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1. Introduction

Let N = {n| n is a positive integer} as usual, and Ng = N U {0}. For real numbers a,b and ¢ with
c#0,—1,—2 -+ the Gaussian hypergeometric function is defined by

F(a,bic;z) = o Fy(a,bica) = Y %xn, 2| <1, (1.1)
n=0

where (a,0) = 1 for a # 0, and (a,n) = a(a+1)(a +2)---(a +n — 1) for n € N is the shifted factorial
function. The function F'(a, b; ¢; z) is said to be zero-balanced if ¢ = a +b. It is well known that F(a,b; ¢; x),
as a very important special function, has wide applications in mathematics, physics, as well as in some
fields of engineering, and many other special functions in mathematical physics and even some elementary
functions are particular or limiting cases of F'(a,b; ¢;x) (cf. [6,2,1,8,7,5,12-16,19,20,22,28,39,40]).
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Throughout this paper, by the symmetry of the parameters a and b in the function F(a,b;a + b;x), we
assume that a < b, without loss of generality. For each r € [0,1], we let »’ = /1 — r2, and for a,b € (0, 00)
with c=a+band C = (c+1)/2, let

F(r) = F(a,b;;r), Fy(r) = Fla+ 1,0+ Lie + 271), Fo(r) = F (3,4 157)
F3o(r)=F(3,2:3;7),Go(r) = F (3,3:2;7) ,Go(r) = F (3,3;2;7), (1.2)

F(r) = F(a,b;C;7),G(r) = F(a,b;c+ 1;7),G(r) = F(a+ 1,b+ 1;C + 1;7).
Observe that the conditions a < b and ¢ = a + b imply that
a<c/2<b and ab=a(c—a) < c?/4. (1.3)
By (1.3), for a,b € (0,00) with ¢ = a + b, we have the following simple relations

c<l=ab<c?/4<c/4<1/4, 1/a+1/b<4 & ab>c/d,

ab> (11— 7¢)/16 = (c2/4) — (11 = 7¢) /16 = (c — 1)(4c + 11)/16 > 0 & ¢ > 1,
ab> (c+1)/8= (?/4) = (c+1)/8=(c—1)(2c+1)/8>0& c > 1,
ab>c/d= (?/4) —c/4>0&c>1, (5/4)—c<ab<(c+1)/8=c>1,

(1.4)

which will be frequently used in our results and their proofs.
One of the most important special cases of F'(a,b; c; x) is the complete elliptic integral .# (r) of the first
kind associated with the modulus r € (0, 1), which is defined by

(1.5)

%(T)ZZF (1,1;1;7’2) = / I .
2 \22 ) V1—r2sin’t

The complete elliptic integral of the first kind associated with the complementary modulus 7’ is denoted by
H(r) = A (r'). Clearly, #(0) = /2 and £ (17) = oco. It is well known that ¢ (r) and J#”(r) satisfies
the following Landen transformation identities

(2

H(r) (1.6)

147 2

1+7r

):(14—7")%/(7“), x(l‘r) _ L

(cf. [6,1,7,5,19]), or equivalently,

F <(1%)2> —(1+m)F (%), Fo <<11:>2> - 1—;TF0 (r'?). (1.7)

More general forms of (1.7) were given in [13, Entries 3 & 5, p.50]. Some other transformations and identities

were given in [1, pp.560-561] and in [13-17]. The following question is natural:

Question 1.1. To what extent, can the identities in (1.7) be extended to the zero-balanced hypergeometric
function F(a,b;a + b;x) or even some other hypergeometric functions for a,b € (0,00) and r € (0,1)?

In [26], the authors tried to extend (1.7) to F(a,b;a + b;r) by studying the monotonicity properties
of the function ¢(r) = (1 + /r)F(r) — F(z) for a,b € (0,00) and (0,1), where = 4/r/(1 + /r)%. It
was stated in [26, Theorem 1.2(1)] that for a,b € (0,1) with ¢ = a +b < 1, ¢ is increasing from (0, 1)
onto (0,0) so that F(4r/(1 +7)?) < (1 +r)F(r?) < § + F(4r/(1 + r)?), where § = (R — log16)/B.
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Here and hereafter, B = B(a,b) and R = R(a,b) are defined by (2.1) and (2.4) in Section 2, respectively.
Unfortunately, in [26, Proof of Theorem 1.2(1)], the derivative dz/dr = x(1—+/7)/[2r(14+/r)] was misprinted
as dz/dr = x(1 — v/7)/[2/7(1 + \/7)], thus resulting in a gap as pointed out by A. Baricz in his email to
the second author of [26] in June 2005. A correct proof of [26, Theorem 1.2(1)] was given in [29]. Moreover,
it was proved in [29, Lemma 3.2] that if a +b < 1 (1/a + 1/b < 4), then ¢ is increasing (decreasing) from
(0,1) onto (0,9) ((,0), respectively). The following results were also proved in [29].

Theorem 1.2. (1) [29, Theorem 2.2 and Corollary 2.3] For a,b € (0,00) with ab < 1/4, and for r € (0,1),

1<(1+nrF (r2) /F (4r/(1 + r)g) < B/m, (1.8)
TF (r?) /B < F (4r/(1+1)?) <2F (r?). (1.9)

If 1/a+1/b < 4, then for r € (0,1), each inequality in (1.8) is reversed, and
F(r?) < F (4r/(1+7)%) < 27F (r*) /B. (1.10)
(2) ([29, Theorem 2.4]) Forr € (0,1) and a,b € (0,00) with a +b <1,
0< (147)F (r®) = F (4r/(1+7)?) < (R —log 16)/B. (1.11)

If 1/a+ 1/b < 4, then each inequality in (1.11) is reversed.
(3) ([29, Theorem 2.5]) For r € (0,1) and a,b € (0,00) with ab < 1/4,

Y2 F((1=n)/1+1)?) [ [1+1)F (r?)] < B/(2m). (112)
If a,b € (0,00) with a+b <1, then
(L4+nr)EF(r?) <2F ((L=r)/1+71))?*) < (L47r)[F(r') + (R —1log16)/B]. (1.13)
If a,b € (0,00) with 1/a +1/b < 4, then each inequality in (1.12)~(1.13) is reversed.

In [38], Z.H. Yang, Y.M. Chu and M.K. Wang improved Theorem 1.2 and [29, Lemmas 3.1 & 3.2] (see also
[30]). Recently, M.K. Wang and Y.M. Chu studied another kind of generalizations of (1.7). They revealed
some monotonicity properties of the function r + (1 + /7)F(r) — F(4y/7/(1 + /r)?) for r € (0,1), and
proved that the following Landen inequality

F(4r/(1+7)%) < (1+7)F (r?) (1.14)

holds if and only if a+b < 1, while (1.14) is reversed if and only if ab > (a+b+1)/8 (see [31, Theorem 2.1]).
They also obtained in [31, Theorem 2.2] some other Landen transformation inequalities similar to (1.11).
In [9-11,30,32,33,35], some other transformation inequalities and Landen-type inequalities were obtained.
The main purpose of this paper is to give complete answers to Question 1.1 for F(a,b;a + b;r) and
F(a,b; (a+b+1)/2;r), and present sharp double Landen transformation inequalities for them, by showing the
monotonicity properties of certain combinations defined in terms of F(a,b;a+b;r) or F(a,b; (a+b+1)/2;r)
and linear or rational functions with innovative ways, thus deepening the studies of the extensions of
(1.7) above-mentioned, and substantially improving and perfecting all the related known results. (See the
theorems and their corollaries proved in Sections 4-5.) In Section 6, we shall apply these results to obtain
several sharp Landen transformation inequalities for the generalized Grétzsch ring functions and the modular
functions, which appear in Ramanujan’s modular equations. To meet the needs of the proofs of our main
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results, we shall show several important properties of the Ramanujan constant R(a,b) and some other
properties of hypergeometric functions in Section 2 and Section 3, respectively.

2. Preliminaries
In this section, we introduce some more notations for later use, show several properties of the Ramanujan

constant R(a,b) defined by (2.4) below, and establish a technical lemma.
For z,y € (0,00), the classical gamma, psi (digamma) and beta functions are defined as

I(z) = /tg”_le_tdt7 P(x) = %logl"(aj), B(z,y) = %, (2.1)
0

respectively (cf. [6,1,5,28]). Let v = lim, oo [D p_(1/k) —logn] = 0.577215664--- be the Euler—
Mascheroni constant, and ((z) = > °_,n~® the Riemann zeta function. The following formulas are
well-known (ct. [1, 6.1.15, 6.3.5, 6.3.16 & 6.4.10])

al(z) =T(z+1), v (z+1) =™ (z) + (—1)”n!x_"_17 n € Ny, (2.2)
1 s n+1
N (n
P(z) =~y +Zkk+ L ; k”nﬂ, neN. (2.3)

Define the function R on (0,00) x (0,00) by

R(a,b) = =2y — ¢(a) — ¢(b), (2.4)

which is called the Ramanujan constant in literature although it is in fact a function of a and b (cf. [23]).
Let

R.(a) = R(a,c—a) = -2y —¢(a) —Y(c—a), a+b=rc, (2.5)
R(a) = R(a,1 —a) = -2y —¢(a) —¢¥(1—a), a+b=1, (2.6)
B(a) = B(a,1 —a) =T(a)I'(1 —a) = 7/sin(ma), a+b=1. (2.7)

R(a) is also said to be the Ramanujan constant in literature (cf. [23]). By (2.6)—(2.7) and [1, 6.3.3],

B(1/2) =7, R(1/2) = —2[y +¥(1/2)] = log 16. (2.8)

By the symmetry, we always assume that ¢ € (0,¢/2] in (2.5), and a € (0,1/2] in (2.6)—(2.7), without loss
of generality. In the sequel, we let & = ab/(a + b), B = B(a,b), R = R(a,b), and by (2.2) and (2.4),

B 1
B+:B(a+1,b+1):ﬁ, Ry =R(a+1b+1)=R-—. (2.9)

Next we recall the following well-known formulas

T(e)T(c—a—-10)

F(a,b;c;1) = ——————=, c> b 2.10
b
LR ber)=LFa+1,b+ et L), (2.11)
dx c
F(a,b;c;z) = (1 — ) % "F(c—a,c—b;c;x), (2.12)

F(a,bja+b;r) = R—1log(l —r)4+ O((1 —r)log(l —r)) (2.13)
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as r — 1 (see [1, 15.1.20, 15.2.1,15.3.3, & 15.3.10] and [6,8]). It follows from (2.10)—(2.12) that

aG(r) Go(r) 1 4
F'(r) = Fi(r) = 1)=— 1) =—. 2.14
)= 2 Fitr) = 1020 6 = 25 Goll) = (214)
Now we present some properties of R(a,b) in Lemmas 2.1 and 2.2.
Lemma 2.1. (1) For each ¢ € (0,00), as functions of a, gi(a) = Re(a) = =2y — ¢¥(a) — ¥(c — a) and

g2(a) = B(a,c — a) are both strictly decreasing and convex on (0,c/2).
(2) For a,b € (0,00), a+b=c, set z = ab. Then R can be expressed by the following function of x and c
o ck + 2z
R(a,b) = = - 2.15
(@8) = ga(@,¢) = 3 2 k(K2 + ch+ 1)’ (219
and g3 is strictly decreasing and convex in x € (0,c¢*/4], and in ¢ € (0,00), with g3(0%,¢) = oo, while
ga(c) = g3(c?/4, ¢) is strictly decreasing and convez from (0, 00) onto (—00,00) with g4(1) = R(1/2) = log 16
and g4(2) = R(1,1) = 0.
(8) For each ¢ € (0,00), the function gs(x) = xgs(x,c) is strictly decreasing from (0,00) onto (—o0,c).

Proof. (1) By the monotonicity property of ¢, ¢} (a) = ¥'(c — a) —9'(a) is strictly increasing from (0, ¢/2]
onto (—oo,0]. This yields the result for g.

By the monotonicity property of ¥, g(a)/g2(a) = 1(a) — ¥(c — a) is strictly increasing in a from (0, ¢/2]
onto (—00,0], so that go is strictly decreasing and convex on (0, c¢/2] with ga(c/2) = T'(¢/2)?/T(c), since
—gb(a) = g2(a)[t(c — a) —1p(a)] is a product of two positive decreasing functions.

(2) The monotonicity and convexity properties of g3 in ¢ € (0,00) follow from the monotonicity and
concavity of ¢ and (2.5). It follows from (2.3) and (2.4) that

1 1 < a b
D) =t G~ L i 2k

c s ck + 2ab
_ < _ T 2.1
ab kz: k(k% + ck + ab)’ (2.16)

and hence R(a,b) has the expression (2.15). Differentiation gives

g3 2k+c
x| a? Z (k2 + ck + )2

yielding the monotonicity and convexity of g3 in = € (0, c?/4]. Clearly, g3(07,c) = co. By (2.15) and (2.3),

91(¢) = 93 (*/4,) :% ikkm/z 2[r+(3)] (2.17)

Hence g4 is strictly decreasing and convex from (0,00) onto (—oo,00) by the monotonicity and concavity
of ¥, with g4(1) = g3(1/4,1) = —2[y + ¥(1/2)] =log 16 = R(1/2) and g4(2) =0 by [1, 6.3.2 & 6.3.3].
(3) Part (3) follows from (2.15). O

Lemma 2.2. Let ¢ = a + b for a,b € (0,00).
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(1) If ab < 1/4, then
R(a,b) > log 16, (2.18)

with the equality if and only if a =b=1/2.

(2) If ab > c¢/4, then the inequality (2.18) is reversed.

(8) If 1/4 < ab < c¢/4, then R(a,b) and log16 are not directly comparable, that is, neither (2.18) nor its
inverse inequality holds.

(4) If ab=1/4 and c € [1,00), then

1
abR(a,b) —c= ZR(a,b) —c<log2-1, (2.19)
and the second equality holds if and only if c = 1.

Proof. (1) Let g4 be as in Lemma 2.1. First, if ¢ = a + b < 1, then ab < ¢?/4 < 1/4 by (1.3), and by
Lemma 2.1(2),

R(a,b) > g4(c) > ga(1) = log 16. (2.20)

The first and second equalities in (2.20) simultaneously hold if and only if a = b = 1/2.
Second, let ab <1/4 and ¢ = a + b > 1. Then by Lemma 2.1(2),

ck+1/2
< k (k2 +ck +1/4)°

> k2 —1/4
)=4- ;; (k% + ck +1/4)2° (2:22)

R(a,b) > gs(c) = g3(1/4,¢) = 4c —

(2.21)

The first equality in (2.21) holds if and only if ab = 1/4. Clearly, g; is strictly increasing on (0, 00). It follows
from (2.3) and [1, 6.4.4 & Table 23.3] that for ¢ > 1,

o0

k-1/2

=4 -
k+1/2 Zl /~c+1/22+z1 k+1/2)

96(c) > g6(1) =4 —
k=1

1 2

1
=4 ( ) —§w (§> —4——+7C( ) =7.479596 - - - |
so that gg is strictly increasing and convex on (1, 00) and

R(a,b) > ge(c) > g6(1) = ga(1) = log 16 (2.23)

by (2.21). Hence (2.18) and its equality case follow from (2.20) and (2.23).
(2) If ab > ¢/4, then ¢ > 1 by (1.3), and it follows from Lemma 2.1(2) that

c(k+1/2)
+ck +c/4)

R(a,b) < gr(c) = ga(c/4,0) =4 e (2.24)
k=1

It is easy to verify that g7 is strictly decreasing and convex on (0, c0), and hence by (2.24),

R(a,b) < g7(c) < g7(1) = g3(1/4,1) = ga(1) = log 16

for ¢ > 1, showing that (2.18) is reversed.
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(3) If 1/4 < ab < ¢/4, then by Lemma 2.1(2), (2.21) and (2.24), we obtain

g7(c) = gs(e/4,¢) = lim R(a,b) < R(a,b) < lim R(a,b) = g3(1/4,¢) = gs(c), (2.25)
ab—c/4 ab—1/4

li li b) = = oo, li li b) = = —o0. 2.2

Jm | f R(a,b) = gs(00) = 00, lim wdim R(a,b) = gr(c0) = —00 (2.26)

This shows that R(a,b) < log 16 when ab is close to ¢/4 and c is sufficiently large, and R(a,b) > log 16 when
ab is close to 1/4 and c is sufficiently large.
(4) Tt is easy to verify that for each k € N, the function ¢ — (ck+1/2)/(k?+ck+1/4) is strictly increasing
n [1,00). If ab=1/4 and ¢ € [1, 00), then it follows from (2.3) and (2.15) that

1 1 — ck +1/2
bR—c=-R—c=—-
T T T I A P k1 1/4)
1 k+1/2 1i
A k(R 4R+ 4 +1/2
1
= 5[ (1/2)+v+2] =log2—1,

and the third equality holds if and only if c=1. O

Remark 2.3. (1) A more specifical and direct proof of Lemma 2.2(3) is as follows:
Taking ab = (¢ + 1)/8, then 1/4 < ab < ¢/4, and by Lemma 2.1(2),

c+1 > ck+(c+1)/4
_ _ _ 2.2
R(a,b) = gs(c) 93< 8 ) c+1 kK + ck+ (c+ 1)/8]" (2.27)
with gg(1) = g4(1) = log 16 and gg(oco) = —oo. It is easy to show that the function
> (k/4) —1/8
=(c+1 =8—(c+1)? 2.28
g0(c) = (¢ +1)°gz(c) ;k2+ck+(c+1)/8] (2.28)

is strictly decreasing on (1, 00), with gg(c0) = —oo and
k2 (kJ4) —1/8 > 3 —
n=4[2-) =42 —E
g9(1) l 2 (k+1/2) & 1(I<;+1/22 4 l<:+1/2

—4 [2_¢’ (%) - gw" (%ﬂ =4 [2—%2+ A3 )} = 3.375996 - - -

Hence by (2.28), go has a unique zero ¢; € (1, 00) such that gs is strictly increasing on (1, ¢1], and decreasing
on [c1,00). This shows that there exists a number ¢y € (c1,00) such that gg(c) > log16 for ¢ € (1,c2),
gs(c2) = gs(1) = log 16, and gs(c) < log 16 for ¢ € (co,00). Hence R(a,b) — log 16 changes sign, and neither
(2.18) nor its inverse inequality holds for a,b € (0,00) with 1/4 < ab < ¢/4.

(2) The conditions for several main results in [30,38] contain the comparisons between R(a,b) and log 16,
and between R(a,b) and R(a1,bq) for distinct (a,bd) and (a1, b1), which are not easy for checking computa-
tions. Lemmas 2.1 and 2.2 provide us a method to verify whether these conditions are satisfied.

In [38, Theorem 2.1] (see also [30, Lemma 1.1]), Z.H. Yang, Y.M. Chu and M.K. Wang proved a good
criterion for the monotonicity of the quotient p(z) = A(z)/B(z), where A(z) = Y 07 a,z™ and B(z) =
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>0 o bna™ are of a common radius 7 of convergence. They use the sign of the limiting values Ha p(r~) of
the function Ha, p = (A'B/B’) — A to determine the monotonicity of ¢ in certain cases. Since Ha, p(z) =
B(z)%¢'(z)/B'(x), it is easy to see that [38, Theorem 2.1] can be changed to the following more natural
one.

Lemma 2.4. Suppose that r € (0,00) is the common radius of convergence of the real power series A(x) =
Yoo panz™ and B(x) = Y07 bpa™ with b, > 0, and {a,/b,} is a non-constant sequence. Let p(z) =
A(z)/B(x).

(1) If there is an ng € N such that the sequence {an/by,} is increasing (decreasing) for 0 < n < ng, and
decreasing (increasing) for n > ng, then @ is increasing (decreasing) on (0,7) if and only if ¢'(r=) > 0
(¢’ (r=) <0, respectively).

(2) If there is an ng € N such that the sequence {a,/b,} is increasing (decreasing) for 0 < n < ng, and
decreasing (increasing) for n > ng, and if ¢'(r=) < 0 (¢'(r=) > 0), then there exists a number xq € (0,r)
such that ¢ is strictly increasing (decreasing) on (0, x| and decreasing (increasing, respectively) on [xo,7).

3. Some properties of hypergeometric functions

In this section, we shall show some relations between the functions F(r) and Fy(r), G(r) and Go(r), F(r)
and Fy(r), G(r) and Go(r).

Lemma 3.1. For a,b € (0,00) with a +b=c, and forr € (0,1), let fi(r) = F(r)/Fo(r).

(1) Ifab < 1/4, orif 1/4 < ab < ¢/4 with R(a,b) > log 16, then f1 is decreasing from (0, 1) onto (w/B,1).

(2) If ab > ¢/4, then f1 is increasing from (0,1) onto (1,7/B).

(3) In other cases not stated in parts (1)-(2), that is, 1/4 < ab < ¢/4 with R(a,b) < log16, there exists
a number r1 = r1(a,b) € (0,1) such that fy is decreasing on (0,r1] and increasing on [r1,1), with f1(0) =1
and f1(17) =n/B.

(4) If the conditions in parts (1)-(2) are satisfied, then for r € (0,1),

. T F(a,b;c;r) T
1, Il o _DG3ET) 1, X 1
mm{ ’B}_ F(1/2,1/2;1;7) —max{ ’B}’ (3.1)

with equality in each instance if and only if a = b = 1/2. If the conditions in part (3) are satisfied, then the
second inequality in (3.1) is still valid.

Proof. Clearly, f1(0) =1, and f1(17) = n/B by (2.13). For n € Ny, put

_ (aﬂn)(b’n) _ (1/2777’) ? _Q1,n . 1 c
a1,n = (c,n)n! b1 n = ] ,cl,n—b17n7A1(n,ab,c)_ ab 1 n+ ab 1

Then by (1.1), and by differentiation,

@t Cing1 Aq(n,ab,c)
fi(r) = S b e 1+ Ot 127 (3.2)
, 4aFy(r)G(r) — F(r)Gy(r
fitr)= 0(4()1 (7)n)1?0(7(~)22 o, (3.3)

Clearly, f{/(0) = a —1/4. By (2.8) and (2.13)—(2.14), it is easy to obtain
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y 4aBG(r) — nGo(r) (1 — 4ab), 1 log(1/(1 —1))

WA RE) R NS N (34)
lini [4aBG(r)log16 — mRGy(r)] = 4(log 16 — R), (3.5)
r—
and by 'Hopital’s rule,
. 4aBG(r)log 16 — mRGy(r) _
1 =0 if R =log16. .
B (1 — ) Fo(r)2 0if £ =log 16 (36)

Tt follows from (2.13) and (3.3)—(3.6) that

R
A7) = lim m [%G(r) log 11—6r - G(gr) log 16_ -+ O((1 —r)log(1 — r))}
_ 1 lim [40436‘(7‘) log 16 — TRGo(r) = 4aBG(r) — wGo(r) log(1/(1 — T)):|
47 B r—1 (1 —r)Fo(r)? (1 =r)Fo(r) Fy(r)
_ (1 — 4abd) N 1 lim 4aBG(r)log16 — TRG(r)
4B 47 B r—1 (1 —r)Fo(r)?

0, if R <log16,
= n(1 - 4ab)/(4B), if R=log16, (3.7)

—00, if R > log16.

(1) If 4ab < min{1,c}, then Aq(n,ab,c) <0, and ¢; ,, is decreasing in n € Ny by (3.2). Hence by [29,
Lemma 2.1], f1 is decreasing on (0, 1).

If 1 < 4ab < ¢ and R > log16, then it follows from (3.2) and (3.7) that ¢; , is decreasing and then
increasing in n € Ny, and f{(17) < 0. Hence by Lemma 2.4(1), f; is decreasing on (0, 1).

Clearly, if 4ab < min{1, ¢}, then 4ab < 1. Conversely, if 4ab < 1 and ¢ > 1 (4ab < 1 and ¢ < 1), then
4ab < min{l,c} =1 (4ab < ¢* < ¢ = min{1, ¢} by (1.3), respectively). Hence the condition 4ab < min{1, c}
can be simplified as ab < 1/4.

(2) If 4ab > max{1,c}, then Aj(n,ab,c) > 0, and c; ,, is increasing in n € Ny by (3.2). Hence f; is
increasing on (0, 1) by [29, Lemma 2.1].

Since 4ab < ¢? by (1.3), the condition 4ab > max{1, c} implies that ¢ > max{1,c}, so that ¢ > 1. Hence
the condition 4ab > max{1,c} can be simplified as ab > ¢/4.

(3) If 1/4 < ab < ¢/4 and R < log16, then ¢ , is decreasing and then increasing in n € Ny, and
f7(17) = co. Hence part (3) follows from Lemma 2.4(2).

(4) Part (4) follows from parts (1)—(3). O

Lemma 3.2. For a,b € (0,00) with ¢ = a+b, and forr € (0,1), let fo(r) = G(r)/Go(r).

(1) If ab < 1/4, then fy is decreasing from (0,1) onto (7/(4aB),1).

(2) If ab > (¢4 1)/8, then fo is increasing from (0,1) onto (1,7/(4aB)).

(3) In other cases not stated in parts (1)-(2), that is, 1/4 < ab < (¢ + 1)/8, there exists a number
ro = r3(a,b) € (0,1) such that fa is decreasing on (0,72] and increasing on [ra,1), with f2(0) = 1 and
f2(17) = 7/(1aB).

(4) If ab < 1/4 or ab > (c+1)/8, then forr € (0,1),

i F(a,bjc+1;7r) T
ind1, }< CT 5T o {1—} 3.8
mm{ 1aBS = F1/2,1/220) = " 1aB (38)

with equality in each instance if and only if a = b= 1/2. In other cases, that is, 1/4 < ab < (¢ +1)/8, the
second inequality in (3.8) also holds.
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Proof. The limiting value f2(0) =1 is clear. By (2.14), we obtain f2(1) = n/(4aB). For n € Ny, set

SR R0 X0 Y A
27TL (C )Tl" 2n n'(n+1)" 2,n b27n,
Ag(n,ab,c) = ab+c——>n+2(ab—c—gl>,
c+1
Cl:c+1 ab — ,Go = (abR—c+1—log2)

Then by (1.1) and (2.11),

_ ZZO:() ag, nr" C2,n4+1 Ag (TL, ab, C)
falr) = Yoo b2z, ™ c2n b (n+c+1)(n+1/2)% (3.9)
b
flr) = ﬁ [01—1F+(T)G0(r) — é 3/2(7“)G(7")} . (3.10)

Clearly, f5(0) = (1. By (2.14) and 'Hopital’s rule,

. cm 4c 1
lim [ Golr) = GO)] = (“b - 1) ,

li (TG0 BI=G(r) _ e = i.

r—1 r

/

Hence we can apply (2.13) and (3.10) to obtain

Ry R(3/2,3/2)
£17) = 1 lim abGo(r) log et G(r) oge
Go()Zr>1 | (c+ )B; °1—r 8B(3/2,3/2) 1—r
2 CGO(T) eRfl/a G(T) eR(1/2)74
167»1311[ B ®T1-r  Tx ®T1-y }
T 1
=(2+ E 7llm {B Go(r) — G(r)] log T

—o0, ifab<1/4,
{6, ifab=1/4, (3.11)
oo, ifab>1/4.

(1) If ab < min{(5/4) — ¢, (¢ + 1)/8}, then As(n,ab,c) < 0, and ¢z, is decreasing in n € Ny by (3.9).
Hence f; is decreasing on (0, 1) by [29, Lemma 2.1].

If ab < 1/4 and ¢ < 1, then min{(5/4) — ¢, (c +1)/8} = (c + 1)/8, so that ab < ¢2/4 < (c+1)/8 =
min{(5/4) — ¢, (c+1)/8} by (1.3). Hence fs is decreasing on (0,1).

If ab < 1/4 and ¢ > 1, and if ab < (5/4) — ¢, then ab — (¢ +1)/8 < ab—1/4 < 0, so that ab <
min{(5/4) — ¢, (¢ +1)/8}. Hence f» is decreasing on (0, 1).

Ifab<1/4and ¢ >1,and if ab > (5/4) —c, then ab— (¢+1)/8 < ab—1/4 < 0, and cq, ,, is decreasing and
then increasing in n € Ny by (3.9), and f5(17) < 0 by (3.11) and Lemma 2.2(4). Hence by Lemma 2.4(1),
fo is decreasing on (0,1).

From the above discussion, we obtain part (1).
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(2) If ab > max{(5/4) —c, (c+1)/8}, then cg ,, is increasing in n € Ny by (3.9), and hence f» is increasing
on (0,1) by [29, Lemma 2.1]. By (1.3)

ab > max{(5/4) —c,(c+1)/8} = (c+1)/8 < ?/4d = c> 1,

so that ab > max{(5/4) —¢,(c+1)/8} = (¢ + 1)/8, and hence part (2) follows.

(3) I 1/4 < ab < (c+1)/8, then ¢ > 1, and (5/4) — ¢ < 1/4 < ab < (c+ 1)/8. Hence by (3.9)
and (3.11), ¢, is decreasing and then increasing in n € Ny, and f5/(17) = oo, so that part (3) follows from
Lemma 2.4(2).

(4) Part (4) follows from parts (1)-(3). O

The following corollary follows immediately from Lemmas 3.1 and 3.2.

Corollary 3.3. For a,b € (0,00),

>ma, if ab<1/4, or 1/4 <ab< c/4 with R >log16,
<ma, if ab>c/4,

> /4, if ab<1/4,

<7/4, if ab>(c+1)/8>1/4.

aB(a,b) (3.12)

Remark 3.4. (1) The monotonicity properties of f; and f defined in Lemmas 3.1-3.2 have been given in
[38, Propositions 3.3 & 3.5] (cf. also [30, Lemma 2.2]). However, the formulations of the conditions in our
Lemmas 3.1-3.2 are simpler and clearer than those in [38, Propositions 3.3 & 3.5] and in [30, Lemma 2.2],
and our proofs of the monotonicity properties of f; and f; are more natural and simpler.

(2) By Lemma 2.2, {(a,b)| 1/4 < ab < ¢/4, R(a,b) < log16} # 0 and {(a,b)| 1/4 < ab < ¢/4, R(a,b) >
log 16} # 0.

(3) For a,b,a1,b; € (0,00), c=a+band ¢; = ay + by, [30, Lemma 2.2] introduced the notations

= {(a,b)| ab < a1b1,abc; — arbic <0},

= {(a,b)| ab > a1by,abc; — a1bic > 0},

={(a,b)| ab+ ¢ — (a1b1 + ¢1) < 0,ab(c1 + 1) — arbi(c+ 1) <0},

= {(a,b)| ab+ c— (a1b1 + 1) > 0,ab(c1 + 1) — a1b1(c+ 1) > 0},
Dy = {(a,b)| ab < a1b1,abc; — arbic > 0, R(a,b) < R(ay,b1)},
Doy = {(a,b)| ab < a1b1,abcy — aibic > 0, R(a,b) > R(a1,b1)},
Dy = {(a,b)| ab > a1by,abc; — ar1bie < 0, R(a,b) > R(ay,b1)},
Dy = {(a,b)| ab > a1b1,abc; — arbic < 0, R(a,b) < R(ay,b1)},
Dg1 = {(a,b)| ab > a1b1,ab+ ¢ — (a1b1 + ¢1) < 0,ab(c1 + 1) —arbi(c+ 1) > 0},
Dg1 = {(a,b)| ab < arb1,ab+ ¢ — (a1b1 +¢1) > 0,ab(c1 +1) —aibi(c+ 1) < 0},

and proved the following results: (i) fi(r) = F(r)/Fy(r) is strictly decreasing (increasing) on (0,1) if
(a,b) € Dy U Dy; ((a,b) € Ds U Doy, respectively). Moreover, if (a,b) € Day (Ds2), then there exists
ro € (0,1) (r§ € (0,1)) such that fy is strictly increasing (decreasing) on (0,79) ((0,75)), and decreasing
(increasing) on (rg,1) ((r§, 1), respectively). (ii) fa(r) = G(r)/Go(r) is strictly decreasing (increasing) on
(0,1) if (a,b) € D5 U Dgy ((a,b) € D7 U Dgy, respectively).
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(4) Observe that it is difficult to verify whether the conditions in Doy, Daa, D41 and in Dy are satisfied,
without the help of Lemmas 2.1 and 2.2. For instance, by virtue of Lemma 2.1(2), it is clear that Doy =
Dy =0ifa+b=a; +b;.

(5) Fora; = by =1/2and j = 1,3,5,7,22,42, 61, 81, still denote Dj|,,—p, —1/2 by D;. Then by Lemmas 2.1
and 2.2, and by (1.4), it is easy to verify that

— {(,b) ab < 1/4,ab < ¢/4} = {(a,5)] ab < 1/4},
= {(a,b)| ab > 1/4,ab > c¢/4} = {(a,b)| ab > c/4},
={(a,b)] ab+c<5/4,ab < (c+1)/8} ={(a,b)| ¢ <1} U{(a,b)| ¢ > 1,ab < (5/4) — ¢},
={(a,b)] ab+c>5/4,ab > (c+1)/8} = {(a,b)| ab > (c+1)/8},

Dss = {(a,b)| ¢/4 < ab < 1/4, R(a,b) > log16} = 0,

D¢1 = {(a,b)] ab>1/4,ab+ ¢ < 5/4,ab> (¢ +1)/8} =0

Dy = {(a,b)| 1/4 < ab < ¢/4, R(a,b) < log 16},

Ds1 = {(a,b)| 5/4 —c < ab < 1/4}.

Hence we see that Lemmas 3.1 and 3.2 improve [30, Lemma 2.2] in the case when aq = by = 1/2.
The following two lemmas perfect [31, Lemma 3.2] and its proof.

Lemma 3.5. For a,b € (0,00) with ¢ = a+b, and for r € (0,1), let C = (c+1)/2 and f3(r) = F(r)/Fo(r).

(1) If ¢ < 1, then f3 is decreasing on (0,1), with f3(0) = 1, f3(17) =0 (f35(17) = sin(wa)) if ¢ < 1
(c = 1, respectively).

(2) If ab > (¢ + 1)/8, then fs is increasing from (0,1) onto (1,00).

(3) In other cases not stated in parts (1)-(2), namely, ab < (c+1)/8 and ¢ > 1, there exists a number
rg = r3(a,b) € (0,1) such that fs is decreasing on (0,73] and increasing on [rs,1), with f3(0) = 1 and

fg(l_) = 0.

Proof. Clearly, f3(0) = 1. If ¢ = 1, then by (2.13),

- *imF(avl_ail;T)f & ijOg[eR(a)/(l_r)]— T _ sin(ra
FUOO=IMT™"Re) " B@ lgis/a—n]  B@ Y 69

If ¢ < 1, then C —c= (1 —¢)/2 > 0, so that F(1) = T(C)I'(C — ¢)/[[(C — a)T(C — b)] by (2.10). Hence
f3(17) = }EF(T)/FO(r) =0, c< 1. (3.14)
Ife>1,thenc—C=C—-[(C—a)+ (C—b)]=(c—1)/2>0. Hence by (2.10) and (2.12),

. _hmF(C’fa,C’fb;C’;r)
r—1 Fo(r) i (1- T)C*CFO(T)

=00, c> 1. (3.15)

The monotonicity properties of f3 were proved in [31, Lemma 3.2(1)]. One can also use the same method
as in the proof of Lemma 3.1 to show the monotonicity properties of f3. We would like to give a simpler
and more natural proof of the piecewise monotonicity of f3 stated in part (3), as follows.
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If1/4 <ab< (c+1)/8,thenc>1,C—[(C—a)+(C—0b)]=C—-1>0,and by (2.10)-(2.12) and (2.14),

Go(T)
FQ(’I")

. _4CT(C)?
F(C —a,C —b; C’,r)] = —F(a)F(b) ;

r—1

lim [4abF(C— a,C—-b,C+1;r)-C

fi(r) = Fo(lr)2 [%bFO(T)F(a +1,0+1,C+1;r) — 4(6;057"2‘)]?(1")}

— 1 . o ~Golr) R
= 100 F0) [4abF(C’ -a,C—-bC+1;r) CFo(r) F(C—-a,C -1V C,r)] ,
and hence
1 1
LO=5 (ab C; ) <0, f{(17) = . (3.16)

In the case when 1/4 < ab < (¢+ 1)/8, it is easy to show that the ratio of the nth coefficient in the power
series of F(r) to that of Fy(r) is decreasing and then increasing in n € Ny (see [31, Proof of Lemma 3.2(1)]).
Hence part (3) follows from Lemma 2.4(2), (3.15) and (3.16). O

Lemma 3.6. For a,b € (0,00) withc=a+b andr € (0,1), let C = (c+1)/2, 7 = [sin(7a)]/[4a(l — a)] and
f1(r) = G(r)/Go(r). Then we have the following conclusions:

(1) If ¢ < 1, then fy is decreasing on (0,1), with f4(0) =1 and f4(17) =0 (fa(17)=7) ifc <1 (c=1,
respectively).

(2) If ab > (11 — 7¢) /16, then fy is increasing from (0,1) onto (1,00).

(3) In other cases not stated in parts (1)—(2), that is, ab < (11—7c)/16 < 1/4, there exists r4 = r4(a,b) €
(0,1) such that fy is decreasing on (0,74] and increasing on [ra,1), with f4(0) =1 and f4(17) = co.

Proof. Clearly, f4(0) = 1. If ¢ = 1, then by (2.10), (2.12), (2.2) and (2.7),

o Fla+1,2—a;257) . Fla,1—a;257)
1) =1 = (/21220
L) = G e P /2 12 2)

= (3.17)

Ife<l,thenC<1,C+1—-[la+1)+(0+1)]=-C,C+1—-[(C—a)+C—10b)] =C, and by (2.10)
and (2.12),

_ , _cF(C—=a,C—-bC+1;r)

— _ \1-C ’ ) ) _
fa(17) = }E(l T) F/2,1/2:2:7) 0, c< 1. (3.18)
Ife>1,then C+1—[(C—a)+ (C—5b)]=C > 1, and it follows from (2.10) and (2.12) that

_ . F(C—-a,C—b;CH+1;r)
1) =1
BO) =l e, 1z 2 )

=00, c> 1. (3.19)

The monotonicity properties of f; have been obtained in [31, Lemma 3.2(2)]. Here we give a simpler and
more natural proof of the piecewise monotonicity of f; stated in part (3).

Suppose that ab < (11-7¢)/16 < 1/4. Then ¢ > 1 and C+2—[(C—a)+(C—b)] > C+1—[(C—a)+(C—b)] =
C > 1. In this case, it is easy to show that the ratio of the nth coefficient in the power series of G(r) to
that of Go(r) is decreasing and then increasing in n € Ny (cf. [31, Proof of Lemma 3.2]). Let

g1o0(r) = %GO(T)F(C —a,C—=b;C+2;r)— gF(l/Z, 1/2;3;")F(C —a,C = b;C + 1;7).
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Then by (2.10)-(2.12), g10(1) = C(C'—1)T(C)?/[27abT (a)['(b)] > 0 and f(r) = gio(r)(1—7)"C+DGy(r) 2.
Hence f/(17) = oo, so that part (3) follows from (3.19) and Lemma 2.4(2). O

Next, we prove two lemmas playing a key role in the proofs of our main results in Sections 4-5.

Lemma 3.7. For a,b € (0,00) with ¢ = a+b and r € (0,1), let ro be as in Lemma 3.2, B = 1 — 4a,
0 = (R —1log16)/B, and let f5(r) = F(r) — Fo(r)F'(r)/Fi(r).

(1) f5 is increasing from (0,1) onto (/3,0) if and only if ab < 1/4.

(2) f5 is decreasing from (0,1) onto (6, f) if and only if ab > (¢ +1)/8.

(3) In other cases not stated in parts (1)-(2), that is, 1/4 < ab < (¢ + 1)/8, then f5 is increasing from
(0,72] onto (B, f5(r2)], and decreasing from [ra,1) onto (0, f5(r2)].

Proof. Let f; be as in Lemma 3.2. Then by (2.14),

F'(r)/F{(r) = 4aG(r)/Go(r) = dafa(r), (3.20)
fs5(r) = F(r) — 4aFy(r) f2(r), (3.21)
d [F'(r)
B0 = =Ry | | = ~4aFo 1500,
Hence the monotonicity properties of f5 stated in parts (1)—(3) follow from Lemma 3.2.
By (3.21), f5(0) =1 —4a = 8. By (2.11) and (2.13), and by I'Hépital’s rule, we obtain
. mGo(r) —4aBG(r) .., [4abaB ™ _
}1311 o = }13117" cr 1 Fi(r)— §F3/2(r) = 0. (3.22)
From (2.8), (2.13)—(2.14) and (3.21)—(3.22), we obtain the limiting value
- . 1 el 4aG(r) 16
f5(1 >_}1—>ml EIOgl—r ~ 7Go(r) IOgl—r}
1 . 1 7Go(r) — 4aBG(r) , 1
=0+—1 : . log—— | =4. 2
Jr7TB o Go(r) r! e - (3:23)

Lemma 3.8. For a,b € (0,00) with c=a+b and C = (c+1)/2, let r4 be as in Lemma 3.6, and put

ab

o= R(a) —log16  _ sin((C' —a)7)
C

o=1-dp 0= B(a) '~ sin(Cm)
and for r € (0,1), let fo(r) = F(r) — Fo(T)F/<T)/F6(T). Then we have the following conclusions:

(1) fe is increasing on (0,1) if and only if ¢ < 1.

(2) fe is decreasing on (0,1) if and only if ab > (11 — 7c)/16.

(3) In other cases not stated in parts (1)—(2), that is, ab < (11—7c)/16 < 1/4, f¢ is increasing on (0,74],
and decreasing on [r4,1).

(4) f6(0) =0, fe(17) =0 ifc=1, fs(17) =0 ifc < 1, and fs(17) = —o0 if ¢ > 1.

Proof. Let f4 as in Lemma 3.6. Then by (2.11), we obtain

F'(r)/Fy(r) = 4pG(r) [Go(r) = 4pfa(r), (3.24)
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fo(r) = F(r) — 4pFo(r) f4(r), (3.25)
R0 = =R g | 5 | = 4RI i)

Hence the monotonicity properties of fg, which are stated in parts (1)—(3), follow from Lemma 3.6.
Next, we prove part (4). By (3.24) and Lemma 3.6, fs(0) = 1 —4p = 0. If ¢ = 1, then by (2.10), (2.7)
and by I’Hépital’s rule,

lim [7Go(r) — 4a(1 — a)B(a)F(a,1 — a;2;1)] = 0,

r—1
I 7Go(r) —4a(l —a)B(a)F(a,1 — a;2;7)
7-1—% r!

3 3
= limr’ 2a2(1—a)23(a)F(a+1,2—a;3;7‘)—ZF —, =:3;r || =0,
r—1 8 2°2

and hence by (2.11)—(2.13) and (3.25), we obtain

fo17) =ty [Flo1 = a150) — ta1 = ) T 22 B )
= }1—% :F(a, 1—a;1;r) —4a(l — a)F(a’éo;(ra);MFo(r)}
= lim :B<1a) g £ - 200 “)féizif 2 o 1_67«}
N 1im 7Go(r) — 4a(l ;;)(f)(:I)F(a, 1—a;2ym) (r’log — r) _3 (3.26)

Ifc<l,thenC—c=(1-¢)/2>0,0<C—a=(l4+c—2a)/2<1—a<1,Go(r)=(1-7)"Go(r) by
(2.12) and G(r) = (1 —7)"CF(C — a,C — b;C + 1;7). It follows from (2.7), (2.10) and (3.25) that

fe(17) = r(l;gg);(rc;; i)b) —4p lim (1 — ) O Fy(r) F(C~a, go_(rl; C+1Lr)
_ rora-¢  _sin((C-am) _
S T(C-al(l-(C-a)  sin(Cm) 0. (3.27)

Ife>1,thenC >1,C—-c=1-C=(1-¢)/2<0,C—-[(C—a)+(C—-0b)]=C-1>0 and
C+1—-[(C—-a)+(C—=0b)]=C>1. By (2.12) and (3.25),

_ K F(C—-a,C-bCir) , F(C—-a,C—-bC+1Lir)
fo(r) = 1- ,,4)(071)/2 Fy(r) 4 Go(r) 7

(3.28)

so that fg(17) = —oo0, since the function inside the brackets tends to —7I'(C)?/[['(a)['(b)] as r — 1. O

Corollary 3.9. For a,b € (0,00) withc=a+0b, let C = (c+1)/2 and p = ab/C.

(1) If ab < 1/4, then the function f; defined in Lemma 3.1 is concave on (0,1), and the function
fz(r) = [F(r) — 1)/[Fo(r) — 1] is decreasing from (0,1) onto (w/B,4c). If ab > (c + 1)/8, then fr is
increasing from (0,1) onto (4da,7/B). In particular, if ab < 1/4, then for r € (0,1),

Toow

%Fo(r) < min { [1 - (1 - %) r] Fy(r),1— =+ EF@(T)} < F(r) <1—4a+4aFy(r),  (3.29)
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and if ab > (c+1)/8, then for r € (0,1),

1 — 4o+ 4aFy(r) < F(r) < 1-— % + %F@(r), (3.30)
with equality in each instance if and only if a =b=1/2.

(2) If ¢ < 1, then the function f3 defined in Lemma 3.5 is concave on (0,1), and fs(r) =
[F(r) —1]/[Fo(r) — 1] is decreasing on (0,1) with fs(0%) = 4p, fs(17) = 0 (fs(17) = sin(ra)) if c < 1
(c = 1, respectively). If ab > (11 — 7¢)/16 and ¢ > 1, then fs is increasing from (0,1) onto (4p,0). In
particular, for r € (0,1),

(1—7)Fo(r) < F(r) <1 —4p+4pFy(r), (c < 1), (3.31)

<
1 — sin(ra) + Fo(r)sin(ra) < F(r) <1 —4a(l — a) + 4a(1l — a)Fy(r), (c=1), (3.32)

— 11-7
1—4p+4pFo(r) < F(r), (ab > 16 ¢

and ¢ > 1) , (3.33)

with equality in each inequality in (3.52) if and only if a =b=1/2.

Proof. Let g11(r) = Fj(r)/Fo(r)? for 7 € (0,1), and f5 and fs be as in Lemma 3.7 and Lemma 3.8,
respectively. Since g11(r) = Go(r)/ [4(1 — r)Fy(r)?] by (2.14), and since the function 7 +— (1 — r)Fy(r)? is
strictly decreasing on (0,1) by [3, Lemma 5.4(1)], g11 is strictly increasing on (0, 1).

(1) Differentiation gives

Fi(r)Fo(r) = Fy(r)F(r) _ Fo(r) [F'(r)
Fo(r)? Fo(r)? [ Fo(r)

fil(r) = Fo(r) = F(r)| = = f5(r)g11(r), (3.34)

which is decreasing on (0, 1) by Lemma 3.7(1) if ab < 1/4. Hence the concavity of f; follows.

Since {-L[F(r) — 1]} { L [Fy(r) — 1}}’1 = F'(r)/F}(r) = 4afa(r) by (3.20), the monotonicity properties
of f7 follow from Lemma 3.2 and the Monotone 'Hopital’s rule [5, Theorem 1.25]. By I’'Hopital’s rule,
f7(07) = 4a, and by (2.13), we obtain f7(17) = n/B.

The first inequality in (3.29) holds by Corollary 3.3. The first lower bound in the second inequality in
(3.29) follows from the concavity of f;. The remaining inequalities in (3.29) and the double inequality (3.30)
follow from the monotonicity of f7.

(2) Similarly, the concavity of fs follows from Lemma 3.8(1), since f4 (r) = — fs(r)g11(r). The proofs of the
remaining conclusions in part (2) are similar to the proofs of the monotonicity of f7 and (3.29)-(3.30). O

4. Landen transformation inequalities for hypergeometric functions

In this section, we shall give a complete answer to Question 1.1 by proving Theorem 4.1 and its corollar-
ies, which extend the identities in (1.7) to the zero-balanced hypergeometric function F(a,b;a + b;r) and
substantially improve all results obtained in [29] and all the related results presented in [30,38].

Theorem 4.1. For a,b € (0,00) with ¢ =a+b, let a« = ab/c, B =1—4a and 6 = (R —log16)/B, and define
the function f on (0,1) by

fry=0Q+nrF (a,b; c; 7“2) - F (a,b; ¢ (1:1-77“7")2) — pr.
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(1) If ab < 1/4, then f is increasing from [0,1) onto [0,6 — B). In particular, if ab < 1/4, then for
re (0,1),

4r

<(1+7)F (a,b;c;r?) — F O
Br < (1+7)F (a,b;c;r?) (a,b,c,(1+7ﬂ)2

) <6—p(1-n), (4.1)

with equality in each instance if and only if a =b=1/2.
(2) If ab > (c+1)/8, then f is decreasing from [0,1) onto (§ — f3,0]. In particular, if ab > (c+1)/8, then
forr e (0,1),

0—p1-r)<(1+4+nrF (a,b; c; 7‘2) - F (a,b; c; (131_7:)2> < Br, (4.2)

with equality in each instance if and only if a =b=1/2.
(3) In other cases not stated in parts (1)-(2), that is, 1/4 < ab < (c+1)/8, f is not monotone on (0,1),
and neither (4.1) nor (4.2) holds for all r € (0,1) and for all a,b € (0,00) with 1/4 < ab < (c+1)/8.

Proof. Put x = 4r/(1+ )% for r € (0,1). Then = > r > 72 for r € (0,1), and

de  4(1—1) 1-7\> 1 dz 4
_—= — ]_— = _— ] = % . 4~
dr (1+7r)%’ v ( > 1—zdr 1-12 (4.3)

Clearly, f(0) = 0. By (2.13) and (4.3), we obtain

_ . 1+7r ell 1 elt
iyt >—E§i<71°gﬁ‘ﬁlog1_x>‘5—5‘5- (44)
By (2.14) and (4.3), and by differentiation,
£10) = F (%) + 2256 () - 15 G(o) — . (4.5)
1—r 1—r2

By (1.7), Fo(z) = (1 + r)Fy (r?). Differentiating both sides of this identity with respect to r, and using
(2.14) and (4.3), we obtain the following relation

1
Gole) = (1) By (2) + "D 02) (4.6)
(1) e<1(ab<1/4and ¢ > 1), then @ < ¢/4 < 1/4 by (1.3) (a < 1/(4c) < 1/4, respectively). Hence
B >0 for ab < 1/4.
It follows from Lemma 3.2(1) and (4.6) that

G (7“2)
Go (1?)

G(r*)  r(1+r)
Go2) T2

G(z) < Go(z) = (1 —r?) Fy (r?) G (r?). (4.7)

Let f5 be as in Lemma 3.7. Then it follows from (3.21), (4.7) and Lemma 3.7(1) that for r € (0,1),

4a0G (7,2)

, 9 2ar 9
f(T)ZF(T)—i—l_rG(r)——(1_T2)GO(TZ)GO(:1:)—B
_ 2y 2y G (%) A 2y
F(r) 4aFy (T)GO ) B=Tfs (’I") 08>0, (4.8)

and hence the monotonicity of f follows. The double inequality (4.1) and its equality case are clear.
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(2) If ab > (¢ + 1)/8, then the inequalities in (4.7)—(4.8) are all reversed by Lemmas 3.2(2) and 3.7(2),
and hence the monotonicity of f follows. The remaining conclusions in part (2) are clear.
(3) Let 1/4 < ab < (¢4 1)/8. By (2.11), (2.14), (4.3) and (4.5), and by ’'Hdpital’s rule,

y ') y (1 =7 F (r?) + 2ar(1 +7)G (r?) — 4aG(z) — B (1 — r?)
o0t T a0 r(l—r2)

F(r?*) —4aG(z) - B

= lim
r—0

—7F (r*) +2a(1 +7)G (%) + Br

F (r?) — 4aG(z) — B

=2a + lim
r—0 r
B ) 2ar 5 16aba(1l — ) _ 16a [(c+1
_2a+}1_1>16{ _TZG(T) (c+1)(1+r)3F+(x) = i1 3 ab . (4.9)

On the other hand, by (4.5), (2.9) and (2.13)—(2.14), and by 'Hopital’s rule, we obtain

£107) = lim (1-72) F(r?) + 2oir£1; G (?) ~4aGw) _
i [ () 2001306 (%) - 22020 p, ()
16aba(1l —r)
) -

2aba 4
: 2 2 2
i [TF(T )= 2220 ) E )} _i_p
1 . €R 9 eRfl/a 4
= im [ rlom s = 2014 s S | - -

_ (1 —4ab)R +4(c—1) 1. 5 1
= 5 —5+E}1_>ml[r—2abr (1+r)]logm

, if ab<1/4,
:{OO if ab< 1/ (4.10)

—oo, if ab>1/4.
By (4.9) and (4.10), if 1/4 < ab < (¢+1)/8, then there exist 75,76 € (0,1) with r5 < rg such that f'(r) >0
for r € (0,75), and f'(r) <0 for r € (rg,1). Hence f is not monotone on (0,1), and neither (4.1) nor (4.2)
holds. O
Corollary 4.2. For a,b € (0,00) with c=a+b, let a, B and 6 be as in Theorem /.1, and let

9y =min{B/7,1+ 6}, d2 = max{B/w,1+ 6}, 03 = max{0,1+J — 5}.

(1) If ab < 1/4, then for r € (0,1),

1 F b: c: 2
t)F (a,bicr?) <41, (4.11)

(
= F(a,b;c;dr/(1+71)2) —
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or equivalently,

4r
(14 7)?

1+
1

F(a,b; c; r2) <F <a b; c; > <(1+4nr)F (a7b; c 7"2), (4.12)

with equality in each instance if and only if a =b=1/2.
(2) If ab > c/4, then for r € (0,1),

(1+7)F (a,b;c;r?)

) 4.1
2= Flabear/dtn?) = (4.13)
or equivalently,
(L+7)F (a,b;¢;7°) < F (a,b;c; ar < 1—’_TF(a by c;r?). (4.14)
» — (A A (1 +T)2 —_ 62 L R
If (c4+1)/8 < ab < c/4, then for r € (0,1),
(1+7)F (a,b;c;r?)
<1 <1 . 4.1
63_F(abc4r/(1+))_ thr<lvh (4.15)
Each equality in (4.13)-(4.15) holds if and only if a =b=1/2.
(3) If ab < 1/4 < ¢/4, then for r € (0,1),
1 F e 2
T - (L+7)F (a,b;c;r?) SE (4.16)
B = Fla,b;c;dr/(14+1)?) — 7

with equality in each instance if and only if a = b = 1/2. If ab > c¢/4, then each inequality in (4.16) is
reversed.

Proof. (1) If ab < 1/4, then 6 > 8 > 0 by Theorem 4.1(1) and its proof. Hence it follows from (4.1) that

Br < (1+T)F(r2) <14 0—pB(1—r) < 0

Y r@wiar S F@aey S r@aeny St r@ma ey

yielding the following double inequality

L WHNFEE) (4.17)

F(4r/(1+7)?)

On the other hand, it follows from (1.7), (2.13) and Lemma 3.1(1) that

(1+r)F (r2) _ F (rz) . Fy (4r/(1 +r)2)
Fr/(147r)2) Fy(r?) F@r/(14+7r)2) —r=1 F(4r/(1

By(r) _ B, log(16/1—=1) B

= lim = m ———— =

r—1 F(r) m r—=1log (ef/(1 —1)) (4.18)

Hence (4.11) follows from (4.17) and (4.18).
(2) If ab > ¢/4, then ¢ > 1 by (1.3) or (1.4), ab > ¢/4 > (¢c+1)/8 > 1/4, 8 < 0, and § < 0 by

Lemma 2.2(1). It follows from (4.2) that
) d+B(r—1) - (L+r)F (r?) - Br

Y r@ma oy SV T R a e S F@ e S T F@ a0y

(4.19)
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which yields

Lig< (1+7)F (r?)

SR@/E) 20

with equality in each instance if and only if @ = b = 1/2. By Lemma 3.1(2) and the first equality in (4.18),

(L+n)F(?) . Fo(4r/041)°) B

Fr/(1+1)2) =1 F (4r/(1+1)2) (4.21)

Hence (4.13) follows from (4.20) and (4.21).
If (c+1)/8 <ab<c/4, then § >0, and by Theorem 4.1(2),

0—B+Br _ (L+r)F (r?)
F4r/(147r)?) = F4r/(14+7r)?)

1+0-5<1+

<1+

Br

for r € (0,1), and hence the second lower bound 1+ ¢ — 8 and the second and third inequalities in (4.15)
follow. The first lower bound 0 in (4.15) and the equality cases of (4.13)—(4.15) are clear.
(3) If ab < 1/4 and ¢ > 1, then (4.18) is still valid by Lemma 3.1(1). Furthermore, by (2.13) and
Lemma 3.1(1), we obtain
(1+7r)F (r?)  F(r?) Fo(4r/(1+7)? F(r?)

= . ) im -
F4r/(147)2)  Fy(r2) F4r/(1+7)2) = }Hl Fy(r?) B’

(4.23)

Hence (4.16) follows from (4.18) and (4.23). The equality case of (4.16) is clear.
If ab > c¢/4, then each inequality in (4.18) and in (4.23) is reversed by Lemma 3.1(2), so that each
inequality in (4.16) is reversed. O

Remark 4.3. (1) In Corollary 4.2, B/m and 1 + ¢ are not directly comparable. We explain this as follows.
To simplify the explaining, we take ¢ = 1, as an example. Then B = B(a) and R = R(a) for a € (0,1/2],
and by [34, Theorem 2.2]) and [24, Lemma 2.2], R(a) and B(a) have the following series expansions

=log16+4> A(2n+1)(1 —2a)*", (4.24)
n=1
B(a) = % + Z 1+ (-1)""]n(n+1)
=4 B@2n+1)(1 - 2a)™, (4.25)
n=0

where A(+), n(-) and B(-) are defined as follows

1) =S ) senN
A(n + kZ:O2k+ —» n(n Zl (n) ;(%Jrl)n,ne

(see [1, 23.2.19-23.2.21]). By (2.7) and (4.24)—(4.25), we obtain
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2

.o B(a) . ;2
ili)% B0 {(1 +9) — - } = lim[B(a) + R(a) — log 16] sin“(7a) — 7

. 2
=72 ilg%) {a2[B(a) + R(a)]} - <M> -7 = -,

which shows that

1+ < B(a)/m for sufficiently small a. (4.26)
Next, 8(1) = w/4 by [1, 23.2.30], and it follows from (2.7), (4.24)—(4.25) and [1, Table 23.3] that

lim B(a)

a—1/2 (1 — 2a)? [(1 +9) -

. 1 > n
= agrln/Q T o0 4;[)\(271 +1) + p@2n + D](1 - 2a)* — 7rcot2(7ra)]
cos(ma) 2 73
=4[A3)+p3)] - LEIF/Z 94 ] =4[X(3) + B(3)] — z= 0.33141-- -,
and hence
146> B(a)/m when a is close to 1/2. (4.27)

From (4.26) and (4.27), we see that B/m and 1+ § are not directly comparable.
(2) It is clear that Corollary 4.2 improves [29, Theorem 2.2 and Corollary 2.3].
(3) (4.12) and (4.14) in Corollary 4.2 give an answer to the open problem in [4, p.79].

The following two corollaries generalize the second identity in (1.7) and substantially improves [29,
Theorem 2.5], that is, Theorem 1.2(3).

Corollary 4.4. For a,b € (0,00) with c=a+1b, let o, 8 and § be as in Theorem 4.1, and for r € (0,1), let

(r) = 2 F b; c L) F(a,b;e;1 —1?) ,Bl_r
r) = a,byc; | —— - il —1r%) — .
g 1+T (g 1—|—T e ] 1 r

(1) If ab < 1/4, then g is decreasing from (0,1] onto [0,6 — B). In particular, if ab < 1/4, then for
r€(0,1),

1—7r
1+r

B(l—r) <2F (avb; & ( > ) —(1+7)F (a,b;1—1%) <BA=r)+ (6= B)(1+7), (4.28)

with equality in each instance if and only if a =b=1/2.
(2) If ab > (c+1)/8, then g is increasing from (0,1] onto (6 — B3,0]. In particular, if ab > (c+1)/8, then
forr € (0,1),

BA—7)+ (6 —p)(1+7r) <2F <a,b;c; (1—;:

> > —(1+7)F (a,b;c;1—1%) < B(1—7r), (4.29)

with equality in each instance if and only if a =b=1/2.
(3) In other cases not stated in parts (1)—(2), that is, 1/4 < ab < (c+1)/8, g is not monotone on (0,1),
and neither (4.28) nor (4.29) holds for all v € (0,1) and for all a,b € (0,00) with 1/4 < ab < (¢ +1)/8.



S.-L. Qiu et al. / J. Math. Anal. Appl. 474 (2019) 1306-1337

1327

Proof. Let f be as in Theorem 4.1, and put t = (1 —r)/(1+7). Then 2/(1+r) = 14t, 1 —r? = 4t/(1+1)?,

and ¢(r) = f(t). Hence the results follow from Theorem 4.1. O

Corollary 4.5. For a,b € (0,00) with ¢ = a+ b, let §1, d2 and o3 be as in Corollary 4.2.

(1) If ab < 1/4, then for r € (0,1),

F(a,bic;(1=1)/(1+7))%)
(1+7r)F (a,b;c;1 —1r?)

lé S 617
2

1
2

with equality in each instance if and only if a =b=1/2.
(2) For r € (0,1), if ab > c/4, then

F(a,bie; (1 =7)/(1+7))>?)
(1+7)F (a,b;c;1 —12)

1
=0y < <
502 = <

1
27
and if (c+1)/8 < ab < ¢/4, then

Flabie((L=r)/(147)?) _1+5
(1+7)F(a,b;e;1—72)  — 27

1
—03 <
503 =

with equality in each instance if and only if a =b=1/2.
(3) If ab < 1/4 < ¢/4, then forr € (0,1),

F(a,byc;(1=7)/(1+7))%)

<
- (1+4+7r)F(a,bc;1—1r2)

s B
7 <=
2B — 27

(4.30)

(4.31)

(4.32)

(4.33)

with equality in each instance if and only if a = b = 1/2. If ab > c¢/4, then each inequality in (4.33) is

reversed.
Proof. For r € (0,1),let t = (1 —r)/(1 4 r). Then

Ia (a, bie; (1—r)/(1+ r))2) (1+)F (a, b; c; t2)

(1+7)F (a,b;c;1—72)  2F (a,b;c;4t/(1 +1)2)’

and hence the results follow from Corollary 4.2. 0O

5. Another kind of Landen transformation inequalities

In this section, we shall refine the related main results in [31] by proving the following theorem and its

corollaries.

Theorem 5.1. Fora,b € (0,00) withc = a+b and C = (c+1)/2, let p = ab/C, 0 = 1—4p, § = (R—1og 16)/B,

n((C ) 0, if c=1,
sin —a)m
e S — 1 = 3
o sin(C'r) Jor e<lw 9 ife<t,
—00, if ¢>1,

and define the function h on (0,1) by

h(r) = (L4 1)F (a,b;C;r%) = F ( 5 (14T)> -
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(1) If ¢ < 1, then h is increasing from [0,1) onto [0,w — o). In particular, if ¢ < 1, then for r € (0,1),

4r

< C2) O
or < (1+7")F(a,b,C,r ) F(a,b,C, TEESE

) <w-—o+or, (5.1)
with equality in each instance if and only if a =b=1/2.

(2) If ab > (11 — 7¢)/16 and ¢ > 1, then h is decreasing from [0,1) onto (—o0,0]. In particular, if
ab> (11 —7¢)/16 and ¢ > 1, then for r € (0,1),

4r
1+7)F (a,b;C;r*) — F C——— : 2
(I+7) (a,b,C,T) <a,b,C,(1+T)2><ar (5.2)
(8) In other cases note stated in parts (1)-(2), that is, ab < (11 — 7¢)/16 < 1/4, h is not monotone
on (0,1), and neither (5.1) nor (5.2) holds for all r € (0,1) and for all a,b € (0,00) with ab < (11 — 7¢)/
16 < 1/4.

Proof. Put z = 4r/(1 4 r)? for r € (0,1). Then > r > r? for r € (0,1), and equalities in (4.3) hold.
By (1.7), Fo(z) = (1+7)Fp (r?). Differentiating both sides of this identity with respect to r, we obtain

— (1+7)3

Gole) = S Ry (02) + " g, ()] (5.3)
Differentiation gives
W (r)=F (r*) +2pr(1+r)G (r*) — 4{1(17;)?6(3:) —o. (5.4)

Clearly, h(0) = 0. If ¢ = 1, then h(r) = (1 + 7)F (a,1 — a; 1;7?) — F(a,1 — a;1;2) — or, and by (2.13),

R(a) R(a)

e
—r2710g1—x —oc=0—-0c=w-—o. (5.5)

h(17) = liﬁm1 (1+4r)log 16

Ife<l,thnC—-c=1-C=(1-¢/2>00<C—-a=(14+b-a)/2 < (1+0¢))/2 <1,
0<C—-b=1—-(C—a)<1,and hence by (2.10) and (2.7),

L(C)(1 - C)

h17) = Fla.b:C31) =0 = e = SrEa—p)

—oc=0-0c=w-o. (5.6)

Ifc>1,thenC>1,C—c=(1-¢)/2=1-C<0,C—[(C—a)+(C—-b)]=C—-1>0.It follows from
(2.12) and (4.3) that

h(r) = (1+7) (1—r2)07cF(C—a,C—b;C’;r2) —(1—x)C_CF(C'—a,C—b;C;m)—Ur

(L4 r)H3C= (1 —r)=CF (C = a,C —b;C;1?) — F(C — a,C — b;C; )
— —or.

(1 —7r)e=1(1 4 r)2(C-0)

Hence we obtain
h(17)=w—0=—00, ¢>1, (5.7)

since by (2.10),
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hm1 [(1 + r)l+3(c_c)(1 —r)°F (C —a,C —b; C;TZ) —F(C—-a,C—0b;C;x)
r—

Consequently, by (5.5)—(5.7), h(17) = w — o for a,b € (0,00).
(1) If ¢ < 1, then by Lemma 3.6(1) and (5.3),

Let fs be as in Lemma 3.8. Then by (3.25) and (5.8), and by Lemma 3.8(1), we obtain

W (r)>F (r*) +2pr(1 + )G (r?) — 4pgo((7;2)) [Fo (r?) + rl+ 7")@0 (1“2)] -0

—o=fs(r*)—o>0 (5.9)

for r € (0,1). Hence the monotonicity of h follows. The double inequality (5.1) and its equality case are
clear.

(2) If ab > (11 — 7¢)/16 and ¢ > 1, then by Lemmas 3.6(2) and 3.8(2), the inequalities in (5.8)—(5.9) are
all reversed, and hence the result for h follows. The remaining conclusions in part (2) are clear.

(3) Clearly, h'(0) = 0, and the condition ab < (11 — 7¢)/16 < 1/4 implies ¢ > 1. By (2.12) and (5.4),

W(r)=(1- rg)C_CF (C—a,C—b;C;r?)
+2pr(1+7) (1 - TQ)C_(C—H)

_4p(l—7)
(1+7)?

=(1+7)17921 - ) 7)2F (C — a,C - b;C;1?)

F(C’fa,C’fb;C’Jrl;rQ)

(1—2)°"VRC -a,C—b;C+1;2) —0

+2or(L+7)"Y(1—7r)"“F(C —a,C —b;C+1;1?)
—4p(1+7r)* 21 -r)"2°F(C-a,C—b;C+1;2)—0

:71 [(1 + 7’)(176)/2(1 — r)(HC)/zF (C’ —a,C —b; C’;rz)
(1—r)c
+2pr(1 +7)1=9/2(1 — p)le=D/2p (C—a,C—b;C+1;r?)

—4p(1+ 1) 2F(C —a,C —b;C + 1;2)] — 0. (5.10)
Since ¢ >1,C —[(C—a)+(C=b)]=(c—1)/2>0and (C+1)—[(C—a)+(C—=0b)]=(c+1)/2>1,s0
that the function in the brackets in (5.10) tends to —2°pF(C' — a,C — b;C + 1;1) < 0 as r — 1. Hence it

follows from (2.10) and (5.10) that A'(17) = —o0, so that there exists a number r7 = r7(a,b) € (0, 1) such
that

B(r) <0 for re(rqs,1). (5.11)
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On the other hand, by (5.4), we obtain

(1+7)3 B (r) = (1+7)3F (r?) —4p(1 = r)G(z) —o(1 4+ 1r)? Lo 41T (rz)
:F (TQ) B ip@(m) -0 " (3 13+ 7“2) Il (TZ) + 2p(1 + T)4§ (7‘2)
+4pG(z) — 0 (34 3r +1?)
=fo(r) + f1o(r), (5.12)

where fo(r) = f11(r)/ fiz(r), fur(r) = F (%) = 4pG(x) — o, fia(r) =r and
fio(r) = (3+3r+ 1) F (r*) + 2p(1 + )G (r*) + 4pG(z) — 0 (3+3r +17) .

Clearly, f11(0) = f12(0) = 0. Hence by (2.11), (4.3) and (5.12), and by I'Hopital’s rule, we obtain

"(r r)3h/ 11(r /
}g}%hi ) :}%M = f10(0) + r~>0 j; Eri = f10(0) + f11(0)

16(a+1)(b+ Dp(1l —r
(C+1)(1+71)3

= lim 2pr@(r2)— )F(a+2,b+2;0+2;x)]
r—0

+3+6p_3(7
6a_|_ b_|_ 0 320 _fc

—346p—30 — -
top—do Ct1 c+3\ 16

This shows that there exists a number rg = rg(a,b) € (0,1) such that
B'(r) >0 for re€ (0,rs). (5.13)
Part (3) now follows from (5.11) and (5.13). O

Corollary 5.2. For a,b € (0,00) withc=a+0b and C = (c+1)/2, let p, §, 0 and w be as in Theorem 5.1.
(1) If ¢ <1, then forr € (0,1),

1+nr)F (a, b; C; 7"2)

(

S Fancaarny ST (5:14)

1 F(abCi(1—r)/1+7r)?) 14w
3= (1+7r)F (a,b;C;r’2) =Ty (5.15)

with equality in each instance if and only if a =b=1/2.
(2) If ab > (¢ +1)/8, then for r € (0,1),
(L+7)F (a,b;C;r?)
F(a,b;C;4r/(1+1)2) <L (5.16)
Fa,b;C5((L—r)/(A+7)*) 1

(14+7)F (a,b;C;r’2) = 2’ (5.17)

with equality in each instance if and only if a =b=1/2.
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(3) If (11 — 7¢)/16 < ab < (c+ 1)/8, then for r € (0,1),

(1+7)F (a,b;C;r?%)

F (a,b;C;4r/(1+1)?)
F(a,b;C’;((lfr)/(1+r))2) 1+o0
L+ PF (@b Cir'?) 2

<1+o, (5.18)

(5.19)

Proof. (1) Since ¢ <1, w > 0 by Lemma 2.2(1), w — o > 0 by Theorem 5.1(1), and 0 > 1 —2¢%/(c+ 1) =
(1 -¢)(2c+1)/(c+1) > 0 by (1.3). Hence it follows from (5.1) that

or < (14 7)F (a,b;C;r?)
F(a,b;C;4r/(1+7)2) — F(a,b;C;4r/(141)?)
w—o(l—r) w

< < .
<1+ F(a,b;C;4r/(1+71)%) — 1+ F(a,b;0;4r/(1—|—7‘)2)’ (5.20)

1+

yielding the double inequality (5.14).
Putt=(1—r)/(1+7r). Then 1+t =2/(1+7r),r=(1—1t)/(1+1t), r'? =4t/(1 4+ 1)* and

F(a,b;Ci(1-1)/(1+7)%) _ (L+H)F (a,b:C5t%)
(1+7)F (a,b;C;7'2) - 2F (a,b;C’;4t/(1+t)2)'

(5.21)

Hence (5.15) follows from (5.14) and (5.21). The equality case of (5.14) and (5.15) is clear.
(2) Since ab > (¢+1)/8(> 1/4), 0 =1—8ab/(c+1) < 0and ab > (¢+1)/8 > (11 — 7¢)/16, so that (5.2)
is valid. Tt follows from (5.2) that

(1+nr)F (a,b;C;rz) - or

<
FlabiCodr/(11 12 =~ T Flab Ol g =

(5.22)

with equality if and only if @ = b = 1/2. This yields (5.16) and its equality case. (5.17) and its equality case
follow from (5.16) and (5.21).

(3) If (11 —7¢)/16 < ab < (c+ 1)/8, then ¢ > 0, and the first inequality in (5.22) also holds by (5.2).
Hence for r € (0,1),

(1+7)F (a,b;C;r?) o
FlabCidr/i+0?) < " FlabCiari+ng < 7 (5.23)

that is, (5.18) holds. The inequality (5.19) follows from (5.21) and (5.18). O

Remark 5.3. (1) Let 0 be as in Theorem 5.1. In [31, p.524], § was denoted and expressed by

_ B(la+b+1)/2,(1-a—0)/2)
H(a,b) = B—ath)/2(0Ta=0)2) c=a+b< 1l (5.24)
By (2.1),for C=(a+b+1)/2=(c+1)/2 < 1,
B((a+b+1)/2,(1—a—1)/2) reyra-ao)

B((I—a+tb)/2,1+ta-0)/2) T((1—a+tb)/2T1—(1-atb)/2)

Clearly, if ¢ < 1,then 1/2 < (1—a+b)/2 = (14+c—2a)/2 < (14+¢)/2 < 1 by (1.3). It follows from the third
equality in (2.7) that H(a,b) = sin((1—a+b)7/2)/sin(Cr) = 6, which is simpler than the expression (5.24).
(2) Theorem 5.1 and its Corollary 5.2 substantially improve [31, Theorems 2.1-2.2].
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6. Applications to the generalized Grotzsch ring functions and the modular functions

For a € (0,1/2], r € (0,1) and p € (0,0), a Ramanujan’s generalized modular equation with signature
1/a and order (or degree) p is
F(a,1—a;1;1— s?) F(a,1—a;1;1—1?)

= 6.1
F(a,1—a;1;s?) P F(a,1—a;1;72) (6.1)

(cf. [16, p. 91]), which is extensively studied by S. Ramanujan (see [12-17]), who also gave numerous algebraic
identities for the solution s of (6.1) for some rational values of a. In their important paper [17], B. Berndst,
S. Bhargava and F. Garvan studied generalized modular equations and gave proofs for numerous statements
concerning these equations made by S. Ramanujan in his unpublished notebooks.

For a,b,p € (0,00) and r € (0, 1), more general modular equation can be defined as

Fla,bja+b1—5s%)  Fla,bjat+b1l—1?) (6.2)
Flabia+bs?) 0 Flabatbr?) |

For a,b € (0,00) with ¢ = a + b and for r € (0, 1), the generalized Grétzsch ring function is defined by

(r) = B(a,b) F (a,b;c;1—1r?)
Ha,b{1) =" F(a,b;c;r2) 7

(6.3)

which is strictly decreasing from (0,1) onto (0, c0). For 0 < a < 1/2, the function pi, = fiq,1—4 is also said to
be the generalized Grotzsch ring function, and p = py /5 is exactly the well-known Groétzsch ring function in
the quasiconformal theory (cf. [3,5,18,21,25,27,31,36,37,41]). The function p,, , has applications in several
fields of mathematics such as the theories of quasiconformal mappings and Ramanujan’s modular equations.
Many properties of p(r) and pq(r) have been obtained. However, only a few properties of p, ; have been
revealed.

For a,b € (0,00) with C = (a + b+ 1)/2, let

B(a,b) F (a, b;C;1— 7‘2)

I = A4
Hq, »(T) 2 F (a,b;C;7?) ’ (6.4)
which is another generalization of u(r) and piq(r) since 7, 4(r) = pa(r) if b=1—a.
It is well known that for r € (0, 1),
p(r) = 2u (2v/r/(1+ 1)) (6.5)

(see [5,21]). For a,b € (0,00) with a +b > 2 and ab > a + b — 10/9, it was proved in [31, Theorem 2.3| that

a1 (2Vr/(L+7)) <TFigp(r), 7€ (0,1). (6.6)

For a,b, K € (0,00) and r € (0,1), let

SOK(@ ) 11y (ta,b ( )/K) ¢k (a,0,0) = pk(a,b,1) =1 =0, (6.7)
@ ( a ll7(lu ) @K(a’bvo):¢K<aab71)_1:0, (6-8)
@K(a, ) @K(a,l—a,r)zgoK(a,l—a,r), vr(a,0) =pk(a,1)—1=0. (6.9)

Clearly, as a function of r, ¢k is an increasing homeomorphism from [0, 1] onto itself. ¢k (a,r) is called the
modular function with signature 1/a and degree 1/K (cf. [3]). We also call ¢k (a, b, r) the modular function.
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In the case when a = 1/2, ¢ (r) = ¢px(1/2,7) is exactly the well-known Hersch-Pfluger distortion function
in the theory of quasiconformal mappings (see [5,21]). Many properties of ¢k (r) and ¢ (a,r) have been
obtained (see, for example, [3,5,12-16]). For instance, px (r) satisfies the following well-known identities

2

e (r)’ + ok (r') =1, (6.10)
2\/r 1—r ,
e JR. S = 11
errlr) = o (50 ) o (157 ) = ox () (611)
for r € [0,1] (see [5, Theorem 10.5]).
By (6.3), (6.1) and (6.2) can be rewritten as
fa(s) = ppa(r) and pa,(s) = pia, (), (6.12)

respectively, so that the solution of (6.1) ((6.2)) can be given by

s=p1/p(a,r) (s=1/p(a,b,r), respectively). (6.13)

In this section, we shall apply the results proved in Sections 4-5 to present several inequalities for p1, (1),
Tia, »(r) and @x (a,b,7), which extend the well-known Landen transformation identity (6.5) to the functions
ta,b and T, ; (see Theorems 6.1-6.2 below), and extend (6.11) to ¢k (a,b,r) (see Corollaries 6.3-6.4 below).
In particular, (6.6) is improved in Theorem 6.2.

Theorem 6.1. For a,b € (0,00) and ¢ = a+ b, let a and f be as in Theorem /.1, and 01, d2 and J3 as in
Corollary 4.2.
(1) If ab < 1/4, then for r € (0,1),

2Vr

)< .
) < o) (6.14)

Pa,b(T) < 204, b <

with equality in each instance if and only if a =b=1/2.
(2) If ab > c/4, then for r € (0,1),

2yr
o) < 20 (£ ) < 1) (6.15)

and if (c+1)/8 < ab < ¢/4, then forr € (0,1),

2y
1+7r

5@muﬂsmmb< )su+ﬂfmﬁwx (6.16)

with equality in each instance if and only if a =b=1/2.

Proof. (1) Set t =2/r/(1+r) for r € (0,1). Then

Ty : po A (6.17)
s 0 T aser ‘

and by (6.3),
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B(a,b)F (a,b;c;t’?)  B(a,b)F (a,b;¢; (1 —r)/(1+71))?)

2Ha,0(t) = F (a,b; c; t?) - F(a,b;c;4r/(1+1)?)
_ (L+7)F (a,byer)  2F (a,bie; (L —7r)/(1+7))°)
=t G haar/ 0+ 18 U+ F (@b (019

Hence the double inequality (6.14) follows from (4.11), (4.30) and (6.18). The equality case of (6.14) is clear.
(2) Similarly, the double inequality (6.15) ((6.16)) follows from (4.13), (4.31) and (6.18) ((4.15), (4.32)
and (6.18), respectively). The equality case of (6.15) and (6.16) is clear. O

Theorem 6.2. For a,b € (0,00) withc=a+b and C = (a+b+1)/2, let p, o and w be as in Theorem 5.1.
(1) If ¢ < 1, then forr € (0,1),

_ _ 2yr _
Fa.olr) < 20 (250 £ (14 R0 (6.19)
with equality if and only if a =b=1/2.
(2) If ab > (¢ + 1)/8, then for r € (0,1),
2Vr
20, <nu 2
o (£2) < sl (6.20)
and if (11 —7¢)/16 < ab < (c+1)/8, then for r € (0,1),
_ 2/1 9
< .
s (2L < (1407 0 (621

with equality in each instance if and only if a =b=1/2.

Proof. Let t =2/r/(1+r) for r € (0,1). Then (6.17) is valid.
(1) By (6.4), we can write

B o (14+nr)F (a,b; C;TQ) 2F (a,b;C;((l —7")/(1+r))2)
Wa, o) = B o) E G o Goar L4 ) (L4 DEF (@5 G5 %)

(6.22)

Hence part (1) follows from Corollary 5.2(1).
(2) If ab > (¢+1)/8 ((11 — 7¢)/16 < ab < (¢ + 1)/8), then (6.20) ((6.21)) follows from (5.16)—(5.17)
and (6.22) ((5.18)—(5.19) and (6.22), respectively). O

Corollary 6.3. For a,b € (0,00) and ¢ = a+ b, let a and B be as in Theorem J.1, and 01, d2 and O3 as in
Corollary 4.2, and let K1 = 2K /8?2, Ko = 2K /63, K3 = 2K/(1 + 8)? and K4 = 2K /3.
(1) If ab < 1/4, then for r € (0,1),

2

PK, (a7 ba T) S PK <CL, ba 1\_’{?,4) S P2K (CL, b7 7"), (623)

with equality in each instance if and only if a =b=1/2.
(2) If ab > c¢/4, then for r € (0,1),

2/F

2 < pmaanbn), (6.21)

SOQK(GW b7 T) S YK (CL, b
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and if (c+1)/8 < ab < ¢/4, then forr € (0,1),

\/,'7

< .
2) < o fabr), (6.25

or;(a,b,r) < ok (a b,
with equality in each instance if and only if a =b=1/2.

Proof. (1) It follows from Theorem 6.1(1) that

52 1 27 1
-1 (Y1 <, = <[ =
/’[’a,b<2Kiu’a»b(r)> —/’La,b<Kua»b<1+r>> —lua,b(QKl’[’%b(r))?

with equality in each instance if and only if a = b = 1/2. This yields part (1).
(2) Similarly, part (2) follows from Theorem 6.1(2). O

Corollary 6.4. For a,b € (0,00) withc=a+b and C = (a+b+1)/2, let p, 0 and w be as in Theorem 5.1,
and let K5 = 2K /(1 +w)? and K¢ = 2K /(1 + 0)?.
(1) If ¢ < 1, then for r € (0,1),

27

T+ r) Pox(a,b,r), (6.26)

¢K5 (CL, b’ T) < @K (

with equality if and only if a =b=1/2.
(2) If ab > (¢ +1)/8, then for r € (0,1),

(a b, 2\f> > By (a,b, 1), (6.27)

and if (11 —7¢)/16 < ab < (c+1)/8, then for r € (0,1),

NG

2 2 B ), (6.28)

PK (a b,
with equality in each instance if and only if a =b=1/2.

Proof. (1) By Theorem 6.2(1), we obtain

ﬁa_,}) (%%,b(ﬂ) < g b (Il{ﬂa b (fj{;)) <ﬁ_1 ( ;(—/J’a b(T ))

with equality in each instance if and only if a = b = 1/2, which yields part (1).
(2) Similarly, part (2) follows from Theorem 6.2(2). O
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