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Abstract

We present methods that allow to estimate the distance between the approximate and exact zeros
of some polynomial equations and systems of them (also infinite) in ultrametric Banach algebras.
To make our results more useful, we consider that issue in a more general situation, i.e., for some
functional equations of polynomial form; moreover, we do it almost everywhere (with respect to a
given o—ideal). As an auxiliary tool we prove an ultrametric version of a fixed point theorem in
some function spaces (also almost everywhere). Our investigations have been motivated by several
previous outcomes and the notion of Ulam stability.
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1. Introduction and preliminaries

The roots of polynomials are very important in numerous investigations. Unfortunately, except
some particular situations, we only can determine explicitly values that satisfy those equations
approximately (accurately to a certain degree). Therefore it seems to be important to know how
much those approximate solutions differ from the exact solutions to the equations. In this paper
we study that problem in an ultrametric Banach algebra B, over a non-archimedean field K.

Actually, we consider a more general issue, that is we investigate approximate solutions to the
polynomial functional equation of the form

flu()) + Z aj (@) f(&(x)" @) =0, (1)

7=0
for functions mapping a nonempty set X into B, where m is a positive integer, u, &g, ...,&mn : X —
X, ag,...,am : X = B and po,...,pm : X = Ny (nonnegative integers) are given. Namely, we

investigate functions f : X — B satisfying the inequality

< d(x), € X, (2)

Hf(u(x)) + 3 aj(@) f(& (@)@
§=0

with a given 6 : X — R, (nonnegative reals). Moreover, we study that inequality almost every-
where with respect to some o—ideals in X, because it seems to be natural to assume that in some
cases values of a function can be determined only outside some subsets of its domain (Corollary 5
supplies a very simple example of such situation).
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Note that if X has only one element ¢ and pg(zg) = 0, then, with y := f(z¢), v = —ao(xo)
(here we assume that, for each b € B, b° is the neutral element in B) and a; := a; (), pj := pj(x0)

for 5 =1,...,m, the equation becomes the following classical polynomial equation in B
m
y+ > aiyt =1 (3)
j=1

Therefore, in this way we also obtain results concerning approximate solutions to (3) in ultrametric
Banach algebras.

Next, if X = {1,...,k} with some k € N (positive integers), m < k, po(i) = 0, p(i) = i and
&) =gjforj=1,...,mandi=1,...,k, then (1) can be written as the following system of k

polynomial equations (with k variables yi, ..., yx)
m
yi-i-Zaﬂyf“ = Vi, iZl,...,/{J, (4)
j=1

with pj; = p;(9), y; := f(J), aji :==a;(i), vi:=—ap(i) for j=1,..., mandi=1,... k.

Note yet that, when for instance X is the set of integers or positive integers, po(i) = 0, u(i) =1
and &(i) = j+ifor j =1,...,m and i € X, then (1) is the following system of infinitely many
polynomial equations (with infinitely many variables y; for i € X) of the form

m
Y; + Z aﬂy?iql = Y, i€ X, (5)
Jj=1

where p;; = p;(i), aji == a;(i), y; := f(i), vi := —ap(i) for j =1,...,mand i € X.

Our results allow, in particular, to estimate the distance between the approximate and exact
solutions of (3), (4) and (5) (see Corollaries 4-5, 9-12), which corresponds to the outcomes, e.g.,
in [8, 17, 19, 21, 23] motivated by the notion of Ulam stability (for more details and references on
this notion see, e.g., [1, 3, 4, 12, 15, 16, 20]).

We apply a fixed point approach and therefore, except the answer to the above question, we
also prove, as an auxiliary tool, an almost everywhere version of a fixed point theorem in some
ultrametric function spaces, which can be applied in various similar studies in the ultrametric
setting (cf., e.g., [1, 4, 5, 7, 6, 9]).

Now we recall some definitions and facts. Denote by N, Ny, R and R the sets of positive
integers, nonnegative integers, reals and nonnegative real numbers, respectively.

An ultrametric space is a metric space (X, d) in which the metric satisfies the strong triangle
inequality

d(w,y) < max{d(z, 2),d(z, )}, @,9,% € X.

It is easily seen that a sequence (x,,) in an ultrametric space is Cauchy if and only if the sequence
d(xp+1,x,) converges to zero. A well-known example of an ultrametric space is Q,, the field
of p—adic numbers equipped with the p—adic absolute value (for more information, examples,
applications and properties of such spaces see for instance [22]). It has gained the interest of
physicists because of connections to problems coming from quantum physics, p—adic strings and
superstrings (cf., e.g., [18]).

The notion of ultrametric valuation in a field is defined by the properties analogous to those
of the p—adic absolute value. Namely, we say that a function | -| : K — R4 is an ultrametric
valuation in a field K provided it satisfies the following three conditions:

(1) |a] = 0 if and only if a = 0;
(ii) |ab] = |a||b] for every a,b € K;
(iii) |a + b] < max{lal,|b|} for every a,b € K.

If |- | : K — Ry is an ultrametric valuation in a field K, then we say that the pair (K, |- |) is an
ultrametric (or non-archimedean) field.



The p—adic absolute value is a classical example of an ultrametric valuation. But, for any field
K, there exists the trivial ultrametric valuation, which takes value 1 for all a € K\ {0}. Moreover,
for each ultrametric field (K, |- |), the function d(a,b) := |a — b|, a,b € K, is an ultrametric in K
that is invariant (i.e., d(a + ¢,b+ ¢) = d(a, b) for every a, b, ¢ € K).

Let Y be a linear space over an ultrametric field (K, |-]). We say that a function || -|| : ¥ — R
is an ultrametric norm in Y provided the following three conditions are valid:

(i) ||lz|| = 0 if and only if z = 0;
(i) [layll = lal|ly]| for y €Y, a € K;
(iii) ||z + y|| < max{||z|, ||ly||} for every z,y € Y.

If || - || : Y = Ry is an ultrametric norm in Y, then the pair (V)] - ||) is said to be the ultrametric
normed space and the function d(z,y) := ||z — y||, ,y € Y, is an invariant ultrametric in Y; we
say that the ultrametric d is induced by the norm. A Banach ultrametric space is an ultrametric
normed space in which the ultrametric induced by the norm is complete.
If Y is a commutative algebra over an ultrametric field, endowed with an ultrametric norm
I 1] : Y = R, such that
leyll < llzll lyll, — =yeY,

then we say that Y is an ultrametric commutative algebra (with unit, if there exists an identity
element in Y); if additionally (Y| - ||) is a Banach ultrametric space, then we say that Y is a
Banach commutative algebra.

Let X be a nonempty set. A family Z C 2% is a ¢—ideal in X if it contains the empty set, and
subsets and countable unions of its elements.

Remark 1 Below we provide several natural examples of o—ideals Z C 2%X.
(a) The trivial example is Z = {(}}.

(b) If D C X is nonempty, then 2P (the family of all subsets of D) forms a o—ideal; analogously
2X\D is a g—ideal.

(¢) If X is of cardinality greater than N, then the family {A C X : A is at most countable} is
a o—ideal; moreover, if the cardinality of X is not of countable cofinality, then so is the set
{AC X : card A < card X}.

(d) If X is either R™ or C”, then the family of all subsets of X that are of the Lebesgue measure
zero forms a o—ideal.

(e) If X is a topological space, then the family of all first category subsets of X is a o—ideal.

(f) If X is an abelian Polish group, then oc—ideals are the family of all Haar zero subsets of X
(see [11]), the family of all Christensen zero subsets of X (see [14]) and the family of all Haar
meager subsets of X (see [13]).

We say that a property p(x) holds Z—almost everywhere in X (Z — (a.e.) in X, for short) if
there exists a set A € Z such that p(z) is valid for all x € X \ A. Clearly, if Z = {0}, then every
property p(z), that holds Z—almost everywhere in X, actually holds for every z € X.

Finally, given a nonempty set Y and Z C 2%, we say that ¢ € YX is an Z—unique function
fulfilling some properties provided g fulfills the properties and g(z) = h(x) Z—(a.e.) in X for every
function h € YX satisfying those properties.

2. The main results

In this section we assume that Z is a o—ideal in a nonempty set X and B is an ultrametric
Banach commutative algebra with the unit element denoted by e. For r > 0 we write

B.:={uecBX: |u@)| <r T-(ae)inX}.



Moreover, m € N, ag, ..., am € BX, po,...,pm : X — No, 1, &0, ..., &m € XX and p is bijective.
We consider approximate solutions to the polynomial functional equation (1), i.e., the equation

m

Flu(@)) + Y aj() (& (@)@ =0, (6)

Jj=0

where f € BX is the unknown function and f(z)’ = (f(z))? for all j € Ng, z € X (u® = e for each
u € B).
In what follows, for a fixed r > 0, A : RY — R is an operator given by

(An)(a@) = max o @)D (e @), neRY zeX. (D)

We have the following theorem, which is in particular a counterpart of [8, Theorem 2] and [2,
Theorem 3.4] for the ultrametric setting (the proof of it is provided at the end of this paper).

Theorem 2 Assume that
D), p '), W) €eZ,  T€Z,je{0,1,...,m}, (8)

and § € Rf, r >0, f € B, satisfy the following three conditions

| £lu@) + 3 as@ €@ @ <@ T-(ae) inxX, (9)
§=0

omax fai (@) 7 <1 T (ae) in X, (10)

nl;rrgo (A"e)(z) =0 T - (ae.) inX, (11)

1

where € := d o pu~*. Then there is an I—unique function g € B, such that

m

g(n(@) + > a;(@)g(& (@)™ =0 T—(ae)inX (12)
7=0
and
lg(z) — f(2)[| < sup(A"e)(z) I - (ae) inX. (13)

n>0

Moreover, g(z) := lim, oo (T"f)(z) I—(a.e.) in X, for a certain operator T : BX — BX
satisfying for each u € BX

(Tw)(2) = = Y ai(u™ (@)u(&(p @)@ T— (ae) inX. (14)
i=0
Remark 3 Note that if we modify condition (10) in the following way

max [la;(z)|rP @t <d<1  T-(ae)inX, (15)
0<j<m

then it implies (11) for every § € R that is bounded (in view of (8)). So, Theorem 2 yields the
following corollary.

Corollary 4 Let 6 > 0, r > 0 and (8) be valid. If f € B, satisfies (9) with §(z) = 0 and (15)
holds with some d > 0, then there is an Z-unique function g € B, satisfying (12) and such that

lg(z) = f@)| <6 I (ae)inX. (16)



Before the next corollary, let us remind that, for any given D C X, the families 2X\P and 27
are o—ideals (see Remark 1 (b)); clearly, if in particular D = X, then

2X\D — 90 — (¢},

Corollary 5 Suppose that X € {No,Z}, D C X is nonempty, r > 0, 5> 0, d e Ry, pji € Ny,
aj; € B forj=0,1,...,m andic X,

WX\D)c X\D, &[D)cD, j=01,....m, (17)
max |laj|rPit <d <1, ieD. (18)
0<5<m

If a sequence (z;)iex inY :={b€ B :||b]| <r} satisfies
Pji
Zu() + Z ajiZe) (3)
Jj=0

then there is a 2X\P -unique sequence (yi)iex in'Y such that

<3, ieD, (19)

llzi — il <9, Yu(iy + Zaﬁygfi) =0, i€ D. (20)

=0
Proof. We apply Corollary 4 with T = 2X\P | f(i) := z, a;(i) == aj; and p;(i) := p;; for
j=0,1,...,mand i € X (clearly, (17) implies (8)). O

Remark 6 Corollary 5 shows that for a sequence (z;);ex in Y we obtain a somewhat similar
outcome as in Theorem 2 even if we replace the system of equations

u()+za175(1 0, e X,
by a smaller system
m
Zui) + Z ajizgjéi) =0, i€ D,
j=0
with any set D C X such that (17) holds.

The next theorem shows some possible modifications that can be made in Theorem 2. It
concerns a particular case of equation (6) with po(x) = 0 for z € X (then the form of &, does not
matter), that is the equation

+Za’j pJ(L)_'V( )s

with y(2) = —ag(z) for x € X. Thus we obtain another example of the situation when (11) holds.
The theorem is an analogue of [8, Theorem 3] in the ultrametric case almost everywhere.

Theorem 7 Suppose that po(z) =0, § € R, r > 0, (8) holds and, for every i,j € {1,...,m},
the following conditions are fulfilled T—(a.e.) in X :

S(p (@) < 8(x),  8(&(2) <6(x),  aj(u™ @D < Nlaj@)ll,  Nlaj (& @) < llag@)ll,  (21)

rPi (™ (@) < ij(%)’ rPi(&i(@) < ppj (@) (22)
If f € B, satisfies (9) and
[lap(x)]| <, Az) =  max llaj(z)||rP1 =1 <1 Z— (a.e) inX, (23)
<j<

then there is an T—unique function g € B, satisfying (12) and such that
lg(z) = f(2)]| <d(z)  I—(ae)inX. (24)



The proof of Theorem 7 is provided in the last section.

Remark 8 The form of g in Theorem 7 can be easily deduced from the proof (see the last section).
Namely, g(x) := lim,, (7" f)(x) ZT—(a.e.) in X, where the operator 7 satisfies (14) (cf. (49))
with po(z) = 0.

If all functions a; and p; are constant (i.e., aj(z) = a; € B and pj(z) = p; € Ng for j =
0,1...,m), then we obtain the following simplified version of Theorem 7.

Corollary 9 Suppose that po =0, 3 >0, r > 0, (8) holds and

< i —1 )
laoll <7 max ot <1 (25)
If f € B, satisfies

<5 I-(ae)inX,

| £u@) + 3 as (& @)y
j=0
then there is an T—unique function g € B, satisfying
g(u(@)) + Y a;g(&@) =0 I—(ae)inX
§=0
and such that

lg(z) — f(z)]| <6,  I— (ae.) inX. (26)

Now, we present some further simple consequences of Theorem 7. The next corollary is to some
extent a counterpart of [21, Theorem 18.1] and [8, Corollary 1].

Corollary 10 Assume that e >0, r > 0 and cg, ..., ¢y € B fulfill

leoll <, Jler =el <1, max flegllr' ™t < 1.

Then, for every y € B satisfying
lylh <, llemy™ + -+ +ay+ ol <&

there exists a unique yo € B such that

lyoll < 7, cmYy -+ ey + o =0, ly — ol < e
Proof. We apply Theorem 7 for X = {0} and Z = {0}, with f(z0) = y, a1(zg) = c1 — e,
ai(xo) =¢; fori=0and i =2,...,m, and p;(xg) = for i = 0,1,...,m; then, clearly, u(zo) = o
and &;(zg) = xg for i =0,1,...,m, whence conditions (21)—(23) hold with §(zg) = €. O

Corollary 11 Suppose that k € N, X ={1,...,k}, ¢1,...,¢m € No, @j,vi € B forj=1,...,m
andi=1,...,k, e >0,r>0, and

vill <, ;]| < 1%, j=1,...om, i=1,... k. (27)

If z1,...,2, €Y :={b € B : ||b]| <r} satisfy

m
qu(i) +Zﬁjzg;(i) — vl <e, i=1,...,k, (28)
j=1
then there are unique yi, ...,y € Y such that
j=1
Iz —yill<e,  G=1,....k (30)



Proof. We use Theorem 7 with Z = {0}, ao(i) = —v, po(i) = 0, f(i) = z, a;(1) = aj,
p;(i) =¢q;, and §(i) =e for j=1,...,mand i =1,...,k (then (21)-(23) hold). O

Corollary 12 Suppose that X € {Ng,Z}, r >0, 6; > 0, q¢; € No, a;,v € B for j =1,...,m and
i€ X, and

~ —1 . .
1%}%}(771 lag||r®=" < 1, d¢,(iy < i, lvill <, j=1,...,m, 1€ X. (31)

If a sequence (z;)iex inY :={b€ B : ||b]| < r} satisfies

m
SR DL
j=1
then there is a unique sequence (y;)iex 'Y such that
m
i =yl <6 wit Y Ayl =v  i€X. (33)
j=1

Proof. Let ao(i) := —v;, po(t) :== 0, §(2) := 0;, f(i) := 23, p(t) := 1, a;(7) :== a; and p;(i) = g¢;
for j=1,...,mand i € X. Then it is easy to check that conditions (21)-(23) are valid. Hence, it
is enough to apply Theorem 7 with Z = {0}. O

Remark 13 The values of yg and y; in Corollaries 10-12 can be described analogously as in
Remark 8, with a suitable operator T .

3. Auxiliary fixed point theorem

For the proofs of Theorems 2 and 7 we need an auxiliary fixed point result in some function
spaces (in the ultrametric settings). We prove it in a bit more general form than it is necessary
in the proof, because it corresponds to recent results in, e.g., [4, 5, 10| and complements the main
theorem in [2]| (proved for the case of classical complete metric spaces).

In this part (Y, d) denotes a complete ultrametric space, X is a nonempty set and Z stands for
a oc—ideal in X, unless explicitly stated otherwise.

Let A : RY — Rf. We say that A has the property (CO0) if, for each sequence (d,,)n,en of
elements of ]Ri( ,

lim 0,(z) =0 Z—(ae.)in X = lim (Ad,)(z) =0 Z — (a.e.)in X. (Co)

n—oo n—oo
Next, A is said to be Z—nondecreasing if, for every 01,09 € Rf ,
01(x) <da(x) I -—(ae)in X = (Ady)(x) < (Ad2)(z) Z-— (ae.)in X.

Finally, an operator 7 : YX — Y X is called A—contractive Z—(a.e.) if for any u,v € Y* and
§eRY

d(u(z),v(z)) <dé(x) T —(ae)in X = d(Tu)(x),(Tv)(z)) < (Ad)(x) Z - (ae.)in X.

In the sequel, given u,v € VX, the function |u,v| : X — R is always defined by |u,v|(z) :=
d(u(z),v(z)) for z € X. We have the following fixed point theorem in the ultrametric case.

Theorem 14 Assume that A : RY — R has the property (CO) and let T : YX — YX be
A—contractive T—(a.e.). Suppose that there are functions € € Rf and f € YX such that

d(T)(@), f(2) @) T—(ae)inX (34)



and
lim (A"¢)(x) =0 Z— (a.e.) in X. (35)

Then the limit
g(z) = lim (7" f)(x) (36)

n—oo

exists IT—(a.e.) in X.
Moreover, the following two statements are valid.

(i) Any function g € Y, satisfying (36) I—(a.e.) in X, fulfils the condition
(Tg)(x)=g(x) I-(ae)inX (37)
and is an T—unique function, from Y, such that

d(T"f)(x), g(x)) < sup (Ne)(z) =: o, (x) Z— (a.e) inX (38)

jzn
for every n € Ny.
(ii) If for oo, defined in (38), we have

lim (A"og)(x) =0  Z—(ae.)inX, (39)

n—oo
then any function g € Y, satisfying (37) and such that
d(f(z),g(x)) < oo(x) Z— (a.e.) in X, (40)
is T—unique.
Proof. First we show by induction that, for every n € Ny, there is A,, € Z such that
d((THH (@), (T )(2) < (A"e)(z),  z€ X\ A, (41)

Clearly, by (34), the case n = 0 is trivial. Now fix n € Ny and suppose that (41) is valid. Since T
is A—contractive Z—(a.e.), according to the inductive assumption, we get

(T 20)(@), (T H@) < AR (@) = (A"e) (@)

for all z € X \ A,41, with some A, 11 € Z. This completes the proof of (41).
Now, using (41), for every n,j € Ng, n > j, we have

~ j<i<n—1

d((T"f)(x), (ij)(x)) < max (Ais) (z), re X\ O Ai . (42)

Since the equality in (35) holds for € X \ C with some C € Z, it follows from the above estimate
that, for every z € X \ (CUU;, 4i), ((T”f)(x))neN is a Cauchy sequence and, as (Y,d) is
complete, the limit g(x) given by (36) exists for all € X \ D, where

D:=CulJ4 €T
=0
Taking n — oo in (42), we obtain that the inequality in (38) holds for all z € X \ D.
Next, we prove (i). So, take g € YX satisfying (36) Z—(a.e.) in X. Then, using (C0) with
8, = |T™f,g|, according to (36), we have lim,,_,o(A|T"f,g|)(xz) = 0 for 2 € X \ E, with some
E e€T. As T is A—contractive Z—(a.e), this means that

d(T" f)(@), (Tg) (@) < AT f,g)(x),  neNy, z€ X\F,



with some F' € Z, whence it follows that

Tim d(T"f)(@), (Te)e) =0, =€ X\ (EUF).
Hence, in view of (36), g(z) = (Tg)(x) for x € X \ (EUF U D).
Suppose that also g; € YX satisfies (38) (with g replaced by g1). Then there is a set G € T
such that ‘
d(T" f)(x), g(x)) < sup(A'e)(x), e X\GneN,
i>n
d(T"f)(x), g1(x)) < sup(Ale)(z), xe X\G,neN.

i>n

This means that

d(g(x), 91(x)) <max{d((T"f)(x),g(x)), d((T"f)(x), g1(x))}
< sup(A'e)(x), zreX\GneN
i>n
Hence, with n — oo, (in view of (35)) we obtain d(g1(z),g(z)) = 0 for x € X \ (GUC). Thus
g=¢g1 Z—(a.e.) in X.
Finally, assume that (39) holds and g1, gs € YX are such that

(Tg:)(x) = gi(x), reX\Li,i=1,2, (43)
d(f(x),gi(x)) < oo(z), reX\ 1L, i=1,2. (44)

with some I, Is € Z. Since T is A—contractive Z—(a.e.), for each n € N we have
d(g1(x), g2(x)) = d((T"g1)(x), (T"g2)(x)) < (A"00)(x),  x€ X\ Jn, (45)

with some .J,, € Z. Hence letting n — oo, by (39), we have g; = go Z—(a.e.) in X, which ends the
proof. O

Note that Theorem 14 can be reformulated in the following weaker, but much simpler form.

Corollary 15 Assume that A : RY — RY has the property (C0) and let T : Y* — YX be
A—contractive T—(a.e.). Suppose that there are functions e € RY and f € YX such that (34) and
(35) are valid. Then there exists an I—unique function g € YX satisfying (37) and (38) for every
n € Nyg. Moreover,

g(z) = lim (7" f)(x) Z— (a.e.) in X. (46)

n—oo

Proof. Clearly, (36) means that there is a set D € Z such that, for each x € X \ D, the limit
lim,, oo (7" f)(x) exists in X. So, it is enough to define g by g(z) = 0 for € D and

g(x) := lim (T"f)(x), xreX\D.

n—oo
O
4. Proofs of Theorems 2 and 7
First we present a proof for Theorem 2.
Proof. Observe that A (given by (7)) can be written in the form
(An)(x) := max L;(z)n(h;(z)), neRE, veX, (47)

0<i<m

with L;(z) := [Ja;(u=(2))||rPs ¢ @)=L and h; := & op~! for i =0,1,...,m. So, it is easily seen
that A is Z—nondecreasing (also for Z = {0}).



We show that A satisfies (C0). So, take a sequence (J,)nen of elements of RY such that

lim 0, (z) =0, reX\K,

n—r oo

for some K € Z. Then
lim 6,(hi(z)) =0, i=0,1,...,m, z€X\h; ' (K),

n—oo
and, according to (8), h; '(K) € Z for i = 0,1,...,m. Consequently,
lim (Ad,)(z) = lim max L;(z)d,(hi(z)) =0, xeX\D,

n—oo n—oo 0<i<m
where

D:=|Jn"(K)eL
=0

This means that (CO) is valid.
Next, we show that (11) yields (39), where oo (x) := sup,>, (Ae)(x) for z € X, withe := dopu~".
To this end note that (11) implies the condition
lim o,(x) =0 7 — (ae.) in X, (48)

n—oo

where 0, (x) := sup;s,, (Me)(z) for € X and n € Ny. Further,
(Aoo)(x) = max L;(x)sup(Ae)(hi(z)) = sup max L;(z)(Ae)(hi(x))
0<i<m >0 >0 0<i<m
= sup(Ae)(2) = oy (), z € X,
Jj=0
and by induction we obtain analogously that

(A"00)(x) = op (), ne Ny, zelX.

Hence, in view of (48), lim,,_,o(A"0¢)(z) =0 I—(a.e.) in X.
Clearly Y := {b € B : ||b]]| < r} is a complete ultrametric space with the ultrametric d, given
by
dyi,y2) =y — w2l v, €Y.
Let I € Z be such that
[f@I <r  2zeX\I,

and the inequalities in (9) and (10), and the equality in (11) hold for z € X\ I. Define the operator
T : BX — BX as follows

— g ai(p (@) w(& (T @) @), e e X\ p(D);

ue BYX.  (49)
0, z € p(l),

(Tu)(z) := {
Observe that, by (10) and (49),

(T w)(2)] (M @) w(E(pt (@))Pi e @)

I
N\
2

(L pi(p~ ' (2) <
Oglifg;tllaz(u (@) r <r

IN

for every u € Y and z € X \ p(I) and ||(Tu)(x)|| = 0 for € u(I), whence T(YX) C Y.
Next, since ||u(z)| < r for u € YX and z € X, we have

IN

[[u(@)" = v(z)"|

Ju(a) —v@)| S ot H
§j=0

< lu(x) —v()||r™ 1, u,veYX ze X, neN,

(50)
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and consequently, using (49) and (50), we obtain

I(7e)(z) "HZ‘% @) (al&l @) — o (u @) @)
S max lai (u= @))] JulE (" () = v(& (= (@))) || rPete @1
T ogiem lag (= (@) || 2 @ d(u(e (), 0(E (1 (@)

for u,v € YX and 2 € X \ p(I). Thus we have proved that
d((Tu)(z), (To)(x)) < (Au,v])(x), = €X, (51)

for every u,v € YX. Since A is Z-nondecreasing, this means that 7, restricted to Y X, is
A—contractive Z—(a.e.).
Set
A=1Tupul) el

and define fe YX as follows

= | f@), zeX\IL
f(x)'_{o, el
Then, by (9),
A(TH@) J@) = |f@) - (THE@| <00 @) =),  zeX\A

Moreover, in view of (11), (35) is valid. So, we can apply Theorem 14 for fand thereby deduce
that the limit (36) with f replaced by fexists for x € X\ D, with some D € Z. Write g(z) = 0 for
x € D. In view of Theorem 14, it is easily seen that so defined g € YX is an Z—unique function
satisfying (37) and (40). Clearly, (12) and (37) are equivalent and (40) is just (13). O

Now, we prove Theorem 7.
Proof. First, note that (23) implies (10). Let A be given by

(An)(@) = max fla(u @)@ D e @), neRY ae X (52)

According to (21) and (22), A\(&;(p7(z))) < A(x) Z-(a.e.) in X for j =1,...,m. Therefore, if for
some n € N,

(A"6)(z) < Mz)"6(z), T — (ae.) in X, (53)
then (since A is Z—nondecreasing), again by (21) and (22),
(A"18)(z) = A(A")(x)
< max flau (e @) 0 O A6 (u @) 86 @)
< max lai () [P =1 A(@) "6 () = M)+ 6(x)

Z—(a.e.) in X, which yields that (53) holds for all n € N. Hence, in view of (23),

oo(x) := §1>118 (A6)(x) = 6(x) 7 — (ae.) in X,
and therefore
lim (A"0p)(z) = lim (A"6)(z) =0 7 — (a.e.) in X.

n—oo n—oo
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Now, it is enough to define 7 by (49) (with po(x) = 0) and argue analogously as in the proof
of Theorem 2. Indeed, assuming that the inequalities in (23) are fulfilled for € X \ I, with some

I € 7, we have
1(Tu)(2)]l = H 3" ai(p (@) w(E(u a))p e @) ’
=0
< max{ao(u~ " (x)), Ap (@) -1} < v @ e X\ (D),
and ||(Tu)(z)|| = 0 < r for = € u(I); consequently T(YX) C Y*. Next, according to (50),

[(Tu)a) = (To)@) < max s @) (6 @) = v (e @0
= (Afuvl)(a)

for u,v € YX and x € X. This means that T restricted to Y~ is A-contractive Z—(a.e.).
Defining the function f € YX as in the previous proof, we get

A(TH@), J@) = 7o)~ (THE)| <80 @) <8@) T (ae) in X,
Finally, we use Theorem 14 with € = § and f replaced by f This completes the proof. O
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