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1. INTRODUCTION

Ž� �.The Fourier-Bessel transform is defined by 2

� �� 2 ��1h f y � xy J xy f x x dx y � I � 0, � ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .H� �
0

where J represents the Bessel function of the first kind and order�

� �� 	 �1�2 15 .
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p Ž .We denote by L 1 
 p � � the space of the measurable functions f�

defined on I such that

1�p
�

p 2 ��1� � � �f � f x x dx � �.Ž .p , � H½ 5
0

and by L� the space of the essentially bounded measurable functions on I.�
p � � p � �We write L and � instead of L and � , respectively, whenp p, ��

Ž� �.� � �1�2. It is known 8, p. 997 that h is a continuous mapping from�

L1 into L� .� �

� � � � � �F. M. Cholewinski 4 , D. T. Haimo 7 , and I. I. Hirschman, Jr. 9
investigated a convolution operation associated with the Fourier-Bessel
transform. To make the study of the Besov type spaces, the generalized
convolution � plays an important role. If f , g � L1 , the generalized�

convolution, � of f and g, is defined by

�

f�g x � f y � g y d� y , x � I ,Ž . Ž . Ž . Ž . Ž . Ž .H x
0

x2 ��1Ž .where d� x � dx and the generalized translation operator � , is� x2 � � � 1Ž .
defined by

�

� g y � D x , y , z g z d� zŽ . Ž . Ž . Ž . Ž .Hx �
0

23��12 � � � 1Ž . �2 � 2 ��1Ž . Ž . Ž . Ž .being D x, y, z � xyz A x, y, z x, y, z � I , where� '� � 1�2 � �Ž .
Ž .A x, y, z is the area of a triangle with sides x, y, z, if the triangle exists,

Ž .and A x, y, z � 0 otherwise. We denote by 	 to the Bessel differential�

operator x�2 ��1Dx 2 ��1D. It is well known that for a suitable function u,

h 	 u x � �x 2 h u x . 1.1Ž . Ž . Ž .Ž .� � �

In this paper, the work is realized in the following space of generalized
� �functions HH, defined by G. Altenburg in 1 , that consists of those smooth,

Ž . Ž .complex-valued functions f � f x , x � I � 0, � , such that the quantities

km �1� �� f � sup x x D f x m , k � NŽ . Ž . Ž . Ž .m , k
x�I

are finite. HH is a Frechet space equipped with the topology generated by´
� 4the family of seminorms � . The dual space of HH is denotedm , k Žm , k .� N x N

by HH 
.
Our paper is devoted to the study of the spaces of Besov, Nikol’skij, and

Triebel-Lizorkin type defined on the basis of the Fourier-Bessel transform
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s � �h . Such a Besov type space B was introduced by Altenburg in 2 . We� p, q, �

first define the Nikol’skij and Triebel-Lizorkin spaces bs and F s
p, q, � p, q, �

and give a characterization of B s in terms of bs and an embeddingp, q, � p, q, �

theorem between B s and F s . Then, we prove a one-to-one mappingp, q, � p, q, �
s, p Ž � � � � � �.property of the Hankel potentials spaces W given in 2 , 5 , or 10 and�

of the Besov type spaces B s that together with certain relation ofp, q, �

Ž� � � �.density and some properties of Rademacher functions 12 , 17 are used
to characterize W s, p in terms of the Triebel-Lizorkin spaces F s ; in� p, q, �

s, p Ž� �.particular, we characterize a Sobolev type space L 5 . Application is�

given to solve a differential equation involving the Bessel operator 	 ��

x�2 ��1Dx 2 ��1D.

2. NIKOL’SKIJ AND BESOV TYPE SPACES

Ž� �.In this section, we define Besov type spaces 2 , Nikol’skij type spaces,
and Triebel-Lizorkin type spaces and we demonstrate some relations
among them.

DEFINITION 2.1. Let s � R, for 1 
 p � � we define the sequence
spaces l s asp

1�p�
� ps js p

s� � � �l � � : � � � , � complex, � � 2 � � � .Ž . Ž .Ýlp j j jpj�0½ 5ž /
j�0

2.1Ž .

and for p � � we have

�s js
s� � � �l � � : � � � , � complex, � � sup 2 � � � . 2.2Ž .Ž . l� j j j�½ 5j�0

j

In the case of s � 0 we denote l 0 by l .p p

� Ž .4�DEFINITION 2.2. Let � be the collection of all systems 
 x � HHj j�0
with the following properties:

Ž . Ž . Ž .i 
 x � HH, h 
 x 	 0 for j � 0, 1, 2, 3, . . .j � j

j� 1 j� 1' 'Ž . � 4ii supp h 
 � x : 2 � 1 
 x 
 2 � 1 for j �� j
� 41, 2, 3, . . . , and supp h 
 � x : x 
 1 .� 0

Ž .iii Exists a positive number c such that1

k�1 �kx D h 
 x 
 c x 2.3Ž . Ž . Ž .� j 1
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� �for j � 1, 2, . . . ; 0 
 k 
 � � 2 and x � I.
Ž . � Ž .iv Ý h 
 x � 1 for every x � I.j�0 � j

� � Ž .Proceeding as in 14, pp. 171�172 we can see that � I is not empty.
s Ž � �.The definitions of the Besov type spaces B see 2 and Nikol’skijp, q, �

type spaces are the following.

DEFINITION 2.3. Let 1 � p � �, 1 
 q 
 �, � 	 �1�2 and s � R.
� 4�Then for any system of functions 
 � �, the Besov type spaces arej j�0

defined by

s
s� �B � f � HH 
 : f � 
 �f � � , 2.4s p� 4 Ž .B½ 5Ž .p , q , � j l Lp , q , � q �

being

1�q� q
s j

s p p s p� � � � � � � �� � � � 2 � .Ýl ŽL . L l LŽ .q � � q �ž /
j�0

DEFINITION 2.4. For s � R, 1 � p � �, 1 
 q � �, � 	 �1�2, we
define

�
s s p� 4b � f : f � HH 
, f � a x , aŽ . Ž .l LÝp , q , � HH 
 i i q �½

i�0

1�q� q
si

p� �� 2 a x � � ,Ž .Ý LŽ .i � 5ž /
i�0

and for q � �, we set

�
s s p� 4b � f : f � HH 
, f � a x , aŽ . Ž .l LÝp , � , � HH 
 i i � �½

j�0

si � � p� sup 2 a x � � ,Ž . Li � 5
i

i�1 i�1' '� 4where supp h a � � : 2 � 1 
 � 
 2 � 1 for i � 1, 2, . . . and� i
� 4supp h a � � : � 
 1 .� 0
� Ž . � Ž .By f � Ý a x will be understood that Ý a x converges in HH 
HH 
 i�0 i i�0 i

to f. The norm of bs comes defined byp, q, �

s ps� � � 4f � inf a .Ž .l Lb i q �p , q , �
f�Ý ai

Now, we can state the following theorem.
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� 4�THEOREM 2.1. Let 
 � �, s � R, 1 � p � �, 1 
 q 
 �, andj j�0
� 	 �1�2. Then B s � bs .p, q, � p, q, �

Proof. First, we prove that B s � bs .p, q, � p, q, �
s � 4�Let f � B . Given 
 � � we know thatp, q, � j j�0

�

h 
 � � 1.Ž .Ý � jž /
j�0

Then

� � �

f � h h f � h h 
 � h f � h h 
 � h f � 
 �f .Ž .Ý Ý Ý� � � � j � HH 
 � � j � jž /
j�0 j�0 j�0

Therefore, taking a � 
 �f , we achievedj j

s s� � � �� 4f 
 a � 
 �f � f .s p s p� 4b BŽ . Ž .j jl L l Lp , q , � p , q , �q � q �

Then, we have B s � bs .p, q, � p, q, �

Now, we will see that bs � B s .p, q, � p, q, �
s � Ž .Let f � b and f � Ý a x in the sense of the convergencep, q, � i�0 i

in HH 
.
� 4�Consider 
 � �; thenj j�0

j�1�


 �f x � 
 �a x � 
 �a xŽ . Ž . Ž .Ž . Ž . Ž .Ý Ýj HH 
 j i j i
i�0 i�j�1

Ž .since 
 �a � h h 
 � h a � 0, for i � j � 1 and i � j � 1. Further-j i � � j � i
more, if we define 
 � a � 0 for j � 0, we havej j

1
s� �f � 
 �f 
 
 �a . 2.5s p s p� 4 � 4 Ž .ÝB Ž . Ž .j j j�rl L l Lp , q , � q � q �

r��1

� �On the other hand, applying 6, Corollary 1.2, p. 656 with 1 � p � � we
get

� � p � � p
 �a 
 c a 2.6Ž .L Lj j�r 1 j�r� �

being c a suitable positive constant.1
s Ž .Now, taking the norm of l in 2.6 it follows thatq

� 4
 �a 
 c a . 2.7s p s p� 4 Ž .Ž . Ž .j j�r 1 j�rl L l Lq � q �
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Ž .Then from 2.5 we obtain

1
s� � � 4f � 
 �f 
 c as p s p� 4 ÝB Ž . Ž .j 1 j�rl L l Lp , q , � q � q �

r��1

� 4
 c a . 2.8s p Ž .Ž .2 j l Lq �

Ž .Taking the infimum on the right-hand side of 2.8 we get

� � s � � sf 
 c � f .B b2p , q , � p , q , �

Thus Theorem 2.1 is established.

Remark 2.1. Note that by Theorem 2.1, the spaces B s are indepen-p, q, �

� 4�dent of the functions 
 � �.j j�0

We introduce new Triebel-Lizorkin type spaces as follows.

DEFINITION 2.5. Let 1 � p � �, 1 
 q 
 �, � 	 �1�2 and s � R.
� 4�Then, for any system of functions 
 � �, the Triebel-Lizorkin typej j�0

spaces are defined by

s
s� �F � f � HH 
 : f � 
 �f � � , 2.9p s� 4 Ž .F½ 5Ž .p , q , � j L lp , q , � � q

where

1�q�
qs j

p s s p� � � � � �� � � � 2 � .Ž .Ž .ÝL Ž l . l L� q q � ž /
pj�0 L�

THEOREM 2.2. Let 1 � p, q � �, � 	 �1�2 and s � R, then

B s � F s � B s , 2.10Ž .p , min� p , q4 , � p , q , � p , max� p , q4 , �

where � means continuous embedding.

Proof. We must demonstrate that

B s � F s � B s 2.11Ž .p , p , � p , q , � p , q , �

for p 
 q, and

B s � F s � B s 2.12Ž .p , q , � p , q , � p , p , �

for q 
 p. We will use the monotony of the l s spaces and the trivialq
equality B s � F s .p, p, � p, p, �
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Ž . s � 4�First we will prove 2.11 . Let f � F and 
 � �,p, q, � j j�0

1�q� q
s j

s� �f � 
 �f � 2 
 �fs p p� 4 � 4ÝB Ž . ž /j jl L Lp , q , � q � �ž /
j�0

1�qq�p� �
ps jq � �� 2 
 �f d� xŽ .Ý H jž /ž /0j�0

1�p
�

ps j p � �� 2 
 �f x d� x .Ž . Ž .H j½ 5 sl0 q � p

Then, using Minkowski’s inequality we obtain

1�p
�

ps j p
s� � � �f 
 2 
 �f x d� xsŽ . Ž .� 4B H j lp , q , � q � pž /0

1�q� q
s j � �� 2 
 �fŽ .Ý jž /

pj�0 L�

s� �� 
 �f � f 
 
 �fp s p s� 4 � 4FŽ . Ž .j jL l L lp , q , �� q � p

s� �� 
 �f � f .s p� 4 BŽ .j l L p , p , �p �

Ž . sNow, we prove 2.12 . For f � B we havep, q, �

s� �f � 
 �f � 
 �fs p s p� 4 � 4B Ž . Ž .j jl L l Lp , p , � p � p �

� 
 �f 
 
 �fp s p s� 4 � 4Ž . Ž .j jL l L l� p � q

1�p1�q� �q qs j s jq
p � q� � � � � �� 2 
 �f 
 2 
 �f xŽ .Ž .Ý Ý Lj j �ž /

p � qj�0 j�0L�

s� �� 
 �f � f .s p� 4 BŽ .j l L p , q , �q �

3. A NEW CHARACTERIZATION OF THE HANKEL
POTENTIALS SPACES

In this section we prove a lifting property, a classical equality for the
Ž� �.Fourier transform 14 , characterizing the Hankel potentials in terms of
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the Triebel-Lizorkin spaces and also we see an application. For this we
� �need to recall the definition of Hankel potentials given in 2, 5 .

The definition of Hankel potentials H s of a function u � HH 
 of order�

Ž .s, s � R, � 	 �1�2 is

�s�2s 2H u x � h 1 � � h u x .Ž . Ž . Ž .Ž .Ž . ž /� � �

Ž� � �For s � R and 1 
 p � � in 2, Definition 5, p. 55 , 5, Definition 2.3, p.
�.86 we can see the Hankel potentials spaces

W s , p � W s , p I � � � HH 
 : H�s� � L p I .Ž . Ž .� 4� � � �

s, pŽ .The norm in W I is defined by�

� � � � s , p � �s �� � � � H � .s , p , � W p , ���

s, pŽ . Ž � �.Moreover, HH is dense in W I See 2, 5 .�

Now, we see in the following theorem a lifting property.

THEOREM 3.1. Let � , s � R, � 	 �1�2, 1 � p � �, and 1 
 q 
 �.
Then H � is a linear bounded one-to-one operator form W s, p onto W s�� , p

� � �

and from B s onto B s�� .p, q, � p, q, �

� 4� � 4�Proof. Consider 
 � �. We define � as followsj j�0 j j�0

��22 j�� � 
 �h 1 � x 2 .Ž .ž /j j �

� 4�A straightforward manipulation leads to � � �. Thusj j�0

���2� � 2H f�� � h h � � h H f � h h � � 1 � � h fŽ .Ž . ž /� j � � j � � � � j �

� h 2 j� h 
 � h f � 2 j� f�
 .Ž .� � j � j

� �Now, the result follows immediately as in 14, pp. 180�181 .

� �By 2, Satz 1, p. 57 , Theorem 2.1 and Theorem 2.2 we obtain the
following theorem.

THEOREM 3.2. Let s � R, 1 � p � �, 1 
 q � �, � 	 �1�2. Then HH

is a dense in bs , and if 1 � p, q � �, HH is dense in F s .p, q, � p, q, �

To obtain a new characterization of the Hankel potentials spaces, we
need to prove in advance the following lemma.

� 4� � 4�LEMMA 3.1. Let s � R, let 
 � � and let r be the Rademacherj j�0 j j�0
Ž � � � �.functions see 12, p. 104 or 17, Chapter V, Theorem 8.4, p. 213 . Then,

Ž .for e�ery p with 1 � p � � and for all t � 0, 1 , there are some constants A ,i
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i � 1, 2, such that

� � � �h m h f 
 A f ,Ž . p , � p , �� i � i

being
�

�s�2js 2m x � 2 r t 1 � x h 
 xŽ . Ž . Ž . Ž .Ý1 j � j
j�0

and

�1�
2

m x � h 
 x .Ž . Ž .Ž .Ý2 � jž /
j�0

Proof. We can see without difficulty that m satisfiesi

k�1 �k� �x D m x 
 A x ,Ž . Ž .i i

� � �for k � 0, 1, . . . , � � 2 and i � 1, 2. Then applying 6, Corollary 1.2,
�p. 656 we obtain the desired result.

Next, we prove that for particular cases the Triebel-Lizorkin type spaces
are reduced to the Hankel potentials spaces.

THEOREM 3.3. If s � R, � 	 �1�2 and 1 � p � � we ha�e

F s I � W s , p I ,Ž . Ž .p , 2 , � �

� � s, p
s Ž .where f is an equi�alent norm in F I .W Ž I . p, 2, ��

Proof. We shall see that there exist c , c positive constants such that1 2

1�2�
22 js� � � � � �c f 
 2 
 �f 
 c f . 3.1Ž .Ýs , p , � s , p , �1 j 2ž /

j�0 p , �

By Theorem 3.2 we know that HH is dense in F s for 1 � p � �. Then, itp, 2, �

is not difficult to see that the functions f � L p with supp h f compact are� �

dense both in W s, p and in F s , for 1 � p � �. Therefore it is enough to� p, 2, �

Ž .prove 3.1 for functions of this type. Note that in this case the infinite sum
Ž .in 3.1 is actually finite.
Initially, we will prove the estimate on the right-hand side.
Let f � W s, p then f � G �g ; i.e.,� s

�s�22h f � � 1 � � h g � .Ž . Ž .Ž .� �
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Ž .Applying Lemma 3.1 we have for all t � 0, 1

�
js � � � �r t 2 
 �f 
 A g � A f .Ž .Ý p , � s , p , �j j 1 1

j�0 p , �

Thus, it follows that

�
1 js � �r t 2 
 �f dt 
 A f . 3.2Ž . Ž .ÝH s , p , �j j 1

0 j�0 p , �

Ž� � �Using the right-hand inequality of 12, p. 104 or 17, Chapter V,
�.Theorem 8.4, p. 213 with p � 1 and the Minkowski’s inequality we obtain

1�2� �
12js js� �2 
 �f 
 c r t 2 
 �f dtŽ .Ý ÝHj j jž / 0j�0 j�0 p , �p , �

�
1 js
 c r t 2 
 �f dt .Ž .ÝH j j

0 j�0 p , �

Ž .Now, by 3.2 we have

1�2�
2js� � � �2 
 �f 
 c f ,Ý s , p , �jž /

j�0 p , �

being c a suitable positive constant.
Therefore we achieve that f � F s .p, 2, �

Now, we will see the converse inequality. For this we will use duality. Let
f � F s andp, 2, �

�
2

k � h h 
 � h g . 3.3Ž .Ž .Ý� � j �ž /
j�0

Ž . Ž � Ž .2 .�1Applying Lemma 3.1 with m x � Ý h 
 we obtain2 j�0 � j

�1� �
2 2� �g � h h 
 h h h 
 � h gŽ . Ž .Ý Ýp , � � � j � � � j �ž / ž /ž /j�0 j�0 p , �

�
2 � �
 A h h 
 � h g � A k . 3.4Ž .Ž .Ý p , �2 � � j � 2ž /

j�0
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qŽ . � �Now, consider u � L I to be a function such that u � 1, supp h uq, �� �

Ž .is compact 1�p � 1�q � 1 , and

�
1 � �u x k x d� x 	 k . 3.5Ž . Ž . Ž . Ž .H p , �2

0

Ž . Ž 2 . s�2 Ž .Let w a function defined by h w � � 1 � � h u � ; i.e., u �� �

G �w and f � G �g, as above, so that h f � h w � h g � h u. Then froms s � � � �

Ž . Ž .3.3 � 3.5 we obtain

� �
� � � �f � g 
 c u x k x d� x � c h u � h k � d� �Ž . Ž . Ž . Ž . Ž . Ž .s , p , � p , � H H � �

0 0

�� 2� c h u � h 
 h g � d� �Ž . Ž . Ž .Ž .ÝH � � j �
0 j�0

��
js� c 2 h f � h 
 �Ž . Ž .Ž .Ž .ÝH � � j

0 j�0

� 2�j s h w � h 
 � d� � ,Ž . Ž . Ž .Ž . Ž .Ž .� � j

for certain constants c � 0. Hence, by Plancharel’s formula and the
Cauchy and Holder inequalities we get¨

��
js �js� �f � c 2 
 �f x 2 
 �w x d� xŽ . Ž . Ž .Ž . Ž .Ž . Ž .Ýs , p , � H j j

0 j�0

1�2�� 2js
 c 2 
 �f xŽ .Ž .Ž .ÝH jž /0 j�0

1�2�
2�js� 2 
 �w x d� xŽ . Ž .Ž .Ž .Ý jž /

j�0

1�2 1�2� �
2 22 js �2 js� � � �
 c 2 
 �f � 2 
 �w . 3.6Ž .Ý Ýj jž / ž /

j�0 j�0p , � q , �

Ž .Then by the right-hand side of inequality of 3.1 we achieve

1�2�
2�2 js � � � � � �2 
 �w 
 c w � c u � c . 3.7Ž .Ý �s , q , � q , �j 2 2 2ž /

j�0 q , �

Ž . Ž .Therefore, combining 3.6 and 3.7 the proof is finished.
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As a consequence of Theorem 3.3 we obtain the following results.
2 s Ž . s, pŽ .COROLLARY 3.1. If s � N and 1 � p � � then F I � L I , wherep, 2, � �

Ls , p I � T � HH 
 : T � L1, l oc and 	 j T � L p , 0 
 j 
 s .Ž . � 4� � � �

ŽProof. It follows from Theorem 3.3 and of the equality known for the
. � � s, p 2 s, pFourier transform as Calderon’s theorem given in 5 ; i.e., L � W´ � �

for 1 � p � �.
Moreover by Theorem 3.3 and using Theorem 2.2 we can obtain similar

� � �results to those previous obtained in 13, Theorem 15 and 12, p. 155,
�Theorem 5 for the Fourier transform. Namely, for s � R, we have

B s � W s , p � B s , 2 
 p � �, 3.8Ž .p , 2 , � � p , p , �

B s � W s , p � B s , 1 � p 
 2. 3.9Ž .p , p , � � p , 2 , �

Finally, we give an application to solve a differential equation.

THEOREM 3.4. Let f � B s . Then there exists u � HH 
 such thatp, q, �

m
E � 	 u � f ,Ž .�

� 4where E is the identity operator and m � N � 0 .

Proof. Consider f � B s . We want to obtain a distribution u � HH 
p, q, �

such that
m

E � 	 u � f . 3.10Ž .Ž .�

Ž .Applying the Fourier-Bessel transform and by 1.1 we obtain

k21 � � h u � h f in HH 
.Ž . � �

Ž 2 .�m 2 mThen u � h 1 � � h f � H f and by Theorem 3.1 we have that the� � �

Ž . s�2 msolution of 3.10 as u � B .p, q, �
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