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0. Introduction

An area of research that is currently very active is the study of nonlinear geometry, of Banach spaces or
even of general metric spaces, by borrowing ideas and insights from the linear theory of Banach spaces. A very
powerful tool in the latter is given by the class of p-summing operators, so that naturally has led several
authors to investigate Lipschitz versions of them starting with the seminal paper [7]. J.A. Chavez-Dominguez
[2] has explored more properties of this class and has defined a norm on the space of molecules of which dual
space coincides with the space of Lipschitz p-summing. The aim of this paper is to continue to study the
same ideas developed in [2]. We try to give a similar treatment to the class of Cohen strongly p-summing
operators. We consider the transposed version of the norm of Chevet—Saphar and we show that the dual
of the space of molecules endowed with this norm coincides with the space of Lipschitz—Cohen strongly
p-summing. Some old results have been established, namely a version of Grothendieck’s theorem and the
relationship between the Lipschitz mapping 7 : X — Y and its linearization T : F(X) —» Y for the
concepts of p-summing and Cohen strongly p-summing.

The paper is organized as follows.
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First, we recall some standard notations which will be used throughout. In Section 1, we define a norm
on the space of molecules that is inspired by the Chevet—Saphar norms. We give and prove an integral
characterization of a linear form on this new space. In Section 2, we give the definition of Lipschitz—Cohen
strongly p-summing for maps from a metric space to a Banach space. We show that this space is precisely the
dual of the space of molecules described in Section 1. Finally, in Section 3 we study some basic properties of
these Lipschitz—Cohen strongly p-summing operators, drawing parallels to the linear theory. Some interesting
results have been obtained namely the Grothendieck theorem and the relationship between the Lipschitz
mapping and its linearization for certain concept of summability. The last part of this section is devoted
to study a factorization result of Lipschitz (p,r, s)-summing operators like the one given in linear case. We
show that the map T is Lipschitz (p*,r, s)-summing if, and only if, 7" can be written as T' = T o T; where
T; is Lipschitz r-summing and T3 is Lipschitz—Cohen strongly s*-summing.

Now, we recall briefly some basic notations and terminology. Throughout this paper we always consider
metric spaces with a distinguished point (pointed metric spaces) which we denote by 0. Let X be a pointed
metric space. We denote by X# the Banach space of all Lipschitz functions f : X — R which vanish at 0
under the Lipschitz norm given by

[f(z) = f(y)l

Lip(f) = Sup{ i)

rx,y € X, x#y}

Consider 1 < p < oo, for sequences of the same length (\;)?_; of real numbers and (x;)"_,, («})"_; of points
in X, we denote their weak Lipschitz p-norm by

S

w;[;ip((Ai,fL'i,l'/i) = sup <Z|)\ _ (;))|p>

feBx#

We denote by F(X) the free Banach space over X, i.e., F(X) is the completion of the space

E= {Z)‘Zmﬁfﬁ;? ()‘2)?:1 CR, (xi)?:p (JZ/-)Z 1 c X}
i=1
with the norm
lmllFx) = inf{z \Nild(z,2}) :m = Z Aimxix;}
i=1 i=1

where the function my ./ : X # — R is defined as follows
We have

For the general theory of free Banach spaces, see [1,8,9,12,16]. Let X be a pointed metric space and Y be a
Banach space, we denote by Lip,(X;Y") the Banach space of all Lipschitz functions T': X — Y such that
T(0) = 0 with pointwise addition and Lipschitz norm. We also denote by F(X;Y) the vector space of all
Y -valued molecules on X, i.e.,

=1
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For any T € Lipy(X;Y™), we denote by r its correspondent linear function on F(X;Y") defined by

<(/7T7 m> = <T’ m>7

where (.,.) is a pairing of Lipy(X;Y™*) and F(X;Y) defined by

(T,m) = Z (T(x),m(z)).

rzeX

n
Therefore, for a general molecule m = Y /" | \iyimg, o/,

(T,m) = Z AT () = T (27), i) (0.1)

Let X be a pointed metric space and Y be a Banach space, note that for any T' € Lip,(X;Y), then there
exists a unique linear map (linearization of T') T': F(X) — Y such that T9x =T and ||T| = Lip(T), i.e.,
the following diagram commutes

x Ly
ox 4 AT (0.2)
F(X)

where Jy is the canonical embedding so that (6x (), f) = (mgo, f) = f(z) for f € X#. Let Y be a Banach
space, then By denotes its closed unit ball and Y* its (topological) dual. Consider 1 < p < co and n € N*.

We denote by [)(Y) the Banach space of all sequences (y;)i; in Y with the norm

1
P
’

il vy = (Z ||yz»|p>

and by [;7“(Y’) the Banach space of all sequences (y;);-; in Y with the norm

H(yi)i

y*€By« \ ;9

1
n P
s = (Slir)

We also have

1
[w)illpo vy = sup (ZK%, y*>|p> = | @ )ill o yeny - (0.3)
Y*EBy= \ ;_
If Y =R, we simply write [j and [}*".

1. The Chevet—Saphar norms on the space of molecules

Let E, F' be Banach spaces, in [3,15], the Chevet-Saphar norms d, and g, are defined on tensor product
E®F for 1 <p< oo as follows

l;;w(E) H (yz)z l;L(F) }a
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taking the infimum over all representations of u of the form u = Y"1, z; ® y; € E ® F. If we interchange
the roles of the weak and strong norms in d,, we obtain the transposed norm

gp(u) = inf{ H (24):

12(B) ()il z;,;w(p)}'

For every p, we have
gp = d;fw
where d!, is defined as follows
dfa(u;E ®F)= dp(ut;F ® E),
and the transpose, u’, of u = Y1 | x; ®y; is given by u’ = " | y; ® z;. Inspired by the tensor norm g,, we
give a new norm on F(X;Y) like the one given by J.A. Chévez-Dominguez in [2] for the norm d,. Note that

the space F(X;Y') plays the role of the tensor product in the linear theory. Let p € [1,00] and m € F(X;Y).
We consider for m € F(X;Y)

pip(m) = inf {|| (Nid (24, 27) ),

(i) Hzg;“’(y) |2

n
lp

where the infimum is taken over all representations of m of the form

n
i=1
with z;, 2, € X, 5, €Y, \; € R; (1 <i<mn)andn e N*.

Proposition 1.1. Let X be a pointed metric space and Y be a Banach space. Let p € [1,00], then p, is a
norm on F(X;Y).

Proof. It is clear that for any molecule m € F(X;Y) and any scalar a we have

tp(m) >0 and gz (am) = [aluy(m).

Let y* € Y*, f € X# and m € F(X;Y). Using the pairing formula (0.1)

[{y"f.m)| =

i Ny (yi) (f (@) — f(x;))| by Hélder inequality
i=1

) (ilxim) - f<w;>)l”> E (i\wa*) ?

< [l Il Lip()| (s (is 29)); |, 1 (v

n,w .
15 (Y)

By taking the infimum over all representations of m, we obtain

[y fom)| <y || Lip(F)pp(m).
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Now, suppose that p,(m) = 0, then for every y* € Y* and f € X#

=1

by the duality between F(X) and X7, the real-valued molecule 3* o m is equal to 0 for all y* € Y* and
consequently m = 0. Let now my,mg € F(X;Y). By the definition of y, we can find a representation

1
my = E ALiY1iMg, 2 s

i=1

such that
H ()‘Ud(g““xlli))iHléH(yli)inL’;"(y) < pp(ma) +¢.

Replacing (A1;) and (y1;) by an appropriate multiple of them,

1 1
H(y“)i‘lﬁf(y) l(Aed(21s, 245))ill 7
AL = A £ > Y1i = Y14 T -,
IAsd (s, 2,))ill H(yli)i%g(y)
we can find
1 1
[ (Aid (xh,xh)) ||ll < (pp(m1) +e)7, H(yu)in;ym < (pp(ma) +¢) 7.
Similarly for ms, we choose a representation
S
= Z )\2iy2imm2iac’2ia
i=1

such that

e )y | @)l < pn(ma) +

Again, replacing (Ag;) and (y2;) by an appropriate multiple of them as in the above, we find

< (pm2) +€)7s |l < (plima) +2)

||)\21'd(x2i,1'/21')

Now, we have

wpmy 4 m2) < (P, 25 [+ (o, 26 [5)F (Nl + N0l )™

1 1
(:Up m1) + pip(mz) + 25) ’ (:up(ml) + pp(ma) + 25) ”
< pp(ma) + pp(me) + 2e.

By letting € tend to zero we obtain the triangle inequality for p,. O

We denote by F,,(X;Y) the completion of F(X;Y) for the norm f,,.
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Proposition 1.2. Let X be a pointed metric space and Y be a Banach space. We have

~

Fu, (X3Y) = F(X)®,,Y,
where gy, is the Chevet-Saphar norm defined as above.

Proof. We can establish the identification via the next linear map

n

1=1

i=1

Indeed, we have

pplm) = int { | (), |

1

l;;w(Y)}

i=1

= lnf{ ||()\meimi)z|}l2(]:(x)) ||(yz)1||l:;w(y)} = gp(u).

Sizl

Now, it suffices to show that ¢ is onto. Let u = Y7 | v; ® y; € F(X)®,, Y where v; = Zk’ As, M, at, -
We put for 1 <i<n, m; = Z’;zl As;YiMaz, o and m = >y m;. We will verify that ¢(m) = u. Indeed,

n n k;
p(m) = wlm) = ¢ ( > Asiyimzsizg)

=1 =1 si=1
n ks n
=> AsiMa, o, QYi = > vi@yi=u O
=1 s;=1 1=1

In the next result we give a characterization of an element of the dual of the space F,,(X;Y). For the

proof, we need the following lemma which is due to Ky Fan (see [5, p. 190] for more detail about this
lemma).

Lemma 1.3 (Ky Fan). Let E be a Hausdorff topological vector space and C be a compact convex subset of E.
Let M be a set of functions on C with values in (—oo, 00] having the following:

(a) each f € M is convex and lower semicontinuous;
(b) if g € conv(M), there is an f € M such that g(z) < f(x), for every x € C;
(c) there is an r € R such that each f € M has a value not greater than .

Then, there is an xg € C such that f(xo) <7 for all f € M.

Theorem 1.4. Let X be a pointed metric space, Y be a Banach space and C > 0. The following properties
are equivalent.

(1) The function ¢ is p,-continuous on F(X;Y), i.e.,

le(m)| < Cpup(m)  for allm € F(X;Y). (1.1)
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(2) For any representation of m of the form m = Y1 | N\iyiMy, 41, we have

Z’@(Aiyimwiwm < Cup(m). (1.2)
(3) There exists a Radon probability pu on By- such that for every atom of the form ym,

le(ymaa)| < Cd(x,2") yllL,. )- (1.3)

Proof. (1) = (2): Let (o)1<i<n be a scalar sequence. By (1.1), we have

90<Z azAzyzmxla:;>‘ =
=1
< CH(%/\ d(wi @0)) il 1)l o vy

< CH@i)iHlQJ (Aid(wivx;))i (¥i)i

1 ()
Taking the supremum over all sequences (a;)1<i<n With [[(a;)il[in. <1, we obtain (1.2).

(2) = (3): Let ¢ be a pp-continuous function on F(X;Y). Let K = By-. We consider the set C of
probability measures on K. It is a convex and compact subset of C(K)* endowed with its weak*-topology.
Let M be the set of all functions on C with values in R of the form

n

=SSty + Il )

i=1

Do), (), (), (we)) (2 le M)

where (2;)1<i<n, (%})1<i<n C X, (Yi)1<i<n C Y and (A\;)1<i<n C R. We will verify the assumptions of Ky
Fan’s lemma:

(a) It is easy to see that each element of M is convex and continuous on C.

(b) Tt suffices to show that M is convex. Let ¥y, W, in M such that

P, (o) (@10), (@) (w10)) (1)

! Lo . C )
- Z’go()\liylimz“z’u) - Z(;H ()‘”d(mi’xlli))iul; + E”y””ip*(u))

i=1 i=1

and

W, (Mz),(w20), (2,),(y20)) (1)

S

> C
= Z’SO()‘Qiy%mfmz'zi) - Z <;H (>‘2id(x2iv xlm))z

i=1 i=1

C *
p ~ P
I + " ”ym”LP*(u))'

It follows that

aly + (1 - )W, = Z!so YiMe,)) }—Z<p||()\ d(ws, 7)), + *||%||p *(m)

withn =1+ s, and
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if1<i<l
ifl+1<i¢<n’
if1<i<li
ifl+1<i<n’

if1<i<li

sy Hl+1<i<n’

if1<i<l
Aoy Hfl+1<i<n’

1417

(c) Let us show that r = 0 verifies the condition (c) of Ky Fan’s lemma. There exists y§ € By« such that

sup <:£:|<yn

lly*lly==1

1

)# - (i)

Let 0,; be Dirac’s measure supported by y3. Using the elementary identity

Va,B € RY: aff =

and by (1.2), we find that by taking

a = | (\d(zi,z7)) [l B

n

M=

W(‘Sy(ﬁ) =

1 i=

n

.
Il

I
NE

1 i=

.
I

-

1

IA
=

-3 (v a, I, +
Z(gnu i), + <

SHOREES

1
<Z| yzayo > 9 621'

1

1

|| (o) HW(D o) )

C *
D" ||yi||z£p*(5y*

By Ky Fan’s lemma, there is o € C such that ¥(u) < 0 for every ¥ € M. If we consider A € R}, z,2’' € X

and y € Y, we obtain

lp(‘u) = W()\,z,z’,y) (/,l,) = |@(Aymx$’)

Thus
C
P‘H‘P(ymrz’)‘ < —
p

Fix € > 0. Replacing A by 6%

1
ep*

‘P(ymzm’)

c .o
p
IA[Pd(z, z") +E||yHiP*(“)'

1 w1
< C(pepp*d(%x )+ Enyn%*(m).

C «
(z,2")" - E”yHip w <0
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Then

8

1 np , €7 P
< (o) + ST

< c(i (d(””)p " i(enyup*(m)p*).

p*

We take the infimum over all € > 0, we find

[ o(ymaar)| < Cd(z, ) 1YllL,- (0)-

(3) = (1): Let m € F(X;Y) such that
m=>" Ay
P
By (1.3)
lp(m)| < i!@(Aiyimmg)!

n
<C Z Nid(x;, ) [9illz,.(uy (by Hélder inequality)

(5

*

< Cf|(d(ei ), y*(yi>\p*du> |

=15y,
SCH(Aid(l'iaCC;))ing< / Z|y*(yi)|p*du>
By~ =1
= CH(A"d(x“x;))i |lg||(yi)i (Y

as m is arbitrary, we find

lp(m)| < Cpy(m),

thus, ¢ is p,-continuous function on F(X;Y). O
2. The space of Lipschitz—Cohen strongly p-summing

Pietsch in [14] has published an interesting monograph on operator ideals. Recently, several generaliza-
tions of certain operator ideals to the space of Lipschitz maps have been investigate. In this section, we
consider the ideal of (Cohen) strongly p-summing operators and we give its extension to Lipschitz mappings.
In [4] Cohen has introduced the following concept: A linear operator u : E — F' between Banach spaces is
strongly p-summing (or Cohen strongly p-summing) (1 < p < oco) if there is a positive constant C such that
for all n € N*| x1,...,x, € E and y7, ...,y € F*, we have

Sl

ln;w (F*) .
i=1 i=1 ?

i|<u($z)7y:>| < C(i |xz||p> || (y;k)l
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The smallest constant C', which is noted by d,(u), such that the inequality (2.1) holds, is called the strongly
p-summing norm on the space D,(E; F) of all Cohen strongly p-summing linear operators from E into F,
which is a Banach space. If p = 1, we have Dy (F; F) = B(E; F), the space of all bounded linear operators
from E to F.

We give the same definition to the category of Lipschitz mappings.

Definition 2.1. Let X be a pointed metric space and Y be a Banach space. Let T : X — Y be a Lipschitz
map. T is Lipschitz—Cohen strongly p-summing (1 < p < o) if there is a constant C' > 0 such that for any
n € N, (z4), (x}); in X; (y7); in Y* and (X;); in R} (1 <4 < n), we have

< | (N (i), |,y | (w7

ls;w(y*)' (22)

Do NT (i) = T(ah),u)
i=1

We denote by DL (X;Y) the Banach space of all Lipschitz-Cohen strongly p-summing and d’(T') its norm

dlf(T) =inf{C >0, C verifying (2.2)}.
As in the linear case, if p = 1 we have DF(X;Y) = Lipy(X;Y).
It is easy to show the next proposition.
Proposition 2.2. Let u be a bounded linear operator from E into F and 1 < p < co. Then
dp(u) = dﬁ (u).

In the next result, we give the Pietsch domination theorem for the class of Lipschitz—Cohen strongly
p-summing. The linear version of this theorem has been given by Pietsch [13] for p-summing linear operators.

Theorem 2.3 (Pietsch’s domination). Let X be a pointed metric space and Y be a Banach space. The
following properties are equivalent.

(1) The mapping T belongs to Dg(X; Y).
(2) For (x;)i, (x); in X; (yf): in Y™ and (N;); in R (1 <i < n), we have

n

D AT (i) = T(27),97) | < dy (T)]| (A (w, 20) ) ], 1 (95) ]

i=1

29 oy (2.3)

(3) There exist a constant C > 0 and a Radon probability i on By« such that for all z,2’ € X and
y* € Y*, we have

(T(z) = T(a"),y7)

B Cd(x’x/)Hy*HLp* (p)” (24)
In this case,

dIL,(T) = inf{C > 0, C verifying (2.4)}.
Proof. (1) = (2): Immediate.

(2) = (3): Let T € D(X;Y). First, we can see T’ as a mapping defined from X into Y**. Let or its
correspondent linear function on F(X;Y™*). Let m € F(X;Y™), by (2.3) we have
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n

< O (nd (s, 21),

[l (w),

p;f’ (Y*)’
hence, as m is arbitrary,
oz (m)| < Cup(m),

then or is pp-continuous on F(X;Y™*). By Theorem 1.4 (3), there exist a constant C' > 0 and a Radon
probability 4 on By« such that for all z,2’ € X and y* € Y*

[(T(x) =T ("), y")

= ’@T (y*mww’)
< Cd(a:, x')

p (1)’
(3) = (1): Let T be a Lipschitz mapping verifies (2.4). For z,2’ € X and y* € Y*,

o7 (" mew )| = |(T(2) = T(2'),y")]

< Cd(z,2)||y*

Lp* (l‘) )
So, by Theorem 1.4 (1) @7 is pp-continuous on F(X;Y*) and by (1.2)

=1

i=1

< Cup(m)
< Ol id (s, 22) il 1l 5D ll o -

Therefore T'is in D} (X;Y) and
L
dy(T) < C. O
The main result of this section is the following identification.

Theorem 2.4. Let X be a pointed metric space and Y be a Banach space. Let p € [1,00]. We have the

isometric identification
DL (X;Y™) = F,, (X;Y)". (2.5)

Proof. Let T € DJ(X;Y™*) and 7 its correspondent linear function on F(X;Y). We will show that ¢ is
pp-continuous. Let m = Z?:l AiYiMag, 2, € F(X;Y). As y; is an element in Y**, we have by Theorem 2.3

<) () s (Zy***@»\p*)

TE€By \i21

< dy (T)||(\ed (s, DHWH%}Mw
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Hence, as m is arbitrary,

o (m)| < dy (T)pp(m),

then @7 is u,-continuous on F(X;Y) and [l¢r||,, < df(T).
Conversely, let ¢ € F, (X;Y)*. Note that ¢ can be identified with a mapping T, : X — Y* via the
formula

(Ty(x),y) = ©(ymao).

It is clear that T, is Lipschitz. Indeed,
|To(x) = Ty (2) || = sup [(Tp() — T ('), )|
yEBy

= sup }<<p(ymmo) - @(ymm’0)>‘
yEBy

= Ssup }@(ymzx’)
yEBy

sup [lplld(z,2")[y|
yEBy

IN

< [l d(w, 27).

Now, let (), (x}); C X, (y;*); C Y™ and (\;); € RY (1 <4 < n). Consider the finite-dimensional

K3
subspaces

V= span(y;k*):zl cY™,

and U = span(T,(x;) — T, (), C Y*. Let € > 0. By the principle of local reflexivity [5, p. 178], there is
an injective linear map ¢ : V' — Y such that

max{[|gll, [l8ll[|e~"||} <1 +e,

and (p(y**),u*) = (y**,u*) for any y** € V and u* € U. Letting y; = ¢(y;*), the latter condition together
with the continuity of ¢ imply

.Z AT (i) = T (27), 477)

3 N(Tos) = T (a1) i)
=1
=1

i=1

< Ml | (il (i ) | )

n,w .
15 (Y)

Noting that

1
n . p*
() = Sup <Z|y*(yi)|p>

ly*II<1\; =1
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= sup (z y*(qb(y:‘*))\p*) ’

ly*I<1\; =
< I )il ey

< @+l ()]

lp,; (Y**)

Since € > 0 was arbitrary, letting it go to zero proves that T, is Lipschitz—Cohen strongly p-summing and
dy(T,) < llelly,- ©

3. Some inclusion and coincidence properties
The aim of this section is to explore more properties of the class of Lipschitz—Cohen strongly p-summing
operators. We start by showing the relationship between the Lipschitz mapping and its linearization for the

concept of strongly p-summing. A similar characterization holds for Lipschitz compact operators (see [11]).

Proposition 3.1. The following properties are equivalent.

(1) The mapping T belongs to Dﬁ(X; Y).
(2) The linear operator T belongs to Dy(F(X);Y).

Even more, DL(X;Y) = Dyp(F(X);Y) holds isometrically.

Proof. First, suppose that T' € Dg(X; Y). Let m € F(X) and y* € Y*. Then
[(T(m),y)| < D INIKT (@) = T (1), 7))
i=1

< dzE(T) Z |Aild (@i, 7) Hy*HLP*(M)’
i—1

as m is arbitrary, we obtain

~

(T (m),y")

hence T verifies Pietsch’s domination for (Cohen) strongly p-summing operators [4, Theorem 2.3.1], then
T € Dp(F(X);Y) and

d,(T) < dX(T).
Conversely, suppose that Te Dp(F(X);Y). Let x,2’ € X and y* € Y*, by Pietsch’s domination of T

() = (') 5] = [(Tlmaar) )|
< dp(T) | maa|

YL (u)

*

< dp(f)d(x, )|y

Lpx (1)’

by Theorem 2.3, T' is in Dﬁ (X;Y) and
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One of the nice results of Cohen is that a linear map u : £ — F between Banach spaces is strongly
p-summing if and only if the adjoint map uv* : F* — E* is p*-summing. It would be interesting to point out
that an analogous situation holds in the nonlinear case: if X is a metric space and Y is a Banach space,
T : X — Y is Lipschitz-Cohen strongly p-summing if and only if the “adjoint” map T% |y-: Y* — X7 is
p*-summing (this map is actually just the linear adjoint of the linearization T: F(X)=Y).

For Lipschitz p-summing operators we have the following result.

Proposition 3.2. Let 1 <p < oo. Let T : X — Y be a Lipschitz map and T its linearization. Suppose that T
is p-summing, then T is Lipschitz p-summing.

Proof. If T is p-summing then it is Lipschitz p-summing, and by (0.2) T Lipschitz factors through T, soT
is Lipschitz p-summing by the ideal property of Lipschitz p-summing operators. O

Remark 3.3. The converse of the precedent Proposition is not true. Indeed, the canonical inclusion
op 1R — 5R(R) C F(R)
is Lipschitz p-summing since it is Lipschitz equivalent to the identity idg; hence dg : R — F(R) is Lipschitz
p-summing. But the linearization of this map is the identity on F(R), which cannot be p-summing because
F(R) is infinite-dimensional (isometric to L1 (R), in fact).
Corollary 3.4. Let X be a pointed metric space andY is an Ly-space (1 <p < 00). Then
L . L .
D,.(X;Y) C I1)(X;Y).
Proof. If T is in D# (X;Y), the Proposition 3.1 implies that T: F(X) — Y is Cohen strongly p*-summing.
By a result of Cohen [4, Theorem 3.2.3], T is p-summing and by Proposition 3.2, T is Lipschitz p-summing
with
L L
7, (T) < dy.(T). a

We recall that (see [2]) es,(X;Y) is the space of molecules F(X;Y) endowed with the next norm

esp(m) = inf {[| (Aillyi), ]| w0527 (O ,0),)

where the infimum is taken over all representations of m of the form

n
m = E yimwiw;a
=1

with 25,2 € X, 5, € Y, s € Ri; (1 <i<n)andn e N
Corollary 3.5. Let X be a pointed metric space, 1 <p < oo and Y be an Ly-space. The identity mapping
id : csp(X3Y) — Fu, (X;Y)

is continuous with ||id|| < 1.
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Proof. Let m € cs,(X;Y) and ¢ € F,, (X;Y)* such that

lellu, < 1.

By Theorem 2.4, we can identify ¢ with a function T, € D}(X;Y™*) with ||l¢||,, = d&(T,). By the above
result, T}, € ITL (X;Y™), and Theorem 4.3 in [2] asserts that ¢ € cs,(X;Y)* with

e lles, (xivy = 5 (Ty)

< dy (Tp) = |l

consequently,

pp(m) = sup |p(m)| < sup  |lom)|| = mlles,xiv)- O
lellp <1 el sy xovye <1

In the next result, we give a version of Grothendieck’s theorem (this famous result is due to Grothendieck
[10]). We mention that other nonlinear versions have already appeared in the literature (for example in [7]).

Corollary 3.6 (Grothendieck’s theorem). Let X =1y and H be o Hilbert space. Then
IIY(X; H) = Lipy(X; H).

Proof. In this case, the free Banach space F(X) is isometrically isomorphic to L;(R) (see [6, Corollary 8]),
then T : F(X) — H is 1-summing, consequently 7" is 1-summing. O

In the last result, we consider Lipschitz (p,r, s)-summing linear operators and we combine with The-
orems 5.2 and 5.4 in [2] for giving a factorization result using the language of Lipschitz—Cohen strongly
p-summing operators.

We recall the following definition as stated in [2].

Definition 3.7. Let X be a pointed metric space and Y be a Banach space. Let T : X — Y be a Lipschitz
map. T is Lipschitz (p, 7, s)-summing if there is a constant C' > 0 such that for any n € N*, (z;);, («}); in X;
(y7); in Y* and (N;);, (ki); in R% (1 <4 < n), we have

[T ) = Ta2)o ),y < Co? (ki) ) () oy (3.)

We denote by ITX (X;Y) the Banach space of all Lipschitz (p,r, s)-summing operators.

DTS

Theorem 3.8. Let p,r, s € [1,00] such that % + % + % = 1. Let T € Lipy(X;Y), the following are equivalent.

(1) The mapping T belongs to IIL. | (X;Y).
(2) There exist a constant C > 0 and regular Borel probability measures u and v on the weak™ compact unit
balls Bx#, By« such that for all x,2' € X and y* € Y*

<C< / If(x)—f(x’)Vdu(f))i( / v (y")

By ex

(T(z) = T(2').y") Sdu(@/”)) 62
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(3) There exist a metric space X and two Lipschitz mappings Ti,Ts such that Ty € HTL(X;X), T €
DL(X;Y) and
T = T2 o Tl. (33)
Proof. (1) < (2): First, by (0.3) the norm of T as an element of II , (X;Y) is the same as its norm
in HPL*,RS(X ;Y**). Then, the equivalence follows from [2, Theorems 5.2 and 5.4] (specialized to the case
E=Y%).
(2) = (3): Suppose that T verifies (3.2). Then, we have the following diagram which is commutative

x 5 Y
Lix /T
X  CLy(w

where jx : X — L,(p) is the isometric injection (which is Lipschitz r-summing), X = jx(X) is a pointed
metric space of which the metric is defined by

For #,3 € X: d(2,%) = ||z — &|

Ly (p)?

and its origin is jx (0). We have T'= T o jx. The mapping T is well defined and is Lipschitz—Cohen strongly
s*-summing. Indeed,

(T@) =T (),y")

= [(T@) =T ("), ")

BX#

< C( / |(5:—5c’)(f)!rdu> ol
By

<Clla=@||, v L.

therefore by Theorem 2.3, T is Lipschitz-Cohen strongly s*-summing.
(3) = (2): Given a factorization (3.3), consider the map 65 o T} : X — F(X) and Ty : F(X) — Y C
Y**, then T =Ty 0 % o T4, so, we obtain what we needed for [2, Theorem 5.4 (¢)]. O
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