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1. Introduction

The theory of hemivariational inequality, which is a natural generalization of traditional variational
inequality, was firstly proposed by P.D. Panagiotopoulos in 1980s and has been of great interest recently.
This is due to the intensive development of applications of hemivariational inequality to many engineering
and economic fields, such as nonsmooth mechanics of solid, fluid mechanics, equilibrium problems, and so
on. One may refer to the monographs [24] and [27] for more details.

Variational-hemivariational inequalities represent a special class of inequalities, in which both convex
and nonconvex functionals are involved. But until now, there are still a few publications that treat these
inequalities and study their applications in solid contact mechanics. In Han et al. [18] and Migorski et
al. [25], the authors considered the existence and uniqueness of solution for a class of elliptic variational—
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hemivariational inequalities and applied these abstract results to study the static and quasistatic frictional
contact problems with unilateral constraints, respectively. In Han et al. [17], the authors studied the adhe-
sive unilateral contact between a viscoelastic body and a deformable foundation. They provided a result on
unique solvability for a system consisting of a elliptic variational-hemivariational inequality and an ordi-
nary differential equation. The existence of solutions to a class of evolutionary variational-hemivariational
inequalities of the parabolic type have been considered by Carl et al. in [8] and Han et al. [19] who used the
technique of lower and upper solutions and surjectivity theorem, respectively.

On the other hand, in optimal control problems we are looking for a control law in a given infinite
dimensional system such that a certain optimality criterion is achieved. Such problems always include a
cost functional which can be a function of state and control variables, cf. e.g. Lions [20] and Troltzsch [34].
In the last few decades, there have been published several monographs and papers focused on the topic of
optimal control for hemivariational inequalities. For more details, cf. [3,10,11,15,22,23] and [29], etc.

But as far as we know, there is still no monograph or paper to study the optimal control problems
for dynamic nonsmooth unilateral contact models, which modeling by a class of evolutionary variational—-
hemivariational inequalities. Motivated by the aforementioned contributions, in this work we are going to
study the unique weak solvability and optimal control for a dynamic viscoelastic unilateral contact problem
with normal damped response and friction. The present work represents a new contribution of optimal con-
trol theory for a class of parabolic variational-hemivariational inequalities and with applications to contact
mechanics. The idea of this work mainly comes from the papers [11], [23] and our recently work [19].

2. The mechanical model and its weak formulation

The purpose of this section is to provide the motivation of studying abstract evolutionary variational—-
hemivariational inequalities in our paper, which modeling a class of dynamic unilateral contact problems
between the viscoelastic body and foundation. We shall provide its classical and weak formulations. To
this end, firstly, it is necessary to reaffirm some classical notation and function spaces in contact mechanics
which will be useful in the sequel.

Assume the domain € is an open, bounded and connected set of R%(d = 2, 3), and its boundary I = 052
is Lipschitz continuous. Denote by S? the space of second order symmetric tensors on R%, and we define the
inner product and the corresponding norm of space S to
1/2

)

o:7=047y; and ||7lge = (7:7)

respectively, for all o = (o), = (1) € S©.
We introduce the spaces are as follows

H=L*QRY), H=L%SY) ={r=(r)| =1 €L*Q)}
Hy={veH]|e(u) €H} Hy={r€H| Divr e H},

where notation € and Div stand for the deformation and divergence operators, respectively, defined by
1
e(u) = (ey5(w),  eij(w) = (us; +u5,) (1)
and

Div o = (Uij,j), Z,]: 1,...,d. (2)
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So now, by endowing the inner products of

(u,v)H:/u'vdx, <CT,T>H:/O'ITdI,

Q Q
(u, V)i, = (u, vy + (e(w),e(v)), (0,7)3, = {0,7)3 + { Div 0,Div 1) py,

it is clear that H,H, H; and H; are Hilbert spaces.
2.1. Classical formulation

Consider a viscoelastic body occupies the open, bounded and connected domain Q of R%, and its Lipschitz
continuous boundary I' is composed of three disjoint measurable parts I'p, I'y and I'¢ such that the measure
of T'p is positive. Let (0,T), with T' > 0, denote the finite time interval of interest. The body is in contact on
I'c with the foundation. The displacement field u: Q x (0,7) — R? and the stress field o: Q x (0,7) — S¢
play the roles of unknowns in our frictional contact problem.

We model the viscoelastic body by the so-called Kelvin—Voigt constitutive equation, given by

o(t) = R(t,e(u'(t)) + E=(u(t)) in Qx (0,T), (3)

where the viscosity operator R may depend on both the time and the location of the point, the elasticity
operator £ is allowed to depend on the location of the point, the notation e represents the linearized (or
small) strain tensor which is defined by (1), and o denotes the stress tensor.

The equation of motion, which is derived from the fundamental principle of momentum conservation
(cf. [31] and the references therein), is used to describe the evolution of the mechanical state of the viscoelastic
body, i.e.,

u’(t) = Div o(t) + fo(t) in Qx (0,7), (4)

fo stands for the density of applied volume forces, and Div represents the divergence operator given by (2).
Without loss of generality, we assume in (4) that the mass density is equal to one.

Assume that the viscoelastic body is fixed on the part I'p of the surface, which means that the displace-
ment field vanishes on I'p, hence

u(t)=0 on I'p x (0,T). (5)
We suppose that the surface tractions of density fy act on Iy, which implies that
o(t)v = fn(t) on T'y x (0,7, (6)
where v denotes the unit outward normal vector on the boundary T.
Next, we turn to the description of the normal contact condition on I'¢, i.e.,

{u /(t) < g, 0u(t) + p(t,u (1)) S) on I'c x (0,7), Q

uy, (t) = g) (o0 (t) + p(t, u (¢

where o, and u!, denote the normal stress and the normal velocity, respectively, g > 0 represents a non-
negative constant, and the normal damping function p > 0 depend on both the time and the location of
the point, which is reasonable since the values of the contact function p can change over time if the mate-
rial temperature is changed during the contact process. We mention that this type of contact condition is
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called unilateral contact law with normal damped response and has been studied in [14], where the normal
damping function p was assumed to be independent of time variable. Even more specifically, letting p = 0
and g = 0 in (7), we get the Signorini-type contact condition in velocities of the form

u,(t) <0, o,(t) <0, u,(t)o,(t)=0 on T¢x(0,T),

which has been proposed in some works, cf. e.g., [13] and [33], etc.
We employ the so-called slip rate-dependent friction law to describe the tangential friction condition on
the part I'c, i.e.,

wr(t) =0 = o7 (t)|lre < Fy(t, (1)),
u(t) on T'e x (0,7), (8)

T

[0 (#) || e

in which the friction bound Fj > 0 is supposed to depend on the time variable, the location of the point,
and the velocity on the contact boundary I'¢. For the details of physical background on friction law (8), cf.
e.g., [6], [14], [24], [30] and [32].

Finally, we give the initial values of the displacement and velocity in our model, i.e.,

ur(t) #0 = —o-(t) = Fo(t,u'(t))

uw(0) =a and «/(0)=0b in Q. (9)

So now, collecting the equations and conditions (3)—(9), and providing the classical formulation of the
dynamic unilateral contact problem is as follows.

Problem 2.1. Find a displacement field u: Q x (0,7) — R? and a stress field o: Q x (0,7) — S such that
for a.e. t € (0,7,

o(t) = R(t,e(u' () + E=(u(t)) in Q (10)
u"(t) = Div o(t) + folt) in (11)
u(t) =0 on  Ip, (12)
o(t)v = fn(t) on Ty, (13)
{u’y(t) < g, 0u(t) + p(t,u,(t) <0, o e a4)

u,,(t) = g) (0, (t) + p(t, u, (1) =0

W) =0 = o (t)||re < Fo(t, (1)),

W) #£0 = —o.(t) = Fb(t,u'(t»?/fi on e (15)

[ (#) ||

uw(0) =a, v (0) =10 in Q. (16)

2.2. Variational formulation

To the end of deriving the variational formulation of Problem 2.1 in this subsection, we first define a
closed subspace of Hy by

V={veH |v=0onTp}.

Meanwhile, V* denotes its dual space. Since the condition meas(I'p) > 0 and Korn’s inequality, we observe
that the space V is a real Hilbert space equipped with the inner product
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(u,v)y = (e(u),e(v))y forall w,veV
and the associated norm || - ||y. Furthermore, by the continuity of the trace operator, we have
vl 2 (roirey < Collv|ly forall veV (17)

with the constant Cy > 0 which depend on only the domain Q, I'p and T'¢.
Next, it is necessary to list some hypotheses on the data of Problem 2.1. Assume that

H(R): the nonlinear viscosity operator R:  x (0,T) x S — S? is such that

(a) R(,-,€) is measurable on Q x (0,7), for all € € S¢,

(b) R(z,t,-) is continuous on S¢, for a.e. (x,t) € Q x (0,7T),

(¢) IR(z,t,¢)||lse < @o(z,t) + aylle]|se for all € € S% and a.e. (x,t) € Q x (0,T) with @ € L2(2 x (0,7)),
o >0 and @, > 0,

(d) (R(z,t,e1) — R(z,t,e2)) : (61 —e2) > 0 for all e1, e2 € S, ace. (x,t) € 2 x (0,7,

(e) R(z,t,e):e>mpllel2. for all e € S, ace. (z,t) € 2 x (0,T) with mg > 0,

() (R(z,t,e1) — R(x,t,e2)) : (1 — e2) > arller — 2|24, for all e1, e2 € S%, ace. (z,t) € 2 x (0,T) with
ar > 0.

H(E): the elasticity operator £: Q x S — S is such that

(a) E(x,e) = E(z)e, for all e € S¢, ae. x € 0,
(b) E(x) = (Eijr(z)) with Eiju = Ejin = Egij € L>(),
(¢) Eijri(x)eijer > 0 for all symmetric tensors € = (g45) € S? and a.e. z € Q.

H(p): the normal damping function p: I'c x (0,T) x R — R is such that

(a) p(-,-,7) is measurable on I'c x (0,7T) for all r € R,
(b) for a.e. (x,t) € T x (0,T), p(x,t,-) is continuous on R, and

p(x,t,1) < cop(x,t) + c1p|r]

for all r € R with ¢g, € L>®(T'¢ x (0,T)), cop, 1, > 0,

(c) |p(z,t,m1) — p(x,t,m2)| < Lplry — o] for all r1, ro € R, ae. (z,t) € e x (0,T) with L, > 0.

H(Fy): the friction bound Fy: I'c x (0,7) x R* — R is such that

(a) Fy(+,-,s) is measurable on I'c x (0,7) for all s € R9,
(b) for a.e. (x,t) € T x (0,T), Fy(w,t,-) is continuous on RY, and

Fp(x,t,8) < cor(2,t) + c17]|8||Re

for all s € R? with Cor € LOO(FC X (O,T)), cor,Cir > 0,
(c) |Fy(x,t,s1) — Fyp(z,t,82)| < Lp,||s1 — s2||ge for all s1, so € R a.e. (z,t) € [ x (0,T) with Ly, > 0.

And moreover, the densities of volume forces and surface tractions satisfy

fo € L*(0,T; H), fy € L*(0,T; L*(Tx; RY)). (18)
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Finally, the given initial displacement and velocity satisfy
a, beV, b,(x)€ (—o0,g) for ae. x € T¢. (19)

In the following, we define two new functions j,: IT'c x (0,7) xR — R and j,: I'c x (0,T) x R4 x R — R
by

r

Ju(z,t,r) = /p(x,t,f) dr, (20)

0

jr(x7t787§) = Fb(x7t78)g(§)> g(g) = ||§||Rd> (21)

respectively, for all 7 € R, s, 5 € R? and a.e. (x,t) € T'c x (0, 7).
In view of the hypotheses of H(p)(a)—(c) and H(Fy)(a)—(c), we may obtain the following two lemmas,
respectively.

Lemma 2.2. Let the hypotheses H(p)(a), (b) hold. Then the function j, defined by (20) satisfies that
P(j,): ju:Te x(0,T) xR — R is such that

(a) j,(-,+,r) is measurable on Tc x (0,T) for all 7 € R and there exists a function e, € L*(T¢) such that
G en(s) € LY Te x (0,T)),

(b) ju(x,t,-) is locally Lipschitz on R, for a.e. (z,t) € T x (0,7T),

(c) [C| < cou(zyt)+c1ulr| for allr € R, a.e. (x,t) € T x (0,T) with ¢ € 95, (x,t,7), cop € LT x(0,T))
and coy,c1, > 0, 97, denotes the Clarke subdifferential of j, with respect to the last variable,

(d) either j,(x,t,-) or —j,(x,t,-) is reqular on R for a.e. (z,t) € T'c x (0,T).

Moreover, in addition, if the hypothesis H(p)(c) holds, then

(e) (¢1 —Ca)(r1 —ra) > —Lylry —ra|? for all ¢; € dj,(x,t,7;), s €R, i =1,2 and a.e. (z,t) € Te x (0,T)
with L, > 0.

Lemma 2.3. Assume that the hypotheses H(Fy)(a), (b) hold. Then the function j, defined by (21) fulfills the
condition

P(jr): jr:Tex (0,T) x RE x RY — R is such that

(a) j+(-,-,s,5) is measurable on T'c x (0,T) for all s, 5 € R and there exists a function e, € L?>(T'c;RY)
such that j-(-,-,w(:),e-(-)) € L*(Te x (0,T)) for all w € L*(T'¢; RY),

(b) for a.e. (z,t) € Tc x (0,T), jr(x,t,-,5) is continuous on R? for all 5 € R, and j,(x,t,s,-) is locally
Lipschitz on R? for all s € RY,

(c) |€llra < cor(,t) + c1r(||sllra + ||5]|ra) for all s, 5 € RY, a.e. (w,t) € o x (0,T) with & € 0j,(x,t,5,5),
cor € L®(Te x (0,T)) and cor, c17 > 0, j, denotes the Clarke subdifferential of j, with respect to the
last variable,

(d) either j.(x,t,s,-) or —j (x,t,s,-) is reqular on R? for all s € R?, a.e. (x,t) € Te x (0,7),

(e) j%(z,t,,;p) is upper semicontinuous on R? x R? for all p € R?, a.e. (x,t) € Te x (0,T).

Furthermore, in addition, if the hypothesis H(F})(c) holds, then

(f) (&1—&)- (51— 52) > —Lp, (||s1 — s2|lga + [|51 — 52|[ra) |51 — S2||ga for all & € 8j;(x,t, 5, 5:), s:, 5 € RY,
1=1,2, a.e. (l‘,t) el x (O,T) with LFb > 0.
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Remark 2.4. Like the expression in Lemma 2.2 and Lemma 2.3, we should mention that the Clarke subdif-
ferential which is appeared in the sequel that is always understood with respect to the last variable of the
corresponding nonsmooth function.

Proof of Lemma 2.2. Note that the property P(j,)(a) can be directly obtained under the hypotheses
H(p)(a), (b). To prove P(j,)(b), let r1, ro € B(r,¢€), r € R, € > 0. By the definition (20), we have

ro
‘ju(xvt7r1) —j,,(x,t,?“zﬂ < ’/p(x,t,?)d?‘ < L,,(’I“, 6)|"41 _T2|

T1

with L, (r,€) = max;cp(r) p(,t,7) for a.e. (z,t) € T'c x (0,T). This shows that the function j,(x,t,-) is
locally Lipschitz on R.

Next, since the function p(x, ¢, -) is continuous on R, for a.e. (z,t) € T'c x (0,T'), which together with the
definition of Clarke subdifferential, it is clear that

Ojy(z,t,r) =p(z,t,r) forall reRanda.e. (z,t) €T x(0,T). (22)

Therefore, the property P(j,)(c) holds under the hypothesis H(p)(b). Moreover, since the function j,(z,t, )
is strictly differentiable, hence P(j,)(d) is satisfied.

To conclude the proof, it remains to show the property P(j,)(e). In fact, under the hypothesis H(p)(c),
this conclusion follows directly from (22). We finish the proof. O

Proof of Lemma 2.3. Similarly as the proof of Lemma 2.2, the properties P(j;)(a), (b), (d), (e) can be
verified under the hypotheses H(Fy)(a), (b) and the definition (21). To show P(j,)(c), we use the definitions
of the Clarke subdifferential and (21) again, to see that

Fy(x,t,8)B(0,1) if 5=0,

0jr(x,t,s,8) = 3 23
( ) Fyfant, 5)— _ (23)

15|

for a.e. (z,t) € T'¢ x (0,T) and all 5, 5 € R%, in which B(0, 1) denotes the closed unit ball in R¢. Therefore,
taking into account H(Fy)(b), a simple computation shows that the condition P(j.)(¢) holds.

Finally, we check the property P(j,)(f) by using the hypothesis H(F3)(c) and (23). Indeed, from the
relation & € 94, (x,t, 54, 5;), for all &, s;, 5; € R%, i = 1,2 and a.e. (z,t) € T¢ x (0,T), we get

(&1 —&2) - (51— 82) > —Lpg, ||s1 — sz2||lgal|51 — S2||re
> —Lp,(|[s1 — s2llre + |51 — 52[|ra)[[51 — S2|ga

with Lg, > 0. This completes the proof. O

Lemma 2.5. The frictional contact conditions (14)—(15) lead to the following subdifferential forms

{ — 0o (t) € 0 (t,up, (1)) + Oc(—co,g) (ui, (1)), on Te (24)

— 0, (t) € Djr (1,0 (), L (1)

for a.e. t € (0,T), in which I _, g: R — RU {400} represents the indicator function (normal cone) of the
interval (—oo, g| defined by
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0 Zf re (—OO, 9]7
I, q)(r) = . (25)
+ oo otherwise,

and Ocl(_o.g) denotes the convex subdifferential of I(_ o g)-

Proof. Firstly, it is easy to formulate the contact condition (14) by the following way

on I, forae. t e (0,7T),

{ —o,(t) =p(t,u,(t) if wu,(t) <g,
—ou(t) > p(t,uy,(t) if u,(t)=g

which, associated with (22), to see that

— o, (t) = 07, (t,ul (¢ if ul,(t) <g,
{ ®) i (®) )<y on I'g, fora.e. t e (0,7).

— o, (t) 2 05, (tu,(t) if u,(t)=g

So now, we use the fact of

0 if re (-0, g),
aCI(*OO,g] (r) = [0,4+00) if r=g,
0 otherwise,

to obtain that the first subdifferential form of (24) holds.
In what follows, we check the second line of (24). Let ¢ € R? and in accordance with the friction law
(15), we have, for a.e. t € (0,T) and on I'¢,

7.(0)- (€ = 00)) = ~Fu(ta () 7 - (6= ui0)
> Byt () (0 — Filt, o/ (1) €llzs 1 2 (8) #0. (26)

which is due to u. - £ < ||ul||ge||€|lre and the non-negativity of friction coefficient F,. And moreover, if

ul(t) = 0 for a.e. t € (0,T), it follows from (15) that

llor(t)||lge < Fy(t,u'(t)) onT¢, forae. te(0,7),

which implies that, for a.e. t € (0,T) and on I'¢,

or(t) - (€ —ur(t)) = 07 (t) - & > —llor(t)l|rall€llra > —Fy(t, u' (1)) [|€]|ra
= Fy(t, ' (1)) [wr (8)le — Fo(t, o' (1)) [[€llwa if i () = 0. (27)

Thus now, applying (21), (26), (27) and basing on the definition of Clarke subdifferential, we finally get
—o.(t) € Fy(t,u'(t))0 ||ul(t)||pe = 0 (t, 0 (t),u.(t)) on Ic,
for a.e. t € (0,T). This completes the proof. O

So now, let us assuming that the functions u and o are sufficiently smooth and solve Problem 2.1.
According to the Green formula and using the similar approach as in [19] or in [25], we may obtain the
following variational formulation of Problem 2.1, in terms of the displacement field.
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Problem 2.6. Find a displacement field u: (0,7') — V such that for all v € V and a.e. t € (0,T")

<u”(t),v — u/(t)>V*XV + <'R(t,€(u/(t))) + Ee(u(t)),e(v) — 5(u'(t))>H
+ / <Jz(/) (t7u;/<t)§ Uy — u:/(t)) +]2 (t’ ul(t>’u;(t); Ur — uQ(t))) ar

| el

[ T () AT = [ I (u0) U = (700 = O}y (29)

Te el

with u(0) = a, v/(0) =band f: (0,T) —» V*

(f(@),v)vexv = (fo(t),v)m + (N (E),0) 2(ryire)- (29)

We conclude that the inequality (28) in Problem 2.6 is called an evolutionary variational-hemivariational
inequality. In this inequality, the functions j, and j, are, in general, nonconvex and model the contact and
friction phenomena on the contact surface I'c while the unbounded index function I(_., 4 describes the
unilateral constraint. A couple of functions (o, u) which satisfies (10) and (28) is called a weak solution to
Problem 2.1. The weak solution admits the regularity of

we Wh20,T;V), o' e L*0,T;V"),
o€ L*(0,T;H) and Div o € L*(0,T; V™).

3. Solvability of the frictional contact problem

In this section we will provide a result on the unique weak solvability of the frictional contact problem
(10)—(16), or equivalently, on the existence and uniqueness of solutions to Problem 2.6.

We first introduce some further notation. Let Z = H'9(;RY) with 6 € (0,1/2), Z* denotes its dual
space. Thus it is clear that the spaces (V, H,V*) and (Z, H, Z*) form two Gelfand triples of spaces with
continuous embeddings V C Z C H C Z* C V*, the embedding V C Z is compact with the embedding
constant denoted by ¢, > 0. As usual in the study of evolutionary problems, we need the notation of spaces

V=1L%0,T;V), V*=L*0,T;V*), W={veV|v eV},
Z="I*0,T;2), Z*=L*0,T;2%), H=L*0,T;H).

The duality pairing between V* and V is represented by

T
(u*, w)pwx / Ywexv dt forall (u*,u) €V xV.
0

Main theorem on the existence of solutions to Problem 2.6 states that

Theorem 3.1. Let the hypotheses H(R)(a)—(e), H(E)(a)—(c), H(p)(a)—(b), H(Fy)(a)—(b), (18) and (19) hold.
If

208 (\/gcl,j + 2\/5617) < mg, (30)

then Problem 2.0 has at least one solution uw € V such that v’ € W.



J. Han, H. Zeng / J. Math. Anal. Appl. 473 (2019) 712-748 721

Furthermore, we have the following uniqueness result.

Theorem 3.2. Assume that the assumptions of Theorem 3.1 are satisfied. In addition, if the hypotheses
H(R)(f), H(p)(c), H(Fy)(c) and the smallness condition

C§(Ly+2Lp,) < ar (31)
hold, then Problem 2.6 admits a unique solution.

The proofs of the above two theorems will be provided as consequences of results on the existence and
uniqueness of solutions to an abstract evolutionary inclusion, which will be formulated and studied in the
upcoming Subsections 3.1 and 3.2.

3.1. Evolutionary inclusion

We start with the definitions of abstract operators A: (0,7) x V. — V* and B: V — V* which are
introduced by

{ <A(t7u),’l)>v*><v = <R(t,5(u)),s(v)>7.[, (32)

(Bu,v)y«xyv = (Ee(u), e(v))s,

for all u, v € V and a.e. t € (0,T).

Lemma 3.3. Let the hypotheses H(R)(a)—(e) and H(E)(a)—(c) hold. Then the operators A and B defined by
(32) satisfy

(A1) A(-,u) is measurable on (0,T) for allu €V,

(A2) A(t,-) is continuous and monotone on V, for a.e. t € (0,T), and consequently, it is pseudomonotone
on'V, for a.e. t € (0,T),

(A3) for allu €V and a.e. t € (0,T), we have

1A w)llv- < V2(ao(t) + aslullv)

with ao(t) S LZ(O,T), ao(t) = H&O(t)HLQ(Q) and ayp = C_Ll,
(A4) A is coercive, i.e., for allu € V and a.e. t € (0,T),

(A(t,u), upvexv > mgllul|} with mg >0,

(B1) Be L(V,V*) and (Bu,u)y~xy >0 for allu eV,
(B2) B is a symmetric operator, that is, (Bu,v)y«xy = (Bv,u)v«xy for all u, v € V.

Furthermore, in addition, if the hypothesis H(R)(f) holds, then
(A5) for all ui, ug € V and a.e. t € (0,T), we have
(A(t,ur) — A(t,ug), u1 — u2) v xyv > arllur —us||y with ag > 0.
Proof. For the proof of the properties (A1)—(A4), (B1) and B(2), we refer to Lemmas 3 and 4 in [21]. Next,

we check the condition (A5). Indeed, using the hypothesis H(R)(f) and the definition (32), it is obvious
that
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zaR/Mdm—uﬂ@Mw:mﬂm—uﬂ%
Q

for all uy, ug € V and a.e. t € (0,T"), which finishes the proof. 0O
Subsequently, we introduce two functionals

Ji:(0,T) x L*(T¢) — R,
Jo: (0,T) x L*(T¢; RY) x L}(To;RY) — R,
which are defined by
D) = [ gt () dr,
Te

Jo(t,u, z) :/jT(x,t,u(x),z(:zr))dF,

|N¥e]

(33)

for all w € L?(T'¢), u, z € L}(T¢;RY) and a.e. t € (0,T).
From the proof of Theorem 3.47 in [24], we may deduce that

Lemma 3.4. If the hypotheses P(j,)(a)—(d) and P(j;)(a)—(e) hold, then the functionals J; and Jo defined
by (33) fulfill the following conditions

(J1) Ji(-,w) and Jo(-,u,z) are measurable on (0,T) for allw € L*(T'¢) and u, z € L*>(T'c;RY),

(J2) for a.e. t € (0,T), Ji(t,-) is locally Lipschitz on L*(Tc), and Ja(t,u,-) is locally Lipschitz on
L*(To;RY) for all u € L2(T'¢; RY),

(J3) |lw*||2(re) < v2meas(Te) coy(t) + crpllwl|L2rgy for all w, w* € L*(T¢) with w* € 8J1(t,w), a.e.
t € (0,T), where 0J1 stands for the Clarke subdifferential of J1(t,-),

(J4) for allu, z, z* € L*(T¢;RY) and a.e. t € (0,T), we have

12"l L2(roirey < v 3meas(De) cor(t) + cirllull L2 roira) + cirllzllL2rore

with z* € 8Ja(t, u, z), where dJo denotes the Clarke subdifferential of Jo(t, u, -),

(J5) either Ji(t,-) or —Ji(t,) is reqular on L*(T¢) for a.e. t € (0,T), and, either Ja(t,u,-) or —Jo(t, u,-)
is reqular on L*(Tc;R?) for all u € L?>(T¢; RY) and a.e. t € (0,T),

(J6) the multifunction 0Jy: L*(Tc;RY) x L}(T¢;RY) — 2L*(Ce®Y) has o closed graph in the topology of
L*(T;RY) x L2(To; RY) x (w-L*(Te; RY)), where w-means the weak convergence.

Moreover, if we add the hypotheses P(j,)(e) and P(j,)(f), then it follows

(J7) for all wy, wa, (1, 2 € L2(T¢), uy, ua, 21, 22, &1, & € L2(To;RY), and a.e. t € (0,T), we have

(€1 = Goy w1 —w2) p2(rey = —Lpllwr — wal 72y
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(€1 =&, 21 — 22) L2(0oiray = — LR, llur — w2l 2 (rpireyll21 — 22l L2 (0o imay

—Lp,|lz1 — Z2H%2(FC;R‘1)

with ¢; € 8J1(t,wi), & € 8J2(t,ui,zi), i1=1, 2, and Lp, LFb > 0.

Finally, we define the functional ¥: L?(I'¢) — [0, 4+-oc] by

U(w) = /I(_Oo)g](w(z))df‘ for all w e L*(T¢),

Te

where I(_ g is the indicator function defined by (25).

723

(34)

Lemma 3.5. If the hypothesis (19) holds, then the functional U defined by (3/) satisfies the following condi-

tions

(P1) W is proper, convex and lower semicontinuous, and b, € dom(\¥),
(P2) 0.9(-+b,) is strongly quasi-bounded,

(P3) the graph of 0.V is closed in the topology of L*(T¢) x (w-L*(T'¢)), where w-means the weak conver-

gence.

Proof. From the definitions (25) and (34), combined with the hypothesis (19), it is clear that the functional
U is proper, convex and b, € dom(\i/). To prove that ¥ is lower semicontinuous, let w, — w strongly in

L?(T'¢), as n — oo. Subsequently, passing to a subsequence, if necessary, we have
wy () = w(z) in R for a.e. © € T¢.
Since the indicator function I(_, 4 is lower semicontinuous, we get
I oo,g)(w(z)) < lminf I_ o g(wn(x)) forae. ze€lg,

which entails that

/I(,Oo’g](w(a:))dx < /liminfl(,oo’g](wn(a:))da:.

I'e Te
Next, employing the result of Lemma 2.5 in [26], we see that

/lim inf [(_ oo g (wn(x)) dz > —k; / |wn ()| dz — ko meas(T¢)
Fc 1_‘C‘

> —k1y/meas(T'c)|wn||L2rp) — k2 meas(T'c)

with k1, k2 > 0. Hence, we are in a position to apply Fatou’s lemma and obtain

/lim inf I_ o gj(wn(2)) dz < liminf / I oo,g)(wn(x)) da.

I'c I'c

(36)

Therefore, combining (35), (36) and (34), we have ¥(w) < liminf ¥(w,). The proof of property (P1) is

completed.
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Next, we pass to the proof of (P2). By the condition of
by(x) < g forae. zeTlg,

we deduce that there exists a closed ball Se(b,(z)) with the center at b,(z) and a radius e¢(z) > 0 small
enough, for a.e. x € I'c such that Sc(b,(x)) C (—o0, g). Thus, we may suppose that there exist some
elements w € L?(T'¢) with w(z) € Sc(b,(z)) for a.e. x € I'c which satisfy

|w(z) — by ()] < e(x) forae zeTle.
This implies that

lw = bu|lL2re) < Vmeas(I¢) ||e]| Lo (ry for some w € L2(Fc), (37)

where meas(I'¢) denotes the measure of T'c.
On the other hand, by the definition of the indicator function I(_. 4 and the fact of that w(x) €
int(—o0, g], it is easy to derive that for all w*(z) € cl(—oo,g)(w(x)), we have

w*(xz) =0 fora.e z€lc.
Therefore, by Lemma 7.1 in [19] and the definition (34), we know
w* =0 with w* € 9.V (w) for some w € L*(T¢). (38)

Now, let u, u* € L2(T¢), u* € 9. ¥(u+b,), (u*, u)r2ry) < M and |jul|2re) < M with M > 0. We will
show that there exists a constant K (M) > 0 such that

[u*ll2(rey < K(M). (39)

Using the monotonicity of the multivalued operator d.¥(- + b,) (being a consequence of the monotonicity
of 0.¥(-)), and from the conditions

(u,u*), (w— by, w*) € Gr(d.¥(- +b,)),
we have
(u* —w*,u—w+by)r2ry) > 0.
This inequality together with (38) implies that
(" u)r2rey = (W w = by)r2re) + (W u —w+by) 2oy = (U w — by)r2(re)-
Since (37), we know the above inequality holds for all (w —b,) € L?(I'c) with
lw = byl L2(re) < V/meas(To) el L re) =,
and combining with the fact (cf. Proposition 14 of [5]) of

sup (U w =By = vl
lo—bllzeeySr /L2 (ro) (To)s
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we may directly get the desired estimation

- (40)

lu*llz2(rey <

* 1 "
(U™, u)2re) = (", w) L2 (e,
vmeas(To) [le L re)

i.e., the condition (39) holds. This completes the proof of property (P2).
To conclude the proof of Lemma 3.5, it remains to show that the property (P3) holds. Assume that
{u,} C L*(T'¢) and 7,, € 9. ¥(u,) are such that

u, — u strongly in L*(I'¢) and 7, — 7 weakly in L*(I'¢), as n — oo.

According to the definition of the convex subdifferential and the property of the upper semicontinuity of
—W, it is clear that n € 9,%(u). This concludes the proof of the lemma. O

Considering now the embedding and the trace operators by

i: H?7(TosRY) — LP(Tos RY),
vi: Z — HY?7 (Do RY).

And let v: Z — L?(I'c; R?) be the trace operator introduced by

y() = i(y1(v)) for ve Z.

Using v, we define the normal and the tangential trace operators 7,: Z — L?(T'¢) and ~,: Z — L?(I'¢; RY)
by

W)= (V) and  Ar(v) = (y(v)); for veZ

respectively. By |||, ||| and ||v-||, we denote the norms of

IVl z(z;r2eirayys  wleziezwey  and  vrlleziez e ray),

respectively. The notation v*, v% and 7 stand for their adjoint operators.

Combining the notation (32)—(34), the definitions of the Clarke and convex subdifferentials, and the
regularity of j, and j,, we are able to prove that Problem 2.6 can be equivalently formulated in the form
of following evolutionary inclusion.

Problem 3.6. Find v € V such that v’ € W, and for a.e. t € (0,T),

u”(t) + A(t, ' (1) + Bu(t) +v5¢(t) + v5E() +vin(t) = f(t),
C(t) € J1(t, ' (1)), E(t) € Do (t,yu'(t), v-u' (1)), (41)
n(t) € 0. (1 (),

with «(0) = a, v/(0) = b.
3.2. Ezistence and uniqueness of solutions

In a subsection, we shall consider the solvability of Problem 3.6. To this end, we firstly recall an important
surjectivity result which is very useful in the study of existence of solutions to a class of parabolic partial
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differential equations and evolutionary hemivariational inequalities. For a detailed exposition and its proof,
we refer to Theorem 2.2 in [19] and Theorem 3.1 in [16].

Theorem 3.7. Let X be a reflerive Banach space which is strictly convex, and the operator L: X D
D(L) — X* be linear and mazximal monotone. If an operator A: X — 2X° is coercive, bounded and
L-pseudomonotone, and B: X — 2% is a mazimal monotone operator which is strongly quasi-bounded
with 0 € D(B), then L + A+ B is surjective, so R(L+ A+ B) = X*.

Theorem 3.8. Assume that the hypotheses (Al)—(A4), (B1)-(B2), (J1)-(J6), (P1)~(P2), (18) and (19)
hold. If

2(\/3611/”'71/”2 + \/BCITH'V””'VT” + \/5617”'77”2) Ci < MR, (42)
then Problem 3.6 admits at least one solution.

Proof. The proof is mainly based on the surjectivity result of Theorem 3.7. We first introduce the operator
K:V — C(0,T;V) given by

t

Kuo(t) = /v(s) ds+a forall veV. (43)
0

Then, define the Nemitsky (superposition) operators corresponding to the translations of A(t,-), B(K-),
8J1(t,’)/,/'), 8J2(t77'777") and aC\IJ(’YV) by

(Aov)(t) = A(t,v(t) +b), (Bov)(t) = B(K(v +b)(t)), (44)
Now)(t) = {¢ € L*(0,T; L*(Tc)) | {(t) € DJ1(t, 7 (u(t) + )}, (45)
(Nov)(t) = {€ € L*(0,T; L*(c; RY) |

§(t) € 0Ta(t, y(v(t) +b), 797 (v(t) + b))}, (46)
(Mov)(t) = {n € L*(0,T; L*(Tc)) | n(t) € 0¥ (v (v(t) + b))} (47)

for all v € V and a.e. t € (0,T). Hence, Problem 3.6 is equivalent to the following operator inclusion

find v € W such that
v+ Aov + Bov + J;Nov + FENov + FsMov 3 f, (48)
v(0) =0,

where 7% : L2(0,T; L?*(T¢)) — 2* and 77 : L%(0,T; L?>(T¢; R?)) — Z* introduced by

(W) =7Ct), () =7E(1)

for all ¢ € L2(0,T; L*(T'¢)), € € L?(0,T; L?>(T¢; RY)) and a.e. t € (0,T), represent the Nemitsky operators
corresponding to v, and v, respectively.

So now, to the purpose of solve Problem 3.6, we only need to show the existence of solutions to operator
inclusion (48). Having in mind the operator defined by (43), we note that

{ v € W is a solution to (48) if and only if (19)

u=K(v+b) with u € V,u' €W solves Problem 3.6.
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Define the operator L: V D D(L) — V* by Lv = v’ which is considered with the domain
D(L)={ueW|v0)=0}.

Thus it is clear that L is a linear and maximal monotone operator. Next, referring to Lemmas 3.9 and 3.10
which are showed later in this subsection, we know that the multivalued operator To: V — 2V~ given by
To = Ao+Bo+7:Mo —l—ﬁ:]\% is coercive, bounded and L-pseudomonotone, and moreover, 7;M, is a maximal
monotone operator which is strongly quasi-bounded with 0 € D(75M). Hence, in view of the surjectivity
result in Theorem 3.7, we infer that the inclusion (48) has at least one solution v € W. This, together
with (49) implies that Problem 3.6 has at least one solution u € V such that v’ € W. This concludes the
proof. O

In the following we provide two lemmas we used in the proof of Theorem 3.8.

Lemma 3.9. Let To: V — 2V be the operator defined by To = Ao + By + FiENY + 'YTNO7 where the operators
Ao, Bo, Ny and Ny are given by (}4)-(46). If the hypotheses (A1)—~(A4), (B1), (B2), (J1)~(J6) hold, and
the smallness condition

2(V3ew |l l? + Voer [l | + Vaerr - |1%) €2 < me (50)
is satisfied, then the operator To is coercive, bounded and L-pseudomonotone.

Proof. The proof will carried out in several steps.

Step 1. We prove that the multivalued operator 7y is coercive in the sense of Definition A.3. To this end,
let v € V and v* = Ty, i.e., v* = Agv + Bov + 3¢ + 7*€ with ¢ € Nov and &€ € Nyv. According to the
hypotheses (A3), (A4), (B1) and (B2), we have

T
(Agv + Bov, vhy- sy / £) +b) + B(K (v + b)(£)), v())v- v dt
0

>mn/m )+ blJ3 dt /mmww+mMWth

+/ K(v+b)(1)), (K(v+ b)) (t) — by dt

> THUH%—(@1-1-51)”””1/—(@2-1-52) (51)
for all v € V with

a1 =V2Ta|bllv, bi=TVT|B|llblv,
= V2T |laol| 201 Ibllv + (m= + V21 T)[BIf5,
b2 = 1/2|B|llalf$ + TIIBllllalviollv + T2 BIb -

Since ¢ € Nyv and € € Nyv, it is clear that

C(t) € J1(t, v (v(t) + b)), (52)
() € 8Ja(t, v (v(t) + b),v-(v(t) + b)) (53)
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for all v € V and a.e. ¢t € (0,T). Hence, taking into account the hypotheses (J3) and (J4), we obtain

T T

7¢I = /||’Y:C(t)|%/* dt < IIVZ||26§/IIC(t)\I%2<rc)dt
0 0
T

2
< II%IIin/( 2meas(Tc) cou () + c1vll7 (0(t) + b)l|2re))” dt
0
T

< Il ll? 05/3(2 meas(Lc) ¢, (1) + i, [P lo @) + ¢t el P [bI7) dt
0

< 6T meas(Te)l|cov |7 o1l I €2

+3ct, cellwll* vl +3T¢t, 2l lI*IblI% (54)

and

7¢]

T
A I O Ay
0

< 15T meaS(FC)”COTH%&x(O’T) [l 1I% 2

+5et (V1P + I 1Pl 1Pl
+5T ci, e (I + e ) =P 11B11, (55)

for all v € V. Thus, we combine (54) and (55) to see that

(Fo¢ + 78 v)vexw 2 =(17€Hv- + 177 lv-)llvlly
>~ (VBew Il + VBerr el + Veaell ) el — lol
for all v € V with ¢ > 0. Hence, in accordance with (51) and the smallness condition (50), we deduce that
the multivalued operator 7y is coercive in the sense of Definition A.3.

Step 2. We prove that 7o is a bounded operator. According to (A3) and (B1), we have

T T
[ Aov + Bovl[- < /IIA(tvv(t)wLb)II%/* dt+/IIB(K(’U+b)(t))II%/* dt
0 0

T

T
<2 / (ao(t) + arllo@)llv + arlbllv)? dt + | BJ2 / 1K (0 + ) ()2 dt
0 0

< 6llaollLz (o ) + (6aiT + 377 BI1*) bl
+ 3T BI*[lal[§, + (6a7 + 37| B|1*)|[v[l5

for all v € V. On the other hand, exploiting (54) and (55), we have

7 Nov + 77 Nov|

v < el +vflv)

for all v € V with ¢ > 0. Hence, we easily obtain that the operator 7j is bounded.
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Step 3. We verify that the multivalued operator 7y satisfies the condition (@) in Definition A.4. In fact,
by Proposition 3.23(iv) in [24], we know that the values of 9.J; and 0J; are nonempty and convex subsets of
L?(T'¢) and L?(T'¢; R?), respectively. These imply that the sets Tov are nonempty and convex for all v € V.
To prove that Tyv is closed in V* for all v € V, we need to check only that both ANyv and Nyv are closed in
V* for all v € V. For this purpose, let {¢,} € Nov, {£,} € Nov, n > 1 be such that

Co — ¢ strongly in L?(0,T; L*(T¢)), as n — oo,
& — & strongly in L*(0,T; L*(T¢;RY)), as n — oo.

Thus, subsequently, by passing to a subsequence, if necessary, we may assume that

Ca(t) = C(t)  strongly in L?(I'¢) for a.e. t € (0,T),
Ea(t) = &(t)  strongly in L?*(T¢;R?)  for a.e. t € (0,7),

as n — 0o. From the hypothesis (J6) and Proposition 3.23(v) in [24], we deduce that ¢ € Nyv and ¢ € Nyv
for all v € V. Consequently, the sets Tov are closed in V* for all v € V. Furthermore, by Step 2, it is clear
that the sets Tov are also bounded in V* for all v € V.

Step 4. We prove that the multivalued operator To: V — 2V is upper semicontinuous in the topology of
V x (w-V*). By Proposition 3.8 in [24], it is enough to check that the set

To (K)={veV|[ToonK#0}
is closed in V for every weakly closed set K C V*. For this purpose, let
v, — v strongly in V, as n — oo,

where v, € Ty (K), so there exists v} € V* such that v} € 79(v,) N K. By the boundedness of the operator
To (cf. Step 2), we may assume that there exists a subsequence, for simplicity, the subscript is still denoted
by n such that

vy —v* weakly in V*, as n — oo.

It follows from the weak closedness of the set K that
v* e K. (56)

In what follows, it is enough to verify that v* € Tyv. To this end, we prove that the single-valued operators Ag
and By are demicontinuous, and the multivalued operators Ny and Ny have closed graphs in the topologies
V x (w-L2(0,T; L*(I'¢))) and ¥ x V x (w-L?(0,T; L*(Dc;; R?))), respectively.

Since both operators A and B are pseudomonotone and bounded, so in view of Proposition 27.7 in [35], we
know that the operators A and B are demicontinuous. According to (44) and the definition of demicontinuity,
we still have the demicontinuity of the Nemitsky operators Ag and By.

On the other hand, using the hypothesis (J6) and Proposition 3.23(v) in [24] again, similarly as the
above proofs of closedness of operators Ny and Ny, we may derive that the multivalued operators Ny and
N have closed graphs in the topologies of V x (w-L2(0,T; L*(I'c))) and ¥ x V x (w-L*(0, T; L*(T'¢c; RY))),
respectively. Hence,

v* € Tov. (57)
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By (56), we obtain v* € Tov N K, i.e., Ty (K) is a closed set in V for every weakly closed set K C V*.
Therefore, the multivalued operator 7g: V — 2V is upper semicontinuous from V to V* endowed with the
weak topology.

Step 5. It remains to check the condition (d) in Definition A.4. Let {v,} C D(L), v¥ € Tovn, vy — v
weakly in W, v} — v* weakly in V* and

lim sup(v);, vy, — V)psxyp < 0. (58)

We prove that v* € Tov and (v}, vp)p«xy — (V*, 0)p=xp.
Since the embedding W C Z is compact, so we get

v, — v strongly in Z. (59)
Next, using the boundedness of the operators Ny and Nj, we may assume that

{gn — ¢ weakly in L*(0,7;L*(T'¢)) and (60)

£n — & weakly in L2(0,T; L*(T'¢; R?)),

as n — 0o, where ¢, € Nyv, and &, € Nyv,. Thus, combining (59), (60) and the fact that both AN and N
have closed graphs in the topologies of Z x (w-L?*(0,T; L*(I'¢))) and Z x Z x (w-L*(0,T; L*(T¢; RY))),
respectively, we deduce

CEeENov and &€ Nyw. (61)
On the other hand, by (58) and (60), we have

lim sup{Aovy, + Bovn, vn, — 0)pxxp < limsup(vy, v, — 0)psxy

+Hm (5, ¢, + Wifmv —Up)zexz < 0.

Therefore, from the L-pseudomonotonicity of the operators Ay and By (obtained in Theorem 2(b) in [4]),
we have

Aov,, + Bovy, — Agv + Bov  weakly in V* (62)
and
(Aovy, + Bovp, vy — v)pexy — 0. (63)
Finally, collecting (59)—(63) and passing to the limit in the equation
vy, = Aovn + Bovn +7,6n + 77,
we infer that v* = Agv + Bov + 75 + %€ € Agv + Bov + 7 Nov + 72 Nov = Tov and

lm (v}, vn) v xy = im(Agvy, + Bovp, v — v)yexy
+ lim(Agvy, + Bovn, V)vsxy + UmF) G + Fién, Un) zxx 2
= lim(Agv + Bov, v)y=xv + im(7,¢ + 778, v) 2252 = (0", 0)pexy.

Now, we are in a position to combine Steps 8-5 to see that the operator Ty is pseudomonotone with
respect to D(L). This finishes the proof of the lemma. O
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Lemma 3.10. Let the hypotheses (P1) and (P2) hold. Then the multivalued operator :Mg: V — 2V with
Mo defined by (47), is mazimal monotone and strongly quasi-bounded with 0 € D(V;My).

Proof. From Proposition A.7 and the definition (47), we can observe that for all v € V, n € Myv if and
only if

nedVF,(w+b) forall veV (64)

where

))dt forall z € L*(0,T; L*(T'c)). (65)

O\ﬂ

Moreover, using a technique similar to that used to obtain the condition (P1) in Lemma 3.5, we know the
functional U is proper, convex and lower semicontinuous, thus its convex subdifferential 80@ is maximal
monotone.

We show the operator 75M, is monotone. To this end, let (u,7%u*), (v,75v*) € Gr(FiMy). Tt is clear
that

(" = v"),u —v)yexy = (W =" F(u+b—v—b))r20,1;2(re))
with u* € 8&@(%(11 +b)) and v* € 80@(%(1) +b)). Using the monotonicity of 9., it is obvious that the
operator 7% M, is monotone.
Next, assume that for all (v,5;v*) € Gr(J;Mo), it holds
Fiv* —Ain, v — 2)yxy >0 forall ze€ V.
Hence, we have
Fov* —=3om, v — 2)yexy = (V=07 (v +b—2 = b)) r2(0,1:22(Te)) = O-

Due to the maximal monotonicity of the convex subdifferential 9,¥, we obtain 1 € 8,%(3,(z 4 b)), which
implies the maximal monotonicity of the operator 7M.

In what follows, we check that the operator 7:M is strongly quasi-bounded. In fact, by (64), this is
equivalent to verify the strong qua51 -boundedness of the operator %a \IJ(%( + b)) To this end, we suppose
that for all (v,7;n) € Gr(;0. TF, (- + b))), there exists a constant k > 0 such that

oy <k and (35, v)vexy < k.

Then, by the definition (65) and Proposition A.7, using a technique analogous to that we used in the proof
of (40) (cf. the proof of Lemma 3.5), we have

ol

v <l lleelnllzz 0,02 (o))

[ llce

\/Tmeas (L) llell Lo (rey

with n € 9, @(% (v+D)). Therefore, we deduce that 770, \I/( »(-+b)) is strongly quasi-bounded, and so is the
operator 7¥ M. Furthermore, the property 0 € D(7:M,) follows directly from the facts dom(¥) C D(9.¥)
and (P1), and the definition (47).

Fons v)v-xv (66)
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Finally, to conclude the proof of Lemma 3.10, it remains to show the operator Mg is well defined.
Multiplying (48) in duality by v € V, and using the proof of coercivity of the operator 7y in Lemma 3.9, we
obtain

vl < kallvlly + ks (67)

for all v € V with kq, ka, ks > 0, where the coefficients ko and k3 depend on the data ||a||v, ||b]|v and || f|[y*.
Hence, we immediately get

”UHV < with c1 > 0. (68)
Moreover, taking into account the boundedness of the operator 7Ty, one has

v-)

for n € Mo, for all v € V with ¢z > 0. So, combining (68) and (69) with the fact of that the operator
¥iMy is strongly quasi-bounded, we know that

v + [ Tov]

Fom, v)vexy = (f = 0" = Tov, v)vexv < (|1 f] ol < ¢ (69)

[Fonllv- < ez forne Mov, veV (70)

with ¢ > 0, which means that the operator Mg is well defined. The proof of the lemma is completed. O

Theorem 3.11. Assume the hypotheses of Theorem 5.8. If the hypotheses (A5), (JT) hold, and the smallness
condition

(Lol lI? + Ly v lllv Nl + Ly 1) €2 < ar (71)
is satisfied, then the solution of Problem 5.0 is unique.

Proof. Let u1, us € V be two solutions to Problem 3.6 such that u}, uj € W, i.e., they meet the following
system

i (t) + At wi(t)) + Bui(t) + 7, G (t) +v7&i(t) +vomi(t) = f(t),
Cz(t) € aJl (t, 'Yuu; (t)>7 fz (t) € a‘]2 (t7 Y u; (t)a 'YTug (t))v (72)
ni(t)

(t) € 3c‘ff(’YuU§(t)), u;(0) = a, ué(()) =b

for a.e. t € (0,T) and ¢ = 1, 2. According to the hypotheses (A45), (B1), (B2), by a simple calculation, we
have

[ w0 = wh6),0650) =y (0),.,
0
— 5 [ 1) — (Ol dt = S (T) — (T (73)
0
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T
/ Buy(t) — Bua(t),uy(t) — ul2(t)>v*xv dt
0

T
= %/di<3“1( ) — Bua(t), u1(t) _u2(t)>v*xvdt
0
_ %(Bul(T) — Bus(T),ui(T) = us(T)),,. ., > 0. (75)

Next, because of the hypotheses (J7) and (P1), we know that

T
[ {60 = G () = 2 (©),.
0
T
4 / (E0() — Ea(t), potdy (1) — ity (1)) ., dt
0
T
4 / )ty (£) — 3y (8)), . dt
0
(Ll + Ly [ 12) 2l — w2 — Ly [l 21, — ]2 (76)

with (t) € 94 (t,’y,ju;(t)), &) € 8J2(t,’yu;(t),%u’i(t)) and 7;(t) € 30\11(7,,71;(75)) for a.e. t € (0,7),
i =1, 2. Hence, we combine (72)—(76) to see that

arllui = usll5 = (Lpllwl® + L IV llve Il + L, = 117) c2lluh — ualfs < 0,

which, in view of the smallness condition (71) and the equality

u(t) = /u’(s) ds+a for te (0,7)

0

implies that Problem 3.6 has a unique solution u € V such that ' € W. We finish the proof. O

Lemma 3.12. Let the hypotheses of Theorem 3.8 hold and u be a solution to Problem 3.6. Then there exists
a positive constant ¢ > 0 such that

! (77)
where the constant ¢ > 0 depends only on ||a||v, ||bllv and || f|v=.
Proof. According to (49) and (68), we see that
|lu" —blly = |Jv|ly <& with ¢ >0, (78)

where v € W represents solutions to inclusion (48). This implies that

lW'|ly < ez with e > 0. (79)
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Note that for all w € W12(0,T; V), the following relation holds
t
u(t) =a+ /u’(s) ds forall tel0,T].
0

Hence, by (79) and the Holder inequality, we have

lully <é  with & > 0. (80)

//|

Next, we show the bound for ||u”|y=. From the boundedness of the operator T, (78), (70), (48) and (49),

we obtain
[u" ly+ = [[0"lv+ < [ Aovllve + [Bovllv- + 13¢5
+ 7€l + Aonllvs + [1fllv- < ea, (81)

where ¢ € Ny, € € Nyv and 7 € Moo for all v € V with ¢4 > 0. The estimate (77) is now a consequence of
the inequalities (79), (80) and (81). The proof is completed. O

We conclude Section 3 with the proofs of Theorems 3.1 and 3.2 which are based on our abstract results.

Proof of Theorem 3.1. From Lemmas 2.2-2.3 and Lemmas 3.3-3.5, we know that under the hypotheses
H(R)(a)-(e), H(E)(a)—(c), H(p)(a)—(b), H(Fy)(a)—-(b), (18) and (19), the conditions (A1)—-(A4), (B1)-(B2),
(J1)—(J6), (P1)-(P2), (18) and (19) of Theorem 3.8 are satisfied by the definitions (20), (21), (32), (33) and
(34). The smallness condition (42) directly follows from (30), (17) and the fact that ||v]| = Co, ||| < Co
and ||v-|| < Cy. Therefore, by Theorem 3.8, we immediately obtain that Problem 2.6 has at least one
solution u € V such that v’ € W. The proof is completed. O

Proof of Theorem 3.2. It follows from Lemmas 2.2-2.3 and Lemmas 3.3-3.5 that the conditions (A5) and
(J7) hold under the hypotheses H(R)(f), H(p)(c) and H(Fp)(c). Analogously as in the proof of existence,
the condition (71) is derived from (31), (17) and the fact that ||v] = Co, ||7v]| < Co and ||v-|| < Cp. Then,
by Theorem 3.11, we obtain that the solution of Problem 2.6 is unique, which completes the proof. O

4. Optimal control problems

The main goal of this section is to study the optimal control problem of the unilateral contact problem
with friction. We are concerned with the optimal control via the external forces and initial conditions,
the time optimal control problem, and the maximum stay control problem. Consequently, we are lead to
study optimal control problems for the evolutionary inclusion in Problem 3.6. We deliver conditions which
guarantee the existence of optimal solutions to the corresponding control problems.

4.1. Optimal control via external forces and initial conditions

We start with a problem in which the control variable is given by ¢ = (f, a,b) € Q, f represents the density
of external forces (such as boundary traction and gravity, etc.), a and b denote the initial displacement and
velocity, respectively, and Q@ = V* x V x V stands for the space of controls. For every ¢ € Q, we denote the
solution set of Problem 3.6 by

S(q) ={yeS|y=ylg) = (u(g),v(g)) is a solution of Problem 3.6 },
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where § = V x W. Note that if the hypotheses of Theorem 3.8 hold, then the solution set S(g) C S can
contain more than one element for every ¢ € Q. In this case, we can consider the multivalued mapping
S: Q — 2V*W which to a control q € Q assigns the solution set S(q).

Next, given a nonempty admissible set of controls Q,q C Q, and an objective functional F': Q x § — R,
we formulate the optimal control problem as follows

find a control ¢* € Quq and a state y* = y(¢*) € S such that
F(q*,y") = inf {F(q,y) | (¢,y) € Qaa x S(q)} (82)

In what follows, to study the above optimal control problem, we need to introduce assumptions on the
admissible set of controls and the objective functional. Assume that

(Qqa) the admissible set of controls Qg4 is a weakly compact subset of Q,
(F) the objective functional F' is lower semicontinuous with respect to the topology of w-(Q x §).

We begin with the following crucial result on the dependence of the solution set of Problem 3.6 on the
control.

Lemma 4.1. Assume that the hypotheses of Theorem 3.8, (Qaa) and (F) hold. Then the solution map
S: @3q+— 8(q) C S has a closed graph in (w-Q) x (w-8) topology.

Proof. We observe that according to Theorem 3.8, for every ¢ € Q, the set S(q) is nonempty. Let {¢g,} C Q,
Gn — q weakly in Q, y, € S(qn), yn — y weakly in V x W. Hence, there is a sequence {(fy,an,bn)} C
V* x V x V such that

fn — f weakly in V¥, (83)
an — a weakly in V, (84)
b, — b weakly in V, (85)

as n — 0o, and for each n € N, (up,ul,) € V x W solves the following inclusion

Up (t) + A(t, u (1) + Bun(t) + 75Ca (1) + 776 () + 70ma(t) = fu(),
Calt) € DL (t, mun (1)), Enlt) € DJa(t, y uy, (), yrun (1)), (86)
na(t) € 86\11(%141(15)), un(0) = ay, ul,(0) = b,

for a.e. t € (0,T). By the estimates obtained in Lemma 3.12, we directly get

u, = u weakly in V), (87)
u, — u' weakly in V), (88)
ul — u’ weakly in V¥, (89)

as n — 00. So now, it is enough to check that (u,u’) € S is a solution to the limit problem, i.e., (u,u’)
satisfies (41).

Firstly, since the embeddings W12(0,T;V) c C(0,T,V), W c C(0,T,H) and V C H are continuous,
hence by (84), (85), (87)-(89), and Lemma 2.55 in [24], we have

w(0)=a and u'(0)=0.
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Secondly, because of the compact embedding W C Z, we immediately get
u, (t) — u/'(t) strongly in Z, for a.e.t € (0,7T), (90)
as n — oo. By (J3), (J4) and the estimate (77), we know that
[Cnll20, 522 (rey) < 01 and  [|§nll 220,702 (0 re)) < 02, (91)

where ¢, (t) € 0J1(t, vou,(t)) and &,(t) € OJa(t, vy ul,(t), y-ul,(t)) for ae. t € (0,T) with g; > 0, ¢ =1, 2.
This, together with (77) and the first equality in (86) imply that

10l L2 0,120 y) < 03 (92)

with 1,,(t) € 0.V (y,ul,(t)) for a.e. t € (0,T) with g3 > 0. Hence, we may suppose that there exist subse-
quences, all subscripts are still denoted by n, {,}, {&€.} and {7, } such that

Co — ¢ weakly in L?(0,T; L*(T¢)), (93)
&, — & weakly in L?(0,T; L*(T¢; RY)), (94)
nn — 1 weakly in L2(0,T; L*(T¢)), (95)
as n — oo with
Ca(t) € D1 (t, vun, (1)), (96)
En(t) € OJa(t,y uy, (1), vru, (1)), (97)
nn(t) S ac\il(%/u;z(t))v (98)

for a.e. t € (0,T). So, combining (J6), (P3), Proposition 3.23 in [24], (90) and (93)—(98), we see that
C(t) € DJi(t, ' (1)), E(t) € DJa(t,y o/ (1), 77/ (t)) and n(t) € W (vu'(¢))

for a.e. t € (0,T).
Subsequently, by a reasoning similar to the Step 5 in the proof of Lemma 3.9, we will prove that

Aul, + Buy, — Au' + Bu,  weakly in  V*, (99)

where A and B are the Nemyckii operators corresponding to A and B, respectively. Indeed, based on the
weak continuity of B, it is clear that

Bu, — Bu, weakly in V*. (100)
Next, since

lim sup(Bup, v’ — ul, )y« xp
= lim sup ( — (Bu — Buy,, u' — U;1>V*XV + <B“7“I - u;L>V*XV)
< lim sup(Bu, v’ — u})p«xy <0,

which, together with the facts of (f,ul, —u)y«xy —= 0, FiCn +75En +5Mm, ul, —u') z-x z — 0 and the first
equality in (86), we may obtain
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lim sup(Aul,, ul, — u')yp«xy < limsup(u) + Bup,u' —ul )y xy
1
< =5l (T) = (D) Fr + lm{u”, v = uf )y < 0.
Hence, from Lemma 5.5 (e) in [24] and (100), we deduce (99).
Finally, passing to the limit in the first equality of (86), we directly get that (u,u’) € S satisfies (41).
This completes the proof of the lemma. O

Theorem 4.2. Under the hypotheses of Theorem 3.8 and the assumptions (Qqq) and (F), the problem (82)
has an optimal solution.

Proof. Let {(gn,yn)} C Qaa X S(¢s) be a minimizing sequence for the functional F' in the problem (82),
ie.,

lim F(gn,yn) = inf {F(q,9) | (¢.y) € Qua x S(a)}- (101)
By the assumption (Q,q), we may choose a subsequence {g,} C Qqq such that
Gn — ¢" weakly in Q with ¢* € Quq. (102)
Combining with Lemma 4.1, we have
yn — y* weakly in & with y, € §(¢,) and y* € S(¢*). (103)
Hence, (102), (103) and (F') imply that
F(q",y") < liminf F(gn, yn)-
So, in view of (101), we get F(¢*,y*) = inf {F(q,y) | (¢,y) € Qaa x S(q)}. The proof is completed. O

We conclude this subsection with a simple example of the objective functional F': @ x S — R which
satisfies the assumption (F).

Example 4.3. Let the element yq = (ug, u), ulj) € ¥V x V x V* denote a fixed target. Consider the objective
functional F': Q@ x § — R of the following form

F(q,y) = llalle + lly — walls = [lflv- + llallv + [[llv

+ llu = ually + [lu" = uglly + Ju" — gl

V=,

where ¢ = (f,a,0) € Q=V*xV xVandy = (u,u') €S =V x W. It is clear that this functional is convex
and strongly continuous, and thus it is lower semicontinuous with respect to the topology of w-(Q x S).

For other examples of cost functionals, refer to Lions [20] and Troltzsch [34].
4.2. Time optimal control problem

In this subsection, we turn to the study of a time optimal control problem. We recall the definition of
convergence of sets in the sense of Kuratowski.
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Definition 4.4. Let (X, 7) be a Hausdorff topological space and let {A,}, n > 1, be a sequence of nonempty
subsets to X. We define

7-liminf A,, = {xGX | z = m-limx,, ©, EAn} and

7-limsup A, = {x€X|x:T—lim Tngr Ty, € Appy M1 <ng < ... <my < }

The sets 7-liminf A,, and 7-lim sup A,, are called 7-Kuratowski lower and upper limits, respectively, of the
sets A,,. Furthermore, if

A =7-liminf A, = 7-limsup 4,,
then we say that A is 7-Kuratowski limit of the sets A,.
The proof of next auxiliary statement can be found in Proposition 4.7.44 of [12].

Lemma 4.5. Let (O,%, 1) be a o-finite measure space and E be a Banach space. Assume that for f,, [ €
LP(O; E) with p € [1,+00),

fn — f weakly in LP(O; E),

and fn(u) € G(u) € Pyi(E) for p-a.e. u € O and n € N, where the notation P, (E) represents the sets of
all nonempty, weakly compact subsets of E. Then

f(u) € conv(w-limsup{fn(u)}nen) for p-a.e. on O,
where the symbol conv(B) denotes the closed convexr hull of set B.
We consider the control system associated to Problem 3.6 and described by the following inclusion

u”(t) + A(t, /() + Bu(t) + 75¢(t)

+774(t) +yon(t) = ( )+ G(t)o(t )
C(t)yedJy (t,'y,,u’(t)), e dJy (t yu'( (t)),
n(t) € 0¥ (' (1)), u(0) = a, u'(0) = b

(104)

for a.e. t € (0,T), in which the data A, B, Ji, J2, ¥, f, a and b have been given in Section 3, ¢ represents
the control parameter which provide “source-like” densities of external forces by the controller operator G.

We suppose that the control parameter ¢ belongs to the space L?(0,T;Y), Y is a separable and reflexive
Banach space which stands for the space of control variables, and we assume that the controller GG satisfies

G € L>(0,T; L(Y,V™)). (105)

Referring to Theorem 3.8, we know that under the hypotheses of this theorem and the assumption (105),

the problem (104) has at least one solution y = (u(¢),u’(¢)) € V x W for each ¢ € L?(0,T;Y). Hence, we
may define the solution map by

S: L*(0,T;Y)2 ¢ —S(¢) CVxW,

where S(¢) represents the solution set of the problem (104) corresponding to ¢.
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Our main interest in this section is to look for the minimal time to reach a moving target set, i.e., changing
in time, a set of desirable states for (u,u’). So in what follows, we shall give two assumptions on the target
set T and the control constraint set C. Assume that

H(T) the multivalued function T: [0,T] — 2V*# is measurable and its graph is closed in the topology of
[0,T] xV x H,

H(C) €:[0,T] — 2¥\{0} is a multivalued function such that C(t) is closed and convex for all ¢ € [0, 7], and
[C@)lly = sup{llolly [¢ € C(t)} € L>=(0,T).

Before we formulate the time optimal control problem under consideration, we give two more assumptions
of the controllability-type and on the elasticity operator £.

A(@) there exists ¢ € L2(0,T;Y) with ¢(t) € €(t) such that y(r) € T(r) for some 7 € (0,T), where
y € S(9).

The elasticity operator £(x,e) = E(x)e satisfies the coercivity condition
Eijri(x)eijerm > Beijer for all symmetric tensors € = (g5) € s? (106)
and a.e. x € 2 with constant 8 > 0.
Remark 4.6. If the assumption (106) holds, then the operator B: V' — V* defined by (32) is such that
(Bu,u)v-xv > Bllul|} forall ueV with 3> 0. (107)
The time optimal control problem under consideration is described as follows

{ﬁnd the control and state (¢, y) € L*(0,T;Y) x S(¢) such that (108)

y(to) € T(to), to =inf {7 € (0,T) |7 satisfies A(C)}.

Remark 4.7. As far as we know, the time optimal control problem is very important in solid contact mechan-
ics. The above problem can be simply understood by looking for the shortest time so that the deformation
of the material reaches the desired value. Furthermore, H(T), H(C) and A(C), respectively, represent the
assumptions of target set (solution set (u,u')), control constraint set (requirements of ¢) and controllability
condition of our time optimal control problem (108).

Lemma 4.8. Assume the hypotheses of Theorem 3.8, (105) and (107). If
bn — ¢ weakly in L*(0,T;Y), as n — oo, (109)
and y, € S((bn), then there exists a subsequence of {yn}, still denoted in the same way, such that
yn =y strongly in C(0,T;V x H) with y € S(¢).
Proof. Let {¢,} C L?(0,T;Y) be a sequence such that (109) holds. According to Theorem 3.8, Lemma 3.12

and the hypothesis (105), it is clear that for every ¢, there exists at least one solution y,, = (un,u),) € S(é,)
of (104) which satisfies the estimate

lunlly + llunllw < e(L+ llally +bllv + [fllve + 1G]z 0. r:c0v:v) I6nllz2(0,7:7))
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with ¢ > 0. Hence, by passing to a subsequence, if necessary, we get
yn —y weaklyin Vx W, as n— oo.

Next, similarly as in the proof of Lemma 4.1, we can verify that y € S(¢). To conclude the proof, we
are going to check that y, — y strongly in C(0,T;V x H). From the facts y, = (un,u,) € S(¢,) and
y = (u,u’) € S(¢), we have

Uy, () + A(t, uy, (£)) + Bun (£) + 756n (2)
+ 776 () + 70 (t) = £(E) + G()on (),

Ca(t) € O (E,voul, (b)), &n(t) € Do (t, yul, (t), yrul(t)),
N (t) € 0T (yuly (1)), un(0) = a, ul,(0) = b

(110)

for a.e. t € (0,7T") and

u (t) + A(t, ' (t)) + Bu(t) + ;¢ (t)

+978@) +on(t) = f(t) + G(t)e(t),
C(t) € D1 (t, vt (1)), &(t) € DTa(t, v/ (1), 774/ (1)),
n(t) € 0.V (v, (t)), u(0) = a, w'(0) = b

(111)

for a.e. t € (0,T'). By the hypotheses (42), (B1)—-(B2) and (107), we obtain

[ (Al (59 = Al () + Bun(s) = Bu(s)aiy(s) = (). s
0

t

zz%/E%<Bu43yf3u@xun@>*14@%nxvd$
0

> Bllua(t) —u(®)]y, (112)
for all t € [0, T]. Exploiting (J3) and (J4), we get

t

/@%M@*ﬁdﬁ+ﬁ&@%ﬁ%®muﬁfd@nwvw

0

<Cn(3) - C(S), Vuugz(s) - ’YVUI(S)>L2(1"C) dS

o — .

b [ 46(s) = €051, 901 (5) = 900 (9) gy
0

< G+ Jlupllz + 1 2) ur, — 'l 2 (113)

for all t € [0,7] with C; > 0, where (u(t) € AJi(t,yul,(t), C(t) € AJi(t,yu'(t), &) €
OJo(t,yul, (t), vruh,(t)) and &(t) € OJa(t, yu'(t),v,u/ (t)) for a.e. t € (0,T). Now, we use (110)—(113), the
monotonicity of the operator 9,V and the equality
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[ (w9 = 6, s) = () s = S0 = Oy

for all ¢ € [0,T], to derive the estimate
5, (8) = o' (O + Bllun(t) —u@®} < Cr(+ [lupllz + o'l 2)]lur, — 'l
+eellGlino,:evivenllon — llrzo,r lun —llz (114)

for all t € [0,T] with ¢y > 0. Since the embedding W C Z is compact, we deduce that ul, — u strongly
in Z. This convergence, together with the inequality (114) implies

Yn = (up,ul) = (u,u') =y strongly in C(0,7;V x H).
This concludes the proof of the lemma. O

The following result provides sufficient conditions for existence of time optimal solution to optimal control
problem (108).

Theorem 4.9. Assume the hypotheses of Theorem 5.8 and the assumptions (105) and (107). Then the time
optimal control problem (108) admits an optimal solution (¢,y) € L*(0,T;Y) x S(¢).

Proof. First, from the definition of ¢y, we may assume that there exists a sequence {¢,} C (0,7") which
satisfies A(C) and such that

tn, — to, as n — oo.

By the controllability-type assumption A(C) and Theorem 3.8, we know that for each ¢, there is a control
¢n € L2(0,T;Y) and a state y,, € S(¢n) such that ¢, (t) € C(t) for a.e. t € (0,T) and y,,(t,) € T(t,). Next,
since the sequence {¢,} is bounded in L?(0,7;Y) (this follows from the assumption H(C)), thus we may
suppose that

én — ¢ weakly in L2(0,T;Y), as n — oo. (115)
Because C(t) is a weak compact set of Y for a.e. ¢t € (0,7T), by using (115) and Lemma 4.5, we obtain
¢(t) € conv(w-limsup{¢y, (t)}nen) C conv(C(t)) for a.e. t € (0,7T).

Hence, according to H(C), we get ¢(t) € C(¢t) for a.e. t € (0,T).
Next, in view of Lemma 4.8 and (115), we have

yn — y strongly in C(0,T;V x H) with y € S(¢),
which implies that

[yn(tn) = y(to)lvxa < yn(tn) — y(ta)llvxm + ly(tn) — y(to)lvxa

< s[uplllyn(t)*y(f)lleHJrIIy(tn)*y(to)lleH — 0, as n — oo.
te[0,T

Therefore, y,(t,) — y(to) in V x H, as n — oo. So now, we use the hypothesis H(T) and the fact
Yn(tn) € T(tn), to obtain that y(tg) € T(to). The proof is completed. O
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4.8. Maximum stay control problem

The goal of this subsection is to regulate the control system (104) in such a way that its state y =
(u,u’) € V x W stays in a preferred region J(-) in maximum time. The maximum stay control problem
under consideration reads as follows

{ find the control and state (¢, y) which solves (116)

sup {A(y) | y € S(¢), ¢ € L*(0,T;Y), ¢(t) € €(t)},
where the function A: C(0,T;V x H) — R, is defined by
Ay) = meas({t € 0,T] | y(t) € T(H)}).

Remark 4.10. In contrast to (108), we call (116) by the maximum stay control problem which is due to that
we would like to control the material deformation as slow as possible by controller, which is also a major
control issue in solid contact mechanics.

The following result concerns existence of solutions to problem (116).
Theorem 4.11. Assume that the hypotheses of Theorem /.9 hold. Then the problem (116) admits a solution.
Proof. To start the proof, firstly, it is necessary to introduce a new function
N L2(0,T;Y) 3 ¢ — sup {A(y) | y € S(¢)},
thus the maximum stay control problem (116) can be written as
sup {\(¢) | ¢ € L*(0,T;Y) with ¢(t) € C(t)}.

The proof is based on the Weierstrass-type theorem which states that an upper semicontinuous function
on a compact set attains a maximum value, and the nonempty set of maximizers is compact (cf. e.g.
Theorem 2.43 of [1]). To this end, we shall prove that the function \is upper semicontinuous on L2(0,7;Y)
endowed with the weak topology, and the set of selections

{6 € L*(0,T;Y) | ¢(t) € C(t) for a.e. t € (0,T)}

is a weakly compact subset of L2(0,T;Y).
By observation, we know that A is a marginal function, thus, to prove the weakly upper semicontinuity
of 5\, we only need to show

(i) the solution set
S:L*0,T;Y) — 2¢OTVXH) g upper semicontinuous

in topology of (w — L2(0,T;Y) x C(0,T;V x H)),
(ii) the function A\: C(0,T;V x H) — Ry is upper semicontinuous.

In fact, the proof of condition (7) can be directly from Lemma 4.8.
Next, we are going to show the condition (i¢). Let {y,} C C(0,T;V x H) be a sequence such that y, — y
in C(0,T;V x H). Define
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Dy ={t €[0,T] [ yn(t) € T(t)} = {t € [0,T] [ d(yn(t), T(t)) = 0}.

Due to the assumption H(T), we know that the multifunction T(-) is measurable, so is t — d(y,(t), T(¢)).
This implies that D, is a measurable subset of [0,7]. Then, let ¢ € limsup,,_,., Dn. By the definition
of the Kuratowski upper limit of sets, there exists t,, € D,, such that ¢,, — ¢, as k — oo. Therefore
Yny, (tny) € T(tyn, ). Using the assumption H(T) again and the convergence y, — y in C(0,T;V x H), we
immediately get y(¢) € T(¢). So t € D, where D = {t € [0,T] | y(t) € T(t)}. Hence, we have showed that

limsup D,, C D.

n—0o0

Furthermore, we have

lim sup meas(D,,) < lim sup meas U Dy) = lim meas( U Dy)

n—o0o
n— oo n— 00 k>n k>

n—oo

= meas m U < meas hm sup D, ) < meas(D).
n>1k2n

This implies that the function A is upper semicontinuous.
Finally, since the hypothesis H(C), we know the set C(t) is weakly compact in Y for all ¢ € [0, T|, which
together with Theorem 4.5.25 in [12], we see the set of selections

{¢ € L*(0,T;Y) | ¢(t) € C(t) for ae. t € (0,T)}

is a weakly compact subset of L?(0,T;Y"). So now, applying the aforementioned Weierstrass-type theorem,
we obtain that the problem (116) has a solution. This concludes the proof of the theorem. 0O

Appendix A

In the finally part we recall some basic mathematical background material that is employed in our main
paper. For the detailed exposition, we refer, e.g. to the monographs [7], [9], [12], [24], [27], [28] and [35].

We start with the preparatory material on the theory of monotone type operators. Let X be a Banach
space, X* denotes its dual space. We employ the classical notation

={ueX|Au#0} and R(A)= (] Au

ueX

to denote the domain and range of multivalued operator A: X — 2%, respectively. The graph of A is
defined by

Gr(A) = {(u,u*) € X x X*|u* € Au}.
Recall that a multivalued operator A: X — 2% is said to be
(i) strongly quasi-bounded, if from the conditions
(W uyxexx <M, |ul|lx <M, (u,u*) € Gr(A), M >0,

we can derive that ||u*||x~ < K (M) with K(M) > 0,
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(ii) strongly monotone, if for all (u,u*), (v,v*) € Gr(A), there exist two constants « > 0 and ¢ > 1 such
that

(0 = 01— ) xenx > allu— o[k,
(iii) maximal monotone, if A is monotone, and the condition
(W —v*u—v)x«xx >0 forall (v,v*) € Gr(A4) and (u,u”) € X x X~
implies that (u,u*) € Gr(A4),

(iv) hemicontinuous, if the mapping r — (A(u + rv), w) x=xx is continuous on [0, 1] for all u, v, w € X,
(v) demicontinuous, if for all u,,u € X, u, — u strongly in X implies that Au,, — Au weakly in X*.

The space of linear and bounded operators between Banach spaces E and F is denoted by L(F; F'). Next,
we recall the definitions of the pseudomonotonicity and the generalized pseudomonotonicity for multivalued
operator A: X — 2%,

Definition A.1. Let X be a reflexive Banach space. A multivalued operator A: X — 2% is called

(i) pseudomonotone, if it satisfies the following three conditions
(a) the sets Au are nonempty, bounded, convex and closed for all u € X
(b) A is upper semicontinuous from each finite dimensional subspace of X to X* endowed with the
weak topology,
(c) from the convergence u, — u weakly in X, where {u,} C X, {u}} C X*, u}, € Au, for alln > 1,
and

lim sup(u), un — u) x+xx <0,
we have that for each v € X, there exists u*(v) € Au such that
(u*(v),u — V) x*xx < liminf (u), up — V) x*xx.

(ii) generalized pseudomonotone, if for any sequences {u,} C X, {uX} C X* with v} € Au, such that
Uy — u weakly in X, vy — u* weakly in X* and

lim sup(u;,, t, — u)x+xx <0,
we have u* € Au and (ul, un)x-xx — (U, u) x*xx-

By the definitions of the pseudomonotonicity and the generalized pseudomonotonicity for multivalued
operator A: X — 2X7 it clear that if A is pseudomonotone, then it is generalized pseudomonotone. The
converse holds under the additional condition that the sets Au are nonempty, bounded, closed, and convex
forall u € X.

The proof of the following result can be found in Proposition 2.4 in [27].

Proposition A.2. Let X be a reflexive Banach space. If the multivalued operators A, As: X — 25* are
pseudomonotone, then so is Ay + As.

In what follows, we introduce the definitions of coercivity and L-pseudomonotonicity for multivalued
operators.
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Definition A.3. Let X be a Banach space. If there exists a function ¢: R — R with lim;_, 1 ¢(t) = +00
such that

(Guyxexx = c(ullx)llullx  with ¢ € Au for all u e X,
then we say that the multivalued operator A: X — 2% is coercive.

Definition A.4. Assume that X is a reflexive Banach space, and an operator L: X D D(L) — X* is linear
and maximal monotone. We say that the multivalued operator A: X — 2% is L-pseudomonotone or
pseudomonotone with respect to D(L), if the conditions (a) and (b) of Definition A.1 are satisfied and the
following condition holds

(d) for any sequences {u,} C D(L) and u} € Au, such that Lu, — Lu weakly in X*, u} — u* weakly in
X* for all n > 1, and

lim sup(uy,, u, — u) x+xx <0,
we deduce that u* € Au and (u¥, u,) x+xx = (U*, u) xxx-

Remark A.5. From Definitions A.1(i)—(ii) and A.4, it is clear that if a multivalued operator is pseudomono-
tone, then it is generalized pseudomonotone, and hence it is also L-pseudomonotone.

Below we list some notation, definitions and necessary properties on the convex subdifferential and its
generalization.

Definition A.6 (Convez subdifferential). Assume that a function ¢: X — RU {oo} is convex and defined on
a Banach space X, and u € X. Then the set of all u* € X* such that

olutv) —p(u) > (U v)x«xx forall veX
is called the convex subdifferential of ¢ at point u, and it is denoted by d.¢(u).

Given any convex function ¢: X — R U {oo}, we denote its effective domain by dom(p) = {z € X |
p(x) < oo}

Let O be a bounded, open, and connected subset of R™, n > 1. Define the functional ¥: L2(0; X) —
RU {cc} by

U(u) = /gp(u(x))dx for all u € L*(O0; X). (117)
(@]

We may derive the following interesting property of the subdifferential of the convex integral functional.
Its proof is presented here for completeness.

Proposition A.7. Assume that the functional U is given by (117) and the function p: X — RU{oo} is conver.
Then for all (u,u*) € L*(0; X) x L*(O; X*), we have that u* € 0.¥(u) if and only if u*(x) € d.o(u(x))
for a.e. x € O.

Proof. Firstly, by the definition (117), since the function ¢ is convex, it follows that the functional
U: L2(0;X) — RU {oc} is convex. Hence according to Definition A.6, the subdifferential 9,¥(-) is well
defined.
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Next, assume that (u,u*) € L*(0;X) x L*(0; X*) and u*(z) € de.p(u(z)) for a.e. x € O. In view of
Definition A.6 again, we have
p(v(z)) — p(u(z)) = (u*(2),v(2) —u(@)) .\ x
for all v € L?(0, X) and a.e. € O. From (117), we obtain
W) = W(w) = [ (o)~ plu(@) do = [ (0 (@) 0(a) ~ o)., do
o o
= (u*,v — u>L2(O;X*)><L2(O;X) for all v € L*(0, X).

This implies that u* € 9. ¥ (u).
Conversely, let (u,u*) € L?(0; X) x L*(0; X*) and u* € 9,¥(u). By Definition A.6 once more, we deduce
that for all w € L*(O, X), we have

/ (p(w(@)) — plu(z)) dz > / (u (&), w() — u(z)) x-xx d. (115)

o o

Let S be any measurable subset of O and

w(z) =

{f if €S,
u(z) if ¢S85,

where ¢ € X is arbitrary. From (118), we directly get
[ 0 — ptutan) do > [ ().~ u@) g da
g

Since S is arbitrary, we may conclude that ¢(§) — ¢(u(z)) > (u*(z),£ — u(x)) ., for a.e. x € O. Hence
u*(z) € Ocp(u(x)) for a.e. z € O. This completes the proof. O

In what follows, let X be a Banach space. Recall that a function ¢: X — R is said to be locally Lipschitz,
if there exists a neighborhood N (u) of v € X such that

lo(y) — p(2)| < Kully — z||x for all y,z € N(u) with K, > 0.

The generalized directional derivative in the sense of Clarke for ¢ at point u € X in the direction v € X is
defined by

A (u; v) = limsup ply + ) —oly)
y—u,AL0 A

Definition A.8 (Clarke subdifferential). Let ¢: X — R be a locally Lipschitz function defined on a Banach
space X. The Clarke subdifferential (or the generalized gradient) of ¢ at point u € X is the subset of the
dual space X* given by

Op(u) ={¢ € X* | (u;v) > (¢, v)x-xx forall ve X}
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To state the definition of a regular function in the sense of Clarke, we need to recall the definition of the
classical directional derivative for function ¢: X — R at point v € X in the direction v € X, which is given
by

ooy i P AV) = @(u)
#'(usv) = lim 3 ~

Definition A.9 (Clarke regular function). If the function ¢: X — R is locally Lipschitz on a Banach space X,
then we say that ¢ is regular in the sense of Clarke at point v € X, if

(a) the classical directional derivative ¢’(u;v) exists for all v € X,
(b) ¢°(u;v) = ¢ (u;0) for all v € X.

We conclude the paper with the definition of marginal function, for the details, refer e.g. to page 51 of
the monograph [2].

Definition A.10 (Marginal function). Let X and Y be two sets, G be a set-valued map from Y to X and W
be a real-valued function defined on X x Y. Consider the family of maximization problems

p(y) = sup W(z,y),
z€G(y)

which defined upon the parameter y. Thus, the function p is called the marginal function.

References

[1] C.D. Aliprantis, K. Border, Infinite Dimensional Analysis: A Hitchhiker’s Guide, Springer Science & Business Media, 2006.

[2] J.P. Aubin, A. Cellina, Differential Inclusions: Set-Valued Maps and Viability Theory, Springer, 1984.

[3] K. Bartosz, Z. Denkowski, P. Kalita, Sensitivity of optimal solutions to control problems for second order evolution
subdifferential inclusions, Appl. Math. Optim. 71 (3) (2015) 379-410.

[4] J. Berkovits, V. Mustonen, Monotonicity methods for nonlinear evolution equations, Nonlinear Anal. 27 (12) (1996)
1397-1405.

[5] F.E. Browder, P. Hess, Nonlinear mappings of monotone type in Banach spaces, J. Funct. Anal. 11 (3) (1972) 251-294.

[6] M. Campillo, I.R. Ionescu, Initiation of antiplane shear instability under slip dependent friction, J. Geophys. Res. Solid
Earth 102 (B9) (1997) 20363-20371.

[7] S. Carl, V.K. Le, D. Motreanu, Nonsmooth Variational Problems and Their Inequalities: Comparison Principles and
Applications, Springer Science & Business Media, 2007.

[8] S. Carl, V.K. Le, D. Motreanu, Evolutionary variational-hemivariational inequalities: existence and comparison results,
J. Math. Anal. Appl. 345 (1) (2008) 545-558.

[9] F.H. Clarke, Y.S. Ledyaev, R.J. Stern, P.R. Wolenski, Nonsmooth Analysis and Control Theory, vol. 178, Springer Science
& Business Media, 2008.

[10] Z. Denkowski, S. Migérski, Optimal shape design problems for a class of systems described by hemivariational inequalities,
J. Global Optim. 12 (1) (1988) 37-59.

[11] Z. Denkowski, S. Migérski, A. Ochal, Optimal control for a class of mechanical thermoviscoelastic frictional contact
problems, Control Cybernet. 36 (3) (2007) 611-632.

[12] Z. Denkowski, S. Migérski, N.S. Papageorgiou, An Introduction to Nonlinear Analysis: Theory, Kluwer Academic/Plenum
Publishers, Boston, 2003.

[13] C. Eck, J. Jarusek, M. Krbec, Unilateral Contact Problems: Variational Methods and Existence Theorems, vol. 270, CRC
Press, 2005.

[14] C. Eck, J. Jarusek, M. Sofonea, A dynamic elastic-visco-plastic unilateral contact problem with normal damped response
and Coulomb friction, European J. Appl. Math. 21 (03) (2010) 229-251.

[15] L. Gasinski, Evolution hemivariational inequality with hysteresis operator in higher order term, Acta Math. Sin. (Engl.
Ser.) 24 (1) (2008) 107-120.

[16] L. Gasinski, S. Migérski, A. Ochal, Existence results for evolutionary inclusions and variational-hemivariational inequali-
ties, Appl. Anal. 94 (8) (2015) 1670-1694.

[17] J. Han, Y. Li, S. Migérski, Analysis of an adhesive contact problem for viscoelastic materials with long memory, J. Math.
Anal. Appl. 427 (2) (2015) 646-668.

[18] W. Han, S. Migérski, M. Sofonea, A class of variational-hemivariational inequalities with applications to frictional contact
problems, SIAM J. Math. Anal. 46 (6) (2014) 3891-3912.


http://refhub.elsevier.com/S0022-247X(19)30007-1/bib616C697072616E74697332303036696E66696E697465s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib617562696E31393834646966666572656E7469616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib626172746F737A3230313573656E7369746976697479s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib626172746F737A3230313573656E7369746976697479s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6265726B6F76697473313939366D6F6E6F746F6E6963697479s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6265726B6F76697473313939366D6F6E6F746F6E6963697479s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib62726F77646572313937326E6F6E6C696E656172s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib63616D70696C6C6F31393937696E6974696174696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib63616D70696C6C6F31393937696E6974696174696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6361726C323030376E6F6E736D6F6F7468s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6361726C323030376E6F6E736D6F6F7468s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6361726C3230303865766F6C7574696F6E617279s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6361726C3230303865766F6C7574696F6E617279s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib636C61726B65323030386E6F6E736D6F6F7468s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib636C61726B65323030386E6F6E736D6F6F7468s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib64656E6B6F77736B69313939386F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib64656E6B6F77736B69313939386F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6C6177323030376F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6C6177323030376F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib64656E6B6F77736B6932303133696E74726F64756374696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib64656E6B6F77736B6932303133696E74726F64756374696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib65636B32303035756E696C61746572616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib65636B32303035756E696C61746572616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib65636B3230313064796E616D6963s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib65636B3230313064796E616D6963s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib676173696E736B693230303865766F6C7574696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib676173696E736B693230303865766F6C7574696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib676173696E736B69323031356578697374656E6365s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib676173696E736B69323031356578697374656E6365s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303135616E616C79736973s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303135616E616C79736973s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303134636C617373s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303134636C617373s1

748 J. Han, H. Zeng / J. Math. Anal. Appl. 473 (2019) 712-748

[19] J. Han, S. Migérski, H. Zeng, Analysis of a dynamic viscoelastic unilateral contact problem with normal damped response,
Nonlinear Anal. Real World Appl. 28 (2016) 229-250.

[20] J.L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, Springer-Verlag, Berlin, Heidelberg,
1971.

[21] S. Migérski, Dynamic hemivariational inequality modeling viscoelastic contact problem with normal damped response and
friction, Appl. Anal. 84 (7) (2005) 669-699.

[22] S. Migérski, A note on optimal control problem for a hemivariational inequality modeling fluid flow, Discrete Contin. Dyn.
Syst. Supplement (2013) 533-542.

[23] S. Migdrski, A. Ochal, Optimal control of parabolic hemivariational inequalities, J. Global Optim. 17 (1) (2000) 285-300.

[24] S. Migérski, A. Ochal, M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities: Models and Analysis of Contact
Problems, vol. 26, Springer Science & Business Media, 2013.

[25] S. Migorski, A. Ochal, M. Sofonea, History-dependent variational-hemivariational inequalities in contact mechanics, Non-
linear Anal. Real World Appl. 22 (2015) 604-618.

[26] H. Nagase, On an application of Rothe’s method to nonlinear parabolic variational inequalities, Funkcial. Ekvac. 32 (2)
(1989) 273-299.

[27] Z. Naniewicz, P.D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and Applications, vol. 188,
Marcel Dekker, New York, 1995.

[28] P.D. Panagiotopoulos, Hemivariational Inequalities, Applications in Mechanics and Engineering, Springer, Berlin, 1993.

[29] P. Panagiotopoulos, J. Haslinger, Optimal control and identification of structures involving multivalued nonmonotonici-
ties — existence and approximation results, Eur. J. Mech. Solids 11 (1992) 425-445.

[30] C.H. Scholz, The Mechanics of Earthquakes and Faulting, Cambridge University Press, 2002.

[31] M. Shillor, M. Sofonea, J.J. Telega, Models and Analysis of Quasistatic Contact, Lecture Notes in Physics, vol. 655,
Springer, Berlin, 2004.

[32] M. Sofonea, A. Matei, Mathematical Models in Contact Mechanics, vol. 398, Cambridge University Press, 2012.

[33] M. Sofonea, N. Renon, M. Shillor, Stress formulation for frictionless contact of an elastic-perfectly-plastic body, Appl.
Anal. 83 (11) (2004) 1157-1170.

[34] F. Troltzsch, Optimal Control of Partial Differential Equations, Graduate Studies in Mathematics, American Mathematical
Society, 2010.

[35] E. Zeidler, Nonlinear Functional Analysis and Its Applications, II/B: Nonlinear Monotone Operators, Springer, New York,
1990.


http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303136616E616C79736973s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib68616E32303136616E616C79736973s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib4C494F4E5331s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib4C494F4E5331s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B693230303564796E616D6963s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B693230303564796E616D6963s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6C6177323031336E6F7465s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6C6177323031336E6F7465s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B69323030306F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B69323031326E6F6E6C696E656172s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B69323031326E6F6E6C696E656172s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B6932303135686973746F7279s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6D69676F72736B6932303135686973746F7279s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6E6167617365313938396170706C69636174696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6E6167617365313938396170706C69636174696F6Es1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6E616E69657769637A313939346D617468656D61746963616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib6E616E69657769637A313939346D617468656D61746963616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib70616E6167696F746F706F756C6F733139393368656D69766172696174696F6E616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib70616E6167696F746F706F756C6F73313939326F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib70616E6167696F746F706F756C6F73313939326F7074696D616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib7363686F6C7A323030326D656368616E696373s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib535354s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib535354s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib736F666F6E6561323031326D617468656D61746963616Cs1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib736F666F6E656132303034737472657373s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib736F666F6E656132303034737472657373s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib5452s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib5452s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib7A6569646C6572313939306E6F6E6C696E656172s1
http://refhub.elsevier.com/S0022-247X(19)30007-1/bib7A6569646C6572313939306E6F6E6C696E656172s1

	Variational analysis and optimal control of dynamic unilateral contact models with friction
	1 Introduction
	2 The mechanical model and its weak formulation
	2.1 Classical formulation
	2.2 Variational formulation

	3 Solvability of the frictional contact problem
	3.1 Evolutionary inclusion
	3.2 Existence and uniqueness of solutions

	4 Optimal control problems
	4.1 Optimal control via external forces and initial conditions
	4.2 Time optimal control problem
	4.3 Maximum stay control problem

	References


