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1. Introduction

A compact subset X of C" is said to be a spectral set for a commuting n-tuple of bounded operators
T = (Ty,...,T,) defined on a Hilbert space H if the Taylor joint spectrum o(T) of T is a subset of X and

[P (D) < lIrlloe,x = sup{lr(z1;- - za)] = (21,00, 20) € X},

for all rational functions r in R(X). Here R(X) denotes the algebra of all rational functions on X, that is,
all quotients p/q of holomorphic polynomials p, ¢ in n-variables for which ¢ has no zeros in X. A triple of
commuting operators (A, B, P) for which the closure of the tetrablock E, where

E = {(z1,72,73) € C*® : 1 — 22y — wry + zwr3 # 0 whenever |z| < 1, |w| < 1},

is a spectral set is called a tetrablock contraction or an E-contraction.
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Complex geometry, function theory and operator theory on the tetrablock have been widely studied by a
number of mathematicians [1,2,4-7,9,12,13] over past one decade because of the relevance of this domain to
p-synthesis problem and H* control theory. The following result from [1] (Theorem 2.4 in [1]) characterizes
points in E and E and provides a geometric description of the tetrablock.

Theorem 1.1. A point (x1,29,23) € C3 is in E if and only if |x3| < 1 and there exist c¢1,cy € C such that
|Cl| + |02‘ <1 and Ty = cC1 + Cox3, Tg = C2 + C173.

It is clear from the above result that the closed tetrablock E lives inside the closed tridisc D3 and
consequently an E-contraction consists of commuting contractions. It is evident from the definition that
if (A, B, P) is an E-contraction then so is its adjoint (A*, B*, P*). We briefly recall from literature some
special classes of E-contractions which are analogous to unitaries, isometries, co-isometries etc. in one
variable operator theory.

Definition 1.2. Let A, B, P be commuting operators on a Hilbert space H. We say that (4, B, P) is

(i) an E-unitary if A, B, P are normal operators and the joint spectrum o (A, B, P) is contained in the
distinguished boundary bE of the tetrablock, where

bﬁ = {(5131,2132,333) S (CS T = ZC_QZ‘3, ‘.132‘ < 1, |Jj3| = 1}

= {(x17x27x3) S E . |1’3| = 1};

(ii) an E-isometry if there exists a Hilbert space K containing # and an E-unitary (A, B, P) on K such
that H is a common invariant subspace of A, B, P and that A = A|y, B = Bly, P = P|y;

(iii) an E-co-isometry if (A*, B*, P*) is an E-isometry;

(iv) a completely non-unitary E-contraction if (A, B.P) is an E-contraction and P is a completely non-
unitary contraction;

(v) a pure E-contraction if (A4, B.P) is an E-contraction and P is a pure contraction, that is, P*™ — 0
strongly as n — oo.

Definition 1.3. Let (A, B, P) be an E-contraction on a Hilbert space H. A commuting triple (V1, V5, V3) on
K is said to be an E-isometric dilation of (A, B, P) if (V1, Vs, V3) is an E-isometry, H C K and

f(A, B, P) = Py f(Vi, Va2, V3)|n

for every holomorphic polynomial f in three variables. Here Py denotes the projection onto H. Moreover,
this dilation is called minimal if

K =span{f(Vy,V2,V3)h : h e H, f € Clz1, 22, 23]}

It was a path breaking discovery by von Neumann, [11], that a bounded operator T is a contraction if
and only if the closed unit disc D in the complex plane is a spectral set for T'. It is well known that to every
contraction T on a Hilbert space H there corresponds a decomposition of H into an orthogonal sum of two
subspaces reducing T, say H = H1 @ Ha such that T3, is unitary and Ty, is completely non-unitary;
H1 or Ho may equal the trivial subspace {0}. This decomposition is uniquely determined and is called the
canonical decomposition of a contraction (see Theorem 3.2 in Ch-I, [10] for details). Indeed, H; consists of
those elements h € H for which

IT™h|| = ||h]| = [|T*"A|| (n=1,2,...).
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The main aim of this article is to show that an E-contraction admits an analogous decomposition into an
E-unitary and a completely non-unitary E-contraction. Indeed, in Theorem 3.1, one of the main results of
this paper, we show that for an E-contraction (A, B, P) defined on H if H; ® Hs is the unique orthogonal
decomposition of H into reducing subspaces of P such that P|y, is a unitary and Ply, is a completely
non-unitary, then #;, Hz also reduce A, B; (Alx,, Bl#,, Pln,) is an E-unitary and (A|y,, Blu,, Plu,) is a
completely non-unitary E-contraction.

The other contribution of this article is that we produce a concrete operator model for an E-contraction
which satisfies some conditions. Before getting into the details of it we recall a few words from the literature
about the fundamental equations and the fundamental operators related to an E-contraction.

For an E-contraction (A, B, P), the fundamental equations were defined in [4] as

A—B*P=DpX,Dp, B—A*P=DpX,Dp; Dp=(I—P*P)s. (1.1)

It was proved in [4] (Theorem 3.5, [4]) that corresponding to every E-contraction (A, B, P) there were two
unique operators Fy, Fy in B(Dp) that satisfied the fundamental equations, i.e.,

A—B*P=DpFDp, B— A*P = DpF,;Dp.

Here Dp = Ran Dp and is called the defect space of P. Also B(H), for a Hilbert space H, always denotes
the algebra of bounded operators on H. An explicit E-isometric dilation was constructed for a particular
class of E-contractions in [4] (Theorem 6.1, [4]) and Fy, Fy played the fundamental role in that explicit
construction of dilation. For their pivotal role in the dilation, F; and Fy were called the fundamental
operators of (A, B, P).

It was shown in [4] (Theorem 6.1, [4]) that an E-contraction (A, B, P) dilated to an E-isometry if the
corresponding fundamental operators Fy, Fy satisfied [F1, F3] = 0 and [Fy, F1| = [F5, Fy]. Here [S1, S2] =
5152 — S5 for any two bounded operators S1, S3. On the other hand there are E-contractions which do
not dilate. Indeed, an E-contraction may not dilate to an E-isometry if [F}, Fi] # [F5, Fz]; it has been
established in [8] by a counterexample. So it turns out that those two conditions are very crucial for an
E-contraction. In Theorem 4.4, we construct a concrete model for an E-contraction (A, B, P) when the
fundamental operators Fi., Fb, of (A*, B*, P*) satisfy [Fi., Fa.] = 0 and [FY,, F1.] = [Fy,, Fo.]. In brief,
such an E-contraction is the restriction to a common invariant subspace of an E-co-isometry and every
E-co-isometry is expressible as the orthogonal direct sum of an E-unitary and a pure E-co-isometry, which
has a model on the vectorial Hardy space H?(Dr,), where T5 is the minimal isometric dilation of P*.

In section 2, we accumulate a few new results about E-contractions and also state some results from the
literature which will be used in sequel.

2. The set E and E-contractions
We begin this section with a lemma that characterizes the points in E.
Lemma 2.1. (71,22, 73) € E if and only if (wry,wze,w?z3) € E for all w € T.

Proof. Let (x1,29,73) € E. Then by Theorem 1.1, |z3] < 1 and there are complex numbers ¢, ¢ with
|e1] + |e2] < 1 such that x1 = ¢1 + éaxs, x2 = ca + Gxz. For w € T if we choose d; = wey and dy = wey we
see that |di| + |d2] < 1 and

wx1 = w(e + Gx3) = wey —|—w_02(w2x3) =dy + CZ_Q(W2$3) ,

wxy = w(ey + C123) = weg —|—w_cl(w2x3) =dy + d_l(w2$3).

Therefore, by Theorem 1.1, (wz1, wrs,w?z3) € E. The other side of the proof is trivial. 0O
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The following lemma simplifies the definition of E-contraction.
Lemma 2.2. A triple of commuting operators (A, B, P) is an E-contraction if and only if
1£(A, B, P)|| < Iflloo & = sup{|f(z1, 22, 23)| : (x1,22,23) € E}
for all holomorphic polynomials f in three variables.

This actually follows from the fact that E is polynomially convex. A proof to this could be found in [4]
(Lemma 3.3, [4]).

Lemma 2.3. Let (A, B, P) be an E-contraction. Then so is (wA,wB,w?P) for any w € T.

Proof. Let f(x1,22,23) be a holomorphic polynomial in the co-ordinates of E and for w € T let
filxy, w0, w3) = f(wry,wrse,w?r3). It is evident from Lemma 2.1 that

sup{|f(z1, 2, 23)| : (21, 22,23) € B} = sup{|f1(x1, 2, 23)| : (21,20, 23) € E}.
Therefore,
I f(wA,wB,w?P)|| = || f1(A, B, P)|

< Alleor

= £l -
Therefore, by Lemma 2.2, (wA,wB,w?P) is an E-contraction. 0O
The following result was proved in [4] (see Theorem 3.5 in [4]).

Theorem 2.4. Let (A, B, P) be an E-contraction. Then the operator functions p; and ps defined by

p1(A,B,P) = (I — P*P)+ (A*"A— B*B) — 2 Re (A— B*P),
p2(A, B, P) = (I — P*P) + (B*B — A*A) — 2 Re (B — A*P)

satisfy
p1(A, 2B, zP) > 0 and pa(A, 2B, zP) > 0 for all z € D.
Lemma 2.5. Let (A, B, P) be an E-contraction. Then fori=1,2, p;(wA,wB,w?P) >0 for all w € T.
Proof. By Theorem 2.4,
p1(A,B,P) >0 and pa(A,B,P) > 0.
Since (WA, wB,w?P) is an E-contraction for every w in T by Lemma 2.3, we have that
p1(wA,wB,w?P) > 0 and py(wA,wB,w?P) > 0. O

The following theorem provides a set of characterizations for E-unitaries and for a proof to this one can
see Theorem 5.4 in [4].
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Theorem 2.6. Let N = (Ny, Na, N3) be a commuting triple of bounded operators. Then the following are
equivalent.

(1) N is an E-unitary,
(2) Ns is a unitary and N is an E-contraction,
(3) Ns is a unitary, Ny is a contraction and Ny = N Ns.

Here is a structure theorem for the E-isometries (see Theorems 5.6 and 5.7 in [4]).

Theorem 2.7. Let V. = (V1,V2,V3) be a commuting triple of bounded operators. Then the following are

equivalent.

(1) V is an E-isometry.

(2) V3 is an isometry and V_ is an E-contraction.

(3) V3 is an isometry, Va is a contraction and V4 = V5'V;.

(4) (Wold decomposition) H has a decomposition H = H1 © Ha into reducing subspaces of Vi, Va, V3 such

that (V1|3 Valay, Valay ) @8 an E-unitary and (Vi|w,, Val#,, Val,) is a pure E-isometry.
3. Canonical decomposition of an E-contraction

Theorem 3.1. Let (A, B, P) be an E-contraction on a Hilbert space H. Let Hy be the mazimal subspace of H
which reduces P and on which P is unitary. Let Ho = HOH1. Then Hi, Ha reduce A, B; (Alw,, Blu,, Plu,)
is an E-unitary and (A|w,, Blu,, Plu,) is a completely non-unitary E-contraction. The subspaces Hy or Ha
may equal the trivial subspace {0}.

Proof. Tt is obvious that if P is a completely non-unitary contraction then H; = {0} and if P is a unitary
then H = H; and so Ha = {0}. In such cases the theorem is trivial. So let us suppose that P is neither a
unitary nor a completely non-unitary contraction. Let

A A _ | Bui B2 A0
A[Am A22} » B = {321 322] andP[O PJ

with respect to the decomposition H = H; @ Ho, so that P; is a unitary and P» is completely non-unitary.
Since P, is completely non-unitary it follows that if x € H and

1Pl = llel = 1P "zll, n=1,2,...

then x = 0.
The fact that A and P commute tells us that

APy =PiAn Ao Py = P Ago, (3.1)
A2 Py = PyAgy Ago Py = PyAgs . (3.2)

Also by commutativity of B and P we have

B Py =P By B2 Py = PlBl27 (33)
Bo1 Py = P2 By Bos Py = Py Bas . (34)

By Lemma 2.5, we have for all w, 5 € T,
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pr(wA, wB,w?P) = (I — P*P)+ (A*A— B*B) — 2 Re w(A— B*P) > 0,
p2(BA, BB, 3?P) = (I — P*P) + (B*B — A*A) — 2 Re (B — A*P) > 0.
Adding p; and py we get
(I — P*P) —Re w(A— B*P) —Re B(B— A*P) >0

that is

0 0 CReo [Aun—BuP A - B P
0 I—-PiP, Agy — B, Py Agy — By, P

By — A5\ P1 Big— A5 P

- * * > .
Re 6 |:le — A12P1 B22 — A22P2:| - 0 <3 5>

for all w, 8 € T. Since the matrix in the left hand side of (3.5) is self-adjoint, if we write (3.5) as

Hi g] >0, (3.6)

then

(i) R,Q >0and R=— Re w(411 — Bf;P1) — Re B(B11 — A;1 A1)
(i) X = —3{w(Ai2 — B3, P,) + &(A3; — Py B2)

+ B(Bi2 — A3, Py) + B(B3; — Py A12)}
(iii) @ = (I — P;P») — Re w(Ass — B3, P2) — Re B(Bas — A5, P2) .

Since the left hand side of (3.6) is a positive semi-definite matrix for every w and g, if we choose 8 =1
and 3 = —1 respectively then consideration of the (1, 1) block reveals that

w(A1y — B P1) +w(4]; — PiB11) <0
for all w € T. Choosing w = +1 we get
(A1 — Bj1P1)+ (A7y — P{B11) =0 (3.7)
and choosing w = +i we get
(A1 — Bi{P1) — (A}, — P{B11) =0. (3.8)
Therefore, from (3.7) and (3.8) we get
An =B Pr,
where P, is unitary. Similarly, we can show that
By = A}, Py

Therefore, R = 0. Since (A, B, P) is an E-contraction, ||B|| < 1 and hence ||Bj1|| < 1 also. Therefore, by
part-(3) of Theorem 2.6, (A1, B11, P1) is an E-unitary.
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Now we apply Proposition 1.3.2 of [3] to the positive semi-definite matrix in the left hand side of (3.6).

X} > 0 if and only if X = RY2KQ'Y? for some

This proposition states that if R, > 0 then [)?* 0

contraction K.
Since R = 0, we have X = 0. Therefore,

w(Aiz — B3 Po) + (A3 — P Biz) + B(Biz — A3 P2) + B(B3; — P{Aiz) =0,
for all w, 8 € T. Choosing 5 = +1 we get
w(Aj2 — B3 Po) + w(AS, — P B12) =0,

for all w € T. With the choices w = 1,4, this gives

A1 = B35 Ps.
Therefore, we also have

A3, = P{Bs.
Similarly, we can prove that

B = A5 Py, B =PfA.

Thus, we have the following equations

A12 = B;lpg A;l = P1*B12 (39)
By = AL Py B, = PfAqs. (3.10)

Thus from (3.9), Aa; = Bf, Py and together with the first equation in (3.2), this implies that
Bj, P} = Ao Py = PyAy = P,B}, P
and hence
Bi,P, = P,Bj, . (3.11)
From equations in (3.3) and (3.11) we have that
BioPy = P1B12, B12Py = Py Bia.
Thus

B2 PPy = PiB12P; = PP B1s = Bia,
B2 Py Py = P{B12Py = P P1B1s = Bia,

and so we have

PyPyBiy = Biy = Py PaBi, .
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This shows that P» is unitary on the range of Bj,; which can never happen because P, is completely
non-unitary. Therefore, we must have B}, = 0 and so Byz = 0. Similarly we can prove that A;2 = 0. Also
from (3.9), Aa; = 0 and from (3.10), Ba; = 0. Thus with respect to the decomposition H = Hi ® Hs

_[An 0 _ | B O
A_|:O 1‘122:|7 B_|:0 BQQ:|'

So, Hy and Hs reduce A and B. Also (A, Bag, P), being the restriction of the E-contraction (A, B, P)
to the reducing subspace Ha, is an E-contraction. Since P» is completely non-unitary, (Ass, Bos, P) is a
completely non-unitary E-contraction. 0O

4. Operator model

Wold decomposition breaks an isometry into two parts namely a unitary and a pure isometry (see
Section-I, Ch-1, [10]). We have in Theorem 2.7 an analogous decomposition for an E-isometry by which
an E-isometry splits into two parts of which one is an E-unitary and the other is a pure E-isometry. The
following theorem gives a concrete model for pure E-isometries. Before going to the theorem, we recall the
definition of Toeplitz operator with operator-valued kernel.

For a Hilbert space F let L?(E) be the space of all E-valued square integrable functions on T and let
H?(E) be the space of analytic elements in L?(E). Also let L>(B(E)) denote the space of B(E)-valued func-
tions on T with finite supremum norm. For ¢ € L>°(B(E)), the Toeplitz operator Ty with operator-valued
symbol ¢ is defined by

T, : H*(E) — H*(E)
Ty(f) = P(of)

where f € H?(E) and P is the projection of L?(E) onto H?(E).

Theorem 4.1. Let (fl, TQ,Tg) be a pure E-isometry acting on a Hilbert space H and let A1, Ao denote the
fundamental operators of the adjoint (Ty , Ty ,T5 ). Then there exists a unitary U : H — HQ(DTB*) such
that

Ty =UT,U, Ty=U*TyU and T3 = U*T.U,

where o(z) = G5 + Gaz, Y(2) = G5+ Gz, z € T and G1, Gy are restrictions of UALU* and UA2U* to the
defect space ng*. Moreover, Ay, As satisfy

(1) [AlaAQ]
(2) [A7, Ai] = [A27A2] and
(3) HA* + Asz|| <1 for all z € D.

Conversely, if A1 and Ay are two bounded operators on a Hilbert space E satisfying the above three condi-
tions, then (Tasyayz, Taz+a,2,1-) on H*(E) is a pure E-isometry.

See Theorem 3.3 in [8] for a proof to this theorem. The following dilation theorem was proved in [4] and
for a proof one can see Theorem 6.1 in [4].

Theorem 4.2. Let (A, B, P) be a tetrablock contraction on H with fundamental operators Fy and Fy. Let Dp
be the closure of the range of Dp. Let K =H ®Dp ®Dp & - = H O 12(Dp). Consider the operators Vi,
Vo and V3 defined on K by
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‘/l(hO;hlvh27 .. )
Va(ho, ha, ha, . ..)
Vs(ho, h1, ha, .. .)

(Aho7 F;Dpho + Flhl, F;hl =+ Flhg, F2*h2 =+ F1h3, .. )

(Bho, Fl*Dpho + F2h17F1*h1 + Fth,Fl*hg + 1‘712]'1,37 .. )
(Phg, Dpho, hi, ha, . ..).

Then

(1) V. = (W4, V2, V3) is a minimal tetrablock isometric dilation of (A, B, P) if [F1,F3] = 0 and [Fy, FY] =
[Fy, Fy].

(2) If there is a tetrablock isometric dilation W = (W1, Wa, W3) of (A, B, P) such that W5 is the minimal
isometric dilation of P, then W is unitarily equivalent to V.. Moreover, [F1,F3] = 0 and [F1, Ff] =
[F2, F3].

The following result of one variable dilation theory is necessary for the proof of the model theorem for
E-contractions and since the result is well-known we do not give a proof here.

Proposition 4.3. If P is a contraction and W is its minimal isometric dilation then P* and W* have defect
spaces of same dimension.

The next theorem is the main result of this section and it provides a model for the E-contractions which
satisfy some conditions.

Theorem 4.4. Let (A, B, P) be an E-contraction on a Hilbert space H and let Fy, Fy and Fi., Fa. be
respectively the fundamental operators of (A, B, P) and (A*, B*, P*). Let F1., Fy. satisfy [Fi., Foi] = 0 and
[FY., F1s] = [F3y, Foul. Let (T1,T,T3) on Ky = H @ Dps @ Dp+ & - -+ be defined as

A DpFp, 0 0 - B Dp.Fi, 0 0
0 F;, Fp 0 - 0 F, F. 0
0 0 Ff, Fy - 0 0 Fj, Fi, -
T, = 1% 2% T, = 2% 1x
o 0 0 Fr, -7 2o 0 0 F; |’
P Dp- 0 0
0 0 I 0
0 0 0 I
T:
1o 0 00

Then

(1) (T1,T2,T3) is an E-co-isometry, H is a common invariant subspace of Ty, Ta, T5 and Ti|y = A,
T2|7.L =B and T3|'H = P,‘

(2) there is an orthogonal decomposition K, = K1 @ Ko into reducing subspaces of Ty, Ty and Ts such that
(Th iy, Taliey, Tslie,) is an B-unitary and (Th|ic,, Talk., Tslk,) @s a pure E-co-isometry;

(3) Ko can be identified with H?(Dr,), where Dr, has same dimension as that of Dp. The operators Ti|x,,
Ty|x, and Ts|ic, are respectively unitarily equivalent to Ta, 1ayz, Ta,+arz and Tz defined on H?(Dr,),
G1, Gy being the fundamental operators of (T1,Ts,T3).

Proof. We apply Theorem 4.2 to (A*, B*, P*) to obtain a minimal E-isometric dilation for (A*, B*, P*). If
we denote this E-isometric dilation by (Vi., Vax, V3,) then it is evident from Theorem 4.2 that each Vj, is
defined on K, = H ® Dp+ & Dp« & --- and with respect to this decomposition
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A~ o 0 0 .. B* 0 0 0
Ff,Dp- F, 0 0 ... FfDp. Fo, 0 0 ...
Vi, = 0 F5L F. 0 Vo = 0 FL F 0 .|,
0 0 Fj Fun ... 0 0 Fp, Fy
P 0 0 0
Dp- 0 0 0
Vae=| 0 I 0 0
0 0 I 0

Obviously (T7,T5,T5) = (Vix, Vax, Vai). It is clear from the block matrices of T; that H is a common
invariant subspace of each T; and Ti|y = A, Ta|lyy = B and Ts|yy = P. Again since (T7,T5,Ty) is an
E-isometry, by Theorem 2.7, there is an orthogonal decomposition K, = K1 & Ko into reducing subspaces
of T; such that (T |,, T2|xc,, T3], ) is an E-unitary and (Ti|x,, T2|x,, T3k, ) is a pure E-co-isometry.

If we denote (T1|;C1,T2|;C17T3|)c1) by (Tn, Tlg, T13) and (T1|;C2,T2|K27T3|)C2) by (Tgl, TQQ7 ng), then with
respect to the orthogonal decomposition K, = K1 @ Ko we have that

o T11 0 o T12 0 o T13 0
n=[B )-8 ) e-[¥ 4]

The fundamental equations 171 — 1515 = D7, X1 Dy, and Ty — 1715 = Dp, Xo D, clearly become

Ty — 1751 0 _ |0 0 X, = X
0 Tgl — T2*2T23 0 DT23X12DT23 ’ ! X12
and
Tio — T Ths 0 _ |0 0 X, — Xo1
0 Tas — 15713 0 Dp,,XooDpyy |7 2 Xoo |

Thus T5 and T3 have same defect spaces, that is D, and Dr,, are same and consequently (71,75, 7T3) and
(T51, Too, To3) have the same fundamental operators. Now we apply Theorem 4.1 to the pure E-isometry
(T51, T, To3) = (T5 ks T ks T |k, ) and get the following:

(i) K2 can be identified with H?(Dr,,)(= H*(Dr,));
(i) (T3, T55,T53) can be identified with the commuting triple of Toeplitz operators (Tg:+a,z, Tay+G12:12)
defined on H?(Dr,), where Gy, Go are the fundamental operators of (11, T3, T3).

Therefore, T1|x,, 12|k, and T3|i, are respectively unitarily equivalent to T, a3z, Ta,+c;z and T defined
on H%(Dr,). The fact that Dy, and Dp have same dimensions follows from Proposition 4.3 as Ty is the
minimal isometric dilation of P*. O

Remark 4.5. Theorem 4.4 is obtained by applying Theorem 4.1 and Theorem 4.2 (which is Theorem 6.1
in [4]). Theorem 4.1 has intersection with Theorem 5.10 in [4]. Theorem 5.10 in [4] gives the form of
a pure [E-isometry stated in Theorem 4.1. In Theorem 4.1 it has been shown that the operator-valued
kernels 71, 7o associated with the Toeplitz operators occurring in Theorem 5.10 of [4] can be identified with
the fundamental operators of the adjoint of the mentioned pure E-isometry.
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