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1. Introduction

The main purpose of this paper is to prove a version of a theorem of Herglotz on positive functions in
the quaternionic and indefinite setting. To set the framework we first recall some definitions and results
pertaining to the complex numbers setting. A function n +— r(n) from Z into C**# is called positive definite
if the associated function (also called kernel) K (n —m) is positive definite on Z. This means that for every
choice of N € N and nq,...,ny € Z, the N x N block matrix with (j,¢) block entry equal to the matrix
r(n; — ny) is non-negative, that is, all the block Toeplitz matrices

r(0) r(1) r(N)
Ty def. r(—1) r(0) <o (N =1) (1.1)
r(=N) r(1-N) -- r(0)
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are non-negative. We will use the notation Ty > 0. The positivity implies in particular that r(—n) = r(n)*,
where r(n)* denotes the adjoint of r(n).
A result of Herglotz, also known as Bochner’s theorem, asserts that:

Theorem 1.1. The function n — r(n) from Z into C*** is positive definite if and only if there exists a unique
positive C***-valued measure p on [0, 27| such that

2

r(n) = /emtdu(t), n € Z. (1.2)

0

See for instance [17, p. 38], [13] and the discussion in [18, p. 19]. We note that (1.2) can be rewritten as
r(n)=C*"U"C, n€Z, (1.3)

where U denotes the unitary operator of multiplication by e’ in Ly ([0, 2], du), and C' denotes the operator
defined by C¢ = £ from C? into Lo ([0, 27], du).
A result of Carathéodory [9], which is related to Theorem 1.1 asserts that:

Theorem 1.2. If the function n — r(n) from —N,... N into C*** is positive definite, i.e., Ty > 0, then
there exists a function n v+ 7#(n) from Z to C5*5 which is positive definite and satisfies

r(n) =7(n), me{-N,...,N} (1.4)

In commutative harmonic analysis, Theorem 1.1 is a special case of a general result of Weil [23] on the rep-
resentation of positive definite functions on a group in terms of the characters of the group. See for instance
[12, (22.7.10), p. 65] or [22, Theorem 5.4.3, p. 65].

A key result in one of the proofs (see for instance [17, pp. 148-149]) of Theorem 1.1 is Herglotz’s repre-
sentation theorem, which states that a C***-valued function ¢ is analytic and with a real positive part in
the open unit disk D if and only if it can be written as

27
eit + 2 )
p(z) = / mdﬂ(t) +1a, (1.5)
0

where dp is as in Theorem 1.1 and a € C***° satisfies a + a* = 0. There are a number of ways to prove (1.5).
It can be obtained from Cauchy’s formula and from the weak-* compactness of the family of finite variation
measures on [0, 27]; see for instance the discussion in [1, p. 207].

Krein extended the notion of positive definite functions to the notion of functions having a number of
negative squares; see [16]. We first recall the definition of this notion in the present setting:

Definition 1.3. The function n — 7(n) from Z into C*** satisfying r(n) = r(—n)* has a finite number of neg-
ative squares, say k, if by definition the function K (n,m) = r(n —m) has k negative squares, that is, if all
the block Toeplitz matrices Ty defined in (1.1) (which are Hermitian since r(n) = r(—n)*) have at most &
strictly negative eigenvalues and exactly x strictly negative eigenvalues for some choice of N and nq,...,ny.

Theorem 1.1 was extended, in the scalar case, by Iohvidov [14] to case where the function K(n,m) has
a finite number of negative squares. Formula (1.2) is then replaced by a more involved expression. More
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precisely, he obtained the following extension of (1.2) (there is a minus sign with respect to [14] and [15]
because they work there with positive squares rather than negative squares):

27 .
eznt _ Sn (t)

) T (50

r(n) dp(t)

—<ZQ3(zn))\? +Q;(in)\; 7" + ZRk(in)em"k>. (1.6)

=1 k=1

In this expression, the \; are of modulus strictly bigger than 1, the ); and R; are polynomials and .S, is a
regularizing correction. These terms follow from the structure of a contraction in a Pontryagin space, and in
particular from the fact that such an operator has always a strictly negative invariant subspace, on which it
is one-to-one. See [15, (20.2), p. 319], where Iohvidov and Krein prove that such a representation is unique.

In this paper we shall prove in particular a quaternionic analogue of Theorem 1.1, where H denotes the
algebra of real quaternions:

Theorem 1.4. Let (1(n))nez be a sequence of s x s matrices with quaternionic entries. Then:

(1) The function K(n,m) =r(n—m) has a finite number of negative squares r if and only if there exists a
right quaternionic Pontryagin space P, a unitary operator U € L(P) and a linear operator C' € L(H*,P)
such that

r(n) =C*"U"C, nel. (1.7)
(2) Assume that
U ranU"C (1.8)
nez

is dense in P where ran U™C denotes the range of UMC. Then, the realization (1.7) is unique up to a
unitary map.

Some remarks:

(1) The sufficiency of condition (1.7) follows from the inner product representation
c*r(n —m)d =" C*U™"Cd = <U_mCd, U_”CC>P, n,meZ, c,deH°.

The proof of the necessity is done using the theory of slice hyperholomorphic functions. We use in par-
ticular a representation theorem from [2] for functions ¢ slice-hyperholomorphic in some open subset
of the unit ball and with a certain associated kernel K, (p,q) (defined by (4.4) below) having a finite
number of negative squares there. We also note that the arguments in [2] rely on the theory of linear
relations in Pontryagin spaces.

(2) The more precise integral representation of Iohvidov and Krein relies on the theory of unitary operators
in Pontryagin spaces. Such results are still lacking in the setting of quaternionic Pontryagin spaces.

(3) We also consider the positive definite case. There, the lack of a properly established spectral theorem
for unitary operators in quaternionic Hilbert spaces prevents to get a direct counterpart of the integral
representation (1.2).

The outline of the paper is as follows. The paper consists of seven sections, besides the introduction.
In Section 2 we review some results from the theory of slice hyperholomorphic functions. Some definitions
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and results on quaternionic Pontryagin spaces are recalled in Section 3 as well as Herglotz-type theorem
for matrix valued functions. The proof of the necessity and uniqueness in Theorem 1.4 is done in Section 4.
Section 5 deals with the analogue of Herglotz’s theorem in the quaternionic setting. In Section 6 we prove
a quaternionic analogue of Theorem 1.2. Section 7 contains the characterization of quaternionic, bounded,
Hermitian sequences of matrices with x negative squares. It uses results proved in Section 5. In Section 8
we prove a Herglotz representation theorem for scalar valued functions slice hyperholomophic in the unit
ball of the quaternions, and with a positive real part there.

2. Slice hyperholomorphic functions

The kernels we will use in this paper are slice hyperholomorphic, so we recall their definition. For more
details and the proofs of the results in this section see [10].

The imaginary units in H are denoted by ¢, j and k, and an element in H is of the form p = xg + ix1 +
jxo + kxs, for z; € R. The real part, the imaginary part and conjugate of p are defined as Re(p) = xo,
Im(p) = iz1 + jaxo + kxs and by p = xg — ix1 — jro — kxs, respectively.

The unit sphere of purely imaginary quaternions S is defined by

S= {q =14x1 + jxo + kx3 such that .%'% —l—x% —i—x% = 1}.

Note that if I € S, then I? = —1; for this reason the elements of S are also called imaginary units. Note
that S is a 2-dimensional sphere in R*. Given a nonreal quaternion p = x¢ + Im(p) = zo + I|Im(p),
I =TIm(p)/|Im(p)| € S, we can associate to it the 2-dimensional sphere defined by

[p] = {zo + I|Im(p)| : I €S}.
We will denote an element in the complex plane C; := R + IR by x + [Iy.

Definition 2.1 (Slice hyperholomorphic functions). Let {2 be an open set in H and let f : 2 — H be a real
differentiable function. Denote by f; the restriction of f to the complex plane Cj.
We say that f is (left) slice hyperholomorphic (or (left) slice regular) if, on 2 N Cy, f; satisfies

1/ 0 0
= +I=— Iy) =0
5 (5 + Ty )fila s 1) =
forall I €S.

We say that f is right slice hyperholomorphic (or right slice regular) if, on 2N Cy, fr satisfies

1

5 (gpfia s 1)+ o fia 4 1)T) =0,

for all I € S.

An immediate consequence of the definition of slice regularity is that the monomial p"a, with a € H,
is left slice regular, so power series with quaternionic coefficients written on the right are left slice regular
where they converge. As one can easily verify only power series with center at real points are slice regular.

We introduce a class of domains, which includes the balls with center at a real point, on which slice
regular functions have good properties.

Definition 2.2 (Azially symmetric domain). Let U C H. We say that U is awzially symmetric if, for all
x + Iy € U, the whole 2-sphere [z + [y] is contained in U.
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Definition 2.3 (Slice domain). Let U C H be a domain in H. We say that U is a slice domain (s-domain for
short) if U NR is non-empty and if U N C; is a domain in C; for all T € S.

Lemma 2.4 (Splitting Lemma). Let 2 be an s-domain in H. If f : 2 — H is left slice hyperholomorphic, then
for every I € S, and every J € S, perpendicular to I, there are two holomorphic functions F,G : 2NC; — Cy
such that for any z = x + Ly, it is

fr(z) = F(z2) + G(2)J.

Note that the decomposition given in the Splitting Lemma is highly non-canonical. In fact, for any I € S
there is an infinite number of choices of J € S orthogonal to it.

Theorem 2.5 (Representation Formula). Let 2 be an azially symmetric s-domain 2 CH and let f : 2 — H
be a slice hyperholomorphic function on (2. Then the following equality holds for all x +yl,x £ Jy € (2:

fla+1y) = %[f(w +Jy)+ flw = Jy)] + I% [T = Jy) = fz + Ty)]]. (2.1)
3. Quaternionic Pontryagin spaces

A Hermitian form on a right quaternionic vector space P is an H-valued map [-,-] defined on P x P and
such that

[aa b] =

b, a]
[ap, bq] = G[a,blp, Va,be€ P and p,q € H.

P is called a (right quaternionic) Pontryagin space if it can be written as

P =P, [+ P, (3.1)
where:

(a) The space P; endowed with the form [-,-] is a Hilbert space.
(b) The space P—_ endowed with the form —[-,-] is a finite dimensional Hilbert space.
(¢) The sum is direct and orthogonal, meaning that Py N P_ = {0} and

[a,b] =0, ¥(a,b) € Py xP_.

The decomposition (3.1) is called a fundamental decomposition. It is not unique unless one of the components
reduces to {0}. The dimension of P_ is the same for all fundamental decompositions, and is called the index
of the Pontryagin space. The space P endowed with the form

(a.) = [ag,by) — [a_,b_] (3.2)

with ay and by € Py is a Hilbert space. The inner product (3.2) depends on the given fundamental de-
composition, but all the associated norms are equivalent, and hence define the same topology. We refer to
[5] for a proof of these facts. We refer to [5,3] for more details on quaternionic Pontryagin spaces and to
[6,8,16] for the theory of Pontryagin spaces in the complex case. A reproducing kernel Pontryagin space will
be a Pontryagin space of functions for which the point evaluations are bounded. The definition of negative
squares makes sense in the quaternionic setting since a Hermitian quaternionic matrix H is diagonalizable:
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It can be written as T'= UDU™, where U is unitary and D is unique and with real entries. The number of
strictly negative eigenvalues of T' is exactly the number of strictly negative elements of D. See [24]. The one-
to-one correspondence between reproducing kernel Pontryagin spaces and functions with a finite number of
negative squares, proved in the classical case by [20,21], extends to the Pontryagin space setting, see [5].

Definition 3.1. An H***-valued function ¢ slice hyperholomorphic in a neighborhood V of the origin is called
a generalized Carathéodory function if the kernel

ko(p,q) = > _ 1" (e(p) + () 7"
=0

has a finite number of negative squares in V.
The following result is Theorem 10.2 in [2].

Theorem 3.2. An H***-valued function ¢ is a generalized Carathéodory function if and only if it can be writ-
ten as

(0) = »(0)"

1
o(p) = 5C* (Ip +pV) x (Ip —pV) 0" + = (3.3)

where P is a right quaternionic Pontryagin space of index k, V is a coisometry in P, and C is a bounded
operator from P to HY, and the pair (C, A) is observable.

Remark 3.3. When x = 0 the representation (3.3) is the counterpart of Herglotz representation theorem for
functions slice hyperholomorphic in the open unit ball and with a positive real part. In the last section we
shall discuss a scalar version of this result.

4. Proof of the necessity and uniqueness of the realization

In this section we assume that the function K(n,m) = r(n —m) has a finite number of negative squares
for n,m € Z, and prove that the function r(n) has a representation of the form (1.7). We also prove the
uniqueness of this representation under hypothesis (1.8). We begin with a preliminary proposition.

Proposition 4.1. There exist C > 0 and K > 0 such that
|r(n)|| < K-C", nez. (4.1)

Proof. The claim is true in the scalar complex-valued case and follows from (1.6); see [15]. The idea is to
reduce the problem to this case. We write r(n) = a(n) + jb(n) where a(n) and b(n) are C***-valued.
We obtain a bound of the required form for every entry of a(n) and b(n). The coefficients K and C in (4.1)
will depend on the given entry. Since there are 2s? entries, we obtain a bound independent of the entry.

STEP 1: For every choice of (e, f) € H® x H?, the function

K. r(n,m) =e"a(n —m)e+ ffa(n —m)f + e*b(n —m)f — f*b(n —m)e

has at most 2k negative squares.
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Indeed, the C?$*2¢ function

Ki(n,m) = <

—b(n—m) a(n—m)

has 2k negative squares (see [5, Proposition 11.4, p. 466]), and so, for every fixed choice of (e, f) € H* x H?,

P s 1

—b(n—m) a(n—m)

the function

has at most 2k negative squares.
STEP 2: The claim holds for every diagonal entry of a(n).

Take e = e; € H* to be the vector with all entries equal to 0, except the j-th one equal to 1 and f = 0.
We have

K. ¢(n,m) = ajj(n —m),

and the result follows from [15].
STEP 3: The claim holds for all the entries of a(n).

Let £ # j € {1,...,s}. We now take e = ey;(¢) € H* to be the vector with all entries equal to 0, except
the ¢-th one equal to 1, and the j-th entry equal to & (where € will be determined) and f = 0. We have

K, r(n,m) = ag(n —m)+aj;(n —m) + Eaje(n —m) + eagj(n — m).
This function has at most k negative squares and so the sequence
age(n) + ajj(n) + Eaje(n) + eagj(n)

has a bound of the form (4.1) (where K and C depend on ¢, j and ¢). The choices ¢ = 1 and € = ¢ give that
the functions

ap(n —m) +aj;(n —m) + aje(n —m) + agj(n —m)
and
ag(n —m) +aj;(n —m) +i(=aje(n —m) + ag;(n —m))
have at most x negative squares and so the functions
Jaze(n) + a;5(n) + aje(n) + agj(n)| < KLCY"

and

|ace(n) + aj;(n) +i(—aje(n) + ag(n))| < K20

where the constants depend on (¢, j). Since ag/(n) and a;;(n) admit similar bounds we get that both a,;(n)
and aj¢(n) admit bounds of the form (4.1).
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STEP 4: The claim holds for the diagonal entries of b(n).

We now take e = e, and f = ce;, where ¢ is of modulus 1. We have

K. f(n—m)=A(n—m)+ B(n —m)

where

A(n—m) = ag(n —m) + a;;(n —m),

B(n —m) = &bge(n — m) + €bj;(n —m).
The choices e = 1 and ¢ = i lead to the conclusion that bg(n) admits a bound of the form (4.1) since,
as follows from the previous step, A(n — m) admits such a bound.

STEP 5: The claim holds for all the entries of b(n).
We now take e = ey(e1) and f = cegj(e2), where €1 and €5 are of modulus 1. We have now K. ¢(n—m) =

A(n —m) + B(n —m) with

A(n —m) =e*a(n —m)e+ ffaln —m)f*

B(n—m)=¢€"b(n—m)f — f*b(n —m)e

= bu(n - m) + ﬁagbjj(n - m) + 671[)@]' (n — m) + 62[)]'@(7’1 — m)

—bo(n —m) — &ze1b;(n —m) — E3bg;(n — m) — e1bgj(n —m).

In view of the previous steps the sequence

{-jbjg(n) + €2bgj (T‘L) - 6‘_21)]@(77,) — 61[)@]' (Tl)
admits a bound of the form (4.1). The choices

(81a52) € {(1’ 1)’ (1, _1)? (ivi)v (iv _Z)}

lead to the functions

all admit a bound of the form (4.1). O

Proof of Theorem 1.4. We proceed in a number of steps to prove the necessity part of the theorem. The
first step is a direct computation which is omitted.
STEP 1: Let V be a coisometry (that is, VV* = I) in the quaternionic Pontryagin space P. Then,

v I -V*V
U‘(O v )
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is unitary from P? into itself, and is such that
0
V" =(0 I>U"<I)’ n=0,1,2,... (4.2)

STEP 2: The series

p(p) =7r(0)+2>_ p"r(n),
n=1

Ko(p,g)= > p'rin—m)q™,

n,me”Z

converge for p and q in a neighborhood (2 of the origin, and it holds that

_ p) +¢(@)”
Ko(p,q) = pKo(p,a)7 = w7 p,q € 12. (4.3)
The asserted convergences follow from (4.1), while (4.3) is a direct computation.

STEP 4: It holds that

Ko(pg) =Y p" <M> q" (4.4)
n=0

This is because Eq. (4.3) has a unique solution, and that the right side of (4.4) solves (4.3).
STEP 5: K, (p,q) has a finite number of negative squares in 2.

Note that for every NV € N the function

S

Isq
K@,N(p7Q):(IS Isp IspN)TN

Ig"
has a finite number of negative squares, uniformly bounded by  in (2. The claim then follows from
K = lim K .
p(prq) = lim Ko n(p-q)

STEP 6: There exist a right quaternionic Pontryagin space P, a unitary operator U € L(P) and a linear
operator C' € L(H®, P) such that

CC* = n * n
o(p) = = +n§=:1pCUc, peN (4.5)

Indeed, since the expression in the right side of (4.4) defines a kernel with a finite number of negative
squares, we can apply [2, Theorem 10.2] to see that there exists a right quaternionic Pontryagin space P1,
a coisometric operator V € L(P;) and a bounded operator C; € L(P,P;) such that

r(n) =CiV"C;, n=0,1,...

We now apply STEP 1 to write

0

r(n) =C7 (0 I)U"(I

>C1, 71:071,...,
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which concludes the proof with C = (C(‘)l) and n > 0. That the formula still holds for negative n follows

from r(—n) = r(n)* and from the unitarity of U.
To conclude the proof, we turn to the uniqueness of the representation (1.7). Consider two representa-
tions (1.7),
’I“(TL) :CfUlnCl :C;U;CQ, n € 7,

where U; and Us are unitary operators in quaternionic Pontryagin spaces H1 and Hs respectively. Consider
the space of pairs

R = {(U'C1c,U3Cse), n € Z, c € H*}.
When condition (1.8) is in force for both representations R, defines a linear isometric relation with dense
domain and range, and hence, by the quaternionic version of a theorem of Shmulyan (see [2, Theorem 7.2]
and see [4, pp. 29-30] for the complex version of this theorem and for the definition of a linear relation in
Pontryagin spaces), R extends to the graph of a unitary operator, say S, from H; into Ha:
SUI'Cie=U3Cqc, ne€Z, ceH?
Setting n = 0 we get SC7 = Cy. Then, taking n = 1 leads to (SU;)C1 = (U2S5)C1, and more generally
(SUl)U{‘Cl = (UQS)U{ZCH, TLEZ,
and so SU; = UsS. O

5. Herglotz’s theorem in the quaternionic setting

Herglotz’s theorem has been already recalled in Section 1, see Theorem 1.1. Here we state a related result
which will be useful in the sequel (see [18, Theorem 1.3.6]).

Theorem 5.1. Let u and v be C***-valued measures on [0, 2x]. If

2 2
/ei"tdﬂ(t) = /ei”tdu(t), n €7z,
0 0

then u = v.

Given P € H**#, there exist unique Py, P, € C**® such that P = P; + P»j. Thus there is a bijective ho-
momorphism y : H**® — C2$%2% given by

P( ! ) where P = P, + Paj (5.1)
- — re . .
X _p, P, 1 J

Definition 5.2. Given an H***-valued measure v, write v = vy +1v5j, where 14 and v5 are uniquely determined
Cs*s-valued measures. We call a measure v on [0, 27| g-positive if the C***2?*-valued measure

= <V1 1/2> ,  where dus(t) = di, (27 —t), t€]0,2n) (5.2)
vy U3
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is positive and, in addition,
dvy(t) = —dve (2 — )T, t € 0,27).

Remark 5.3. If v is ¢-positive, then v = vy + 157, where v is a uniquely determined positive C***-valued
measure and vs is a uniquely determined C***-valued measure.

Remark 5.4. If r = (r(n)),cz is an H***-valued sequence on Z such that

2

r(n) = /ei"tdv(t),

0

where v is a g-positive measure, then r is Hermitian, i.e., 7(—n)* = r(n). Indeed, write v = v; + 15j, where
1 and o are as in Definition 5.2. Then

2m
r(—n)* = [ (dvi(t) — jdus(t)*)e™
/

2m

= /ei”tdul(t) +

[}

Theorem 5.5. The function n — r(n) from Z into H***® is positive definite if and only if there exists a
unique q-positive measure v on [0,27] such that

27

r(n) = /ei”tdy(t), n € Z. (5.3)

0

Proof. Let (r(n))nez be a positive definite sequence and write r(n) = r1(n) + ro(n)j, where r1(n), r2(n) €
C**% n € Z. Put R(n) = xr(n), n € Z. It is easily seen that (R(n)),ecz is a positive definite C2*2*-valued
sequence if and only if (r(n))n,ez is a positive definite H***-valued sequence. Thus, by Theorem 1.1 there
exists a unique positive C?**25-valued measure p on [0, 27| such that

2

R(n) = /ei"tdu(t), n € 7. (5.4)
0
Write

(CS CS

MZ(Mil M12): o = @,
K1z H22 Cs Cs
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It follows from

and (5.4) that

27 27
ri(n) = /ei"tdull( ) = /e_mtd,ugg(t), nez
0 0
and hence
27 27
/emtdun(t) = /emtdﬂgg(Zw —t), neZ.
0 0

Thus, Theorem 5.1 yields that dpq1(t) = djig2(2m — t) for ¢ € [0, 27). Similarly,

27 27
r2(n) = /emtd,uw(t) = —/eimtduu(t)T’ n €z
0 0
and hence
27 2
/ei"tdulg(t) = /emt (—dpi2(2m —t)7), nez.
0 0

Thus, Theorem 5.1 yields that du12(t) = —dpy2(27 — t)T for t € [0, 27).
It is easy to show that

(1. it )R () =2t

and hence (5.4) yields

_ ent  _joint dnu’ll(t) + d:u‘12(t).7
2rin) = / ( 3e™) (dma)* + duzz(t)j>

0
27 2w 2w 27
:/eintdull(t)+/€intd/L12(t)j—/e_intd,ulg(t)Tj+/6_intdﬂ22(t)
0 0 0 0
27 27 27 2
_ / et dpuns () + / ¢ iy (£)] — / ¢t dpiny (27 — )75 + / ¢ i (27 — 1)
0 0 0 0
2m 2m
= z/emtdﬂll(t) +2/emtdll12(t)ja n € 7z,
0 0

where the last line follows from dp1(t) = djige(2m—t) and dpu12(t) = —dp12(2m—t)T. If we put v = 11 +p127,
then v is a g-positive measure which satisfies (5.3).
Conversely, suppose v = v; + 5] is a ¢g-positive measure on [0, 27] and put
27
r(n) = /ei"tdl/(t)7 n € 7.

0
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Since v is g-positive,

w= <V1 V2> ,  where dvs(t) = dn(2m —t), te€0,2n),
1/2 V3

CQSXQS

is a positive -valued measure on [0, 27| and

dve(t) = —dva(2r — )T, t € [0,27).

Since u is a positive C2$*2?*-valued measure, (R(n)),ez is a positive definite C?**2?-valued sequence, where

27

R(n) := /ei"tdﬂ(t), n € Z.
0

Moreover, R(n) can be written in the form

where

0
2m
ro(n) = /emtdug( ), neZ
0
Thus, R(n) = xr(n), where
2m
r(n) =ri(n) +r2(n)j = /ei"tdz/(t).

0

Since (R(n))nez is a positive definite C***2%-valued sequence we get that (r(n)),ez is a positive definite
H**5-valued sequence.
Finally, suppose that the g-positive measure v were not unique, i.e., there exists  so that 7 # v and

2m 2m
r(n) = /emtdu(t) = /emtdﬁ(t)7 n € Z.
0 0

Write v = vy + 1) and ¥ = Iy + Doj as in Remark 5.3. If we consider R(n) = xr(n), n € Z, then it follows
from Theorem 1.1 that v4 = 71 and vy = s and hence that v = 7, a contradiction. O

Remark 5.6. The statement and proof of Herglotz’s theorem have been written using an exponential involving
the imaginary unit ¢ of the quaternions. Analogous statements can be written using the imaginary units j
or k in the basis or with respect to new basis elements chosen in S.
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6. A theorem of Carathéodory in the quaternionic setting

Definition 6.1. A function r : {—N,..., N} — H**® is called positive definite if Ty = 0, where Ty is the
matrix defined in (1.1).

Definition 6.2. Let r : {—N,..., N} — H*** be positive definite. We will say that r has a positive definite
extension if there exists a positive definite function 7 : Z — H**® such that

Theorem 6.3. If r: {—N,..., N} — H***® is positive definite, then r has a positive definite extension.

Remark 6.4. The strategy for proving Theorem 6.3 is to establish the existence of r(N + 1),r(N + 2),...
so that the block matrices

r(0) r(N +1)
Ty = : : =0
r(—N —1) r(0)
r(0) r(N +2)
Tni2 = : : =0,
r(-N—-2) --- r(0)

Here we let r(—N —1) = r(N+1)*, r(—N —2) = r(N+2)*,.... We must first establish some lemmas before
proving Theorem 6.3. The proofs of Lemmas 6.5, 6.6 and 6.8 are adapted from Lemma 2.4.2, Corollary 2.4.3
and Theorem 2.4.5 in Bakonyi and Woerdeman [7], respectively.
Lemma 6.5. If A € H'*® and B € H"“*®, then

B*B > A*A

if and only if there exists a contraction G : ran B — ran A such that A = GB. Moreover, G is unique and
an isometry if and only if B*B = A*A.

Proof. If there exists a contraction G : ran B — ran A such that A = GB, then it is easy to verify that

B*B = A*A. Conversely, if B*B = A*A, then let y € ran B, i.e. y = Bx for some z € H*. Let G : ran B —
ran A be given by

Gy = Ax.

To check that G is well-defined, suppose that

where Z € H®. Using B*B = A*A we get that
0<(z—2)"A"A(z—z) < (x—Z)"B*B(x — %) =0

and hence Ax = AZ. Therefore, G is well-defined.
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We will now show that G is a contraction. Let {y,}52, be a convergent sequence in ran B. If {x,,}52, in
H® so that

Bxyp = yn,

then
(Gyn — Gym)* (Gyn — Gym) = [A(:cn — :z:m)] - [A(zn — xm)}
[B(Jjn - Imﬂ ' [B('rn - xm)]
= (Yn = Ym)" (Yn = Ym)- (6.1)

IN

Since {y,}52; is a convergent sequence in ran B, {y,}52; is also a Cauchy sequence in ran B and hence
{Gyn}52, is a Cauchy sequence as well. Thus,

lim Gy,

ntoo
exists. The inequality given in (6.1) readily yields that y*G*Gy < y*y, whence G is a contraction. Note
that G is unique by construction, since the equation A = G B requires that whenever y = Bx we get that
Gy = Ax.

Finally, if G is an isometry then it follows from the equality A = GB that A*A = B*B. Conversely,
if A*A = B*B, then y = Bx and Gy = Az yield that

y'G*Gy = x* A" Ax = " B*Bx = y*y.
Thus, v*G*Gy = y*y for y cran B. O

Lemma 6.6. If

A B
K = H(t+u) X (s+u)
(i o) cmemes.

then K = 0 if and only if the following conditions hold:

(i) A»0 and C > 0;
(ii) B = AY2GCY? for some contraction G : ran C' — ran A.

Proof. Suppose conditions (i) and (ii) are in force. It follows from (i) that there exist P and @ such that
A= P*P and C = Q*Q. Thus,

P* 0 I G P 0
KZ(O Q*)(G* I)(o Q)H”

since G is a contraction. Conversely, suppose K = 0 and let P and @ be given by

()i (i 2)

Thus, P*P = AY2AY2 and Q*Q = C'/2C"/2. Using Lemma 6.5 we arrive at the isometries Gy : ran A —
ran P and Gy : ran C' — ran Q which satisfy P = G1 A2 and Q = GoC'/?, respectively. Therefore,

B = P*Q = AY?G}G,C'/?

and thus B = AY2GC"Y?, where G = G% G5 is a contraction. 0O
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Definition 6.7. We will call a block matrix, with quaternionic entries,

A B 7
K=|B* C D
? D* E

partially positive semidefinite if all principle specified minors are nonnegative. We will say that K has
a positive semidefinite completion if there exists a quaternionic matrix X so that

A B X
B* C D] =0
X* D* FE
Lemma 6.8. If
A B 7
K=|B* C D
? D* E

is partially positive semidefinite, then K has a positive semidefinite completion given as follows. Let Gy :
ranC — ran A and Gy : ran E — ran C be contractions so that B = AY2G,CY2 and D = CY2G,EY/2.
Choosing the (1,3) block entry of K to be AY2GGoEY? results in a positive semidefinite completion.

Proof. Since K is partially positive semidefinite,

A B C D
K1 <B* C>_O and 2 <D* E>_O

Use Lemma 6.6 on K7 and K5 to produce contractions G7 and G4, respectively, so that B = A2G,Cv/?
and D = CY/2G4oE"Y2. Since G and G4 are contractions, the factorization

A B AY2G,G,E'Y?
K = B* c D
E1/2(G2)*(G1)*A1/2 D* E
A1/2GlCl/2 A1/2G102E1/2
_ 01/2(G1)*A1/2 C 01/2G2E1/2
E1/2(G2)*(G1)*A1/2 E1/2(G2)*Cl/2 E
AYV?2 0 I G GG, AY?2 0
= o 2 o (G1)* I G 0o CcY2 0
0 0 EY? (G2)*(Gh)* (Go)* T 0 0 EY?
AY?2 0 0 I 0 0 I 0 0
= o 2 o (G1)* I 0 0 I—(G1)*Gy 0
0 0 EY? (G1GR)* (Go)* T 0 0 I —(G2)*Gy

I G, G.Gs AY2 0
x| 0 I Gs 0o Cc¥z o ,
0 0 I 0 0 EY2

shows that K is a positive semidefinite completion of K. 0O

We are now ready to prove Theorem 6.3.
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Proof of Theorem 6.3. Let r: {—N,..., N} — H**® be positive definite. It follows from Lemma 6.8 with

A =r(0);
B=(r(1) r(N));
r(0) r(N)
C = N E
r(=N) r(0)
D=(r(N)" o r()7)
E= A,

that there exist contractions G; and Gy so that if we put (N + 1) = AY2G,GoEY? and r(—N — 1) =
r(N +1)*, then

r0) - r(N+1)

r(-N—-1) --- r(0)
Continuing in this fashion, we can choose r(N + 2),7(N + 3), ... so that
r(0) o (N +2) r(0) <o (N +3)
: : =0, : : =0,
r(=N—=2) --- r(0) r(-N-=-3) --- r(0)

Thus we have constructed 7 : Z — H*** which is positive definite and satisfies

7(n) =r(n), n=-N,...,N. O
7. A theorem of Krein and Iohvidov in the quaternionic setting

Sasvari [19] attributes the following theorem to Krein and Iohvidov [15].

Theorem 7.1. Let a = (a(n))nez be a bounded Hermitian complex-valued sequence on Z. The sequence a
has k negative squares if and only if there exist measures py and pu—_ on [0,27] and mutually distinct points
ti,...,ts € 10,27 satisfying py(t;) =0 for j=1,...,k and supp(p—) = {t1,...,tx} and such that

a(n) = /ei”tdu+(t) —/emtd,u_(t), n € 7Z. (7.1)
0 0

Proof. A proof for this result when Z is replaced by an arbitrary locally compact Abelian group can be
found in [19]. O

It will be our goal in this section to obtain a direct analogue of Theorem 7.1 when (a(n))nez is a bounded
Hermitian H***-valued sequence. To achieve this goal, we will first generalize Theorem 7.1 to the case when
(a(n))nez is C***-valued sequence and then the desired result will follow.

Definition 7.2. Let M = 25:1 P,6;, be a C***-valued measure on [0, 27], where §; denotes the usual Dirac
point measure at t. We let

k
cardsupp M = Z rank P,.

q=1
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Theorem 7.3. Let A = (A(n))nez be a bounded Hermitian C**®-valued sequence on 7Z. A has k nega-
tive squares if and only if there exist positive C**®-valued measures My and M_ on [0,27] and mutually
distinct points t1,...,t, € [0,27] satisfying My (t;) = 0 for j = 1,...,k, supp(M_) = {t1,...,tx} and
cardsupp M_ = k and such that

Aln) = / MM (£) — / MM (1), n e Z. (7.2)

Proof. If A has k negative squares, then a,, = (v*A(n)v)nez will be a complex-valued sequence with at most

k negative squares for any v € C?. It follows then from Theorem 7.1 that there exist measures uf) and u(v)

on [0,27] and mutually distinct points tgv)7 . ,t,(;:) € [0, 2] satisfying ugf) (tg.v)) =0forj=1,...,k, and
Supp(u(f)) = {tgv), .. ,t,(;i)}, where k, < k, and such that

27 27
ay(n) = / e (t) — / emtdp(t), nez. (7.3)
0 0

Let

(iv,w) _ u(i'u—&-w) _ (v—w) (v+iw) iﬂgé)_iw)

Mt +Z/.L:t , V,wE Cs.

Ap

Then there exist positive C***-valued measures M such that (Miv,w) = ,u(iv ) and

27 27
A(n) = / e dMy (t) — / emtdM_(t), neZ. (7.4)
0 0

It follows from (7.4) together with the fact that A has k negative squares that
cardsupp M_ = k.

By construction, M, (t;) = 0 for all t; € suppM.

Conversely, suppose (7.2) is in force. It is easy to check that A is a bounded Hermitian sequence with at
most k negative squares. The fact that A has exactly k negative squares follows from the uniqueness of the
measure M = M, — M_ in (7.6) (see Theorem 5.1). O

Definition 7.4. Let v = v; + 155 be a g-positive measure on [0, 27r] with finite support. We let
card supp v = (1/2) card supp p,
where p is as in (5.2).

Theorem 7.5. Let a = (a(n))nez be a bounded Hermitian H**®-valued sequence on Z. The sequence a
has k negative squares if and only if there exist g-positive measures vy and v_ on [0,27] and mutually
distinct points t1,...,ty € [0,27] satisfying vy(t;) = 0 for j = 1,...,k, supp(dv_) = {t1,...,tx} and
cardsuppv_ = k and such that

a(n) = / ¢ty () — / ¢intdy (1), ncZ. (7.5)
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Proof. If a is a bounded Hermitian H***-valued sequence with x negative squares, then A = (A(n))nez,

where A(n) = xa(n), has 2k negative squares (see Proposition 11.4 in [5]). Thus, Theorem 7.3 guarantees the

existence of positive C?**25_valued measures M, and M_ on [0, 27] and mutually distinct points ¢y, . .

Ltk €

0, 27| satisfying M, (t;) =0 for j = 1,...,k, supp(M_) = {t1,...,tx} and cardsupp M_ = 2k and such
+j

that
27 27
A(n) = / e dMy (t) — / emtdM_(t), neZ (7.6)
0 0
If we write
dM ( dMill) dMilQ)) (E:B — EB
+ = 12) 1 22
@My am®) o
and proceed as in the proof of Theorem 5.5 we get that
dM M (@) — a8 (1) = db PP (2 — £) — dM PP (20 — 1), t e [0,27)
and
dM P () — am P (1) = —(dM? 2r — )T —aM P 27 — )T, t e [0,2n).
Consequently, it follows from M, (¢t;) =0 for j =1,...,k and supp(M_) = {t1,...,tx} that
dMM (t) = anr®P 2 — 1), te0,2m)
and
dM () = —aM M (2 — )T, t e [0,2n).
Thus,
MM (@) = amPP (2r —t), € [0,27)
and
aM M () = —am P 2r — )T, te[0,27).
Taking advantage of the above equalities we can obtain
27 2w
a(n) = /emtdwr(t) - /ei"tdl/,(t), n € Z,
0 0
where vy (t) = j(EH) (t) —l—Mim)(t) j. It is readily checked that v4 are ¢-positive measures. Moreover, a has
negative squares since A has 2k negative squares and v, (t;) = 0 for all t; € suppr_ and cardsuppv_ = k.

Conversely, suppose that a is an H***-valued sequence which obeys (7.5). Consequently, a is bounded.
Y:

The fact that a is Hermitian follows from Remark 5.4. To see that a has k negative squares, one can

consider the C2$*25_valued sequence (A(n)),ez, where A(n) = ya(n), n € Z and use the converse statement
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in Theorem 7.3 to see that A has 2k negative squares. The fact that a has k negative squares then follows
by definition. 0O

8. Herglotz’s integral representation theorem in the scalar case

In this section we present an analogue of Herglotz’s theorem in the quaternionic scalar case. Even though
this is a byproduct of the preceding discussion, it may be useful to have the result stated for scalar valued
slice hyperholomorphic functions. We begin by proving an integral representation formula which holds on
B, ={p€H : |p| <r}, namely on the quaternionic open ball centered at 0 and with radius r > 0.
A similar formula which is based on a different representation of a slice hyperholomorphic function, less
useful to determine the real part of a function, is discussed in [11]. Note also that, unlike what happens in
the complex case, the real part of a slice hyperholomorphic function is not harmonic.

Lemma 8.1. Let f : By, — H be a slice hyperholomorphic function, for some € > 0. Let I,J € S with J
orthogonal to I and let F,G : B11. N C; — C; be holomorphic functions such that for any z = x + Iy the
restriction fr can be written as fr(z) = F(z) + G(z)J. Then, on By N Cy the following formula holds:

_ 1 2W€It+z It It
fr(z) = I[ImF(0) + Im G(0)J] +%/m[Re(F(e )) +Re(G(e'"))J]dt.
0
Moreover
elt 2 _ 22
Re(( 2 [Re(F(e1)) + Re(G(e1)) 1] ) = 1L Re(P (). )

Proof. The proof is an easy consequence of the Splitting Lemma 2.4: for every fixed I, J € S such that J is
orthogonal to I, there are two holomorphic functions F,G : By, N C; — Cj such that for any z = x + Iy,
it is fr(z) = F(z) + G(z)J. It is immediate that these two holomorphic functions F', G satisfy (see p. 206
in [1])

2

1 elt + 2
F(z)—IImF(O)—l-%/

o Re(F(e'"))dt =€ BiNCy,

0
1 27 It
e +z
G(z):IImG(O)—F%/ﬁRe(G(e”))dt zeBlﬂ(CI,
0

and the first part of the statement follows. The second part is a consequence of the equality

el'+z 1—|z? ycost — xsint
elt — 5 ‘elt _ z|2 |eIt _ z|2
leading to
e’ +2 It It 1|2 It
Re( St [Re(F(e") + Re(G(e) ] ) = Sl Re(R(e1).

Remark 8.2. Let f : 2 — H be a slice hyperholomorphic function and write

f(p) = f()(l‘o7 S ,563) + fl(l‘o, S ,$3)i + fg(xo, e ,Ig)j + fg(l‘o, L. ,$3)k,
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with fo: 2 =R, £=0,...,3, p= o + x17 + w2j + x3k. It is easily seen that the restriction f; = fc, can
be written as

filz +iy) = (fo(x 4+ iy) + fi(z +iy)i) + (f2(x + iy) + fs(z +iy)i)j
=F(x+1iy) + Gz +iy)j

and so

Re(fic,)(@ +iy) = foic,(z + iy) = Re(F)(z + iy).

More in general, consider I, J € S with I orthogonal to J, and rewrite ¢, j, k in terms of the imaginary units
I1,J,1J = K. Then

fp) = fO(-rOa-'wxé’,) +f1(3307~--,xé)f—&-f2($07-~-,$§,)J+f3(xo,...,m§,)l(,

where p = zg + 2/ 1 + 24J + 25K and the z, are linear combinations of the x4, ¢ = 1,2, 3. The restriction
of f to the complex plane Cy is then fr(z + Iy) = F(x + Iy) + G(x + Iy).J and reasoning as above we have

Re(f1(z + Iy)) = fore, (0, ...,2%) = Re(F(z + Iy)).

We conclude that the real part of the restriction f; of f to a complex plane Cj is the restriction of fy to the
given complex plane. Thus if Re(f) is positive also the real part of the restriction f; to any complex plane
is positive.

Theorem 8.3 (Herglotz’s theorem on a slice). Let f : By — H be a slice hyperholomorphic function with
Re(f(p)) > 0inB;. Fiz I,J € S with J orthogonal to I. Let fr be the restriction of f to the complex plane C;
and let F,G : ByNC; — C; be holomorphic functions such that for any z = x+1y, it is f1(z) = F(2)+G(z)J.
Then fr can be written in B; NCy as

2m
f1(z) = I[ImF(0) + Im G(0).J] + / Z;—fz dpy (1), (8.2)
0

where py(t) = p1 + pod is a finite variation complex measure on C; with py positive and po real and of
finite variation on [0, 27].

Proof. The proof follows [1, p. 207]. First, we note that by Remark 8.2, Re(f(p)) > 0 in By implies that
Re(fr(z)) > 0 for z € By N Cy. Let p be a real number such that 0 < p < 1. Then f;(pz) is slice
hyperholomorphic in the disc |z| < 1/p and so by Lemma 8.1 the restriction fr(z) may be written in
|z] <1 as

27

1 [el'+z It It
f1(pz) = I[ImF(0) + Im G(0).J] + 5 / - [Re(F(pe'")) + Re(G(pe'"))J]dt,
0

where

dpy(t,p) = % [Re(F(pe“)) + Re(G(peIt))J} dt
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has real positive part, since it is immediate that Re(f7(pe!)) = Re(F(pelt)) and

j/duJ@,p)::paepxo>+-Recxo)J]

Let us set
eIt +z
A t) ==
I(Za ) elt — 5
and consider
27
/Az(z,t)dm(t;p)-
0

Let {pn}nen be a sequence of real numbers with 0 < p,, < 1 such that p, — 1 when n goes to infinity. To
conclude the proof we need Helly’s theorem in the complex case. This result assures that the family of finite
variation real-valued dv(t; p,) contains a convergent subsequence which tends to dv(t) which is of finite
variation, in the sense that

2 27
lim MWQW@MJZ/MMQM@
n—oo
0 0

for every continuous complex-valued function A(w,t). In the slice hyperholomorphic setting the integrand
is the product of the continuous Cj-valued function A;(z,t) = A1(z,t) + I Ax(z,t) where A; and As are real
valued, and of the Cj-valued du;(t, pn) = dpi (t, pn) + dua(t, pn)J (since both duq (¢, p,) and dus(t, p,) are
real-valued).

Then A;(z,t)dus(t) can be split in components to which we apply Helly’s theorem. The positivity of duy
follows from the positivity of duq(t, pn), and this completes the proof. O

Corollary 8.4. Let [ be slice hyperholomorphic function on By such that f(0) = 1. Suppose that f has real
positive part on By. Then its restriction f; can be represented as

27
elt + 2
£12) = [ S dus o,
0

where py(t) = p1(t) + pa(t)J is a finite variation complex measure on Cy with ui1(t) positive for t € [0,2x].
Moreover, the power series expansion of f

flp) =1+ pan
n=1

is such that |a,| < k, for some k € R, for every n € N.

Proof. The first part of the corollary immediately follows from Theorem 8.3. Then observe that

It oo
et + 2z _
' =142 g e Int
elt — 2

n=1
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and so the coefficients a,, in the power series expansion are given by
2m

ap, = Q/e*I”tduJ(t). (8.3)

0

Moreover
27

lan| < Q/ydm(t)\ <k

0

for some k € R since dpu ;(t) is of finite variation and so it is bounded. O

Remark 8.5. Formula (8.3) expresses a, in integral form. However, there is an infinite number of ways of
writing a,, with a similar expression, depending on the choices of I and J made to write (8.2). An important
difference with the result in Section 5 is that the measure dy in formula (5.3) is quaternionic valued, while
in this case it is complex valued (with values in C;). One may wonder if there are choices of I, J for which
formula (8.3) would allow to define a_,, via (8.3) and then obtain a_,, = a,. Since

2m 2m
Gy = 2/eI”thJ(t), ap, = Q/duJ(t)eI"t,
0 0

and
2
Uy = 2/(du1(t) — dpa(t)J)e ™
0
27
= Q/elntd,ul (t) — e ™ duy(t)J
0
2
_ 9 / e (dp () — dps(2m — £)J),
0
the condition a_, = a, translates into Re(G)(e'*) = —Re(G)(e!?™=1). If one writes the power series

expansion of f; in the form

frlx 4+ Iy) = i(z +1y)"a, = i(x + Iy)" (aon + Larn + (azn + Tas,)J)

n=0 n=0

then it follows that
F(z+ Iy) = i(m + Iy)"(aon + La1,) and Gz +1Ty) = i(m + Iy)" (azn + Lasy,).
n=0 n=0

Then

Re(G)(z + Iy) = i Un (2, Y) a2 — Vn (T, Y)asn

n=0

where

(33 + Iy)n = un(x’y) + Ivn(x’y)
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and
_ S n 1)k 2n—k R
k=0, k even

Un(z,y) = Z (Z)(l)(kl)ﬂxnkyk.

k=1, k odd

It is immediate that u,, and v, are even and odd in the variable y, respectively, thus Re(G) is odd in the
variable y if and only if as, = 0 for all n € N. In general, given a slice hyperholomorphic function f on B,
there is no change of basis for which one can have all the coefficients as,, = 0 for all n € N. Thus, formula
(8.3) does not allow to define a_,, in order to obtain the desired equality a_,, = @,,. The formula is however
one of the several possibilities to assign the coefficients of f in integral form.

We conclude this section with a global integral representation.

Theorem 8.6. Let f : By — H be a slice hyperholomorphic function. Let fr be the restriction of f to the com-
plex plane C; and let F,G : By N C; — C; be holomorphic functions fi1(z) = F(z) + G(2)J, z = x + Iy.
Then

27
f(q) = I[ImF(0) +Im G(0)J] + 2i /K(q,e”) dpy(t),

™
0

where py(t) is a finite variation complex measure on C; for t € [0,27] and

1/elt+2z eltyz 1 elt +z ety
Ity _
K(g.e )_§(ezt_z+€1t_z>+§Iql<elt_ _elt_z)

I

(1 +q¢% - QqRe(e“))_l(l + 2qu(eIt) — qz).
Proof. From Theorem 8.3 the restriction of f to the complex plane C; is

2
fr(z) = I[ImF(0) + Im G(0)J] + / th——l_zdﬂj(t),

0

where p;(t) is a finite variation complex measure on C;. Consider

eIt b o eIt 4z
elt — 2

1)+ £1(2) = 2 ) + 1 6107

and

elt _ 3 elt

_ elt 4z eIty
116 = 166) = [ (Gt - G ) dustey
0
by applying the Representation Formula we obtain the kernel

1/elt+2z elt4z 1 elt +
Ity _
K(q,e )_§<e —z+e”—2>+§lql<e”—2_e

I

[0
-y

+

I\
N~
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written in the first form. Now we write it in an equivalent way observing that the slice hyperholomorphic
extension of the function

elt+z

elt — 2’

K(z,e”): z=x+ 1y

is (for the -inverse see Ch. 4 in [10])
K(g,e') = (e —q) " (e +9q)
so that
K(ge")=(1+¢ - 2qRe(e“))_l(1 —2¢Im(e’) — ¢?),
and the statement follows. O
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