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1. Introduction

Radon-type transforms that integrate functions over various sets of ellipses/ellipsoids have been arising
in the recent decade, due to studies in Synthetic Aperture Radar (SAR) [2,4,8,9], Ultrasound Reflection
Tomography (URT) [7,1], and radio tomography [15-17]. In particular, radio tomography is a new imag-
ing method, which uses a wireless network of radio transmitters and receivers to image the distribution of
attenuation within the network. The usage of radio frequencies brings in significant non-line-of-sight prop-
agation, since waves propagate along many paths from a transmitter to a receiver. Given a transmitter and
a receiver, wave paths observed for a given duration are all contained in an ellipsoid with foci at these two
devices. It was thus suggested in [15-17] to approximate the obtained signal by the volume integral of the
attenuation over this ellipsoid, which is the model we study in this article.

Due to these applications, there have been several papers devoted to such “elliptical Radon transform.”
The family of ellipses with one focus fixed at the origin and the other one moving along a given line was
considered in [9]. In the same paper, the family of ellipses with a fixed focal distance was also studied. The
authors of [7,1] dealt with the case of circular acquisition, when the two foci of ellipses with a given focal
distance are located on a given circle. A family of ellipses with two moving foci was also handled in [4].
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In all these works, however, the ellipses have varying eccentricity, the ratio of the major axis to the focal
distance. Also, their data were the line integrals of the function over ellipses rather than area integrals.
The radio tomography application makes it interesting to consider integrals over solid ellipsoids. In this
article, we consider the volume integrals of an unknown attenuation function over the family of ellipsoids
of rotation in R™ with a fixed eccentricity and two foci located in a given hyperplane. We thus reserve the
name elliptical Radon transform Rpg f for the volume integral of a function f over this family of ellipsoids.
(When n = 2, the elliptical Radon transform Rpgf is the area integrals of a function over the family of
ellipses with a fixed eccentricity and two foci located in a line.)

The volume integral of a function f(z) over an ellipsoid (or an ellipse for n = 2) of the described type
is equal to zero if the function is odd with respect to the chosen hyperplane. If the hyperplane is given by
x, = 0, we thus assume the function f : R” — R to be even with respect to x,: f(a',x,) = f(2/, —x,)
where z = (2/,2,) € R"™! x R.

Given a Radon-type transform, one is usually interested, among others, in the following questions: inver-
sion formulas, uniqueness for a local data problem, and a stability estimate [10,11]. These are the issues we
address below.

The problem is stated precisely in Section 2. Two inversion formulas are presented in Sections 3 and 4.
Analogue of the Fourier slice theorem is obtained in Section 3 by taking the Fourier transform with respect
to the center and a radial Fourier transform with respect to the half distance between two foci. This theorem
plays a critical role in getting a stability estimate. The formula discussed in Section 4 is obtained by taking
a Fourier type transform and needs less integration than the previous one in Section 3. A stability estimate
is handled in Section 5. Section 6 is devoted to uniqueness for a local data problem.

2. Formulation of the problem

We consider all solid ellipses (when n = 2) or solid ellipsoids of rotation (when n > 3) in R" with
a fixed eccentricity 1/A, where A > 1 and foci located in the hyperplane z,, = 0. We will identify this
hyperplane with R»~!. While a function f depends on n parameters, the set of such ellipsoids depends on
2n — 2 parameters. This means that when n > 3, the problem of inverting the elliptical Radon transform is
n — 2-dimensions overdetermined. To reduce the overdeterminacy, we require that the focal axis is parallel
to a given line, for instance, the 1 coordinate axis. When n = 2, i.e., integral domain is an ellipse, there is
no overdeterminacy and the focal axis is automatically parallel because the hyperplane is the line.

Let u € R"~! be the center of such an ellipse/ellipsoid and let t > 0 be the half of the focal distance. We
denote this ellipse/ellipsoid by E, . Then, the foci are

1 = (up +t,ug, ..., up—1,0) and eg = (ug —t,ug,...,Up—1,0)
and the points x € E,, ; are described as follows:

(1 —w)? | (22 — up)? 2 2
<
A2 A2 —1 + + A2 -1

To shorten the formulas, we are going to use the following notation:
vi=+vA2 -1

The elliptical Radon transform Rp maps a locally integrable function f(z) into its integrals over the solid
ellipses/ellipsoids E,, ; for all u € R~ and ¢ > 0:

Ref(u,t) = f(z)dx.
/

Our goals are to reconstruct f from Rgf and to study properties of this transform.
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3. Inversion of the elliptical Radon transform

In this section, we assume f € C°(R™). Here is our strategy. First of all, we change the ellipse area
or ellipsoid volume integral to the ellipse line or ellipsoid surface integral, differentiating with respect to ¢.
Second, we take the Fourier transform of this derivative of Rg f with respect to u. Next, taking a radial
Fourier transform with respect to ¢, we obtain an analogue of the Fourier slice theorem (see [10-12]).

We introduce a back projection operator R}, for g(u,t) € C°(R"™ x R) as

Reg) = [ ofuy/MGHE L I B g, m

Rn— 1

where u = (u1,%) € R" ! and z = (21,7, 2,) € R™. In fact, Ry g(z) is the dual transform not to Rg f(u,t),
but rather to %REf(u, t), ie.,

// R, g, ) it = /f (z) da. @)

0 Rn—1

Let xs denote the characteristic function of a set S C R™:

1 ifzels,
xS@:)—{ BEE

0 otherwise.

Then the elliptical Radon transform can be written as

Rif(u,t) = / N (@) dz = C(N) / Nisl<ef Ot + 1, vE + @, vey) da

Rn R™
t
A) / et / JArys + g, vrg + 4, vryy,) do(y) dr, (3)
0 Ssn—1

where C(\) = Av" ™! and o(y) is the surface measure on S~ 1.
Formula (3) can be simplified by differentiation with respect to ¢ and division by t"~1, which yields

1 0
o g Ref ) = OO [ 7O 1,87+ @ vty) dor()
ly|=1
- dy’
=2C(N) / flu+ @Ay, tvg), tvy/1 — |y 2) ———, (4)
Wit ( )vl—ly’l2

where y' = (y1,7) € R*~ L
It is easy to check that Rpg is invariant under the shift with respect to the first n — 1 variables. That is,
if fu(7):= f(2' +a,x,) for x = (z/,2,) € R"! xR and a € R""!, we have

(REfa)(uvt) = (REf)<u + a7t>'

Thus, application of the (n—1)-dimensional Fourier transform with respect to the center u seems reasonable.
Doing this and changing the variable ' € R"~! to the polar coordinates (0, s) € S"~2 x [0, 00), we get
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1
G Faa(RED(E40) =200 [ s Faf (€ /T=) [ 0D apas
0

Sn—2

where F,,_1(Rgf) and F,_1f are the Fourier transforms of Rgf and f with respect to the first n — 1
coordinates 2’ of x and u of (u,t), respectively, and § = (61,60) € S"~2.
To compute the inner integral, we use the known identity [3,6]

/ €0 dp = (2m) V21| T2 1 ([€)).

We thus get

1 -
s" 2 & € (3—n)/2
= wn/ m]—"n_lf(xl, oty 1-— 32> (ts’f") Jn—3)/2 (ts‘é‘”) ds
0

where & = (£1,€) € R x R"2 and w, = 2(2m)"~D/2C(\).
This enables us to get an analogue of the Fourier slice theorem.

Theorem 1. For a function f € C°(R™) that is even with respect to x,, the following formula holds:

|()‘§1a Vga Vgn)|n72‘7/£n| 1 0
g COE " (RE 1 g et ) ©): (5)

where Fp f is the n-dimensional Fourier transform of f.

Fnf(§) =

Proof. Let us denote the radial Fourier transform by H, f(p), i.e

o0

H,f(p) = pl_"/z/tn/ Jin—2)/2(tp) f () di.
0

We recall that if f is a radial function on R™, then the Fourier transform F,f of f is also radial and
Fuf = @2m)"/2H, fo where fo(|z]) = f(z) (cf. [14]). Taking this transform of A2 F, 1(Rpf) as a
function of ¢, we have for & = (&,€) € R"1,

1 9 & €
Hn(tn—l afnl(REf)) <X? ;vp)

oo 1
_ n—2
:wnplfn/Q//t%J” 2 tp( ’f D N Jn— 3(t8’€ D n— 1f<§1 f \/I—SQ)S—M. (6)
0 0

V1 —s2

It is known [5, p. 59 (18) vol. 2 or for n. =2, p. 55 (35) vol. 1] that for a > 0, 8 > 0, and, u > v > —1,

oo

/$”+1/2(x2 +62)—1/2MJH( ( +52)1/2) (xy)(xy)1/2 dx

0

_ afuyu+1/2ﬂ7u+u+l(a2 - y2)1/2u71/21/71/2<]‘#_y_1(ﬂ(aQ o y2)1/2) if 0 < y<a,
] ifa <y < oo.
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To use the above identity7 we make the change of variables (s,t) — (x,8), where t = /22 + 2 and

s =x/y/x?+ 2 in Eq. (6), which gives

10 & 5

:wnp%g'ﬁ%”//W%(p(x?+/32)%)(x2+52)*%1n s (e]¢)) F 1f<5_1 £, )ng
0 0
_ {C<A>2"”jl"—|f§ Bl [ Facaf (8 € ) cos(By/R — €Y dB it [€] < p, -
0 otherwise.

Substituting p = |{| = [({', )| yields

9 s T n/2|¢12—n
(s gy ) ) (521161 ) = ooy 2B / Faaf (5 5@) cos(é ) dB.

Since f is even with respect to z,,, the last integral is the Fourier transform of f with respect to x,, so we

) . 8)

get

t|m

1 9 & & _2Q2m)n P L & &
H, (tn—lafn—l(REf)) <X’;’|£> = TA ?Fn f(x '

Taking the Fourier transform of R},g with respect to x yields

3 —iz (&L, € En *
Fuliteg) (5.5, ) = [0 E%) gl ao

RTL
o 2 _ 7|2 2
:/efm(%l ) / g(u,\/|u1 /\;Ul‘ + @ 2x| +—Z) du dx
Rn Rn—1
‘ V - T — =2 2
= / eilu'(gxl’g)/efz(m —uwn)-(R g”)g( ) 1 )\2$1| + 2 2$| g) dz du
Rn—1 R
=C(\) / e*lu(%aé)/e”zgg(u, |z]) dz du
Rn—1 R™
n —iu-(&, €
— (2m)"20(n) / D) (Hag(u, )) (1€]) du
Rn—1
. & €
= 0 PeHF (5 ). ©)

where © = (2/,2,) = (21,%,2,) € R",u = (u1,7) € R" ! and £ = (¢,¢&,) = (€1,€,&,) € R". Combining

Eq. (8) and Eq. (9), we get Eq. (5). O

Remark 2. Theorem 1 leads naturally to a Fourier type inversion formula for even functions, if one supple-

ments Eq. (5) with the inverse Fourier transform.

One can also obtain a useful relation with a convolution.
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Proposition 3. Let ¢ € C°(R"™! x [0,00)) and f € C°(R™) be even with respect to x,. If v = Ry¢ and
9=t 8tREff then we have

1 0
gx o= W&RE(f*w)y

where

geotulel) = [ [ ol fo - ol

R” Rn—1

! ) du' dw'.

Proof. Note that since (27)"/2H,fo = F,f for a radial function f on R”™ and fo(|z|) = f(z), we get
H,(f *g) = (2n)"/?H,, fH,g. Taking the Fourier transform of g * ¢ with respect to u and H,, with respect
to t, we get

,71ala+0) (%, ,|£|) (2m)" 2 H 19(51  tel) a0 S 1)

& ¢ & € &

In the last line we used Eq. (9). Eq. (8) implies

n/24+1,n/2|¢12—n, n—2
HyFn-1(g * ¢)< |§|> = 2 il )\]:nf(fl

CM)[En]
2n/2+1ﬂ.n/2|§|27nyn72)\

C(MN)[énl

1 1 0

which proves our assertion. O
4. A different inversion method

In this section, we provide a different inversion formula for the elliptical Radon transform. To obtain this
formula, we start to take a transform, which is like the Fourier transform, but with kernel et instead of
et of the derivative of Rp f in t, where w is the transform variable (cf. [13]). To get f from this transform,

we change variables.

Theorem 4. Let f € C°(R™) be even with respect to x,. If G(u,w) = [° 0:RE f(u, et dt, then f(x) can
be reconstructed as follows:

|Zn] / / —ilel ia(ZLE) ,7(£§+\i\2+%i) Aay v
% ia- s @ Lt a dod
(2m)"C(N)2 ©e . 5, gy ) dedy
R Rn-1

where a = (a1, @) € R x R"™2 and C(\) = \v"™ 1, as before.

1A function G depends on n-dimensional variables (u,w) € R""! x R and for simplicity, we sometimes represent these variables
as (u1,d,w) € R x R"™2 x R.
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Proof. By the definition of G(u,w), we have

oo

G(u,w) := / %REf(u,t)em2 dt

0
/ et / FOtyy + wr, vt + @, try,)e™” do(y) d

0 ly|=1

/f()‘yl + ug, v + @, vyn e dy
where in the second equality, we used Eq. (4) and in the last equality we switched from the polar to the
Ay1 +uy, T = vy + a, and x, = vy,, we

Cartesian coordinates. Making the change of variables x;

get
G(u7w) :/f(aj)eiw((wl;m)z+\iyul +1—2_)d.7}

2 2 o .2
vy \u\ T1 |2 z ; 1 :
WSk piw f W(SEH T +T8) g 2w SF 20w E g
)

where z = (21, %,2,) € R" and u = (u,%) € R"~1. Next, make the change of variables

X1 ~ T
Xlzy, X:;, and T'—>\2 1/2
so that
T = X1, z=xv, and z,=wvy/r—x}— x|
The Jacobian of this transformation is
A 0 0
O I/ .. O
C(\
J = . ) . = #
: : 2\/r —x3 — |x]2
—X1V v
Py N PN =Y
so that
C(\
dr = # dxy dx dr.
2y/r —x3 — [x|?

Let the function k(x1,Z,r) be defined by
fQar,vev/r—27—|Z[?) 2 |x2
otherwise.

k(xy,2,7r) = {0
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Since f is even in z,, it is sufficient to consider the positive root of y/r — z? — |Z|2. Then we can rewrite
G(u,w) as
iwu% iwlﬂl2 ~ jwr | —2¢ 2L § WG
G(u,w) = C(A\)e"™>2 e 02 k(xy,&,7m)e™ e Yen dzy dz dr

R Rn—2 R

_ C(A)em;;em'i;lﬁff@wﬂw_ﬂ,_w),
14
where for (a1, @) € R x R"2

K(ay,a&,7) :/ / /e_i(o“’d’”)‘(xl’i”“)k(xl,i",r) dxy dZ dr

R R"-2 R

1 len®? —Aa1 —va
=——¢e" & (G —-—, =
cone ( 2y T2y 7)

1 . AU
(27r)”/ / /eml”lemwe”’“K(ahd,w) dadry,

Since k(x1,Z,r) is

C(A) A7 ’F V2 v2
& ion 5L ic & iy(h4 L2 4 2 _
:m e X e ve A2 T2 FK(alaaaf)’)daldOZd’y
m
R Rn—2 R
o] 1z 22 |72 | 22 Ny va

T el (DTG g S2 doydady, (10

27r”C R/R/2]R/ e b} <27 27 )ala% (10)

where o = (a1, @) € R x R"~2. The evenness of f in z,, completes our proof. 0O
5. A stability estimate

In this section, we obtain a stability estimate for the elliptical Radon transform. Let HY(R"™) be a regular
Sobolev space with a norm

1718 = /|f FOP 1+ I d

Let us define H2(R") = {f € H?(R™): f is even with respect to z,,} and let L2_,(R"~! x [0,00)) be the
set of a function g on R"~! x [0, 00) with

lgll? = / / g, )27 dt du < oo

Rr—1 0

Then L2_(R"™! x [0,00)) is a Hilbert space. Also, by the Plancherel formula, we have |g| =
22n=273n/2=1 P (n/2)]|§||, where
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§(§a|f|): / /g(u,|w|)e*i(“’w)'(5";)dudw.

Rn—1Rn"

Let H7(R"~! x [0,00)) be the set of a function g € L2_;(R"~! x [0,00)) with ||g|, < oo, where

lgll? = //! (Lt [&F + nf2) " dn de’.
Rn—1

Theorem 5. For v > 0, there is a constant C,, such that f € HY(R"),

||fH’Y C ||t1 natREf||y+ (n—1)/2"

Proof. Let g = t' "9, R f. Note that from Eq. (9), we have

N}
7N
> |
T |y
i
N~
—
—
—
S—

Fn (R )(i1 ig—”) =C(\) / e_“‘(*’v_)/e_im'fg(u, |2|) dz du = C(\)

14
Rn—1 Rn

Combining Eq. (11) and Theorem 1, we have

A & n n—2 nl - ~ s
e e vl 051618 061, 6 )

Hence, we have

12 = / (14 [€P) | Faos fO) de

Rn

1 i e . )
= m/‘@\flwf,vfn)‘z 4|V§n|2(1+ €1%)7|g(&. €, (Ailyvf,vfn)|)’2d§
Rn

(e, vE, ve,)|) |7 de

< C’n/’()\ghyé7 Vgn)|2n_4‘ygn|2(1 + }(Agla V£7 Vgn)ﬁ)’ylg(glug?
Rn

oo

< Ch / //(n2 — N2 = 2JER) E2 S (14 n2) [ §(6n, € )| de dE.

R"=2 R 0

In the last line, we change the variable &, to n = |(\é1, V€, vE,)|. O
6. Uniqueness for the local problem

Theorem 1 implies that an even function f € C°(R") is uniquely determined by Rpf. The question
arises if f is uniquely determined by some partial information. The approach in this section is similar to
the one in [3].

Theorem 6. Let u® € R" "1 € >0, and T > 0 be arbitrary. Let f € C>°(R™) be even with respect to x, and
suppose g = Rgf is equal to zero on the open set

UT,g:{(U,t)ERnil [0, 00): ’U—UO’<€O t<T}.
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X2

Xy

Fig. 1. Ellipses Eyo 17, Eu ¢, Eu .

Then f equals zero on the open set

w, (@ —uwf)? (@-a°)?  ap o
VTZ{xGR: 2 + 2 +§<T .

Here x = (11, %, 2,) € R" and u® = (uf, ") € R*~1. Also, g is equal to zero on the open cone
Wy ={(u,t) e R" ' x [0,T): |u—uo|+t<T} (cf Fig. 1).

Proof. Without loss of generality, we may assume u® = 0. Let f € C°°(R"). Clearly, g is also differentiable.
Differentiating R f (u,t) with respect to u; yields

0 0 o
8—ulREf(uat) = C()‘)/X\x|<ta_mf()‘x1 +u1, V¥ + U, v,) de

R™

0
= AC(A)/X‘$‘<t8—mf()\xl + Uy, VI + U, va,) do

Rn

t

|| =t

= )\C()\)l / z1f(Ax1 + u1, vT + 4, vay,) do(z).

Here we used Eq. (3) and the divergence theorem. Similarly, we have for i =2,...,n—1

0
8ui

Rgf(u,t) = VC()\)% / ;i f(Az1 4+ u1, vT + G, va,) do(x).

||=t

Using Eq. (4), we get

%RE(xif)(u,t) =C(\) / (u; + va;) f(Azy + up, v + G, va,) do(x)

|z|=t

ig(u, t).

0

ot
Let the linear operator D; be defined by D;g(u,t) = w;0.g(u,t) + t0y,g(u,t). Then %RE(mif)(u,t) is
D;g(u,t). By iteration, we obtain & Rp(p(z)f) = p(D)g where p is an n — 1-variable polynomial. If g is
zero in Ur ¢, then p(D)g is also zero in Up .. Then we have for any point (u,t) € Up,,
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%RE (p(=) f)(u,t) = C(N) / p(ur + Az1, @+ vE) f(Azy + u1, VT + @, vay,) do(z)

Jej=t

=C(N) / p(u—+ Ay, vd) f(u+ (Ayr, v§), v /t? — |y|2)%|y| —0.

lyl<t

The Stone-Weierstrass theorem implies that for fixed u and t, we can choose a sequence of polynomials p;

such that p;(u + (Ay1,vy)) converge to f(u+ (Ay1, vy, v+/t2 — |y|?)) uniformly for |y| <t and y = (y1,9) €
R”~1. It follows that f = 0 in Vp and that g =01in Wp. O

7. Conclusion

Several types of elliptical Radon transforms have been considered in SAR, URT, and radio tomography.
Among these, we study the elliptical Radon transform Rgf arising in radio tomography imaging [15-17].
This transform Rp maps a given function f on R™ into the set of its integrals over the solid ellipses/ellip-
soids E, ;. We describe two different ways of determining a function f from Rgf and present a stability
estimate and a local uniqueness result for Rg.
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