~A)éul2dz =3 | G(u)da
2 -

where G(u) = [, g(s)ds = BF(u) + %\u|2s — 3|ul?.

Proof. We use the idea in [11]. The standard argument shows that w = E,(u) €
C?(RY™). For any R > 0 and r € (0, R), define

DR,T = {Z = (a:,y) € R? x [’/‘, +OO) : |Z| < R}
Let

ODg, ={z=(z,y) eR® x {y =r}: |z|" < R* —r?},
D%, ={z = (z,y) € R* x [r,400) : 2| = R}.

Then 0Dp, = (9D112,T U aD%,T‘ Let 77 be the unit outward normal vector on
0Dpg,. Then @ = (0,...,0,—1) on GD}M and 77 = % on aDgr. Note that

fJw]]? = [ps [(=A)2u|?dz. So

X=(R3T

(1 + a/ |(—A)§u|2dx) div(y' ~**Vw)(z, Vw)
R3
— div [(1 n oz||w|\§(s(]Ri+l)) R w)w}

—y72VwV(z, Vw) — ay* "2 VwV [||w|\§(s(R3++1)(z,Vw)] .
By the direct calculation, we get
Yy B VwV (2, V) = y'~ [|Vw|2 + 2V <|V;u|2)} .
Also,
vV, [HwH?{S(RM (z,Vw)}

= ol o ' = VoV (2, V) + 52V ([wfy g, ) (2 Vo)
= ||w||Xs(Rs++1)y1 BYVwV (2, V).



Thus,
<1 + a/ |(_A)%u|2dx> div(y'~**Vuw)(z, Vw)
R3
= div [(1 + anHis(Riﬂ)) y' Tz, Vw)Vw}

_9s Vwl|?
= (1 allwlfe e ) 2 [ +09 (2B,

By the direct calculation,

)

2 2
_ y1—2slvw|2 + div <yl—25Z‘vw| ) —div (yl—Qsz) |vw|

2 2
= div (yl—%z@) + ?y“s\wjlz-
Also,
Hw”is(nﬁ“)y [\Vw|2 + 2V (|V;U|2>}
= ||w||§<s(R3++1)y1*25\Vw|2 + div ||’LU||XS(1R3+1),7J1 232@_
-V (HwHXs(RSH)y % ) |V;U|2
= [lwl/3. (Rw)yl | Vw|® + div ||11J||X3(R3+1)y1 28,2@_
fm@kumW“@?
Thus,

(1 + a/Rs |(—A)%u|2dm> div(y' = Vw)(z, Vw)

— div [(1 + a\|w|\§(s<R3+H)> R Vw)Vw]
. oy |V]?
—div {(1 + anHi(S(Ri“)) yi=? 2
3—2s
2

+ (1+05Hw||§(5(R3—+1)> y1*23|vw‘2.

(2.6)

(2.7)



By (2.5) and (2.7),
0 :/ <1 + a/ |(—A)%u\2dx> div(y' "2 Vw)(z, Vw)dzdy
Dr.» R3

_ 2 1-2s -
- /{9DR ) (1 + a||w||XS(]Ri+1)) y (2, Vw)(Vw, i)do

s, |Vw 2
_ /6D (1+anH§(S(R1ﬂ)) g2 (z,n)l . | do
R,r
3—2s 2 1-2s 2
t— (1 +anHXS(]R3+1)> y | Vw|“dzdy. (2.8)
+ Dg,»

Similar to the argument of [11], we prove that there exists R,, — oo such that

C 2 - _ [Vuwl?
Jim r1—1>rrr)l+ . (1 + O‘Hw”is(Riﬂ)) y'~? [(Z, Vw)(Vw,it) — (z,n)T
Rp,7
=-3 [ G(u)dz, (2.9)
R3
and
. . 3—2s 2 1-2s 2
Jlim i 2= <1+a|\w\|XS(Ri+1)> /Dmy IVw|2dedy
3—2s _9s
- (1 +a|\w\|§(s(Ri+1)) /R3+1 y' 2| V|2 dzdy
4
3—2s s 9 s 9
=3 l+a [ [(-A)2u*dz [(—A)2u|*dz. (2.10)
R3 R3
Combining (2.8)-(2.10), we get Lemma 2.2. O

Let X be the Banach space. Recall that a sequence {u,} C X is a (C).
sequence for the functional I if I(u,) — ¢ and (1 4 ||un|/x)||L (un)]] — O as
n — 0.

Theorem 2.1. (/26]) Let X be a real Banach space and suppose that I €
CY(X,R) satisfying

max{l(0),I(u1)} < s < g < ”iIH1£ I(u)

Jor some p > 0 and uy € X with |[u1]] > p. Let ¢ = inf,cr maxo<s<i I(7(t)),
where I' = {y € C([0,1],X) : v(0) = 0,7(1) = w1 }. Then there exists a (C),
sequence {u,} for the functional I satisfying ¢ > a;.

Theorem 2.2. (/20]) Let (X,].||x) be a Banach space and let J C R* be an
interval. Consider a family (J\)xes of Ct functionals on X of the form

Ixn(u) = A(u) = AB(u), Y AX€EJ,

10



where B(u) > 0 for any u € X and either A(u) — 400 or B(u) — +00 as
[lul| x — oco. Assume there exist two points vi, vy in X such that

¢y = inf m[aax] In(v(t)) > max{Jx(v1), Ja(v2)}, VA€ J,
~veT

where I' = {y € C([0,1], X) : v(0) = v1,7(1) = va}. Then for almost every
A € J, there is a sequence {v,} C X such that {v,} is bounded, Jy(v,) — ¢
and J\(vy) — 0 in X~1. Moreover, the map X\ — cy is continuous from the left.

3 The Case s € (3,1)

Let H(u) = BF(u) + o |u|*. Then

I(u) = %nun2 +Z </}R |(A)%u|2dx)2 - /R H(u)dz. (3.1)

¢ == min {(20) 77 [S(s)] 7,25 [S(s)) ¥ |
(4s — 3)a

+ T [min {(2@)% [5(3)]45137235525 [5(8)]%}}2

Lemma 3.1. Lete =

¢ for B> By.

Proof. By the direct calculation, we have

I(UE (f)) 1= A)?ul’dz + @ ( g (A)5u5|2dx>2

+_/ \us\de—t?’/ H(u.)de. (32)

By (2.2)-(2.3), there exists 1, C1 > 0 such that [, |uc|*dz < C1£372¢ and
||UEH2 M for e S (O 61) Let

LN\ 2s 2
1 (u[S(sﬂﬂ) 2R

Let

)

Bi . Then there exists 3y > 0 such that sup,>q I (u(F)) <
2

t& 2s

2s

/3>51 = Imax 17@’
€1 T

Then by (3.2),

3 1 2
sup I( ( _2,83 2S/| ua\dx—l—%/ﬂgsmgdx

te[0,4]

s([(ﬂ 4 516)Z> L (3.3)

11



3—2s

Note that uc(z) =e~ "2 £o

= for 2| < v By 8= = > By,
)
c[S(s)] 25
we get uc(x) > g’i)% > Ry for |z| < p[S(s)]zre < r. Then by (f;) and
m
€= -,
B2s
D
5/ F(u.)da ZRLP? L |uc(@)Poda
R3 0 Jlz[<u[S(s)]25e
Dy N
Z 5po T Go2s)pg 4T
Ro® Jiz<uises) e (22) 75"
Z:Boﬁ&‘si (3*225)170 _ Boﬂ17235+(37‘f:)p0 ) (34)
Let
Cy\ T2
—25)pg
B> Py = max{ﬁ1,<—1> }
By
By ¢ = - and (3.4),
2s
2 3—2s Ch
luc|*dx < Che =55 <B | F(ue)da. (3.5)
R3 ﬁ 2s R3

Combining (3.2) and (3.4)-(3.5),

t372s t3
sup 1 (u: (£)) <o [ S puel? = 5 [ (wjas]
tZ% t t>0 2 4 R3

2(3—2s) . 2 3
%_‘( \(*A)§u5|2dx) _ Bi/ F(ug)dx:|
4 RS 4 ]RS

3 _ 3, (8=2s)pg
< sup [3[5(5)}2“‘ 325 _ Boplmet tg}

+ sup
t>0

>0 4 4

+ sup 9a[S(s)] < 122 _ 30517%#37?% t3
+>0 16 4

_ s[S(s)] ( (3= 25)[S(s)] )

= 3 G

: “25)
Boﬁl—%‘FTpl

= (3.6)

_ 3, (8=25)pg
230[31 st 15

: s\ =
, 3alds = 3)SE) ( 3a(3 — 25)[S(s)]2 ) |

From (3.3) and (3.6), we derive there exists 3y > 0 such that sup,>q I(u:(%)) < ¢
for B8 > fBo.

O
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Lemma 3.2. Let 8> Bo. If {u,} C HS(R®) is a sequence such that I(u,) — ¢
and (1 + ||un || (un)|] — 0, then ||uy]|| is bounded.

Proof. Otherwise, we have ||u,| — co. Let v,, = HZ—:H Then v, — v weakly in
H:(R3) and v, (x) — v(z) ae. 2 € R3.

Case 1. wv(z) = 0 ae. o € R3 Let 6 € (4,2%). By (f1), for ¢ €
(O, % (% — 2%)), there exists C: > 0 such that

= Flun ) un — Fup)| < elun|® + Cclun|®.

1
0

Then
(I(un) -3 (I’(un),un)> > (% - %) un 2 — BC. /R a2z, (3.7)

From (3.7), we derive that

ﬁ (I(un) - %(1’(%),%)) > @ - %) ~ BC. /R [vn *da

By [zs [vn]?dz — 0, I(un) — ¢, (I'(un),un) — 0 and [u,| — oo, we get

0> (% — %), a contradiction.

Case 2. v(z) # 0. Let Q = {z € RN : v(z) # 0}. Then the measure of € is

positive. For x € Q, by v,(x) = ngﬁl) — v(x), we get limy, o0 un(x) = 0o. Let

q € (4,2%). By (f2) and Fatou’s Lemma,

BF (un) + 5= |un|*
lim % dz = 4o0. (3.8)
n—=oe Jo [|wn ||

By (f1), for ¢ € (07 ﬁ§;>, there exists C. > 0 such that F(u,) < e|u,|* +
Ce|un|?. Then

1 .
pF(u)dr+ o [ funfde> —pC. [ ju s,
R3\Q 25 R3\Q R3\Q
from which we get

BF (ug) + 5= |un|*
lim % dz > 0. (3.9)
n—o0 Jpa\q [|unl|®

By (3.8)-(3.9), we derive that

BF (un) + 5z |un |
lim a dz = +o0. (3.10)

n—o0 /g3 l[un |

13



On the other hand, we have

I(u@—i—/ﬂ@(ﬁF(un) 2*|u"|2)dx_ n]|? + </| 2u2dx>2.

. BF (un)+ 5 |un |22 - .
So limy oo fps %dx = 0, a contradiction with (3.10).

O

Lemma 3.3. Assume that {u,} C HZ(R®) is a sequence such that ||uy,]|| is
bounded, I(u,) — ¢ € (0,¢) and I'(u,) — 0. Then {u,} converges strongly in
H2(R3) up to a subsequence.

Proof. Since |u,| is bounded, we assume u, — u weakly in HS(R3). Let
A =1limy o0 [gs [(—A)2up|?dz. Define

f) =gl + %5 [ 1-a)iupas—p [ P wie— 2 [ juida,

. A
H) =gl + 5 [ 1a)iupdn =5 [ Pajde= 3 [,

R3 s JR3

where u € Hf(]l@). Then f(u,) — ¢ and I'(u,) — 0. By u, — u weakly in
H:(R3), we have I'(u) = 0. By (f1) and Lemma 2.1, we derive that

lim F(un)dx:/ F(u)dx, lim f(up)upde = fuw)udz. (3.11)
n—00 Jp3 R3 n—oo Jp3 R3

Set v, = uy, — u. By the Brezis-Lieb Lemma in [33], we have

”Un”2 ||un||2 HUH2 +on(1

/ |Un | d:c—/ |un\2dx—/ lu|?dz 4 0, (1),
/ o, |% da: :/ |un|25dx—/ [u|? dz: + o, (1). (3.12)
R3 R3 R3

Then by (u,) — f(u) = ¢ — I(u) and (I’(un),un> — (f(u),u) — 0,
7 2 2 1 2%
e 1) = gl + %5 [ 1A 0o = g [ fuaPida +o,(0),
s JR3
on(1) = [[un ]2 +aA/ |(—A)%vn|2dx—/ (o2 da. (3.13)
R3 R3

Assume that lim, o0 [pa |v,|?:dz = 1. By (3.12), we get

A> lim [(—A) 2w, 2da.

n—00 [p3

14



Then by (3.13) and S(s) < Jx 122 wal"de.
(oo o025 da) %

lim/ o |? da >5( )(hm/ \Un|2:dm)
n—oo 3
4
2‘!
+a (hm/ || dm) .
n—00

2
oF

<l1m/ [vn|? dx> © > alS(s) (hm/ [vn|? da:>  ,
n— 00 n—00

4
%

lim |vn|2:dw22a[5(s)]2(lim/ |vn|22dx>
R3

n—00 [p3 n— 00

1|
S

If I > 0 and

then

Sol> (2a[S(s)]?) ™ =Ty > 0 and

2

4
23 23
(hm/ |y, | %5 d:c) < alS(s) <hm/ v, |2 dx) ,
n— o0 n—>00

then

2
3
25‘

lim |vn|22dx225(s)(hm |un|2ldx)
n— R3

n—oo [ps

Sol > (25(55))2i Thus,

mlw

> min { (2a[S(s))* )T (28(s)) >

from which we get
A > lim |(—A) 2w, 2dx

n=oo Jpa
> min {(2@)% [S(s)] T3 , e [5(3)]% } )

So by (3.13), we have

c—I(u) 2% lim \( A)zv,[2dz

n— 00

2
+ M ( lim |(—A)%vn|2dm> > G
12 n—0oo Jp3

15



Since I"(u) = 0, by Lemma 2.2,

) [ iayipan =3 [ (5F0+ gl - S as

Then I(u) > 0. Thus, we have ¢ > ¢, a contradiction. So I = 0. By (3.13), we
get v, — 01in H3(R3).

O

Proof of Theorem 1.1. Let 5 > y. By (f1), for e = i, there exists C. =
C1 > 0 such that H(u) < Tlul® + Ci|u|2:' Then by the Sobolev embedding
theorem,

Cylul* H
()] 7

So there exists pg, 70 > 0 such that I(u) > o for |Ju|| = po. Let € = ,81 . By
(3.2) and (3.5), we have

. t3 2s P at2(3—2s) s o 2
1(u($)) < N8 fucfde = (/R (~A) Fu dx>

1
1) 2 gl = 5 [ lPae—cy [ uPiae > P - %

B

Then limy 400 I (ue (£)) = —oo. We also have 1(0) = 0. Let (t)(z) = u-(%)
for ¢ > 0 and v(t)(x) = 0 for ¢ = 0. By the direct calculation, we have

()2 = 52 / (—A)iuPde + £ / e [2d
R3 R3

Then v(t) € C([0,00), H:(R?)). By Theorem 2.1 and Lemma 3.2, there ex-
ists a bounded sequence {u,} C H(R?) such that I(u,) — ¢ > 0 and (1 +
[lun DI (wn)|| — 0. Assume u,, — uo weakly in H2(R?). By the definition of ¢
and Lemma 3.1, we get ¢ < & From Lemma 3.3, we know u,, — ug in H3(R?).
So I(ug) =ce€ ['yo, ¢) and I'(ug) = 0.
Let
m = inf{I(u):u € H: R\ {0} : I'(u) = 0}.

Since I’ (ug) = 0, we get m < I(ug) = ¢ < ¢. By Lemma 2.2, we have m > 0. So
0 <m < I(up) < ¢ By the definition of m, there exists {u,} € H3(R3)\ {0}
such that I(u,) — m and I'(u,) = 0. Then by Lemma 2.2, for n large enough,

/|( AYpu,2dz + 2523 123) ( I(— )Zun|2dx>2=1(un)§2m.
(3.14)
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By (f1), for e = 1, there exists C. = C1 > 0 such that [Bf (un)un| < L, |2 +
C’%|un|2-§. Then by (I'(uy),u,) =0,

2
s 1 X
||un||2+a(/lRS|(—A)5un\2dx> <5 [ mfde s @41 [
(3.15)

From (3.14)-(3.15) and the Sobolev embedding theorem,

lunl® <2(Cy +1) /

|1 | % da
R3

o%

2(C: +1 ) S0 +1 %
- ! - )< |(_A).§uﬂ‘2dx) . (Cy - ) <6m) .
S(s)= \Jre S(s)z \ ¢

Also, by (3.15),

2
5

. 2% 1 .
S5(s) / | Zdz) < ||un||2”/ |2 < (C +1)/ |22 dz,
2 R3 2 R3 2 R3

3

s |*
@} . Assume that u,, — u

weakly in H2(R?). Similar to the proof of Lemma 3.3, we derive from I (u,) —
m € [0,¢) and I’ (u,,) = 0 that u,, — win H3(R3). Then I(u) = m and I’(u) =0
with v # 0. So m is attained by wu.

from which we derive that [pq [u,|?dz > [

O

4 The Case s = %

By s = %, we have 2} = % = 4. We first consider the case a < W
Choose A1 € (0,1) such that a[S(s)]* < A[S(s)]? for A € [A1,1]. For A € [A1,1],
define

1 . ?
In(u) = =|lul® + a (/ |(*A)§u|2dx) ~ X\ [ H(udz, ue H(R?). (4.1)
2 4 R3 R3
Lemma 4.1. Let {u,} C H3(R?) be a sequence such that Jy, (u,) < #‘22)]2)

and Jy (un) =0, where \,, € [A1,1]. Then there exists Mo > 0 independent of
n such that ||uy| < My.

Proof. By Lemma 2.2, we have

(1+a/RB\(fA)3un|2dx> /RB|(7A)%un|2da::/Rg (ANH () — 2Jun ) .

17



Then

[S(s)]?
AA—alS(9)?)

By (f1), for e = £, there exists C. = Cy > 0 such that [Bf(un)un| < 3 un | +
C’%|un|4. Then by (J/’\n (un),un) =0,

2
lun|® + </]R3 |(—A)%un\2dx) =\, /RS h(un)undx
1

|(—A)%un|2dx = Jy, (u,) <

From (4.2)-(4.3),
Juall? <2(C, +1)/ |z
R3
+

2(Cy +1) A Pde) < 2CEFD  [SE1t
s (L& wlan) < See o e = o

S—a v

Lemma 4.2. There exists ag > 0 such that for almost every X € [\, 1], there

exists a sequence {u,} C HE(R3) satisfying ||u,| is bounded, Jx(un) — cx > ag
2

and J\ (un) — 0. Moreover, ¢y < % for any A € [A1,1] and the map

A = ¢y is continuous from the left.

Proof Let J = [A,1], A(v) = &flull® + < (fgs \(—A)%u\zdav)2 and B(u) =
Jgs H(u)dz. Then B(u) > 0 and A(u) — +oo as [lul| — co. By (fi), for

€= there exists C. = C > 0 such that |F(u)] < 4B\u|2 +Ca |u|4 Then

4ﬁ’
B> Ll - / ¥ dm—(ﬁcl ; ) / ful*dz
1,002 BC% s
> g [<>1 L .

So there exists g, ag > 0 independent of A such that Jy(u) > «ag for ||u]| = ro.
For A\ € [)\1, 1},

t2 ) t4 A . 5 2
In(tue) < —lue|” — — | M |ue|*de — a [(—A)2u.|“dzx . (44)
2 4 R3 R3
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Since a[S(s)]* < A[S(s)]? for A € [\, 1], by (2.2)-(2.3), we derive that there
exists 1 > 0 such that for £ € (0,21),

3[S(s)]?

5
A\ /Rs lue|*de — a (/R3 |(_A);ua|2dl')2 > )\1[5(5)]22—&[5(5)]4. (4.5)

From (4.4)-(4.5), we have lim;_, 4 Jx(tus) = —oco. We also have Jx(0) = 0.
By Theorem 2.2, for almost every A € [Ar, 1], there exists {u,} C HZ(R3) such
that |lu,|| is bounded, Jx(u,) — ¢x > ag and J§(u,) — 0. Moreover, the map
A — ¢y is continuous from the left.

We claim ¢y < ﬁ‘gzm for A € [A,1]. By (4.4)-(4.5), there exists a
small t; > 0 and a large t2 > 0 independent of € and A satisfying

luell* <

[S(s)]
sup Ia(tus) < —————. 4.6)
oo ) AR olSHIP) (
_3=2s
Choose ¢ > 0 small such that pu[S(s)]2zre < 7. Then u.(z) > % for
"
lz| < u[S(s)]zee. By (f2), we derive that for ¢ > 0 small, F(tu.) > % >
0
HPODUtpOEip (32728) L
01— —— for t € [t1,t2] and |z| < p[S(s)]2z=e. Thus,
RPO(2u2)"
inf / F(tu;)dz > inf / . F(tuc)dx
te(ty,ta] JR3 te(t,ta] |z|<p[S(s)] 25 e

po(3—2s)
2

Po Po —
ERO DOtl €p0(3—28) / 1 dx
RE(2p%) 72 |2 <p[S(s)] 2 e

g Dot [S(s)] e~ 5+
= e (3 dx. (4.7)
ROOQJJ—z up0(372s)73 |z|<1

Since s = 2, by (2.2)-(2.3) and (4.7), we derive that for ¢ > 0 small,

sup  Jy(tue)
tE€(t1,t2]

¢ s 2 t! 4 5o\
<sup |— [(=A)zuc|*de — — [ A [ |ue|"dz — « [(—A)zu|*dx
t>0 2 R3 4 R3 R3

3 _ po(3—2s)
LB / 2 B DOt IS(s)) B M / »
R3 lz|<1

2 Rgog"(’(s{m ppo(3—2s)=3
S 1(=A) 3 u2de)
h, Ugs [(24)Fu ) 4 O(eH|logel) — Coe* %
4 (/\ fRs lue[*dz — (f]Rs ‘(7A)5u6|2dx) )

[S(s))?
~ A= alS(9)]?)

3pg

+O(5%\10g£|) — Coe” 1.
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By po € (2,4), we get 3—% < 3, from which we derive that SUPe(ry t5) A (FUe) <
a®[5(s))
4(A=0[S(5)]?)

S(s))?
get cy < W O

for £ > 0 small. Together with (4.6) and the definition of ¢y, we

Lemma 4.3. Let A € [A\,1]. Assume that {u,} C H:(R3) is a sequence such
that ||uy| is bounded, Jx(u,) — cx € (O7 ﬁgzm) and Ji (u,) — 0. Then

{u,} converges strongly in HS(R3) up to a subsequence.

Proof. Assume u,, — uy weakly in H*(R3). Let A = lim,, Jrs |(=A)2u,|?dz.
Define

A 1 A s
Jalw) =3 JulP? + 24 / (~AYiulde — X [ H(ude,

R3

N )——H |\2+—/ |(=A)2ul?de — A [ H(u)dz, ue H(R?).

R3

Then Jy(u,) — ¢x and J(u,) — 0. By u, — uy weakly in H?(R?), we have
Ji(ux) = 0. By Lemma 2.1, we get

lim F(uy,)dx :/ F(uy)dz, lim f(un)uyde —/ fux)urde.
RS RS

n—oo [p3 n—o00
4.8)

Set v, = u,, — u). By the Brezis-Lieb Lemma in [33], we have

lonll* = lunll* = lux|® + 0n (1)

/ (0| dx—/ | dxf/ lua[2dz + on (1),
/ (o dx:/ |un|4dx—/ (A + on(1). (4.9)
R3 R3 R3

Combining (4.8)-(4.9),

ex — Ia(uy) = J)\(Un) Jk(ux +on(1)

A
N *|| onl® + / [(=A) 20, |*dz — Z/]Ra |vn[*dz + 0, (1).

(4.10)

Also,
0,(1) = (4 (un)sun ) = (J3(wr).ur) + 04 (1)

= ||lva|* + A /R [(—A) 2w, 2ds — A/RS [un|*dz + 0, (1). (4.11)

Assume that lim, oo [ps |vn|*dz = I. We claim [ = 0. Otherwise, we have
[ > 0. By (4.9), we get A > limp 00 [s [(=A)2v,[*dz. Then by (4.11) and
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S(s) < el Eualar

hS we get
(Jes \vn\“dz)

A lim [v,|*dz > S(s) <hm/ [V dsc) + a[S(s) hm/ v, da,

n—0oo [p3

So

from which we derive that [ > ()\[a[(sw

. s S(s))?

- 2dz > [7
Jim . [(=A)2v,["dz > N bS()
Together with (4.10)-(4.11), we get

3 L s 2 [S(s)]?
ex — JIa(uy) > angrolo |(=A)2v, | de > 4()\7[5(3)]2). (4.12)

Since J} (uy) = 0, similar to Lemma 2.2, we have

|(—A)%u,\\2dx+2/ |ux\2dx—|—aA/ |(—A)%uA|2dx:4)\/ H(uy)dz.

R3 R3 R3 R3

Then

. R 1 s 1 aA s

Byun) =intw) = 7 [ 1A uPde = 5 [ P - 28 [ -a)fuds
RS R3 RS

+A [ H(uy)dz > 0. (4.13)
R3
By (4.12)-(4.13), we have ¢\ > %, a contradiction. So [ = 0. By

(4.11), we get v, — 0 in H3(R?).

U
Proof of Theorem 1.2. By Lemma 4.2, for almost every A € [A1, 1], there ex-
ists {u,} C H2(R?) such that |[u, || is bounded, Jx(un) — cx € [ao, %)
and J} (u,) — 0. By Lemma 4.3, we have u, — uy in H:(R3). So Jy(uy) =
c\ € [ao,%> and J{(uy) = 0. Thus, there exists {\,} C [A1,1]
and {uy,} C HZ(R?)\ {0} satisfying A\, — 1, J} (ux,) = 0 and Jy, (un,) =

cy, € [OZO“M%S[Q?S)P))‘ From Lemma 4.2, we have lim, ,cy, = ¢ €
2
[ao, %) Since I(uy, ) = Jy, (uy, 1) [gs H(uy, )dz, by Lemma

4.1, we derive that I(uy,) — ¢ € [ao,%) and I(u)\n) — 0. By
Lemma 4.3, we get uy, — vo in HS(R3). So I(vg) = ¢; > 0 and I'(vg) = 0. Let

m = inf{I(u):u € H R\ {0} : I'(u) = 0}.
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From I'(vg) = 0 and Lemma 2.2, we have 0 < m < I(vg) < % By

the definition of m, there exists {u,} C H2(R3)\ {0} such that I(u,) — m and
I'(up) = 0. Since I'(uy) = 0, by the standard argument, we derive that there
exists oo > 0 such that [, |u,|[*dxz > oo > 0. By Lemma 4.1 and the argument
of Lemma 4.3, we get u, — v in H*(R3). Then I(u) = m and I’(u) = 0 with
u # 0. So m is attained by wu.

(]
Now we consider the case o > [S(s)] By S(s) < W, we have
2 2
! (/ \(—A)%U\de> —/ lu|*d2 > (a— ;> < [(—A)2ul das) .
R3 RS B [S(s)]?
(4.14)
We prove Theorem 1.3 (i). For A € [£,1], define
1
i = 3t + 3 ([ ieayiutar) L[ utas s [ r
R3
(4.15)

where u € H (R?).

Lemma 4.4. Let A € [1,1]. Assume that {u,} C H:(R?) is a sequence such
that ||uy|| is bounded, Ix(u,) — cx and I\(u,) — 0. Then {u,} converges
strongly in HS(R3) up to a subsequence.

Proof. Assume u,, — uy weakly in H(R?). Let A = lim,, o0 [ [(—A)Fu,|?da.
Define

7 1
B =gt + % [ ey tupar [ e s [ e
R3 R3

where u € H#(R?). Then I (u,) — 0. By u,, — uy weakly in H?(R?), we have
Ii(uy) = 0. Set v, = u,, — uyx. By (4.8)-(4.9), we have

on(1) = (f;(un),un) — (]X\(u,\) u,\) +0,(1)
3 ||vn||2+a/1/RS (=) S, 2 dx—/ o idz + 0n(1).  (4.16)

We also have A > lim,, Jgs [(=A)20v,|?dz. Then by (4.14), (4.16) and « >
*[Sé)]% we get

0> lim ||v,]|* + « lim (/ |(—A)5vn|2dm> — lim / v, [*da
n— o0 n— oo R3 n— oo

1
: 2 _ 2
anglgoanH + <oz [S(S)P)n%oo( [(—A) 2w, d:z:) anglgo|\vn\| .
So u, — uy in HE(R3). O
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Lemma 4.5. There exists 31, ¢ > 0 such that for > By and almost every \ €
[1,1], there is a sequence {u,} C H(R?) satisfying ||uy|| is bounded, I)(u,) —
cx > ¢ and I} (un) — 0. Moreover, the map A — cy is continuous from the left.
Proof. Let J = [5,1], A(u) = 3lull® + ¢ (Jps \(—A)gude)2 — 1 Jgs ul*dz,
B(u) = 8 [gs F(u)dz. Then B(u) > 0 and A(u) — 400 as |lul| — oo in view
of (4.14). For R > 0, define w(z) = ¢ for |z| < R, w(z) =0 for |z| > R+ 1
and w(r) = £(R+1— |z|) for R < |z| < R+ 1. Then w € H3(R?®). Moreover,
by choosing R > 0 large, we can derive that [y, F(w)dz > 0. Thus, there
exists 81 > 0 such that I (w) < I%(w) < 0 for B> By. Let 8> (1. By (f1),
there exists Cﬁ > 0 such that |F(u)| < ﬁ|u|2 + Cﬁ |u|*. Then by the Sobolev

embedding theorem, we obtain that for A € [%, 1],

1 1 1
I - 2 - 2 o | - 4
w2 gl =1 [ as— (5 + 1) [ puttas

EHUHQ _ ﬁc}ﬂ—%ﬂuw

T4 [S(s)]? '
Let
. S(s 1
Lo = mMin ( ) ’§Hw|l

(505 )]’

Then I (u) > $|ul|? = §p3 := ¢ for |jul| = po. Since Ix(0) = 0 and I)(w) < 0,
by Theorem 2.2, for almost every A € [3, 1], there is {u, } C HS(R?) such that
lun]| is bounded, Iy(u,) = ex > ¢ and I} (u,) — 0. Moreover, the map A — ¢y
is continuous from the left.

O

Proof of Theorem 1.3 (i). Let 5 > ;. By Lemma 4.5, for almost every A €
[3.1], there is {u,} C HS(R?) such that |lu,| is bounded, Iy(u,) — cx > é> 0
and I} (u,) — 0. By Lemma 4.4, we get u,, — uy in HS(R3). So I\(uy) = ¢y >0
and I} (uy) = 0. Then there exists A, € [,1] and {uy,} C H:(R?)\ {0} such
that A\, — 1, I} (ux,) = 0 and Iy (uy,) = cx, > ¢ By Lemma 4.5, we
have ¢\, — ¢; > ¢. Then there exists ¢ > 0 such that ¢y, < ¢ Similar to
the argument of Lemma 4.1, we derive that |u,|| is bounded. By I(uy,) =
In, (ux,) + B(An — 1) [po F(uy,)dz, we get I(ux,) = ¢1 > ¢ and I'(uy,) — 0.
By Lemma 4.4, we have uy, — w in H(R?). So I(w) =¢; > 0 and I'(w) = 0.
Let
m = inf{I(u):u € H:R*\ {0} : I'(u) = 0}.

Similar to the argument of Theorem 1.2, we can derive that m is attained. We
omit the proof here.
0

Now we prove Theorem 1.3 (ii).

23



Proof of Theorem 1.3 (ii). Assume that (1.1) has a solution u. Then
(I'(u),u) = 0. Since o > ﬁ, by (4.14),

Il + (a - @) < } (A)3u|2dx)2 < /3/RS fude.  (417)

By (f{), for e = 3, there exists C. = C1 > 0such that |f(u)u| < %|u|2+C’% lul*.

Then by S(s) < M , we derive that for 8 € (0,1),
(-[11{3 \u|4d;r)

jul? + (2= o) ([ |<—A>3u|2dx)2

C,8 AR
\u| dx +[S( 2 (RS\(—A) ul dx) .

Thus, if 0 < 8 < 35 € <O,min{1,%,ﬁl}>, we get |lu]| = 0, that is,
2
u = 0.

1
_2
So

O

5 The Case s € (0,3)

Proof of Theorem 1. 4 Assume that (1.1) has a solution u. Then (I'(u),u) =

—4s
2s(3— 4s) 3" —, we can choose ¢ € (0,1) small such that

0. Since o> —— 55— 335
[5(s)] 35 (3-25) 36

25(3 — 4s) "

>
(1= 0)" %" [S(s)]% (3 —25) e

Note that

( [G¥SE dx>
: (W) <§_32>_ ( - |(—A)3u|2dm>3fzs,
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By the Young’s inequality,

2%

(o)’

<3 ;‘Su—a)[s NE 32 45/' A)uPds
i) ()7 (o)
328\ (1-9)[S(s)]F B2
Then

«
28

[ < g (1)% ([ -ariupar)
<-4 / (=A) 3 uf?de

(8—4s) = —A)zul?dx 2. 5.1
b S ([ )

Since (I'(u),u) = 0, by (5.1), we get

Jull+a ([ 1~ zu\?dx)
<o [ Sf(u)udw+(1—5) / (~A)5ulda

+
(1-0)°

By (f{), fore = 1, there exists C.. = C1 > 0such that |f(u)u] < %|u|2+C% e
Together with (5.1)-(5.2), we derive that for g € (0, 1),

/| AYsulfde + /\ude

< BCy 1—6/| A)zu|?dz

3—4s

—4s) 2 ER 2
(1—96) 225([35( )4})( —2s) "5 (/JRSK_A)Zu' dx) '

+ BC

[N




Let

_ 25(3 45) i
. 4 (1-5)"2 [s<s)] F(3-28) 20
€ | 0,min ¢ 1, ,
Bs (175)0% 25(3 45) 5 C1

3—2s
(1-8) 75 [S(s)] 35 (3—25) 75

Then for 8 € (0, f3), we have
s 1
[5- sy~ 9)] / (—A)3uf2dz + -/ luf2dz < 0.
2 R3 2 Jps

So ||ul| = 0, that is, u = 0.

6 The Case a=0

Let

() = —|\u|\2 ,8/ ude — o [ JuPide, we HXE). (61)

R3
Then critical points of J are weak solutions of (1.5).

Lemma 6.1. Assume that {u,} C H(R®) is a sequence such that ||u,]| is
bounded, J(u,) — ¢ € (0,%[5(5)}%) and J'(u,) — 0. Then u, — u # 0
weakly in HE(R?).

Proof. Otherwibe u, — 0 weakly in H$(R3). By (fi;) and Lemma 2.1, we
have [ F' un Jdz = [ps f(un)undz = 0,(1). Then ¢+ o,(1) = lun|? -
3 Jgo [tn|?*da and 0, (1) = |lug||® — [gs |un|**dz. Since ¢ > 0, we assume that
||un\|2 — 1. By the definition of S(s), we get [ > [S(s)]2s. Then ¢ > %[S(s)]%,

a contradiction. So u, — u # 0 weakly in H3(R3).
O

Proof of Theorem 1.5. Similar to the argument of Theorem 1.1, we derive
that there exists a sequence {u,} C HE(R?) such that J(u,) — ¢ > 0 and
(1 + [lun DI (un)|l — 0. By the definition of ¢, we have ¢ < sup;>q J(tu.). By

(f2), we have J(tu.) < & [luc||2 — t;f i [ue[?* da. From (2.2)-(2.3), there exists
g’ > 0 such that |lu.|?® < S(s) and o, [uc*dz > [S(S)] for ¢ € (0,€'). So
there exists a small ¢/ > 0 and a large t” > 0 mdependent of £ € (0,¢’) such
that supco, U +o00) J (fue) < %[S(s)}?i Similar to (4.7), we have

Po 1) (¢/)Po = _po(3=25) 4 g
inf / F(tu)dz > 50 Dol )p (Li(j)]z = / de.  (6.2)
telt’ t"] Jrs RSOQJZ—Np0(372s)73 o<1
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Combining (2.2)-(2.3) and (6.2), we derive that for ¢ > 0 small,

sup J(tue)
teft v]
+2 . +2% . )2
s [ ieayupar G [ e + OF [ pa
t>0 R3 2: R3 2 JR3

po(3—2s)

PR Do(t)[S() e [ w
RGP 2777 ppo(3729)78 jal <1

o%

s B O(e®) s€(0,3)
s [(=A) 2w |2de po(3—2 ’ T4
. Jaa [(=8) 2 ue | ll e O(*|loge|), s=3
(f]RS |u5|25dl') % 0(83725)7 s c (%7 1)
O(e*), s€(0,3)
S 3 po(3—2s)
< E[S(S)P_ +O0E2) - Clem 2 By O(s?5| loge|), s=3
O(e372%), s€(3,1)

If s € (0,3], by po € (2,27), we get —22C29) 4 3 <95 Then for ¢ > 0 small,

sup J(tu.) < §[S<s>1% +O(e|logel) = C'e™ 5743 < Z[g(s)) 5.

teft '] 3

If s € (3,1), by po € (27 —2,2%), we get —M +3 < 3—2s. Then for e >0
small,
71)0(32—23)+3

sup J(tue) < E[S(s)]% +0(e37%) — C'c 2
te(t '] 3 3

Recall that sup,cpo iy 400) J (tue) < %[S’(s)]zi So ¢ < %[S(s)]% Let 0,
q € (2,2%) in Lemma 3.2, we can prove that ||u,| bounded. By Lemma 6.1, we
have u, — u # 0 weakly in H3(R?). So J'(u) = 0.

O
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