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1. Introduction

Consider the second order linear differential equation in the Jacobi form
a" +p(t)z =0, (1)

where p is a continuous function in an interval under consideration. Let x1, 2 be a pair of linearly indepen-

dent solutions of (1) with the wronskian w = z125 4+ z125 = 1. Then by a direct computation (see [4]) one

can verify that the function h = \/x% + 23 is a solution of the second order nonlinear differential equation
w2

(2)
The previous result easily extends to the more general Sturm—Liouville equation

(r(t)z’) +p(t)z =0 (3)
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and (2) then reads as

2

(r(OF) +p(Oh = s, w = () = ales) (4)

The previous equation can be seen from the transformation point of view as follows. Consider the transfor-
mation of (3) z = f(¢t)y, where f is a sufficiently smooth function. Then we have the identity (which can
be verified by an easy computation, see e.g. [1])

FO[r()a") +pt)z] = (RA)Y) + P(t)y
with
R(t) = f2(t)r(t), P(t) = f&)[(r(®)f(£) +p)f(t)].

In particular, if we take f(t) = h(t) = y/2? + 2% with the wronskian w = 1 of 21, x2 and we denote g = #,
then y is a solution of the equation

<q(1t)y’>l +q(t)y=0 (5)

which is explicitly solvable with the pair of linearly independent solutions

t t

y1(t) :Sin/Q(S) ds, yalt) =cos/q(s) ds.

If we allow solutions of (3) to be also complex-valued and we put 1 = u + iv, x3 = u — v, u,v, being
the real solutions of (3) with r(u/v — uv’) = 1, equation (4) takes the form

’ 1
(Th/) erh = 7@

2 = —1 in this case, and equation (5) has the form

(ﬁy’)/ —q(t)y =0.

The setup of the paper is as follows. In the next section we recall the concept of trigonometric Hamiltonian

since w = r(x1ah — xjxe) =i, Le. w

differential system and discrete trigonometric system together with basic properties of their solutions. In
Section 3 we provide alternative proofs of the Bohl transformations for Hamiltonian and symplectic systems
(comparing with those given in [6,10]). We also show how these new proofs are related to the so-called
hyperbolic Hamiltonian and symplectic transformation when complex solutions are also considered. The
last section is devoted to some open problems concerning geometric oscillation theory associated with
Hamiltonian and symplectic systems.

2. Preliminaries

The principal concern in our paper are the linear Hamiltonian differential system

2 = JH(t)z, H:(_AC fg), j=<_OI é) (6)
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with (i) € R?" A,B,C € R™™" continuous, B,C, symmetric, i.e., B = BT, C = C7T (then, of course,
HT = H), and its discrete counterpart, then symplectic difference system

A, B
zir1 = Spzk, SETISK=J, Sk:<c: D]Z) (7)

with z = (¥) e R*", A,B,C,D € R™*".
The common feature of (6) and (7) is that they are the more general first order linear systems with the
property that their fundamental matrix is symplectic whenever it has this property at an initial condition.
Sometimes, we will need to write (6) and (7) in entries and then we will write these systems in the form

o = At)x + B(t)u, u' =C(t)x — AT (t)u,
resp.
Tpt1 = Apxg + Brug, k41 = Cpz + Drug.

The concept of trigonometric (Hamiltonian) differential system was introduced by Barrett and Reid [3,18]
in the fifties of the last century in the connection with the Priifer transformation for (6). A trigonometric
differential system is a special system (6) where A =0, B = —C =: Q, i.e., written in the matrix form for
(g) € R2"X" it is the system

S =Q()C, € =—Q(t)S. (8)

Note that the letter C' here has nothing to do with the C' in the coefficient matrix of (6). The letter C in
(8) prompts the cosine function which is a solution of (8) in the scalar case, see later.
The concept of trigonometric (symplectic) difference system was introduced by D. Anderson [2] as a

5) € R?"*™ in entries)

special symplectic difference system (written for (C

Sk+1 = PrSk + QrCr, Ciy1 = —QrSk + PrCl, (9)
with the coefficient matrices satisfying
PPy + QL O, =1, PLOL= QP (10)

The adjective “trigonometric” system for (8) and (9) is motivated by the fact that if n = 1, i.e., the previous
matrix quantities reduce to scalars, then

t t

S(t) :sin/Q(s) ds, C(t) :cos/Q(s) ds

is a solution of (8), while a solution of (9) is

k—1 k-1
Sy = sin <Z g0j> , Cf =cos <Z <pj> ,

where ¢ are given by the formula

sin Y; = Qj, COS @ = Pj (11)
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Concerning oscillatory properties of trigonometric differential systems (8) in the general case, if Q(¢) > 0
(nonnegative definite) and TrQ(¢) > 0 (Tr denotes the trace, i.e., the sum of diagonal entries), then (8) is
nonoscillatory (i.e., there exists a 2n X n matrix solution (g) with STC = CT'S such that det S(t) # 0 for
large t) if and only if (see [15])

/TYQ(t) dt < o0. (12)

As for the discrete counterpart of (12), if the matrices Q > 0 for large k (positive definiteness), then (9)
is nonoscillatory (i.e., there exists a 2n x n solution (gi ) with

Ker Sp11 C Ker S, SkS};_HQk >0 (13)

for large k, here Ker denotes the kernel of a matrix and T stands for the Moore-Penrose generalized inverse)
if and only if (see [6])

Z arccot )q(Q,;l’Pk) < o0, (14)
k=1

where \; is the smallest eigenvalue of the matrix indicated.

At the end of this section let us mention another common feature of trigonometric systems, namely, in
addition to symplecticity of the fundamental matrix this matrix is also orthogonal whenever it has this
property at an initial condition, i.e. ZT(t)Z(t) = I. In the continuous case it follows from the fact that the
coefficient matrix in (8) is antisymmetric, while in the discrete case the coefficient matrix in (9) is orthogonal
and orthogonal matrices form the group with respect to the matrix multiplication. Note that the condition
of positive definiteness of Q in (14) was recently relaxed to nonnegative definiteness in the recent paper
[11], but we will not need this more general statement in our paper.

3. Bohl transformation

An alternative terminology for the Bohl transformation is the trigonometric transformation. Here we
prefer the terminology Bohl transformation since our approach is closer to the original one of Bohl form
1906 (and also to that of [16]) and better illustrates the main idea of this section. Main results of this section
show that every linear Hamiltonian differential system resp. symplectic difference system can be transformed
into trigonometric system without changing oscillatory nature of transformed systems. In a modified form,
these statements can be found in [6,10] but the proofs presented here are completely different from those
given in the above mentioned papers and enable to clarify the relationship of the considered transformation
to the so-called hyperbolic transformation.

Theorem 1. Consider system (6). There exist a nonsingular differentiable matriz H(t) € R™*™ and a dif-
ferentiable matriz G(t) € R™*"™ such that the matriz

H(t 0 2
R(t) = (G((t)) HT—l(t)) € R (15)



O. Dosly / J. Math. Anal. Appl. 448 (2017) 281-292

transforms (6) into a trigonometric system (8) with the matriz Q given by the formula

Q(t) = H™' () B HT ' (t).
Proof. The transformation

x\ (H 0 z

(=& #) )

with H, G satisfying HT' G = GT H transforms (6) into the system of the same form
i =AE+ Bt)a, @ =Ct)F—AT(t)a,

with the matrices .Z, g, 9 given by the formulas

A=H"'(—H'+ AH + BG),
B=H 'BHT !,

o)

= -G"(-H'+ AH + BG) + H' (-G’ + CH — AT G).

285

(17)

Let <)U( )U() € R?"X2n be a symplectic fundamental matrix of (6), i.e., ZTJZ = J = ZJZ"*, which

in entries of Z reads as

XTo-vUTX =1=Xx07 - XU7,
XTu=v"x, X" =0"X, xX" =Xx", vo" =0U".

(18)

Let H be any matrix for which HH” = X X7 4+ XXT and G = (UXT +UXT)HT-'. We have using (18)

G'H-HA"G=H0'XxU"+XU"H - A" (UX" +U0X") A"
=H ' [(XUT + XUT)(XXT + XXT)
—(XXT+XXT)UXT+UX")|H"!
= H'[XUTXXT + XUTXXT + XUTXXT + XUTXXT

-~ XXTUX"T - XXTUX" - XXTUX" - XXTUXT|A"!

=H'XU'X -X"TO)XT + X[U"X - XTu)x"|H" !
= H'(-XXT + XX")H""! =0,

i.e., the matrix R is symplectic, and

o~

A

|
gl

M—H'HT + AXXT + XXT)+ BUXT + BUXT)HT!
H YW -H'H" + X'XT + X'XT)HT1.

Then

A+ AT =g -A'H" - A" + X'XT + XX+ X'XT + XXT'] =

H Y (-H' + AH + BG)=H '(-H'H" + AHH" + BUXT + BUXT)H"~!
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i.e., the matrix A is antisymmetric. Denote
C,=-GT(-H'+ AH + BG), Cy=HT(-G'+CH - ATG).
We have

C)=-GT'(—H'H" + AXXT + XX+ BUXT +UXT))a"!
=oT\E AT - x'XT - X' XTyA"T1.

Co=H"{[-(CX - ATU)XT —U(X"A" +U"B)
—(CX - ATO)XT - U(XTAT +UTB)|H"*
+ (UXT+UXTHT ' HTHT + CH - AT(UXT + UXT)HT !}
=H"{-CXXT+ ATUXT —UXTAT —UUTB - CXX" + ATUXT
— UXTAT -UUTB+GH" + CHHT — ATUXT — ATUXT} g™
=H"{-UXTAT —UU"B-UXTAT —UUTB+GH"'} HT!
=H ' {(XxXT+XX")(-UX" -UX")A"
- (XXT+XXT)vUuT +0U")B+ HHTGH™'} HT !
=H ' {-XXTUXTAT - XXTUXTAT - XXTUXTAT - XXTUXT A"
- XXTyuT™B - XXTUUTB - XXTUUuTB - XXTUUTB
+ (XUT+X0THAT} HT!
=H ' {(-(XXTUXT + XXTUXT + XXTUXT + XXTUXT)A"
- (xXTvuT + xXTUut + XxTuuT + XXTUU")B
+ HGTHH" + HGT (XX + XX"') - HG'(X X" + XX™)} HT !
=H ' {-(XX"TUX" + XXTUX" + XXTUX" + XXTUX")A"
—(XXTuuT + xxTouT + XXTuuT + XXTUUT)B
+ (XUT + XUT) [ X(XTAT +UTB) + X(XTAT +UTB)|} H™ !
+H ' HGTHH™ - HGT(XX"' + XX™")| g™
=AY [X(-XTU+UTX)XT + X(-XTU +UTX)X"
+ X(-XTU+U"X)XT + X(-XTU +UTX)XT]| AT
+ [X(-XTU+UTX)UT + X(-XTU+UTX)U"
+ X(-XTU+UT"X)UT + X(-XTU+UTX)UT|B} HT !
+eT@EAT - XX - XXT)HT!
=H ' {(-XXT + XX AT + (-XUT + XU")B} H™!
+GTHEAT - XXT' - XXT)HT!
= - 'BAT '+ GT(HA™ - XXT' - XXT)HT1.

Consequently,
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C=C1+Cy=-GN(-HH + X'XT + X’ X)H" ' — A 'BAT!
+ GT(ﬁﬁT/ _xx7T_ XXT/)I}TA
= —H 'BAH"™ '+ GYH'AT - X'XT - X'XT + HA" - XXT' - XXT)HT!

— _A'BAT' = _B.

Now, let R be the fundamental matrix of the system R’ = A(t)R. Since the matrix A is antisymmetric
(A+ AT = 0), the matrix R is orthogonal, i.e., RTR = I. Let us apply the transformation & = R(t)s,
@ = RT~c to system (16). According to (17), this transformation transforms (16) into the system

s =R 'BR"'¢, ¢ =-RTCRs.

Since RT = R, denoting Q = —~RTCR =R 'BRT! = H'BHT-! with H = HR we see that the last
system is the trigonometric Hamiltonian system. O

Theorem 2. Consider the discrete symplectic system (7). There exist nonsingular matrices Hy, € R™*™ and
G € R™ ™ such that the matriz

_ Hk O 2nx2n

is symplectic and the transformation
(o) =+(2)
Uk Ck
transforms (7) into (9) with the matrices P, Q given by the formulas
Pr = H ! (AcHy + BuGr), Q= H; L\ BeH . (19)
Moreover, the matrices Hy can be chosen in such a way that the matrix Q is symmetric and Qk > 0.

Proof. We have the transformation formulas for the transformed system (no index by a matrix means index
k), see e.g. [5],

A=H ! (AH +BG), B=H;!BHT
5 G (AH + BG) + H!.,(CH + DG),
~ Gl BH" '+ H , DHT!.

Let (5), (}Z/) be the conjoined bases of (7) satisfying (18) with Y, Z instead of X,U, H be any matrix

satisfying HHT = XXT + YY7T, and G = (UXT + ZYT)HT~!. Then using the fact that (5) and (}Z/) are
also solutions of the reversed system

X, = DIsz+1 — BgUk_H, U, = *C;{Xk_;_l + AZUk+1 (20)

~

C=-G} 1 (AH + BG) + H,(CH + DG)
={-G{ 1, (AHHT + BGH") + H], ,(CHH" + DGH" } H"*
={-Gl (AXXT + AYYT) + BUX" + zYT)
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+ H L CxXT +cyYT + D(UXT + 2T} HT !
=—H, L (X6 Ul ) + Yo ZL )(AHHT + BUXT + 2y ") H" !

+HEL L CXXT +cYYT + DUXT + DZYT)HT !
= H ) {~(Xe1 Uy + Y Zi ) AXXT +YYT)

— (X1 Upsr + Y1 Zi)BUXT + 2Y7)

+ Hyp  HE L CXXT +YYT) + Hy HE L, DWUXT + 2T HT !
=H ' {- (XUl + Ve ZE0) (Xen X7+ Ve YY)

+ (X1 X + Y1V ) Uk n X7+ Zia Y JHT
= 1;:1 {_(XkJrlUlz;rl + YkJrIZkTH)XkH(XkTHD - UkTHB)

— (Xi1Uigr + Yer1Zg0) Y1 (Vi D = Zi4 B)

+ (Xe1 X + Yo Vi) Uk (X, D = UL, B)

+ (Xk+1XlFEF+1 + Yk+1Yk1:s-1)Zk+1(Yk:q-1D - Zg+13} -t

In the continuation of this computation we change the notation, no index by a matrix means now the index
k+ 1. Using (18)

Cp=H1 {(XUTXX"Dy + XUTXUTB, —YZ"XX"D, + YZT XU By,

— XUTYYTDy + XUTYZ'By, —YZ'YYTD + YZTY ZT By
+ XXTuX"™p, — XXTUUTB, +YYTUXTD, —YYTUUT B,
+ XXTZY™Dy - XXTZZ"B+ YYTZYTD, - YYTZZ" B, } H !

=H ' {Y(~Z"X+Y"O)X"Dp + X(-U'Y + X" 2)Y'D, + Y (Z"X - YTU)UT By,
+X(UTY - XT2)Z"B + X(-UTX + XTU)X"Dyp + X(UTX — XTU)UT By,
+Y(-Z'Y + YT Z2)YT'D+ Y (ZTY - YT 2) 2By, } H !

=H Y YXT - XyD)Dy + (YUT — XZT)B, Y HI ™' = ~H 'BLH ' = - B,

and again with no index meaning the index k, using (20)

D= (-G} B+ HI D)HT!
=—H, (X1 Uly + Y1 Zi 4 )B+ H ,DH" !
= Hi 'y [~ (XUl + Y1 Z5)B + (Xen X + Y Vi) D] HT !
= H [ X1 XT + Ve YT HT!
=H_ ' [(AX + BU)XT + (AY + BZ)YT]H" !
=H LAXXT+YYT) +BUX" + Zzy")|H" !

= H L AHHT + BUXT + zYT)HT! = H ! (AH + BG) = A.

The proof of the fact that the matrices Hy can be chosen in such a way that the matrices Qj are nonnegative
definite is the same as presented in [6, Remark 3.2], so we omit it here. O
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Remark 1. Similarly as in the scalar case, if we take into consideration complex-valued solutions with the
wronskian XU — UTX =i resp. XTZ —UTY =i, a closer examination of the proofs of Theorems 1, 2,
show that the resulting systems upon the considered transformations are

resp.
Sky1 = Prsi + Qrek,  cry1 = Qisk + Prey. (21)

These systems are called in [9,12] hyperbolic systems (since in the scalar case n = 1 their solutions are
expressed via the hyperbolic sine and cosine functions/sequences). For example, concerning (21) with n =

1, a solution (%) of this system is s; = sinhzk_1 @j, ¢ = cosh Zk_l @;, where sinhp, = Qy, ie.,
¢ = log(Qr + /1 + Q3). This implies that scalar system (21) has also solutions

Sk ezkfl ©j Hk—l e(pj
(Qg) = (ezk—l LPj) - <Hk1 e%"a‘)’
Sk B e Zk71 i o Hk_l e_WJ'
Ck; B e~ S he | T Hk71 e ¥i ’
The last formulas are essentially formulas (3.6) in [16]. The new proofs of Theorems 1, 2 from the previous
part of this section enable to obtain transformation of nonoscillatory systems (6), (7) to hyperbolic systems

as a special case of the Bohl transformation and not as “separate” results of [9,12] (which were proved there
via rather tedious computations).

4. Open problems

The continuous Bohl transformation provides a nice geometrical view into the oscillation theory of linear
Hamiltonian differential systems. To show this, consider a solution (g) of (8) for which (such a solution
always exists)

STs+cTc=1=858T+cc?, sTc=cTs, sct=cs?, (22)
and let
G(t) :== C(t)OT(t) — S(t)ST(t) + 2iS(t)CT (¢),

then using (22) it is not difficult to show that the matrix G is unitary (G*(t)G(t) = I). Observe also that
G(t) = cos2 ft @Q+isin2 ft @ in the scalar case. Etgen [14,15] showed that if the matrix Q(t) is nonnegative
definite, then the eigenvalues of G move around the unit circle in the complex plane in the positive direction
when ¢ increases. Moreover, A = 1 is an eigenvalue of G(t) if and only if the matrix S(t) is singular and
A = —1 is an eigenvalue of G(t) if and only if the matrix C(t) is singular. )

Since by the Bohl transformation, the first entries X, X of a pair of conjoined bases (5), (g) of (6)
satisfying XTU — UT X = I can be expressed via the matrices S, C' (observe that if (g) is a solution of (8)
then (—CS) is a solution as well, i.e., we can express X = H(t)S, X = H(t)C) the above idea gives a nice
geometrical proof of the statement that the numbers of focal points (i.e., the algebraic singularities of the

X

first X-component) of conjoined bases (3;), (3) in a given interval differ by at most n.
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Now let us turn our attention to the discrete cases. Consider a conjoined basis (5) of (7), i.e.,
X
rank ( ’“) =n, X]U=UIX.
Uk
Following [5], an interval (k, k 4+ 1] contains no focal point of (5) if

Ker Xy11 C Ker Xy,  Xi X[, Br >0, (23)

see [5]. It took relatively a great effort to define the concept of multiplicity of a focal point when one of the
conditions in (23) is violated. This problem was resolved in [17] in 2003 as follows. Define the matrices

My = (I — X1 X}, )Bre  Po = Ti X X[, BT, (24)
where T, = I — M;Mk It was shown in [17] that if one of the conditions (23) is violated then
rank My + ind P, > 0

(ind denotes the index, i.e., the number of negative eigenvalues of a matrix) and this quantity defines the
multiplicity of a focal point of (5) in (k,k + 1]. More precisely, the quantity m; (k) = rank My, is called
the multiplicity of a focal point at k + 1, while the quantity mo(k) = ind Py is the called the multiplicity
of a focal point between k and k + 1. Since discrete trigonometric system (9) is a special case of (7), these
definitions apply to this system as well. Now, based on the scalar case n = 1 we conjecture that a similar
geometrical oscillation theory as for Hamiltonian trigonometric differential systems holds also in the discrete
case.

To specify our idea in more details, consider a conjoined basis (g) of (9) with Qp > 0 (what we may
assume without loss of generality) satisfying (22) and let

Gy = C.CF — Sp ST +2iS,CY,

this matrix is unitary and Gy, = cos 2 (Z]%l goj) +isin2 (Zkil cpj) in the scalar case n = 1 with ¢; given
by (11).
Our conjecture is as follows. Suppose that the interval (k, k+1] contains a focal point of (g) of multiplicity

mq (k) + ma(k) = rank My, + ind Py
with
My, = (I - Sk+1SZ+1)Qka Py = TkSkS;i+1 Qi Ty,

where Ty, = I — M,IMk We conjecture, in terms of behavior of the eigenvalues of the unitary matrix Gy,
that mq (k) eigenvalues of Gy, which are different from A = 1 (the point [1,0] on the unit circle) “skip” to
A =1at k+ 1 (the focal point of multiplicity m;(k) at k + 1) and ma(k) eigenvalues of Gy, skip over the
point A = 1 on the unit circle in the complex plane between k& and k + 1. The formulation “skip over the
point A = 1”7 we understand in the following sense. Let ewgvl], . ,ewL"] be the eigenvalues of G}, such that
@Ll] < (pf] <o < gogl] and let ei"’gclil,...,ei‘pwl with @Ej_]ﬂ < gof_]H <0 < @Lﬂl be the eigenvalues of
Gi41. We say that an eigenvalue eiet” skips over the point A = 1 on the unit circle between k and k + 1 if
the positively oriented arc of the unit circle between @ and €1 intersects the point [1,0] on the unit
circle.
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A positive answer to this conjecture would open a new view on the discrete oscillation theory. Note that
the Sturmian separation theorem holds for (7) similarly as in the continuous case. The geometrical discrete
oscillation theory would provide a nice alternative proof of the basic statement of this theory which says
that the numbers of focal points of two conjoined bases of (7) in a given discrete interval differ by at most
n, see [7,13].

Another open problem associated with the Bohl transformation is related to the Sturm comparison
theorem for Hamiltonian and symplectic systems. Consider a pair of Hamiltonian differential systems with
the coefficient matrices H(t) and H(t) such that H(t) > H(t) for large t. Sturmian comparison theorem
states that if the minorant system with H is oscillatory, then the majorant system with H is oscillatory
as well. The Bohl transformation from Theorem 1 shows that there is no “ideal” comparison system in
the following sense. Given an oscillatory Hamiltonian system with the coefficient matrix H, there exists its
minorant system with
H(t) < H(t), H(t)#H(t) (25)
such that the minorant system is still oscillatory. The proof of this statement is based on the Bohl trans-
formation. We transform the original oscillatory Hamiltonian system to the trigonometric system with the
matrix @ satisfying Tr Q(t) dt = oco. Then we take the trigonometric system with the matrix pQ(t) with
€ (0,1) and transform it “back” to general Hamiltonian system using the same transformation matrices
as in transformation of the system with H(¢) to trigonometric system. As a result we obtain a Hamiltonian
system which is also oscillatory and whose coefficient matrix H satisfies (25).

A completely open problem is what is the situation in the discrete cases. Even in the most simple case
of the second order oscillatory difference equation (note that Sturmian comparison theorem holds for this
equation similarly as in the continuous case)

A%z, + pragyr =0

it is not clear how to construct a sequence pi < py for large k in such a way that the resulting difference
equation

Azl‘k + Pprxp41 =0
is still oscillatory.
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