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Jinghuai Liu*!, Xiaoqiu Song?, Litao Zhang!

! Department of Mathematics and Physics, Zhengzhou Institute of Aeronautical Industry Management,
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Abstract In this paper, applying the theory of evolution family and Schauder’s fixed point theorem, we
prove the anti-periodic mild solutions for semilinear nonautonomous evolution equations in Banach space
under conditions. Furthermore, an example is given to illustrate our results.

Keywords Anti-periodic function; Hille-Yosida operators; Evolution family; Mild solutions, Semilinear
nonautonomous evolution equation.

1 Introduction

The study of the existence of anti-periodic solutions constitutes one of the most attractive topics in
qualitative theory of differential equations due to its applications in engineering, physics, control theory
and other subjects (see [1-4] and the references therein). Recently, the existence of anti-periodic solutions
to differential equations in Banach spaces by using semigroup theory has been established by many authors.
For example, we refer readers to [5-9].

In this paper, we study the existence of anti-periodic mild solutions to the semilinear nonautonomous
evolution equations

d
Zu®) = (A+ B®)ut) + f(t,u(®)),t € R, (1)
where A is a Hille-Yosida operator having the domain D(A) in Banach spaces X, B(t),t € R is a family
of operators in £(D(A), X) , the part of (A+ B(t)):>0 in Xo generates the evolution family (U(t,s))i>s>0
and f: R x Xo — X is a suitable function.

To the best of our knowledge, the literature concerning the existence of anti-periodic mild solutions to

this problem is an untreated original problem, which constitutes one of the main motivations of this paper.

The paper is organized as follows: In Section 2, we give some definitions and fix notations which will be
used in the sequel. In Section 3, the existence, uniqueness of anti-periodic mild solution to some semilinear
nonautonomous evolution equations in Banach space are studied.

2 Preliminaries and basic results

We recall some definitions and fix notations which will be used in the sequel. Let X be a Banach space
endowed with the norm || - || and £(X,Y") be the Banach space of all bounded linear operators from X to
Y. Cy(R, X) is the space of all bounded continuous functions from R — X. RT = [0, +00).

We give some basic results on extrapolation spaces of Hille-Yosida operators.

Definition 2.1 Let A be a linear operator with domain D(A). We say that (A, D(A)) is a Hille-
Yosida operator on X if there exists w € R and a positive constant M > 1 such that (w,00) C p(A) and
sup{(A —w)"||(A = A)|| 7"} < M. The infinimum of such a w is called the type of A. If the constant w can
be chosen smaller than zero, A is said to be of negative type.

fSupported by the Tianyuan Special Funds of the National Natural Science Foundation of China (11226337), the
Fundamental Research Funds for the Central Universities(2013SX03), Science and Technology Project of Henan
Province (132300410373) and Scientific Research Fund for Young of Zhengzhou Institute of Aeronautical Industry
Management (2013171003).

*Corresponding author; Tel:4+86-0371-60632667.

E-mail: ljhcumt@163.com(J.-H. Liu), songxiaoqiu@cumt.edu.cn(X.-Q. Song), litaozhang@163.com(L.-T. Zhang)



From the Hille-Yosida theorem [10,Theorem II.3.8] we have the following result.

Lemma 2.1 Let (A4, D(A)) be a Hille-Yosida operator on X, Xo = D(A), D(Ao) = {z € D(A) :
Az € Xo} and Ag : D(Ag) C Xo — Xo be the operator defined by Aoz = Az. The operator Ag
generates a Co-semigroup (Tp(t))s>0 on Xo with ||To(¢)|| < Me“" for t > 0. Moreover, p(A) C p(Ao) and
R(X, Ag) = R(N, A)|x,, for A € p(A).

Let A € p(A). we define a norm on space Xy by

lz]|=1 = [|R(A, Ao)z||, z € Xo.

The completion of (Xo, || - [|=1) will be called the extrapolation space of X associated with A¢ and will
be denoted by X_1. One can show easily that, Ty(¢) has a unique bounded linear extension 7" 1(t) to
X_1. The operator family (T-1(¢)):>0 is a Co-semigroup on X_1, called the extrapolated semigroup of
(To(t))e>0. The domain of its generator A_; is equal to Ag.

For more details of Hille-Yosida operators and extrapolation spaces, we refer to [10-12] and the refer-
ences therein.

From [13] and [14,Theorem 2.3], we have the following Lemma:

Lemma 2.2 Let ¥y = {A € C: |arg A\| < 0} {0} C p(A(t)), 0 € (5, m). If there exist a constant ko
and a set of real numbers oy, a2, -+ ,a,f1, -, Pk with 0 < 8; < a; <2,9=1,2,---  k such that

A (A = A(t))_l(A(t)_l — A(s)_l)H < Ko Z(t h S)O“L|>\|ﬁi—1’

fort,s € R, X\ € 3g \ {0} and there exists a constant M > 0 such that

(A= A(®)) A € Yo,

_1” < L?
L+ |Al
then there exists a unique evolution family {U(t,s),t > s; s € R}.

Definition 2.2 A set U = {U(t,s) : t > s,t,s € R} of bounded linear operators on X is called an
evolution family if

(i) U(t,s) =U(t,r)U(r,s) and U(s,s) =1 for t > r > s and

(ii) (¢,s) — U(t,s) is strongly continuous for ¢ > s.

We also need to recall the following notation concerning exponential dichotomy. An evolution family
U is called exponential dichotomy (or hyperbolic) if there are projections P(t), ¢ € R uniformly bounded
and strongly continuous in ¢ and constants M,w > 0 such that

(a) U(t,s)P(s) = P(t)U(t,s) for all t > s;

(b) The restriction Ug(t,s) : Q(s)X — Q(t)X is invertible for all ¢ > s (and we set Ug(s,t) =
Ug(t,s)™"). Here and below we let Q = I — P for a projection P;

@NUt,5)P(s)]| < Me™ ) and |[Uq(s,)Q(t)|] < Me™"=*).

If U is hyperbolic, then the operator family

T(t,5) U(t,s)P(s), t>st,s€R
,S) =
—Ug(t,s)Q(s), t<s,t,s€R

is called Green’s function corresponding to U and P(-).

Definition 2.3 A function f € Cy(R, X) is called anti-periodic provided that
ft+T)=—f(t),Vt € R.

Denote by Pra(R,X) the set of all anti-periodic functions.
Lemma 2.3[7] Let f, € Pra(R,X), such that f, — f uniformly on R. Then f € Pra(R, X).
Lemma 2.4[7] Equipped with the supnorm, Pra(R, X) is a Banach space.
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Definition 2.4 Let evolution family U(t,s) be generated by the part of (A + B(t)):>0 in Xo. A
function

u(t) = U(t, s)u(s) + AILH;O/ U(t,T)AR(X\, A) f (T, u(7))dT,

is called a mild solution to Eq.(1) for ¢ > s and s € R, where A , B(t),t € R are as in previous sections
and U (t, s) satisfies the variation-of-parameters formula

Ul(t,s) =To(t —s) + / T_1(t —7)B(m)U(T, s)dr.

For more details of mild solutions to Eq.(1), we refer to [15] and the references therein.
We give the famous Schauder’s fixed point theorem as follows:

Lemma 2.5 (Schauder’s fixed point theorem) Let D be a nonempty, closed, bounded, convex
subset of a Banach space X. Let F': D — D be a continuous and compact operator, then the operator
equation F'u = u has a fixed point in D.

3 Existence of anti-periodic mild solutions

To study the existence of anti-periodic mild solutions to Eq.(1), we will assume that the following
assumptions hold:

(H1) The evolution family U(t,s) is generated by the part of (A + B(t)):>0 in Xo and satisfies the
hypotheses of Lemma 2.2, also U(t, s) has an exponential dichotomy with constants w > 0, M > 1 and
projections P(t) for t € R. C = sup,c g {||AP(t)R(X, A)||, |A\(I = P(t))R(X, A)||} < o0;

(H2) (U(t, s))e>ser is T-periodic, in the sense that there exists T' > 0 such that U(t+T,s+T) = U(t, s)
for t > s;

(H3) The function f: R x Xo — X is continuous and f(t+ T, —u) = —f(t,u) for all t € R, u € Xo;

(H4) The function f: R x Xo — X satisfies the Lipschitz condition:

[t 2) = f(E )| < LBz =yl

for all t € R, x,y € Xo, where L(t) satisfies
t4+1
Ll =sup [ L(s)ds < +x.
teR Jt
Theorem 3.1 Under assumptions (H;) — (Hs), for every ¢t € R, let
Au(t) = Xlim (¢, $)AR(N, A) f (s, u(s))ds.
—oo J_

Ifue PTA(]%7 Xo), then Au(t) S IDTA(]%7 Xo).
Proof Firstly, it is easy to see that

IAu] = I fim [ T MR A f(s.ul)ds]
< w0 [ e s, us) s
< 2.

Thus A is well defined and Awu is bounded.



Secondly, for any t,h € R

[Au(t + h) — Au(t)]] = || Ali_}rrolO _OO T(t + h, s)AR(N, A) f(s,u(s))ds
—tim [T ARO, A) 7 (s, u(s))ds|

= | lim / (4 hy s + BIAR(A, A)f(s + b, us + h))ds
—oo J_ o

o]

— lim T(t, s)AR(N, A) f(s,u(s))ds||

Ao [ o

< C/jo [T(t + hys + h) f(s + h,u(s + h)) — f(s,u(s))||ds

n c/jo (D + hy s+ h) — Tt 8)) £ (5, u(s)) | ds-

Thus, ||Au(t + h) — Au(t)|| — 0 as h — 0, which proves that Aw is continuous.
Finally, It follows from (Hs3) that for any u € Pra(R, Xo) and for each t € R

Au(t+T) = Aliﬁm N L(t+T,8)AR(\, A) f(s,u(s))ds
= /\li_}m - T(t+T,s+T)ARN A)f(s+T,—u(s))ds

— —dim [ T s)ARO, A)f(s,u(s))ds

A— o0 o

= —Au(t).

Therefore, Au is anti-periodic. The proof is complete.

Theorem 3.2 Under assumptions (Hy) — (Hy), if 0 < % < 1, then Eq.(1) has a unique
anti-periodic mild solution.

Proof Define the operator A as in Theorem 3.1 by

Au(t) = AILH;O /jo L(t, s)AR(A, A) f(s,u(s))ds

for every t € R. By Theorem 3.1, the operator A is well defined and maps Pra(R, Xo) into itself.
Next, we prove that the operator A has a unique fixed point in Pra(R, Xo).
Let u,v € Pra(R, Xo),then

A = Ao = i [ T 9AROL AT, ) — f(sv0(5)ds |

< MC [ e s us) - f(sv()ds
t [eS]
< MClu-— v||(/ e U [(s)ds + / e I L(s)ds)
—oo t
t—k t4+k+1
< MClu- v||(Ze_“’k/ L(s)ds + Ze—wk/ L(s)ds)
k>0 t—k—1 k>0 t+k
< 2MCllu =l Y e " Lllioe
k>0
2MC||L]|},
< MO e,y
For 0 < % < 1, it follows from the Banach contraction mapping principle that A admits a unique

fixed point in Pra(R, Xo).



To end of the proof, we will prove that u € Pra(R, Xo) is a mild solution of Eq.(1).
In fact, if t > s, then

u(t) = U(t,s)u(s) = )\li%rr;o(‘/jo L(t, T)AR\, A) f(1,u(r))dT — /j U(t, T)P(T)AR(\, A) f(T,u(T))dr
+ / U(t, 7)Q(T)AR\, A) f (7, u(r))dr + /toO Ug(t, 7)Q(T)AR(N, A) f (1, u(7))dr)
— Jim ([ Z (e, DAROS AV (7, u(r))dr — [ U PONRO A ()i
+ / U(t,T) AR\, A) f(T,u(7))dT + /too Ug(t, 7)Q(T)AR(N, A) f (1, u(T))dT)

t

U(t, T)AR(N, A) f (7, u(7))dT,

lim
A—oo [
which implies that u is a mild solution to Eq.(1). The proof is complete.

Corollary 3.1 If assumptions (H1) — (Hs) hold true, the function f satisfies the Lipschitz condition

(¢, 2) = f(t, vl < Lllz —yll

for all t € R, x,y € Xo, where L > 0 is a constant and If 0 < % < 1, then the Eq.(1) has a unique
anti-periodic mild solution.

Let h : R — R be a continuous function such that h(t) > 1 for all ¢t € R, and h(t) — oo as |t| = oc.
We consider the space

Cn(X) = {u € C(R,X) : lim_ % _ o}

@)l
ul|lp = sup ——=-.
Jull = sup 153
Lemma 3.1[16] A subset K C C(X) is a relatively compact set if it verifies the following conditions:
(i) The set K (t) = {u(t) : u € K} is relatively compact in X for each t € R;
(ii) The set K is equicontinuous;

(iii) For each € > 0 there exists L > 0 such that [|u(t)|| < eh(t) for all w € K and all |t| > L.

To establish our next results, we consider the following assumptions.

endowed with the norm

(A1) f(t,z) is bounded continuous and there exists a continuous nondecreasing function W : Rt — RT,
such that
1f ()| < W(ll=]])
forall t € R, v € Xo;
(Az) For each k > 0, let B(k) = [~ ~wlt=sIW (kh(s))ds € Cy(R) and MCB(k) < oo ;

e
—oo

(As) For each € > 0, there is a § > 0, such that for every u,v € Cj,(Xo), ||u — v|[r < § implies

sup /7°° eIt (s, u) — f(s,0)||ds < €

teER

(A4) U(t, s) is a strongly continuous evolution family. Moreover, U (¢, s) is compact.

Theorem 3.3 Under the previous assumptions, let V' C Pra(R, Xo) and A(V)(t) := {Au(t) : u € V'},

where .

Au(t) = U(t, s)u(s) + lim U(t, ) AR\, A) f (7, u(r))dT,

A—oo [

then A(V)(t) is a relatively compact subset of Xy for each t € R and V is equicontinuous.



Proof Firstly, we will prove that A(V)(t) is a relatively compact subset of Xy for each ¢t € R.
For each s < t and € > 0 is such that s <t — ¢,

t—e

Au = Ut s)u(s) + lim U(t, T)ARN, A) f (7, u(r))dr

t

+  lim U(t, T)AR(N, A) f (7, u(T))dT

= U(t,t—e)[U(t —e,s)u(s) + /\hﬁn;o Ut —e,7)AR\, A) f(r,u(7))dr]

t

+  lim U(t, T)AR(X, A) f (7, u(r))dr

- U(t,t—e)Au(t—s)—&—/\li_)n;o/t_ U(t, PIAR(N, A) f(r, u(r))dr.

Since {Au(t — )} is bounded and U(t,t — ¢) is compact, {U(t,t — e)Au(t — €),¢t > e} is a relatively
compact subset of Xo. Secondly, for U(t, s) is strongly continuous and f is bounded continuous,

t
lim U(t, T)AR(N, A) f(T,u(7))dT — 0
A—o00 t—e
as € — 0. Thus, A(V)(t) := {Au(t) : u € V} is a relatively compact subset of Xy for each ¢t € R.
Finally, we will show that the set V' is equicontinuous.
In fact, proceeding as above, for t; < to, t1,t2 € R, we can decompose

t2

(Uta,5) = Uk, s)uls) + lim | Ulta, )AR(, A)f(r, u(r))dr

Au(tg) — Au(tl)

t

_ Alggo ' U(t1, ) AR\, A) f (T, u(T))dT

= (U(t2.t2) = DU )uls) + Jim [ U ARG, A)f (. u(r))dr]
+ Aan;o/tl Ul(ta, )AR(N, A) f (1, u(7))dT

= (Ulta,t1) — Du(tr) + xlinio/t “Ulta, AR, A)f(r,u(r))dr.

Since the set A(V')(t) is relatively compact in Xy and U(t, s) is strongly continuous, then

lim [|(U(t2,t1) — Du(t1)]| = 0.

to—t1—0
For U(t, s) is strongly continuous and f is bounded continuous, we obtain
to
Wl i [0 DARO, )1 = 0

Therefore, combining the estimates, we have

lim ‘lAU(tQ) — Au(t1)|\ = O
to—t1—0

uniformly for w € V. The proof is complete.
Theorem 3.4 If assumptions (A1) — (A4) hold true, then Eq.(1) has an anti-periodic mild solution.
Proof Let D ={u € Pra(R,Xo) N Cr(Xo)}, and A(D)(¢t) := {Au(t) : uw € D}, where

Au(t) = U(t, s)u(s) + Jim / U(t, PIAR(N, A) f(r, u(r))dr.



From the proof of Theorem 3.2, we have

Au(t) = Alim U(t,s)\R(X, A) f(s,u(s))ds.
—oo J_
We divide the proof in several steps.
Stepl. For v € D, we have that
1Au@)l = Jim [ D 9ARO, A f (s, uls))ds]

< MC / T e ol) £ (s, u(s)) | ds

< Mc/jo eI ([[u(s) ) ds

IN

Mc/oo e IS W (||ullnh(s))ds
< MOB(||ulln).-

It follows from condition (As) that A : Ch(Xo) = Ch(Xo).

Step2. The map A is continuous. In fact, for ¢ > 0, we take ¢ involved in condition (As). If
u,v € Cp(Xo) and [Ju — v||n < 6, then

[[limx o0 [Z2) T2, 5)AR(A, A)[f (5, u(s)) — f(s,v(s))lds]|
h(t)
MC [ eI f(s,uls)) = f(s,0(s))llds
- h(t)

€,

[Au(t) = Av(t)[n

IN

which shows the assertion.
Step3. Applying condition (Asz), we can show that

lAu| _ MC
ht) = D)

/ e =W (|Jul|nh(s))ds — 0, |t| — oo

and this convergence is independent of u € D.
From the proof of the Theorem 3.3 and Step 3, D satisfies conditions (4)-(7i¢) of Lemma 3.1, so D is a
relatively compact set in Ch(Xo). It follows from the proof of step 1-step 3 that A is a compact operator.

Step4. Applying Theorem 3.1, we obtain that A(Pra(R, Xo)) € Pra(R, Xo). Consequently, combining
with step 1 and step 2 we infer that A(Pra(R, Xo) N Cr(Xo)) € Pra(R, Xo) N Cr(Xo), and also

h
h

A(Pra(R, Xo) NCh(X0)") € A(Pra(R, Xo) N Ch(X0))" C Pra(R, Xo) N Ch(Xo)

where D" denotes the closure of D in Ch(Xo). Applying Lemma 2.5, we deduce that A has a fixed point

w € Pra(R,Xo)NCL(Xo) -

Step5. We prove that v € Pra(R, Xo).

Let (un)n be a sequence in Pra(R, Xo) N Cr(Xo) that converges to u for the topology in Cp(Xo). It
follows from condition (A3z) that T'u,, — I'u as n — oo, uniformly on R. This implies that u € Pra(R, Xo),
which completes the proof.

Remark 3.1 If assumption (As) of Theorem 3.4 is fulfilled in the following situation:

£t h(t)z) — f(& ROy < W(llz - yll),
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forall t € R, z,y € Xo, W(0) = 0, then Theorem 3.4 is still true.
In fact, we use the same notations as in Theorem 3.4.

[Au(t) = Av(t)]]

| D NROL A u(s) = Fs.vl)ds]

< Mc/m e*w‘t*S'W(W)@

—o0

2MC
< ZEW(lu—oln).

Since W is continuous, the above estimate shows that (As) hold, the remains of proof is essentially the
same of Theorem 3.4.

4 Application

In this section we give an example to illustrate the above results. Consider the following retarded
partial differential equation [17]:

deu(t, x) = dou(t, x) + au(t,z) — b(t)u(t — 1,x) + f(t, u(t,z)), t € R, z € [0, 7], (2)
with boundary initial conditions
u(t,0) =u(t,7) =0, t € R, (3)
where a,b € Rand f: Rx [0,7] » R for all t € R.
Let Y := C(]0, 7], R) and the operator B be defined on Y by Bv = v + av, with domain
D(B) := {v e C*([0,7], R) : v(0) = v(r) = 0}.

Set X =Y xE, where E = C([—1,0],Y), w(t) = u(t,-), L(t)w = —b(t)w(—1) and F(t,w) = f(t,u(t,-)).
It is well known(see [15]) that Eq.(2)-(3) can be formulated as an abstract Cauchy problem

w'(t) = Aw(t) + B)w(t) + F(t,w)

where

d
0 ar

A= < 0 Bdo—d ),D(A) = {0} x {¢ € C*([-1,0],Y) : $(0) € D(B)}

with 8y := ¢ (0) for ¢ € C'([~1,0],Y) and

B(t) == ( g L(()t) >

It is shown in [18, Lemma 3.1] that A is a Hille-Yosida operator, the part Ag of A in Xy := D(A) =
{0} x E generates a Co-semigroup (To(t))t>0 on Xo. Let (T-1(¢))¢>0 denote the extrapolated semigroup
of (To(t))i>0 on X. For more details, see [15, 18]. Under the similar conditions of Section 3, we can prove
the Eq.(2)-(3) has a unique anti-periodic mild solutions.
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