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defined on the open unit disc D of the complex plane; both the weights v and symbols
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a are assumed to be radial functions on . In an earlier work by the authors it
was shown that there exists a bounded, harmonic (thus non-radial) symbol a such

ggrygwn(i;ﬁs;pace that T, is not bounded in any space H;° with an admissible weight v. Here, we
Toeplitz operator show that a mild additional assumption on the logarithmic decay rate of a radial
Bounded operator symbol a at the boundary of D guarantees the boundedness of T,. The sufficient
Weighted norm conditions for the boundedness and compactness of T}, in a number of variations,
Sup-norm are derived from the general, abstract necessary and sufficient condition recently

found by the authors. The results apply for a large class of weights satisfying the
so called condition (B), which includes in addition to standard weight classes also
many rapidly decreasing weights.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction and main results

In the article [2] we studied Toeplitz operators T, with radial symbols a on the analytic function spaces
HS° on the unit disc D C C, endowed with weighted sup-norms for a large class of radial weights v
satisfying the so called condition (B); this excludes the unweighted or constant weight case. In particular,
in Theorem 3.6 of the citation (repeated in this paper in Theorem 2.1) we obtained a general sufficient and
necessary condition for the boundedness and compactness of T, : H® — H°. Also, we observed that the
boundedness of a non-radial symbol does not necessarily imply the boundedness of the Toeplitz operator.
In fact, Theorem 2.3 of [2] contains an example of a bounded harmonic symbol a such that T, : H® — HS°
is not bounded for any weight v under consideration.
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The criterion for the boundedness of the Toeplitz operator in Theorem 3.6 of [2] is quite abstract, and it
may not be easy to verify it for concrete weights and symbols. Some examples were presented in the citation
under quite special assumptions either on the symbol or on the weight. Here, our aim is to use Theorem 3.6
of [2] to prove concrete sufficient conditions for the boundedness and compactness of T, : H>X — H°.
These conditions are much more general than in the examples of the citation, and the sufficient conditions
for the symbol are easy to formulate and control. In all of our results we assume that the weight v satisfies
condition (B) of [11], see also Definition 1.1 below, and a mild technical condition (1.1). These assumptions
hold for example for the important classes of standard, normal and exponential weights (Proposition 1.3).
Then, in the first main result, Theorem 1.2, we show that for the boundedness of T, : H>® — H° it suflices
that the symbol a is differentiable near the unit circle and limsup a’ or —limsup @’ is bounded from above,
and a — 0 at a slow, logarithmic speed as » — 1. In Theorem 1.4 the decay requirements for a are replaced
by decay conditions on a’. In the case of normal weights the smoothness requirements of the symbol can be
relaxed, see Theorem 1.6. Finally, in Theorem 1.7 we find a stronger decay condition for a which guarantees
the boundedness of T, in the case of exponential weights without a smoothness assumption on a.

All of these theorems also contain the analogous statements on the compactness of the Toeplitz operator.
The proofs of Theorems 1.2 and 1.6 will be presented in Section 3 and that of Theorem 1.7 in Section 4.

We refer to the papers [3], [4], [5], [6], [8], [9], [12], [13], [14], [15], [16], [17], [18], [20], [21], [22], [23],
[24] for classical and recent results on the boundedness and compactness of Toeplitz operators on Bergman
spaces

Let us turn to the exact definitions and formulation of the main results. By a weight v on the unit disc
D we mean a continuous function with v(z) = v(|z|) for all z € D, lim|, |, v(z) = 0 and v(r) > v(s) if
1>s>7r>0. Put

Hy° = {h:D — C : h holomorphic, [|All, := ilellg |h(2)]v(|z]) < oo},

LY ={h:D — C : h measurable , |||, := esssup |h(z)|v(|z]) < oo}.
zeD

Let p1 be the Lebesgue area measure on D endowed with v as density, i.e. du(re??) = v(r)rdrdy and denote
the weighted LP- and Bergman spaces by

15 ={g:D~C: g

P v i= / |fIPdp < oo} and AD = {h € L? : h holomorphic},
D

where 1 < p < co. In the unweighted case v is omitted in the notation.

Now let a € L'. We define the Toeplitz operator T, with symbol a on H® by T,h = P,(a-h) for h € H,
where P, : L2 — H? is the orthogonal projection. Then T,k is a holomorphic function, at least if a-h € L2.
The definition of the Toeplitz operator in the present setting is discussed in detail in Section 1 of [2] and
we do not wish to repeat the details here. However, we emphasize that even if T,h is a well defined analytic
function, is not necessarily an element of H>° and 7T, need not be a bounded operator.

In the following we consider radial symbols a € L', i.e. functions with a(z) = a(|z|) for almost all z € D.
As for general notation, N = {1,2,3,...}, Ny = N U {0}, and ¢,C,C’ denote generic positive constants,
the exact value of which may change from place to place, but does not depend on the variables, indices or
functions in the given expressions, unless otherwise indicated. By 14 we denote the characteristic function
of a set A, i.e. a function which equals 1 on A and 0 outside A; the domain of 14 will be clear from the
context. For other general terminology and definitions, see [7] and [23].

We will need the following definition. Let v be a weight on . Consider m > 0 and let 7, be a point
where the function r™v(r) attains its absolute maximum on [0, 1]. It is easy to see that r, > rp, if n > m
and lim,, o0 7, = 1.
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Definition 1.1. (i) The weight v satisfies condition (B), if

Vb >13by >13c>0Vm,n >0

<T—m> v(rm) <b; and m,n,lm—n|>c = (T—n> v(rn) < bo,
n v(ry) T,

(ii) v is called normal if

v(1—27) . v(1 —27"7F)
sup ————— < oo and inflimsup ———%
SR v(1 —2-n-) e w(1—2-m)

<1,
(iii) v is called an exponential weight of type (o, B) for some constants o > 0 and 8 > 0 if v(r) = exp(—a/(1—
r)?) for all r.

Note that the numbers m and n in (i) need not be integers. For example all normal weights as well as
all exponential weights satisfy (B) (see [11]). Standard weights (1 — 7)® and (1 — r2)® are normal for all
a > 0, but no exponential weight is normal: the first condition in (ii) is not satisfied. Neither is the weight
v(r) =1/(1 —log(1l — r)) is normal, since it decays too slowly to 0 in order to satisfy the second condition
in (i).

We show

Theorem 1.2. Let v satisfy (B) and assume that there is some € > 0 with

1 e
n—m d
sup w < 00. (1.1)

n=1,2,... fol rro(r)dr

Let a € L* be real valued and radial such that the restriction alisq| is differentiable for some 6 €]0,1[ with

limsupa’(r) < oo or liminf a’(r) > —oo0. (1.2)
r—1 r—1
If
lim sup |a(r) log(l — )| < oo (1.3)
r—1

then T, is a bounded operator H)° — H°.

If

limsup |a(r)log(1 —7)] =0 (1.4)

r—1

then T, is compact on H°.

Of course, Theorem 1.2 can be applied to complex valued symbols a as well. Here Re a and Im a have to
satisfy the assumptions of the theorem.

We prove Theorem 1.2 in Section 3. Condition (B) and (1.1) are satisfied for many weights, in particular
we have

Proposition 1.3. All normal and exponential weights (see Definition 1.1) satisfy (B) and condition (1.1).
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Indeed, it was proven in [11] that normal and exponential weights satisty (B). Condition (1.1) with e = 1/2
follows for normal weights from Lemma 4.5. of [3]. The remaining claim in Proposition 1.3 about condition
(1.1) for exponential weights will be proved in Section 4; see the remark after the proof of Corollary 4.2.

Examples. Assume that v is a weight satisfying (B). The symbol a(r) = 1/(1—1log(1—1r)) satisfies the second
condition (1.2) and, of course, (1.3) so that T}, : H>® — H® is bounded. The same is true for a(r) = (1—7)°
with any § > 0, and this symbol even satisfies (1.4) so that T, is compact on HS°. (1.3). Moreover,

a(r) = log2, if 0<r<1/2,
] —logr, if 1/2<r<1,

satisfies (1.2), (1.4) as well.
Next we present a reformulation of Theorem 1.2.

Theorem 1.4. Let v satisfy (B) and (1.1). Let a € L* be a radial symbol, and assume that a|(s 1| is differen-
tiable for some § €]0,1[, o’ satisfies (1.2) and, for some constant C' > 0, there holds the bound

la’(r)] < ¢ 5 forreld 1. (1.5)

~ (1—=7)(log(1—1))

Then, Ty, is a bounded operator H° — HS°. Moreover, if

lim |a’ (r )(1 = 7)(log(1—7))* =0 (1.6)

r—1

holds, then T, is compact, if and only if lim,_,1 a(r) = 0.

Proof. We can assume that a is real-valued (otherwise consider Re a and Im a separately). Assume (1.5)
holds. For all r €]d, 1[ we get by the change of the integration variable log(1—s) =: z and dz/ds = —1/(1—5s)
that

1 1 log(1—7)
; L _ L A S
/'a (SWSSCT/(1_s>(1og(1_s))2d8_c Z 2% Togt— ] .

Thus, we can extend a as a continuous function to |4, 1] by defining

1

1) = /a'(s)ds +a(0) (=lima(r) ),

r—1
5

and by (1.7) we obtain for all r €]4,1]

la(r) — af |_‘/ ds‘ < |log(f—7“)| (1.8)

This means, the function a — a(1) satisfies (1.3) so that the Toeplitz operator Tj,_,(1) is bounded. Since
Ty(1) is a multiple of the identity, 7o, = T, _4(1) + Ty(1) is bounded.

If (1.6) holds, then we can repeat the calculation (1.7)—(1.8) so that the constant C is replaced by a
positive function C(r) with C(r) — 0 as r — 1. Then, we see from the analogue of (1.8) that the function
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a — a(1) even satisfies (1.4); hence the operator Tj,_,(1y is compact, and if in addition a(1) = 0 then also
T, is compact. If lim,_,1 a(r) = a(1) # 0, then T, is a compact perturbation of a non-zero multiple of the
identity which is not compact. O

All examples presented after Proposition 1.3 also satisfy the assumptions of Theorem 1.4.

The sufficient condition for the boundedness can be put into the following, very simple form. This should
be compared with corresponding results for non-radial symbols in [3]: we proved that for holomorphic f on
DD, the operator T is bounded, if and only f is bounded while there are bounded harmonic g on D where
T, is unbounded on Hg°.

Corollary 1.5. If the symbol a is radial and continuously differentiable on [0,1], then Ty : H® — HZ° is
bounded.

For normal weights we can relax the assumptions on a of Theorem 1.2 considerably.
Theorem 1.6. Let v be a normal weight. If a € L' is radial and satisfies (1.3) then T, is a bounded operator
H>* — HX.

If a satisfies (1.4) then Ty, is compact on HS°.

We prove Theorem 1.6 in Section 3. There is a variant of Theorem 1.2 for exponential weights, too,
without the restrictive smoothness requirements on a.

Theorem 1.7. Let v be an exponential weight of type (a, B). Assume that a € L' is radial and

lim sup |a(r)|(1 — r)"Y/278/% < . (1.9)

r—1

Then, Ty, is a bounded operator H° — HZ°.

If

lim sup |a(r)|(1 —r)"Y/27A/* =0 (1.10)

r—1

then T, is compact on H°.
We prove Theorem 1.7 in Section 4.

2. Preliminaries

To prove the theorems of Section 1 we need to recall some results of [11] and [2]. We refer to these papers
for a more detailed exposition.
Let v be a weight on D. Fix b > 2. We define by induction the indices 0 < m; < mg < ... such that

b= min <( T, )mn U(rm") 7 (merl >mn+1 U(merl)) '
T U(Tmn+1) Tm, 0(T'm,,)

This is always possible according to Lemma 5.1. of [11]. (Actually it suffices to choose the indices such that
the preceding minimum lies between b and some constant b; > b.) Formula (6.1) of [11] implies that

Mpt1 — M
sup —H " < oo (2.1)
n Mp — Mp-1
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so that we also have sup,, my,1/m, < oo and sup,,(Mp11 — Mp—1)/Mp_1 < 00.
Now let h(p) = 3,z brue™ be a formal series with some numbers b, € C and ¢ € [0, 2n]. Take the
preceding numbers my and define for every n € N the operator

Wah)@) = B L R >, Al = M, o

M1 <|k|<min [mn] = [mn—1] [(Mpy1] — [mn]

=: Z ﬂkbkeikip (22)

keZ

My <|k|<mp41

with coefficients 8 = fi(n) satisfying |8;| < 1 for all k and n. Here [r] is the largest integer not larger than
r. Obviously, W,k is always a continuous function [0,27] — C. The following is Theorem 3.6. of [2].

Theorem 2.1. Let the weight v satisfy (B). If a € L' is radial then T, is bounded as operator H® — H° if
and only if

2

sup [ |(Wafu)(@)ldg < o0
0

and Ty, is a compact operator H° — HS°, if and only if

v

2m
i, [ 10V2)(@)ldo = 0.
n—roo

0
Here, fo(p) is for ¢ € [0,27n] the formal series

0
fol r2ntly(r)dr

> 1 on+1
falp) = S 5el with 4, = Jo P o(r)a(r)dr:
j=0

We recall that for radial symbols the Toeplitz operators reduce into a Taylor coefficient multiplier: if
h(z) =Y 07 o hn2™, then T,(2) = > 00 Ynhnz™.

Examples. If v is normal, then one can take m,, = 2" for suitable fixed k& > 0 (see [11], Example 2.4, and

[10]).

For v(r) = exp(—a/(1—7)?) one can take m, = 82(8/a)"/Pn2*t2/8 — 3?n2 and r,, =1-— (a/(ﬁng))l/ﬂ.
This follows from (3.15), (3.16) and (3.30) of [1]. (There is a misprint in Theorem 3.1. of [1], two times the
exponent 2 is missing in the description of m,,.)

Corollary 2.2. Let the weight satisfy (B) and assume that a € L' is radial and satisfies alfs,11 = 0 for some
s €]0,1[. Then T, : H;® — HZ° is compact.

Proof. We have

fol a(r)rku(r)dr - f(f la(r)|r*v(r)dr
fol rkv(r)ydr | f(11+s)/2 rku(r)dr

25 \" [y la(r)[v(r)dr
< .
- (1 + s) Sty 2 v(r)dr
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Hence, with f, as in Theorem 2.1,

2
/mmnmmws@mwlnmﬂ(23> s@wA(2s)
0

1+s 1+s

for universal constants ¢y, cs. Here we used (2.1). The right-hand side goes to 0 as n goes to co. Hence
Theorem 2.1 finishes the proof. O

For r > 0 and an integrable function f on r - 9D we put

27

M(for) = oo [ 15(re)ide,

0

It is well-known that M;(f,r) is increasing with respect to r if f is a harmonic function.
Let R be the Riesz projection, R: > 30 agr!Flett® s 370¢ qyrlkleibe . In the following we consider the
Poisson kernel p,

oo
p(re'?) = g rlkleibe  where re'? e D.
k=—oc0

It is well-known that p > 0 and that M;(p,r) = 1 for all r € [0,1]. The following lemma will be needed
later.

Lemma 2.3. Let v satisfy condition (B) and consider the preceding numbers my, and operators W,. Then we
have

sup sup M (RW,p,r) < oc.
n 0<r<1

Proof. According to Lemma 3.3 of [11] we have

My (RWop,r) < 4<[mn+ﬂ - [mnfﬂ) (3 N L] - [mn71]>

[mn] - [mnfl} [anrl] - [mn}
(M) — [Mmp1]
.(1 + +[mn_1] )Ml(p, T).

Since M (p,r) = 1, the lemma follows in view of (2.1). O
3. Estimates for fo% |(Wafa)(@)|de

For the proofs of the theorems of Section 1 we will need the following estimate.

Proposition 3.1. Let v be a weight which satisfies (B) and let m,, be the numbers defined above Theorem 2.1.
Assume that a € L' is radial. Then there is a universal constant ¢ > 0 with

27
. fol a(r)r2ma—itiy(rydr
0/|(ana)(<p)ldwSclog(mn) (‘ S r2mn i+ () dr

fol a(r)r#+lo(r)dr B fol a(r)r®=Yo(r)dr

fol r2k+1y(r)dr fol r2k=Ly(r)dr

LD

[mp—1]<k<[mg,41]

) 1)
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and
7 S la(@)lrme =+ lo(r)dr
/ (W fu)(@)ldp < clog(mp) 221 (3.2)
/ Jo rAmnltlo(r)dr

for all n large enough.

To prove Proposition 3.1 we need a lemma. Given m € N, let Q,,, be the following projection acting on
formal series (cf. (2.2)),

Qm ( io: bleilw) = i bleilw.
=0 =0

It is well-known (see for example (2.7) in Ch. I, [19]) that

7)Qm(§:bze“¢)‘dw < dlogm7r‘ iblew‘dw (3.3)
5 1=0 1=0

0

where the coefficients b, for example form an 2-sequence so that the sum and the integral on the right
converge and d > 0 is a constant independent of m.

Lemma 3.2. Let f(e'?) = S p_ bpe™™® for some b, € C and n € N, and let g(e'?) = Y _, anbre™ for
some coefficients oy, € C. Then,

2w n 27
[1ate)de < clogn(jaol + Y jon = aual) [ 17()ldg (3.4)
0 k=1 0

where ¢ > 0 is a constant independent of n and f.

Proof. We obtain, with 8; = o; —j—;1 for j =1,...,n and fy = o,

9(€%) =578 btk
=0  k=j

Hence
2m n 2
/lg(ew)ld@ < <|a0| + ) lan — ak1|> SUP/ [((id = Qj-1)f) (") |dp
0 k=1 .

from which we infer (3.4), in view of (3.3). O

Proof of Proposition 3.1. Let f, be again as in Theorem 2.1. We have

['anrl] 1
; Jo a(r)r®+lo(r)dr
Wi fa)(e'?) = - .
W) = 2

k=[mn_1]

Bre'te
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for certain B with [Bx] < 1 (where By, ] = B, = 0; see (2.2)). Now put h(re?) =

Z[m”“] [mn—1] Bjtm,_.r7 €% so that h is a polynomial, hence a holomorphic function. We obtain
Mi(h,r) < My(h,1) = Mi(W,Rp,1) forr <1,

where p is the Poisson kernel. Since W,, Rp is a polynomial we clearly find a radius r(n) € [0, 1] such that
M (W,Rp,1) < 2M; (W, Rp,r(n)) for all n. (3.5)

We use Lemma 3.2 with f(e'?) = h(re*?) for fixed r, b; = Bj1[m, ,] and

fol a(s)s2Utmn—1D+1y(s)ds
fol 520+ Imn—1D)+1y(s)ds

ij =
and obtain

2
/ (Wi ful€9)dip
0

[mang1]=[mn-1]

< clog([mn+1] — [mn—l])(|040| + Y - Oék—1|>M1(Wan’ 1).
k=1

Then Lemma 2.3 proves (3.1).
To show (3.2) we see that

7W fa(e'¥)|dg
1 27
[z

/ a2 ()

P )

- Bret*¢ |dpdr
s2k+ly(s)ds

IN

k=[my,_1] fO

2T

.2 e

0 k:[mn,l]

[Mant1]
L 2=l a]) g, i Ima D gy

Now put
B ) [Mmat1]=[mn_1] o
h(re'?) = Z Bjtm,_.)r’e’?.

=0

Again we obtain

My (h,r) < My(h,1) = My(W,Rp,1) forr < 1.
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We use Lemma 3.2 with f(e’?) = h(re'?) for fixed r, b; = Bjtim, v’ and

—1

1
/Szm[mn D+ (s )ds)
0
Then «; is increasing and
[mn-%—l]_[mn—l]
ol + > ek — ekl = | )|
k=1

The preceding estimate and (2.1), (3.4), (3.5) yield constants c¢1, ca > 0 with

27
[wase)iag
0
|7, m,L 1]+1 ~
< 27eq log([mps1] — [mn—1]) f 52 e To(e)ds ~v(r)My(h,r)dr
2[mn,1]+1 _
< 2meq log([my,] /f P io(s)ds ~v(r)Ma(h, 1)dr.

Now, Lemma 2.3 also shows (3.2). O
We recall the following

Lemma 3.3. Let v be normal. Then there is a universal constant ¢ > 0 such that, for any k,m with 0 < k <
m < 2k, we have

fol rRu(r)dr

S EE— <ec.
Jo rmu(r)dr

Proof. This is Lemma 4.5. of [2]. O
Lemma 3.4. For a function a : [0,1] — C, € > 0 and 6 € [0, 1] there are constants c1,cz > 0 with
(a) c1 sup  sup |a(r)lr"logn < sup l|a(r)log(l — )]

n>1/(1—6) 6<r<1 6<r<1

<cy sup sup |a(r)|r"logn
n>1/(1-6) 6<r<1

(b) ¢p sup  sup |a(r)]r"n® < sup |a(r)|/(1 —r)¢
n>1/(1-6§) 6<r<1 6<r<1

<cg sup  sup |a(r)[r"n®
n>1/(1-6) §<r<1

Proof. Put r=1—1/n,n > 1/(1 — §), and observe that 1/(1 — 1/n)™ is bounded. O

Proof of Theorem 1.6. The inequalities (1.3) or (1.4) and Lemma 3.4 imply that there is § € [0, 1] such
that sups<,.. [a(r)r"| < co/logn for all n > 1 and some constant co. Without loss of generality, we may
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assume that § = 0, otherwise we take a; = a - 1j5) instead of a and use the fact that a = a; + az where
az = a - 1p g yields the compact operator T,,. We apply Proposition 3.1. At first, we get

Jo lar) |+t rydr (

) fol rma-1tly(r)dr
fol r2mntitly(r)dr

sup |a(r)[r""="
fol r2mntitly(r)dr

0<r<1

According to (2.1) we have supy, (mg4+1 —my)/(mr —my—1) < co. This implies that m,—1+1 < my41+1 <
29(my,—1 + 1) for some ¢ € N which is independent of n. If we apply Lemma 3.3 ¢ times we see that

fol sMn—1F1y(s)ds

1 <
Jo s¥meritly(s)ds

where ¢ is the constant of Lemma 3.3. By (3.2) this shows, for some constant ¢;

2m
/|<ana)((p>|d30 < 10g(mn) (Oiugl Ia(r)rr"ln1> cd
0 <

< log(my,) o
log(my,—1)

where we used (1.3) and Lemma 3.4(a). With (2.1) we see that sup,, fo% [(W, fa)(p)|de < oco. If (1.4) holds
then the same estimate yields

n—oo

lim [ [(Wyfa)()|de = 0.
/

So Theorem 1.6 follows from Theorem 2.1. O
In order to prove Theorem 1.2 we need

Lemma 3.5. Let v be a weight on D and let a : [0,1] — Ry be continuous and non-increasing. Then

fol a(r)rku(r)dr - fol a(r)r*tlo(r)dr

forall k=1,2,....

fol rku(r)dr fol rktly(r)dr

Proof. For t € [0, 1] put
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(Here we can assume that a is not the zero function.) Hence

(Jy alr)rto(r)d )(j L (r)dr )
( a(r)rk+ly( )(fo rku( r)dr)

_ U o) k) o )
(Jo a(r) a(s)

a(r r’““ (r)dr) skv(s) + a(s s’“r1 (f rkv(r)dr)”

Since a is non-increasing we have

s (s) / (a(s) — a(r))rk(s —r)u(r)dr <0
0

which implies

(
-

Since a is non-negative we obtain

a(r)rkv(r)dr) sFHu(s) + a(s)skv(s)</rk+1v(r)dr
0

S, O —,

a(r)rkJrlv(r)dr) sfu(s) + a(s)skHv(s)(/rkv(r)dr).

and hence

fol a(r)r* ( )dr fol G(T)Tk'HU(T)dr.
fo rku(r B fol rk+ly(r)dr

Proof of Theorem 1.2. Let the symbol a satisfy the assumptions of Theorem 1.2. Let us assume that

limsupa’(r) < oo, (3.6)

r—1
otherwise we can consider —a. We may even assume that « is differentiable on [0, 1[. Indeed put

a1 (r) = a(r) r € [0,1]
a(d) —ad' (0)(6—r) re€]0,d]

Then a; is differentiable on [0, 1]. Let a2 = a - 1jp 5] and a3 = ay - 1|9 5. According to Corollary 2.2, Ty, and
T., are compact. Since a = a1 + as — ag it suffices to assume (by perhaps taking a; instead of a) that a is
differentiable on [0, 1].

Moreover it suffices to assume that a is decreasing. Indeed otherwise consider

a(r)=a(r)+d(1—r) (3.7)

instead of a where d > 0 is a constant so large that &’ < 0 which exists in view of (3.6). The symbol a
satisfies (1.3) or (1.4), too. If we have proved Theorem 1.2 for a then it is also correct for the symbol 1 —r.



J. Bonet et al. / J. Math. Anal. Appl. 493 (2021) 124515 13

(Here take a = 0 in (3.7)). So let us assume that a is differentiable everywhere, satisfies (1.3) or (1.4) and
is decreasing. Since lim,_, o, a(r) = 0 we obtain a(r) > 0 for all r.
We use again the terminology of Theorem 2.1. In view of Lemma 3.5 with Proposition 3.1 we see that

27
J1vazde
0
< clog(my,) fo Jrotme ] fo Jrotme o (r)dr (3.8)
fo r2[mn 1+l ( )dr fo r2[mn+1]+1 (r)dr

With (1.1) we obtain, for k = my,_1 and k = mp41,

fol a(r)r#+lo(r)dr
f01 r2k+1y(r)dr

ke

< cysupa(r)r
T

for a universal constant ¢;. According to Lemma 3.4(a) and (1.3) we obtain a constant cy > 0 with

sup a(r)r*" < cx(elogk) ™!

T

If we insert the last estimates in (3.8) we obtain sup,, fo% |(Whfa)(p)|de < oo and we can apply Theorem 2.1.
If we even have (1.4), then the same estimates yield lim,, f02 "| (W fa)(¢)|de = 0 and again Theorem 2.1
finishes the proof. O

4. Exponential weights

We now turn to the proof of Theorem 1.7. Let us fix an exponential weight v of type («, 8), i.e. v(r) =
exp(—a/(1 —r)?) for all r. By analyzing the function j — 57! — j# we see that for every k > 0 there is
exactly one j = j(k) > 1 with

k= aB(" - 7). (4.1)

With this notation we see that rj, := 1 — 1/ is the unique maximum point of the function f(r) = r*v(r).
Hence f is increasing for 0 < r < rj and decreasing for ri < r < 1. Moreover, in view of (4.1), there are
constants ¢y, cy > 0 with

e kYT < G < ek D for all k> 1. (4.2)

Proposition 4.1. Let k > 1 and the number j = j(k) > 1 be as chosen above and let 0 < § < 1. Then there
is a constant d > 0, independent of k, such that

1
k a k
< _— .
/7“ exp A=1)? )dr_d / r exp( (1_T)ﬁ>dr
0 1-1/(85)

Proof. Fix 1 >y >0 and put z =1—1/(8j), y = 1 — 1/(vj). We may only consider large enough j (and
hence k) such that 0 < x and 65 > 1. Then we have 0 < z < y < 1. We use

o0 (= 25) = (1-4) ze0 ()
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whenever 1 < t. This implies

Moreover we have
Tk 1
k o k
r exp(—i)drz(y exp(—i)(l——,—y)
(1-mr)p (1—-y)s j

Y

B+1 iB 1—
j. + af ‘7 —cwﬂjﬂ)—.7
vj—1 vi—1

— exp <_ a(ﬁ +A/B>j/3 _ %Bjﬁ_l(y—z/j)

+aﬁ i’ 11/] — log (%)) =: Uus.

B/t + 2 for t > 0. We easily see that g is decreasing for 0 < ¢t < 1. Moreover

2exp(—aﬂ

Put g(t) =
u . .B— .
Uy S X (= alg) = g()i” + d1j*~* + di 10g )

for some universal constants dy, dj. Since g(§) — g(y) > 0 this implies limsup,_, ., u1/u2 < oo. Hence

u1 < dous for some universal constant do. We obtain

—
-
-
o
k]
’U
=
|Q
3
™
N——
QU
3

0
O/rkexp _ar) )err/rkexp(— ﬁ)dr

x

T 1
_dg/rkexp(—ﬁ)dr—l—/rkexp(—(lj%)ﬁ)dr
1
< (1+d2)/rkexp(— ﬁ)dr.

We finally put d =1+ dy. O

Corollary 4.2. There is a constant ¢ > 0 such that

1 1
E—k1/(B+D) _ « < k _
/r exp( 7(1771)5)(17“_0/7" exp( (177’)5)(17“
0 0



J. Bonet et al. / J. Math. Anal. Appl. 493 (2021) 124515 15

whenever k > 1.
Proof. It is enough to consider sufficiently large k. Let [ = I(k) be such that
L — VB — aB(IPH — 15,
For k > kg, ko sufficiently large, there is a constant ¢y > 0 such that
(k — kl/(/ﬂ+1))1/(ﬂ+1) > cokt/ P+,
Taking into account (4.2) for k — k*/(#+1) instead of k we find a constant ¢; > 0 with
> e kMY, (4.3)

Let § = 1/2 and apply Proposition 4.1 for k — EY/(5+1) instead of k. Together with (4.3) this yields

L— g1/ (B+1) (7 «Q )d
r exp 7<1 Y r

1
k—kL/(B+1) (6%
<d / T exp(—i(l_r)ﬁ)dr
-2/

1 l

o—__

1
d & o
< —
(1 —2/pReHY /T exp( (1—T)ﬁ)dr
0

1

a
RYICESY /rk exp )dr.
(1= 26,k 1/(8+D)) / (1—r)"

IN

In order to complete the proof it is enough to take ¢ such that

d
(1 =21k~ 1/(B+D)

)kl/w+1> <c O

Corollary 4.2 proves (1.1) (with e = 1/(8 + 1)) for exponential weights and thus completes the proof of
Proposition 1.3.

Proof of Theorem 1.7. By possibly taking a - 15 1) instead of a for suitable § we can assume without loss
of generality, in view of Lemma 3.4, that supg<,.<, [a(r)[r* < co/k*/?+8/% for all k and some constant cg.
To obtain the indices m,, of Theorem 2.1 we use (4.1) with j = (6n2/a)"/? (see (3.30), (3.15) and (3.16) of
[1]). Hence

ﬁ2+1/5

VE n?+2/8 _ g2p?, (4.4)
et

my, =

Let f, be again as in Theorem 2.1. We need to show that

sup/|W fa(e")|dp < 0.
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We have

[Mmny1]
W £3(6) = Z fol a(r)r2 + 1y (r)dr 5o

1
heime ) Jo T u(r)dr

for certain d; with |dx| < 1.
The equality (4.4) implies that there is a constant ¢; > 0 such that

(2k + 1)1/(B+1) > ¢nH2/B)/(B+1) — ¢ n2/8 (4.5)

for all k > my,_1. Moreover, by an application of the mean value theorem to the function n — m,, of (4.4)
we may assume that

2(mpy1 —mp—1) +1< con't2/8. (4.6)

The remark in the beginning of the proof, Corollary 4.2, (4.5) and the assumption (1.9) on a yield a
constant csg > 0 such that, for m,_1 <k < my41, we have

fol a(r)r®+lo(r)dr
fol r2ktly(r)dr

1 2k+1—(2k+1)1/(A+D) d
< (Sup|a(r)|r(2k+1)1/(ﬁ“)) ) Jor - v(r)dr
r Jo r¥FFto(r)dr

1 1
sa (n2/BY1/2+8/4 ~ P pi/+iye:
This implies by (4.6)

1 1 1/2

[ asae i < / Wafale)[2dg

0 0
) 2k+1 ( )dT 2 ) 1/2

|0 |
T2k+1 (r)dr
=Mnp—1

c% 1/2
( (Mpy1 — My 1)+1)W)

Hence, sup,, fo% |(Wh fa)(p)|de < 00. So Theorem 2.1 concludes the first part of Theorem 1.7. If (1.10) holds
then the same estimates as above show that lim,,_ f027r |W,. fa(e)|dp = 0. Again, with Theorem 2.1 we
see that then T, is compact. O
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