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1. Introduction

The concept of Ricci soliton, which was introduced by Hamilton in his seminal work [12], corresponds to
a natural generalization of the definition of Einstein metric. Let us recall that an n-dimensional Riemannian
manifold (M™, g) is said to be a Ricci soliton if there exist a complete vector field X on M™ and a constant
A € R satisfying the following equation

1
Ric + §£Xg = \g, (1.1)
where Ric and £ stand for the Ricci tensor and the Lie derivative on M™, respectively.
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We note that Ricci solitons also corresponds to selfsimilar solutions of Hamilton’s Ricci flow [12] and
often arise as limits of dilations of singularities in the Ricci flow. They can be viewed as fixed points of the
Ricci flow, as a dynamical system on the space of Riemannian metrics modulo diffeomorphisms and scalings.
For more details on this subject, we recommend the survey due to Cao [7] and the references therein.

Recently Pigola et al. [16] extended the definition of Ricci solitons by adding the condition on the
parameter A in (1.1) to be a real smooth function on M™, attracting a lot of attention in the mathematical
community. It is worth to remark that they arise from the Ricci-Bourguignon flow as discovered recently by
Catino et al. [9]. In this more general setting, we refer to equation (1.1) as being the fundamental equation
of an almost Ricci soliton (M™,g,X,\). For A > 0 the almost Ricci soliton is shrinking, for A = 0 it is
steady, and for A\ < 0 it is expanding. Otherwise, it is called indefinite.

In the particular case where the vector field X is the gradient of a smooth function f : M™ — R, the
manifold will be called a gradient almost Ricci soliton. The function f is called the potential function of the
gradient almost Ricci soliton. In this case, it is easy to see that equation (1.1) becomes

Ric + Hessf = Ag, (1.2)

where Hessf stands for the Hessian of the potential function f. The almost gradient Ricci soliton equation
(1.2) links geometric information about the curvature of the manifold through the Ricci tensor and the
geometry of the level sets of the potential function by means of their second fundamental form. Hence,
classifying almost gradient Ricci solitons under some curvature conditions is a natural problem.

In [3], Barros et al. studied isometric immersions of an almost Ricci soliton (M™, g, X, \) into a Rieman-

. . —n+p
nian manifold M

. In this context, they presented some obstruction results in order to obtain a minimal
immersion under conditions on the sectional curvature of M. In particular, when MY has nonpositive
sectional curvature, they proved that if (M™, g, X, ) is a traditional Ricci soliton and X has integrable
norm on M™, then M™ cannot be minimal. Moreover, it was showed by Wylie [20] that if (M™, g, X, \) is
a shrinking Ricci soliton, with X having bounded norm on M™, then M™ must be compact. In particular,
when 37" 7 is a space form of nonpositive sectional curvature, then such an immersion cannot be minimal.
We refer to [14] for further discussions about this subject.

Here, we introduce the new concept of r-almost Newton—Ricci soliton and study the properties of this new
object. Our approach is based on the use of the so-called Newton transformations P, and their associated
second order differential operators L, (see Section 2 for more details), which allows us to extend in a natural
way the immersed almost Ricci solitons introduced in [3]. For this, let ¢ : M"™ — M be an oriented
hypersurface immersed into an (n + 1)-dimensional Riemannian manifold M We say that M" is an
r-almost Newton—Ricci soliton, for some 0 < r < n, if there exist a smooth function f: M™ — R such that
the following equation holds:

Ric 4+ P, o Hessf = Ag, (1.3)
where A is a smooth function on M™ and P, o Hessf stands for the tensor given by
P.o Hessf(X, Y) = <PTvaf7 Y>7

for tangent vector fields X,Y € X(M). In particular, when r = 0 we recover the definition of a gradient
almost Ricci soliton.

This manuscript is organized in the following way: In Section 2 we recall some basic facts and notations
that will appear along the paper. Afterwards, in Section 3 we exhibit some examples of immersions satisfying
the equation of r-almost Newton—Ricci solitons (1.3), for every 1 < r < n, and we establish our first main
results concerning the existence of these geometric objects. Finally, in Section 4 we consider the particular
case of 1-almost Newton—Ricci solitons immersed in a locally symmetric Einstein manifold.
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2. Preliminaries

——n+1
Let o : M™ — M "™ be an oriented and connected hypersurface immersed into an (n + 1)-dimensional
——n+1
Riemannian manifold 3" . Tt is well known that the Gauss equation of the immersion is given by

R(X,Y)Z = (R(X,Y)Z)T + (AX, Z)AY — (AY, Z)AX

for every tangent vector fields X, Y, Z € X(M), where ()T denotes the tangential component of a vector field

in X(M) along M". Here, A : X(X) — X(X) stands for the second fundamental form (or shape operator) of
M in M with respect to a fixed orientation, R and R denote the curvature tensors of M and M ",

respectively. In particular, the scalar curvature S of the hypersurface M™ satisfies

S = Z (ei,ej)ej er) +n*H? — |A]%, (2.1)

—n+1
where {e1,...,e,} is an orthonormal frame on T'M and |-| denotes the Hilbert—Schmidt norm. When M n+
is a space form of constant sectional curvature ¢, we have the identity

S =n(n—1)c+n*H? —|A]*. (2.2)

Associated to second fundamental form A of the hypersurface M™ there are n algebraic invariants, which
are the elementary symmetric functions S, of its principal curvatures k1, ..., k,, given by

_

So=1 and S, = Y ki -k

1< <t

The r-th mean curvature H, of the immersion is defined by

(”> H,.=S,.
-

In the case r = 1, we have Hy = 2tr(A) = H the mean curvature of M".
For each 0 < r < n, one defines the r-th Newton transformation P, : X(M) — X(M) of the hypersurface
M™ by setting Py = I (the identity operator) and, for 1 < r < n, via the recurrence relation

PT_Z ( )H AT, (2.3)

where AU) denotes the composition of A with itself, j times (A(®) = I). Let us remember that associated to
each Newton transformation P, one has the second order linear differential operator L, : C°° (M) — C*(M)
defined by

L,u = tr(P, o Hess u).

When r = 0, we note that Lg is just the Laplacian operator. Moreover, it is not difficult to see that

div (P.Vu) Zn: )(Vu),e; —|—Z - (Ve, V), e;)

=1

= (divp P, Vu) + Lyu, (2.4)
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where the divergence of P. on M™ is given by

n

divy Py = tr(VP,) = > (Ve P)(es).

i=1

In particular, when the ambient space has constant sectional curvature equation (2.4) reduces to L,u =
divy (PrVu), because divy P. = 0 (see [17] for more details).

For our purpose, it also will be appropriate to deal with the so-called traceless second fundamental form of
the hypersurface, which is given by ® = A— HI. Observe that tr ® = 0 and |®|? = tr(®?) = |A]? —nH? > 0,
with equality if and only if M™ is totally umbilical.

3. On the existence of r-almost Newton—Ricci solitons

Before present our first main results, we will exhibit some examples of immersions satisfying the equation
of r-almost Newton-Ricci solitons (1.3).

Example 1. We consider the standard immersion of S" into S"*!, which we know that is totally geodesic.
In particular, P. =0 for all 1 <r < n, and choosing A = (n — 1)/n, we obtain that the immersion satisfies
equation (1.3).

Example 2. Let us consider the standard immersion of the n-sphere S™ into Euclidean space R**! endowed
with induced metric g. According to [4], by choosing the functions

Aa(2) = —{x,0) + n— 1 and fo(x) = =Xy + ¢,

where @ € R™', a # 0, ¢c € Rand = (21,...,2,41) € S" is the position vector, we have that
(Snvgvvfm)\a) satisfies

Ric 4+ Hessf, = A\q9.

On the other hand, it is well known that S"*! is totally umbilical with r-th mean curvature H, = 1 and
second fundamental form A = I. In particular, for every 0 < r < n — 1 the Newton tensors are given by

P, = al,

where a = Z;ZO(—l)r_j (?) Hence, taking the smooth function f = a~'f, we get that the immersion

satisfies equation (1.3).
Example 3. We recall that the Gaussian soliton is the Euclidean space R™ endowed with its standard metric

A
|| and the potential function f(x) = Z\x|2 (see, for instance, Section 4.2 of [10]). On the other hand, it is

well known that the horospheres of the hyperbolic space H"t! are totally umbilical hypersurfaces isometric
to R™, having r-th mean curvature H, = 1 and second fundamental form A = I. Hence, we can reason as
in Example 2 to verify that the horospheres R™ «— H" ! satisfy equation (1.3).

In order to state and prove our first result let us quote the following maximum principle due to Caminha
et al. [6] (for more details, see Proposition 1 of [6]). In what follows, for each p > 1 we will use the notation

P(M)={u:M" - R; /|u|de < 400}
M



550 A.W. Cunha et al. / J. Math. Anal. Appl. 464 (2018) 546-556

Lemma 1. Let X be a smooth vector field on the n-dimensional, complete, noncompact, oriented Riemannian
manifold M™, such that divy X does not change sign on M™. If |X| € L*(M), then divy, X = 0.

The following result extends Theorem 1.2 in [3].

Theorem 1. Let M™ be a complete r-almost Newton—Ricci soliton immersed into a Riemannian manifold
ML of constant sectional curvature ¢, with bounded second fundamental form and potential function
f:M"™ — R such that |V f| € L'(M). We have:

(i) If c <0 and A > 0, then M™ can not be minimal;
(ii) If ¢ <0 and A > 0, then M™ can not be minimal;
(i) Ifc=0, A >0 and M™ is minimal, then M™ is isometric to the R™.

Proof. For its further reference, we observe that since the ambient space has constant sectional curvature,
by equation (2.4) the operator L, is a divergent type operator. On the other hand, because M™ has bounded
second fundamental form it follows from (2.3) that the Newton transformation P, has bounded norm. In
particular,

|P.Vf| < |P||Vf] € L'(M).

Regarding to (i) and (ii), let us assume by contradiction that M™ is minimal. Then, equation (2.2) jointly
with the assumption ¢ < 0 (¢ < 0) imply that the scalar curvature of M™ satisfies S < 0 (S < 0). Hence,
contracting equation (1.3) we have L, f = nA — .S > 0 in both the cases, which contradicts Lemma 1, since
the remark aforementioned. This completes the proof of the two first assertions.

For the third claim, because the ambient space has constant sectional curvature ¢ = 0 and M™ is minimal,
we deduce from equation (2.2) that

S =—|A?<o.

So, since A > 0 we have that L,(f) = n\ — S > 0. By using that L,u = divy/(P.Vu) and |P.Vf| € L*(M)
we have once more from Lemma 1 that L,.f =0 on M™. Hence, we conclude that 0 > S = An > 0, that is,
S = X\ = 0. This implies that |A|> = 0. Therefore, the r-almost Newton—Ricci soliton M™ must be totally
geodesic and flat. O

In order to obtain our next result we will need of the following key lemma, which corresponds to Theorem 3
of [22].

Lemma 2. Let u be a nonnegative smooth subharmonic function on a complete Riemannian manifold M™.
If uw e LP(M), for some p > 1, then u is constant.

Next, we are in condition to prove the following result, which holds when the ambient space is an arbitrary
Riemannian manifold.

Theorem 2. Let M™ be a complete r-almost Newton—Ricci soliton immersed into a Riemannian manifold
_nJr

! of sectional curvature K, such that P, is bounded from above (in the sense of quadratic forms) and
its potential function f: M™ — R is nonnegative and f € LP(M) for some p > 1. We have:

(i) If K <0 and A > 0, then M™ can not be minimal;
(ii) If K <0 and A\ >0, then M™ can not be minimal;
(iii) If K <0, A >0 and M"™ is minimal, then M" is flat and totally geodesic.
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Proof. Let us prove (i). Supposing by contradiction that M™ is minimal, our assumption on the sectional
curvature of the ambient space and equation (2.1) imply that S < 0. Hence, contracting equation (1.3) we
have L, f = nA— R > 0. Thus, since we are assuming that P, is bounded from above, there exists a positive
constant 8 such that

BAf = L.f > 0.

In particular, from Lemma 2 we get that f must be constant, which gives a contradiction. Finally, reasoning
as in the proof of Theorem 1 we conclude (ii) and (iii). O

Remark 1. Let us recall that a Riemannian manifold M™ is said to be parabolic if the only subharmonic
functions f € C°°(M) with sup,; f < -+oo are the constant ones. In Theorem 2, we can replace the
hypothesis that f is nonnegative and f € LP(M), for some p > 1, by assuming that f is bounded from
above and M™ being parabolic. It was observed by Colding and Minicozzi [11] that a complete surface M?
satisfying quadratic area growth Vol(BM) < C's? must be parabolic, where BM denotes an intrinsic geodesic
ball in M2. Furthermore, it was showed in [8] by Cao and Zhou that in a shrinking gradient Ricci soliton
there is a uniform constant C' > 0 so that Vol(BM) < Cs™. Hence, all 2-dimensional shrinking gradient
Ricci soliton M? must be parabolic.

In our next result we extended Theorem 1.5 of [3] for the case when X = Vf, giving conditions for
an r-almost Newton—Ricci soliton immersed be totally umbilical since it has bounded second fundamental
form. More precisely, we prove the following

Theorem 3. Let M™ be a complete r-almost Newton—Ricci soliton immersed into a Riemannian manifold
—n+1

M, = of constant sectional curvature c, with bounded second fundamental form and potential function

f:M" — R such that [V f| € L*(M). Then:

(i) If A\ > (n—1)c+nH?, then M™ is totally geodesic, with A\ = (n—1)c and scalar curvature S = n(n—1)c;
(ii) If M™ is compact and X > (n — 1)c+ nH?, then M™ is isometric to a Euclidean sphere;
(iii) If A > (n—1)(c+H?), then M™ is totally umbilical. In particular, the scalar curvature S = n(n—1)K
s constant, where Ky = ﬁ is the sectional curvature of M™.
Proof. To prove (i), we observe that by definition of r-almost Newton—Ricci soliton jointly with equation
(2.2) we find

L.f =nA—(n—1)c—nH?) + |A]% (3.1)

Then, from our assumption on A we get that L, f is a nonnegative function on M™. In particular, by Lemma 1
we obtain that L, f vanishes identically. Hence, from equation (3.1) we conclude that M™ is totally geodesic
and A = (n — 1)c. Moreover, it is clear from equation (2.2) that S = n(n — 1)c, which proves the claim (i).
If M™ is compact, as it is totally geodesic, then the ambient space must be necessarily a sphere S**! and
M™ is isometric to the Euclidean sphere S™, proving (ii).
For the third assertion, let us begin observing that equation (3.1) can be written in terms of the traceless
second fundamental form ® as

L.f =n\—(n—1)(c+ H?) + |2 (3.2)

So, our hypothesis on A gives L. f > 0. Then, by applying Lemma 1 once more we have L,(f) = 0. This
implies that |®|? = 0, that is, M" is a totally umbilical hypersurface. In particular, the principal curvature



552 A.W. Cunha et al. / J. Math. Anal. Appl. 464 (2018) 546-556

k of M™ is constant and M™ has constant sectional curvature given by Kj; = ¢ + x2. This jointly with
equation (3.2) assures that

A=(n—-1D(c+H?*)=n-1)(c+r?)=(n—-1)Ky,
which implies that S = n(n — 1)K}y, as desired. O
From Theorem 3 we get the following consequence

Corollary 1. Let M™ be a compact r-almost Newton-Ricci soliton immersed into R"*1. If X > (n — 1)H?,
then M™ is isometric to S™.

Theorem 1.6 of [3] asserts that a nontrivial almost Ricci soliton M™, minimally immersed in S"*! with
S > n(n — 2) and such that the norm of the second fundamental form attains its maximum, must be
isometric to S™. Applying Theorem 3 we obtain an extension of this result.
Corollary 2. Let M™ be a complete r-almost Newton—Ricci soliton minimally immersed in S™'. Suppose
that S > n(n — 2), the norm of the second fundamental form attains its mazimum and X > n — 1. Then,
M™ is isometric to S™.
Proof. Since the immersion is minimal with S > n(n — 2), from (2.2) we get that

AP =n(n—-1)-8 <n.

From Simons’ formula [18], we obtain

AJAP? = [VA* + (n — [AP)|A]* > 0.

Thus, we can apply Hopf’s strong maximum principle to get that VA = 0 on M™. Therefore, Proposition 1
of [13] assures that M™ must be compact and, hence, the result follows from Theorem 3. O

As another application of Lemma 2 we also get

Theorem 4. Let M™ be a complete r-almost Newton—Ricci soliton immersed into a Riemannian manifold
—n+1
Mt of constant sectional curvature ¢, such that P, is bounded from above (in the sense of quadratic forms)

and its potential function f: M™ — R is nonnegative and f € LP(M) for some p > 1. Then:

c

(i) If N > (n—1)c+nH?, then M™ is totally geodesic, with A = (n—1)c and scalar curvature S = n(n—1)c.

(i) If A\ > (n—1)(c+H?), then M™ is totally umbilical. In particular, the scalar curvature S = n(n—1)Kyy

is constant, where Ky = ﬁ is the sectional curvature of M™.

Proof. Let us begin observing that by equation (3.1) and assumption on A we get
L.f =n(A—(n—1)c—nH?) +|A> > 0. (3.3)
Since we are assuming that P, is bounded from above, there is a positive constant 3 such that

BAS > Lof > 0.
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By Lemma 2, we have that f must be constant. Therefore L, f = 0, and by equation (3.3) we conclude that
M™ is totally geodesic, A = (n—1)c and S = n(n—1)c, proving item (i). Finally, reasoning as in Theorem 3,
it is not difficult to prove item (ii). O

4. 1-almost Newton—Ricci solitons in locally symmetric spaces

In this section we will extend our previous results to the case of 1-almost Newton—Ricci solitons immersed
into a locally symmetric Riemannian manifold. To this end, we will work with locally symmetric spaces
obeying a standard curvature constraint.

Before stating the main results, let us recall that a Riemannian manifold is said to be locally symmetric
when all the covariant derivative components of its curvature tensor vanish identically. In this setting, such
spaces consist in an interesting generalization of constant curvature spaces. Hence, it is a natural question
to revisit in this ambient spaces the known results of constant curvature spaces.

Proceeding, let M™ be a hypersurface immersed into a locally symmetric Riemannian manifold M
In what follows we introduce our curvature constraint, which will be assumed in the main results of this
section. More specifically, we will assume that there is a constant ¢; such that the sectional curvature K of
the ambient space M satisfies the following equality:

K = — 4.1
(777 v) n J ( )
for vectors n e€T-M and veTM.

Remark 2. As mentioned above, a Riemannian manifold M:H of constant sectional curvature c is a locally
symmetric space and it is easy to see that the curvature condition (4.1) is satisfied for every hypersurface 3"
immersed into MZH, with ¢; /n = ¢. Therefore, in some sense our assumption is a natural generalization of
the case where the ambient space has constant sectional curvature. Moreover, when the ambient manifold
is a Riemannian product of two Riemannian manifolds of constant sectional curvature, say M = M (k;) x
My (k3), then M is also locally symmetric and, if k; = 0 and ko, > 0, then every hypersurface of the type
¥ = %1 x My(k2), where ¥ is an orientable and connected hypersurface immersed in M;(kq), satisfies the
curvature constraint (4.1) with ¢; = 0 (for more details, see Remark 3.1 of [1]).

Let 77" be a locally symmetric Riemannian manifold satisfying condition (4.1) and let {e1,...,ent1}
be an orthonormal frame on 7M. Then, its scalar curvature S is given by

n+1
g = Z m(ei, 61')
i=1
= > (RBleiej)eie;) +2) (Rlentr,eientn,e)
ij=1 i=1
n
= Z <R(€i, 6j)€i, 6j> + 2¢;.

ij=1

Moreover, it is well known that the scalar curvature of a locally symmetric Riemannian manifold is con-

stant. Thus, Z:’ j:1<§(ei,ej)ei,ej> is a constant naturally attached to a locally symmetric Riemannian

manifold satisfying condition (4.1). So, for the sake of simplicity, we will adopt the following notation

- - —n+1
S = ﬁ Z?jd(R(ei,ej)ei,ej}. It is worth pointing out that when M s a space of constant sec-

tional curvature, then the constant S agrees with its sectional curvature.
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Before to present our next results, we exhibit an example of r-almost Newton—Ricci soliton immersed in
a locally symmetric Riemannian manifold satisfying the curvature constraint (4.1).

Example 4. Since the canonical immersion S™ < S™ x R is totally geodesic, proceeding as in Example 1 we
see that this immersion satisfies equation (1.3) for all 1 <r <m and A = (n —1)/n.

The following result extends Theorem 1 for the context of 1-almost Newton—Ricci soliton immersed in a
locally symmetric Einstein manifold.

Theorem 5. Let M+ be a locally symmetric Einstein manifold satisfying the curvature condition (4.1). Let
M™ be a complete 1-almost Newton—Ricci soliton immersed into M with bounded second fundamental
form and potential function f: M™ — R such that |V f| € L*(M). We have:

(i) If S <0 and A > 0, then M™ can not be minimal;
(i) If S <0 and A >0, then M™ can not be minimal;
(iii) If S =0, A >0 and M" is minimal, then M™ is totally geodesic.

Proof. To prove (i), let us reason as in the proof of Theorem 1 assuming by contradiction that M™ is
minimal. Then, by our hypothesis on the constant S we get from equation (2.1) that the scalar curvature
of M™ satisfies S < 0, which implies L,.f =nA — S5 > 0.

On the other hand, we recall from the discussion in the Preliminaries that the differential operator L;
satisfies

Lif = divy (PLVf) — (divar Py, V£). (4.2)

In particular, taking an orthonormal frame {ej,...,e,} on TM and denoting by N the orientation of M™,
it follows from Lemma 25 of [2] that

n

(divarPr, V) =) (R(N, )V f,e;) = Ric(N, V).

=1

Hence, since M is assumed to be Einstein we conclude by equation (4.2) jointly with the previous identity
that

Llf = diVM(P1Vf).

Moreover, as was observed in Theorem 1 we get from our assumption on second fundamental form that
|P,V f| € L'(M). Therefore, we are in position to apply Lemma 1 to conclude that L, f = 0, which gives a
contradiction.

Finally, reasoning as above it is not difficult to prove (ii) and (iii). O

Remark 3. Taking into account Theorem 5, it is natural to ask oneself about the existence of Einstein
manifolds which are locally symmetric. In this direction, Tod [19] showed that four-dimensional Einstein
manifolds which are also D’Atri spaces are necessarily locally symmetric. More recently, Brendle [5] proved
that a compact Einstein manifold of dimension n > 4 having nonnegative isotropic curvature must be
locally symmetric, extending a previous result of Micallef and Wang for n = 4 (see Theorem 4.4 of [15]).
See also [21] for another sufficient conditions for an Einstein manifold to be locally symmetric.
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We continue obtaining an analogous result to Theorem 3 in the case where 7 = 1 and the ambient space
is a locally symmetric space. More precisely, we get the following

Theorem 6. Let M+ be a locally symmetric FEinstein manifold satisfying the curvature condition (4.1). Let
M™ be a complete 1-almost Newton—Ricci soliton immersed into M with bounded second fundamental
form and potential function f : M™ — R such that |V f| € L*(M). Then:

(i) If A > (n—1)S+nH?, then M™ is totally geodesic, with A = (n—1)S and scalar curvature S = n(n—1)S;
(i) If X > (n — 1)(S + H?), then M™ is totally umbilical. In particular, the scalar curvature S = n(n —
1)(S + w?) is constant, where k is the principal curvature of M™.

Proof. The result follows as in the proof of Theorem 3. For the sake of completeness, we give the following
argument that proves (i). Taking trace in (1.3) and using the definition of the constant S, we obtain from
equation (2.1) that

L.f =n(A—(n—1)8 —nH?) +|AJ?, (4.3)

which implies that L; f > 0 because our hypothesis on A. Then, by Lemma 1 we get that L, f = 0. Therefore,
we conclude from equation (4.3) that M™ is totally geodesic with A = (n —1)S and S = n(n — 1)S, proving
the result. O

We close our paper quoting the following result, which can be obtained from the similar arguments used
in the proofs of Theorems 4 and 6.

Theorem 7. Let M be a locally symmetric Einstein manifold satisfying the curvature condition (4.1). Let

M™ be a complete 1-almost Newton—Ricci soliton immersed into M such that P, is bounded from above

(in the sense of quadratic forms), its potential function f : M™ — R is nonnegative and f € LP(M) for

some p > 1. Then:

(i) If\ > (n—1)S+nH?, then M™ is totally geodesic, with A = (n—1)S and scalar curvature S = n(n—1)S.

(ii) If A > (n — 1)(S + H?), then M™ is totally umbilical. In particular, the scalar curvature S = n(n —
1)(S + k?) is constant, where k is the principal curvature of M™.

Remark 4. We observe that in Theorems 5, 6 and 7 we can replace the hypothesis that the ambient space
M"" is Einstein by the weaker assumption that the tensor Ricy : X(M) — X(M), given by Ricy(X) =
Ric(N, X), is identically zero. With this improvement, the configuration of Example 4 is contemplated by
these theorems.

Acknowledgments

The first author would like to thank to Barnabé Lima and Rondinelle Batista for some comments and
valuable suggestions and he also wishes to express his gratitude for the excellent support during his visit at
Department of Mathematics — Universidade Federal de Campina Grande-PB, where part of this paper was
carried out. The third author is partially supported by CNPq, Brazil, grant 303977/2015-9.

References

[1] L.J. Alfas, H.F. de Lima, J. Meléndez, F.R. dos Santos, Rigidity of linear Weingarten hypersurfaces in locally symmetric

manifolds, Math. Nachr. 289 (11-12) (2016) 1309-1324.


http://refhub.elsevier.com/S0022-247X(18)30322-6/bib416C6961733A3136s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib416C6961733A3136s1

556 A.W. Cunha et al. / J. Math. Anal. Appl. 464 (2018) 546-556

[2] L.J. Alias, D. Impera, M. Rigoli, Hypersurfaces of constant higher order mean curvature in warped products, Trans. Amer.
Math. Soc. 365 (2) (2013) 591-621.
[3] A. Barros, J.N. Gomes, E. Ribeiro Jr., Immersion of almost Ricci solitons into a Riemannian manifold, Mat. Contemp. 40
(2011) 91-102.
[4] A. Barros, E. Ribeiro Jr., Some characterizations for compact almost Ricci solitons, Proc. Amer. Math. Soc. 140 (2012)
1033-1040.
[5] S. Brendle, Einstein manifolds with nonnegative isotropic curvature are locally symmetric, Duke Math. J. 151 (2009) 1-21.
[6] A. Caminha, P. Sousa, F. Camargo, Complete foliations of space forms by hypersurfaces, Bull. Braz. Math. Soc. 41 (2010)
339-353.
[7] H. Cao, Recent progress on Ricci solitons, Adv. Lect. Math. (ALM) 11 (2009) 1-38.
[8] H. Cao, D. Zhou, On complete gradient shrinking Ricci solitons, J. Differential Geom. 85 (2010) 175-185.
[9] G. Catino, L. Cremaschi, Z. Djadli, C. Mantegazza, L. Mazzieri, The Ricci-Bourguignon flow, Pacific J. Math. 287 (2017)
337-370.
[10] B. Chow, P. Lu, L. Ni, Hamilton’s Ricci Flow, Grad. Stud. Math., vol. 77, American Mathematical Society, Providence,
2010.
[11] T.H. Colding, W.P. Minicozzi II, A Course in Minimal Surface, Grad. Stud. Math., vol. 121, American Mathematical
Society, Providence, 2011.
[12] H.S. Hamilton, Three manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982) 255-306.
[13] H.B. Lawson, Local rigidity theorems for minimal hypersurfaces, Ann. of Math. 89 (1969) 187-197.
[14] P. Mastrolia, M. Rigoli, M. Rimoldi, Some geometric analysis on generic Ricci solitons, Commun. Contemp. Math. 15
(2013) 1250058.
] M.J. Micallef, M.Y. Wang, Metrics with nonnegative isotropic curvature, Duke Math. J. 72 (1993) 649-672.
] S. Pigola, M. Rigoli, M. Rimoldi, A. Setti, Ricci almost solitons, Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 10 (2011) 757-799.
] H. Rosenberg, Hypersurfaces of constant curvature in space forms, Bull. Soc. Math. 117 (1993) 217-2309.
] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968) 62-105.
] K.P. Tod, Four-dimensional D’Atri Einstein spaces are locally symmetric, Differential Geom. Appl. 11 (1999) 55-67.
| W. Wylie, Complete shrinking Ricci solitons have finite fundamental group, Proc. Amer. Math. Soc. 136 (2008) 1803—-1806.
] HW. Xu, J. Gu, Rigidity of Einstein manifolds with positive scalar curvature, Math. Ann. 358 (2014) 169-193.
] S.T. Yau, Some function-theoretic properties of complete Riemannian manifolds and their applications to geometry, Indiana
Univ. Math. J. 25 (1976) 659-670.


http://refhub.elsevier.com/S0022-247X(18)30322-6/bib416C6961733A3133s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib416C6961733A3133s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib426172726F733A3131s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib426172726F733A3131s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib426172726F735269626569726F3A3132s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib426172726F735269626569726F3A3132s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4272656E646C653A3039s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43616D696E68613A3130s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43616D696E68613A3130s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43616F3A3130s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43616F3A31302D31s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib436174696E6F3A3137s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib436174696E6F3A3137s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43686F773A3130s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib43686F773A3130s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4D696E69636F7A7A693A3131s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4D696E69636F7A7A693A3131s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib48616D696C746F6E3A3832s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4C6177736F6E3A3639s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4D617374726F6C69613A3133s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4D617374726F6C69613A3133s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib4D6963616C6C65663A3933s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib5069676F6C613A3131s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib526F73656E626572673A3933s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib53696D6F6E733A3638s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib546F643A3939s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib57796C69653A3038s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib58753A3134s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib5961753A3736s1
http://refhub.elsevier.com/S0022-247X(18)30322-6/bib5961753A3736s1

	r-Almost Newton-Ricci solitons immersed into a Riemannian manifold
	1 Introduction
	2 Preliminaries
	3 On the existence of r-almost Newton-Ricci solitons
	4 1-almost Newton-Ricci solitons in locally symmetric spaces
	Acknowledgments
	References


