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vy — Av = —vu,

where m > 1. In a previous paper [5], we have proved the existence and uniform
boundedness of global weak solutions for any nonnegative initial data and any
m > 1. In this work, we show that the weak solutions strongly converge to (1,0) in
the large time limit.
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1. Introduction

In this paper, we consider the following chemotaxis model

up = Au" = V- (uVv) + pu(l —u), in Q,
v — Av = —vu, in Q,

m ov (1.1)
(Vu™ —uVv) -n|y, = ™ o =0,

u(z,0) = up(x) > 0,v(z,0) = vo(x) >0, ze€Q,

where m > 1, Q = Q x RT, Q C R? is a bounded domain, and the boundary 052 is appropriately smooth,

u, v represent the bacterial density, the chemoattractant concentration respectively, J = —u - Vv is the

* This work is supported by NSFC (11871230, 11571380), Guangdong Natural Science Funds for Distinguished Young Scholar

(2015A030306029).

E-mail address: jinchhua@126.com.

https://doi.org/10.1016/j.jmaa.2019.05.027
0022-247X/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2019.05.027
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:jinchhua@126.com
https://doi.org/10.1016/j.jmaa.2019.05.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.05.027&domain=pdf

196 C. Jin / J. Math. Anal. Appl. 478 (2019) 195-211

chemotactic flux, Au™ denotes migration of the bacteria, for which, the motility depends on the bacterial
density, Av is the diffusion of chemoattractant, uu(1 — u) (1 > 0) characterizes the proliferation or death
of bacteria according to the logistic law, —vu is the consumption of chemoattractant.

Since Keller and Segel [6] introduced the classical chemotaxis model in 1970, the chemotaxis models
have been widely studied by many authors, and fruitful results have been achieved in the global existence,
uniform boundedness of solutions. In addition, some significant progresses for the large time behavior of
solutions also have been made for these models with linear diffusion. For example, the following chemotaxis
model with signal production has been widely studied,

up = Au — V- (uVu) + pu(l — u),

TUg — Av = —v + u,
and it is shown that for large u, the solutions will go to the constant equilibrium (1, 1) strongly in the sense
of L, see for example [1,4,16]. While for the following chemotaxis model with consumption

1.2
v — Av = —wu, (12)

{ ug = Au — V- (uVv) + pu(l — u),
it is shown that the solutions go to (g, 0) uniformly when p = 0 [12], where ug = ﬁ Jo uo(z)dz; and the
solutions go to the constant equilibrium (1,0) uniformly when p > 0 [7]. However, the global existence of
classical solutions is still open for small values of > 0 or =0 [7,12,20].

From a physical point of view, migration of the cells should be considered as a movement in porous media
[10], and the cell motility is a nonlinear function of the cell density. So in recent years, the chemotaxis systems
with porous medium diffusion have been widely studied. For the following system

{ up = Au™ = V- (uVv),

vy — Av = —vu,

the global bounded weak solutions were obtained for any m > 1 in dimension 2 [11]. While, the research is
rather tortuous for the three dimensional space. In 2011, Liu and Lorz [9] established the global existence
of a L'-weak solution for m = %, afterwards, Duan and Xiang [3] proved the global existence of this kind of
weak solutions for all adiabatic exponents m > 1. However, such kind of weak solution may be unbounded,
from which, it is not possible to see whether the blow up phenomenon has occurred. Hence, the existence
of bounded weak solutions is always a focus of people’s concerning. In 2010, Di Francesco [2] obtained
the global existence of bounded weak solutions for m € (m*,2] with m* ~ 1.81, and also showed that
(u,v) = (Wg,0) in L*(€2) x L*(Q) for m = 2; in 2013, a locally bounded global weak solution for m > £ was
obtained by Tao and Winkler [13]; subsequently, Winkler [17] supplemented the boundedness for m > %;
recently, Winkler [18] further improved the result to m > %, and also showed that all these global solutions
£

In a previous paper, we established the existence and boundedness of global weak solutions for the system

(1.1) for any m > 1 [5]. That is

will always go to (7g,0) in LP(2) x W1 for any p > 1. However, there remains a gap for m € (1

Theorem 1.1 (Global Ezistence and Uniform Boundedness [5]). Assume ug,vg > 0, ug € L°°(Q) N WhH2(Q),
vo € C%(Q), and m > 1. Then for any p > 0, the problem (1.1) admits a nonnegative weak solution
(u,v) € Xy X Xy (as defined in Definition 2.1 below), such that

sup  ([lu(-,t)l[ze + [[o(, ) lwree) < My, (1.3)
te(0,00)
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m—1 m
sup /|Vum|2dx+ sup (||U 7wl r2(Qiry) + VU ||L2(Q1(t))> < My, (1.4)
te(0,400) & te(0,+00)
sup ||v||W3,1(Q1(t)) < Ms, forany p>1, (1.5)

t€(0,+00)

where Q1(t) = Q x (¢, t+1),

m—+41

X = fu € L¥(Qx RY); Vu™ € L((0,00): L2(9), (u™") ,Vu# € L}, ([0,00): L* ()},

Xy = {v € L=((0,00); WH>(Q); v, Av € L

loc

([0,00); LP(2)), for any p > 1},

and M; (i =1,2,3) depend only on pu, m, 0, ug, vo.

Remark 1.1. It is worth noting that in [5], the result of the main theorem is that Vu ™2~ € L2 _(R*; L2(1)).

However, it can be replaced by Vu? € L2 (R*; L%(Q)). In fact, by testing the regularized equation (11) in

loc
[5] with 1 4 Inu,, one can obtain

t+1

sup / /|Vu§|2dxds <C,
t€(0,+00) &

t
where C' is independent of €. Letting ¢ — 0, we also have

t+1

sup //|Vu%|2dxds <C.
te(0,400) 5

t

In the present paper, we will study the large time behavior of these solutions. We will show that the
solutions we obtained above go to (1,0) as ¢ — oo in the sense of Theorem 1.2. Although the result is not
surprising, and it is similar to the linear diffusion case, but it’s quite different in methods. For the linear
diffusion case, there is a good Lyapunov functional with dissipative structure. That is, let

Flu) = Q/(u— 1 —1nu)dx+9/112d1:,

by a direct calculation, it is not difficult to see that

dF (u) L[Vu* 1 2 2 2
< [(LB Sy _1 .
T /(2 S+ 2| v +viu+ plu—1)° ) dz

Using this functional, one can establish the stability of the equilibrium state (1,0) directly. While, for the
chemotaxis model with porous medium diffusion, although we can also construct a Lyapunov functional
with dissipative structure, namely

dG(u) am _ o! _
< _ a+m—2 2 o 2 a+2—m 2 2 o a
o S /( 5 U |Vul® + (A o X lul| 7<) Vol© + Av u + pu(u — 1) (u 1)) dx,

Q

where a > (m —2);, A > %XQHUH%;?_W, and

1 A
G(u) = / (a+ 1u°‘+1 —u+ 51)2) dz,
Q
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nevertheless, from this Lyapunov functional, the large time behavior of solutions is not easy to be found. In
[18], the author established the large time behavior by some elaborate analytical skills, compared with this
work, the main difficulty lies in the calculation of the limit for the integral mean value of u(x,t) in Q. We
use five Lemmas, that is Lemma 3.1-Lemma 3.5 to show that

1
lim —|/u(w,t)da: =1.
Q

t—o0 IQ

Based on this result, we finally establish the convergence of u, and the convergence of v is further established.
That is for any initial datum, the solution we obtained in Theorem 1.1 goes to (1,0). In fact, for the system
(1.1), there is no other nonnegative and nontrivial steady state, see Remark 1.3, which is very different from
the case with signal production, namely, the second equation is replaced by v; — Av = —v + u, for which,
many different steady states have been constructed by some authors in dimension 1 [14,15].

More precisely, we have the following result

Theorem 1.2. Assume that ug Z 0. For any initial datum, let (u,v) € X1 x Xy be a global weak solution of
(1.1). Then for any p >0, m > 1, we have

hm ([Ju(,t) = 1[e + lv(-,8)[[L) = 0,  for any p = 1.
t—o0
Furthermore, there exists Ty > 0, such that

[o(, )|l < Ce™ 2t [o(-,8)||p= < Ce™ 3%, for any t > T,

where C' is a constant depending only on ug, vo, , @, m.

Remark 1.2. The decay rate of v obtained in Theorem 1.2 is not optimal. In fact, by a more accurate
calculation, a faster decay rate will be reached.

Remark 1.3. In fact, the steady problem of (1.1) admits no nontrivial and nonnegative steady solution
(u,v) € Xy x Xy, where

X = {u e L®(Q); Vu™ e L*(Q)}; Xy ={v e L=®(Q)NH*(Q)}.

In fact, let (u(x),v(x)) be a steady solution of (1.1). We denote

1 1
9] /um(:v)dx = A", 9] /v(m)dw =B,
o) Q

and by a direct calculation, we also have

1 1
/ (2|Vum|2 + (M — 5)(2||u||2Loo)|Vv|2 + Avu + pu(u — 1) (u™ — 1)) dx <0, (1.6)

for any constant M > 2y?||u||? . Then by Poincaré inequality, we see that

/\u(x) ~ BPdz < c/ IVo[2dz = 0, /W(x) —AMda < c/ Vu™ Pda = 0,
Q Q Q Q

which implies that v = B, u = A a. e. in .
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2. Preliminaries
We first give the definition of weak solutions.

Definition 2.1. (u,v) € X; x Ay is called a weak solution of (1.1), if w > 0,v > 0, and for any ¢ > 0,
(p,%) € D1 x D,

/u(m t)o(x, t)dx —/ o(z)p(z,0)dr — // ugotdxdt—i—/ (Vu™ — uVo)Vedzdt
= ,u// 1 — u)pdxdt, (2.1)
// vppdadt — // Avtpdzdt + // uvpdzdt = 0, (2.2)

where Q; = Q x (0,t), X1, X are defined as in Theorem 1.1,

Dy = {p(x,t) € L®(R"; L1(Q));upr, uVep,u? Vo € L*(Qr), for any T > 0},
Dy = {t(z,t) € L*(Qr) for any T > 0}.

It is worth noting that the above definition looks different from the definition given in [5], but they are
equivalent when (u,v) € X; x Xs. However, to make readers more directly to figure out what kinds of test
functions are admissible, we use the above definition. For example, from Definition 2.1, it is easy to see that
for any « > mT_l, u® can be chosen as the test function since u € A;.

To show the stability of steady states, we give two preliminary lemmas, which are important in the proof
of large time behavior.

Lemma 2.1. Assume that f >0, f(t) € L*(T,0) for some constant T > 0, and
f&)—f(s) <A(t—s) (or >—-A(t—3s)), forall t>s>T,

where A is a positive constant. Then

lim f(t) =

t—o0

Proof. We only prove the case
f@)—f(s) <A(t—s), forall t>s>T.

Suppose the contrary, then there exists a constant op > 0 and a sequence {t; } °, with ¢4 > T + 22, and
t; /oo such that

f(t;) > oo.

Noticing that fT t)dt converges, then for any €9 > 0, there exists Ty(go) > 0, such that for any t > Ty,
we have

“+o0

/f®%<m (2.3)

t
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Noticing
ft)—f(s) <At —s), Vt>s>T,
when s € (t; — §5,15),

ft5) = f(s) < A(t; — s),

that is
(o) (o) go
f(s) > f(t;) —A(t; —s) > 00 — 2 =3 for all s € (t; — ﬂ’tj)'
Then
f,j 5
g0 g0 go
tydt > = . =2 = -0
/ F®dt> 5 o8 = 14
tJ_%%

2
Taking ¢ = Z_ﬁ in (2.3), and noticing that ¢; / oo, then there exists t;, with t;, — % > T, thus, we have

tio

U—g < Ff@)dt < [ f®)dt < U—g
4A - 4A°
tjo_gio t]’o_;*o

It is a contradiction. O

Lemma 2.2. Assume that f(t), g(t) > 0, tlim g(t) =0, and f(t) € LY(T,+o0) with some constant T > 0.
—00
Let F(t) = f(t) — g(t), and that

F(t)—F(s) > —A(t—s), Vt>s>T (2.4)
for some positive constant A, then
tli}IEO F(t) =0,

Proof. Suppose the contrary, then there exists a constant oy > 0 and a sequence {t;} with t; oo such
that

F(tj) > 0p.

Then for any s € (t;,t; + 5%)

F(s) 2 F(t;) = As —1;) > 00 — 2 = %
which implies
g0 g0
f(3)>7’ Vse(tjvtj—'_ﬂ)‘

Then similar to the proof of Lemma 2.1, it will lead to a contradiction. The proof is complete. O

At last, we also give the following generalized Gagliardo-Nirenberg interpolation inequality [8].
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Lemma 2.3. For functions u : Q — R defined on a bounded Lipschitz domain € RN, we have

lull e < CullDullFa ull = + Collull -,

1_ (11 1—
where p>s>0,¢g>1,r>0,0<a <1, and;-(a—ﬁ)a—k—a.

S

3. Large time behavior

In this section, we study the large time asymptoticity of the weak solutions obtained in Theorem 1.1. In
what follows, for simplicity, we use C, C, C, C; denote some different positive constants, which depend at
most on u, m, ug, vo, 2 and M;(i =1,2,3) in Theorem 1.1.

We first have the following lemma.

Lemma 3.1. Let (u,v) € X1 x Xy be a solution of (1.1). Then we have

/(|Av|2 + |Vo|? + v2u)dzdt < Cy, (3.1)
Q

0\8 0\8

r —1
/uo‘+m—2|Vu|2dxdt + //u(u — 1) (u® = 1)dadt < Cy, Ya > max {(m —2)4, m } , (3.2)
Q 0 Q

where Cq, Cy depend on ug, v, i, €, a.

Proof. Noticing that v € X5 by Theorem 1.1, by the definition of weak solutions, and taking the test
function ¢ = v in (2.2), we obtain

t t
1 1
5/vz(:c,t)dx+//|Vv|2dxd$+//vzud:cds = i/vg(x)dz,for any t > 0.
Q 0O 00 Q

Letting t — oo, we arrive at

//(|Vv|2+v2u)dxdt§/|v0|2. (3.3)
0 Q Q

Choosing the test function ¥ = Av in (2.2), and using Young’s inequality, we see that

t t
/|Vv(x,t)\2dx+//|Av|2dxdsS/\V'Ug|2dx+//v2u2dmds
Q 0O Q 0O

t
S/|Vv0\2dx—|—||u|\,;x//vzudxds,
Q 00

letting t — oo, we obtain

o0

//\Av|2da:dt§/|Vv0|2—|—sup||u|\,;oc//Uzudmdt. (3.4)
0O Q =0 Q

0
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Combining (1.3), (3.3) and (3.4), we obtain (3.1).

Noticing that u™2 w, € L2 [0,00); L?((2)), taking the test function ¢ = xjo7(u® — 1), for any o >
max{(m — 2);, ™51} and T > 0, where x[o,77 is the characteristic function of the segment [0, 7], we see
that

Lu°‘+1 z,T) —u(x,T) ) de+ am T2\ Vul2dedt + u(u — 1) (u® — 1)dxdt
+1 a

@
Q QT Qr
// ”‘VvVuda:dt+/<
< — am // atm=2gy|? dxdt—l——// at2=m gy dxdt—l—/(
am a+m—2 a+2—m a+1

// |Vu|*dzdt + —bup lu(-, )17 % // [V dmdt+/ ( (x) — uo(m)) dx.

Using (1.3), (3.1), and letting 7" — oo, we obtain (3.2). O

wet (z) — uo(x)> dz

wet (z) — uo(x)> dx

I /\

Using Lemma 3.1, we can further prove that
Lemma 3.2. Let (u,v) € Xy x Xy be a solution of (1.1). Then we have

t
/|Vv(x,t)|2dx - / |Vo(x, s)|?dx +//|Av|2dxd7' <2C(t—s), foranyt>s>0, (3.5)
Q Q

s Q

and we further have

. 2 _
Jim / Vo(z, 6)2de = 0, (3.6)
Q
tli)m u(t, ) (u(t,z) — 1)%dz = 0. (3.7

Q

Proof. Choosing the test function ¢ = 2Awvx|s 4 in (2.2) and using Young’s inequality, we obtain

vxt xr — v(x,s T+ v|“drdr < xdT
/|v )[2d /|v )2 //\A|dd // W2dzd

s Q s Q

for any t > s > 0. By (1.3), we have (3.5). Combining (3.5), Lemma 2.1 and the inequality (3.1), (3.6) is
achieved.

Next, we show (3.7). Recalling (1.3), and noticing that when o > 1, |u — 1] < |u® — 1| < C|u — 1|, then
by (3.2), we have

r —1
//u V2dadt < Cy, Voz>max{(m—2)+,m2 ,1}. (3.8)
00
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By (1.3), we see that for any a > max {(m - 2)4, mT’l, 1}, t > s > 0, choosing u®x(s g, UMX[s,t}, X[s,1] @S

the test functions, we conclude that

/u(x,t)(uo‘(x,t) —1)%dx — /u(m, s)(u®(x,s) —1)%dx

Q Q

= /(u%‘+1 — 20T ) (x, t)dr — /(u%‘+1 — 2uT ) (x, s)da
o) )

¢ ¢
= —2am(2a + 1) //u2a+m_2|Vu|2dwdT + 2am(a + 1) //um+a_2|Vu|2dxdT
s Q Q

S

¢ ¢
+ 2 / /(uo‘+1 — u?* ™ Avdrdr + u//((?a + Du® = 2(a + Du® + u(l — u)dzdr
s Q s Q

¢ t
> —2am(2a+1) //u2a+m*2|Vu|2dde + 2am(a+1) //um+°‘*2|Vu|2da:dT
s Q s Q

t

—C(t—s)—//|Av|2dde.
Q

S

Noticing that 2am(2a + 1)u2e+m=2 < Cu?m~1) when a > 2 since u is bounded, and (2 + 1)u2+m=2 <
(o + Dut™=2 + Cu2(m=1) when a < % for some sufficiently large constant C, combining with (1.4) and

the above inequality, we get

/u(z,t)(uo‘(x,t) —1)%dx — /u(x, 8)(u(z,8) — 1)%dx

Q Q

i t
Z—C’//|Vum|2da:d7—//|Av|2dde
s Q s Q

t
2—6’(t—5)—//|Av|2dxdT, for any t > s > 0.
Q

Letting F(t) = [, (u(t, z)(u(t,x) — 1)? — |Vu(t, x)[?) dz, and using (3.5), (3.9), we have
F(t)— F(s) > —C(t —s), foranyt>s>0,

using Lemma 2.2, and combining with (3.2), (3.6), we arrive at

-1
lim | u(t,)(u®(t,x) — 1)%der = 0,Va > max {(m - 2)4, m_7 1} .

t—o0

Noticing that |u — 1| < |u® — 1| for any « > 1, then (3.7) is a direct result of the above inequality. O
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In what follows, we pay our attention to show that

t—o0

1
lim —/u(x,t)dx =1
o)

We first show the following lemma.

Lemma 3.3. Let (u,v) € Xy x X, be a solution of (1.1). Denote a(t) = o [ u(x,t)dx, b™(t) = &

Then it is easy to obtain that
a(t) < b(t),

and we have

t—o0

lim / Ju™ (x,t) — b™ (z,t)*dx = 0.
Q

And if there exists a sequence {t;} with t; /* 0o and a positive constant oq, such that

lim a(t;) = oo,
j—o0

then o9 = 1, which implies

lim a(t;) = lim b(¢;) =1,

J—0o0 J]—00

and

lim [ |u(z,t;) — 1]*dz = 0.
j—o00
Q

Proof. Notice that

1 1
b™m(t) = 9] /umdfr > 1 /udx =a(t)™,
Q Q

which implies that a(t) < b(¢).
By a direct calculation, and using (1.3), (1.4), we obtain

%/'“m — Ve = %/“dem = 2090 (0™) = /2mu2m_1utdx — 200 (6™,
Q o) a

then for any ¢ > s > 0, we have

/|um(x,t) —b™(t)|*dx — / lu™(x, ) — 0™ (s)|2dx
Q Q

t

t
=2m?(m — 1)/bm(7')/u2m73|Vu|2dxdT—2(2m— 1)//um71|Vum|2dxdT
s Q

s Q

(3.10)

(3.11)
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(2m —1) // u?™ Avdzdr + 2(m — 1) /bm / u™ Avdzrdr
+2pm// m( 1—u)dxd7'—2mu/bm( )/u (1 —w)dzdr
Q

>-C(t—s) //|Av|2dxd7 for any ¢t > 0.
Combining with (3.5), for any ¢t > s > 0 we obtain
/(|um(x,t) B2 — [Vola, ) dr — /(|um(x,s) — () — [Vo(x, $)[2)dz > —C(t — s).
Q Q

Furthermore, by Poincaré inequality, and using (3.2) with o = m, we see that

//|um—bm\2dxdt§ C//\Vum|2da:dt <C. (3.12)
0 Q 0 Q

Combining with Lemma 2.2, (3.6), we obtain (3.10).
Noticing that |u™ — b™| > o™~ 1|u — b|, then we have

a(t)Qm—Q/\u—dex < b2m_2(t)/|u—b|2dx < /|um—bm\2dx. (3.13)
Q Q Q

If lim a(t;) = o9 > 0, and noticing that

]—)OO

la(t) — b(#)[2 = ﬁ/(u—b)dm < ﬁ/|u—b|2dm, (3.14)
Q Q

combining with (3.10), (3.13) and (3.14), we obtain

Jj—o00
‘We note that
/|u(x,tj) ~ oof2dz < 3/ (e, ;) — b(t,)|2de + 3/ 1b(t;) — a(t;)Pda + 3/ la(t;) — oodz,
Q Q Q Q

by (3.10), (3.13) and (3.15), we obtain

lim | |u(x,t;) — o0|*dz = 0. (3.16)
j—o0
Q

On the other hands, we see that for any a > (m —2)4,
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/b(t)(u —1)%dx = /u(u —1)%dx — /(u —b(t))(u —1)%dx
Q

Q Q

b(t)

Q Q

_ 2
< /u(u —1)%dx + % / m(u —1)%dz + %/b(t)(u —1)%dz,
Q
which implies that

/b(t)(u —1)%dz < 2/u(u —1)%dz + C/ %d%
Q

Q Q

By (3.7), (3.10) and (3.13), we get

lim | (u(z,t;) — 1)%dz =0, (3.17)

j—o0

since lim;_,o, b(t;) = o9 > 0.
By (3.16) and (3.17), and note that

|Q|o0 — 1|2 < 2/(u(a:,tj) — 1)2dx + 2/(u(x,tj) — 00)2dx,

Q Q

then we have gg = 1. The proof is complete. O

From the above lemma, if lims, o a(t;) exists, it is either 1 or 0. To show that lims, o a(t;) = 0 is
impossible, we need the following lemma.

Lemma 3.4. Let (u,v) € X1 x Xy be a solution of (1.1). If lim;_, o |Ju(-, t)||r =0, then

lim [Ju(-, )|z = 0.

t—o0

Proof. By (1.3), and notice that

1 r=1
JuC, )l < luC, Ol llul Ol 5
then for any fixed r > 1, we have

lim ||u(-,t)||z- = 0.

t—o0

Therefore, for any sufficiently small constant £g > 0, there exists a constant 1" > 0, such that
llu(-, t)||sm < €0, foranyt>T (3.18)

Using smoothing operator, we can construct a cut off function n(t) € C[T, +o00) with n(T) =0, n(t) = 1
for t > T + 1, and |7/ (¢)] < C for some positive constant C, see for example [19].

Testing the first equation of (1.1) with ¢ = TX[T7s]nTuT*16t for any r > 4m, s > T, and using (1.3), we
obtain
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/nr(s)ur(z,s)esdz+mr(r— 1)//et77rum+’"73\Vu|2da:dt
T Q

Q

<r(r-— 1)//etnrur_1VUVudxdt+(ur+1)//etn’"u’"dt—|—r//etn’nr_lurdxdt
T Q T Q T Q

71 S S
r(r //etnrum+T73|Vu|2dxdt+C’rz//etnru”l*mda:dt—&—C’r//etnrflurd:cdt. (3.19)
T T Q

T Q

Using Lemma 2.3 (choosing p = %, q=2,s= ﬁ) and Young’s inequality, for any sufficiently

small ¢ > 0, and noticing that u is bounded, we see that

9 r e l—m 2 gy, mEmet 2T
Cron ||U||Lr+1—m =Cr*n"|lu 2(r+1-m)
[ r+tm—1
1 6(r+2—2m) o1 4r(r+2(m—1))
§C1T217T||Vu > ||6(m 1)+5r|| 5 ||(6(m 1)+57r) (r+m—1) +C’2r277’||u||’”+1 m

L mFr—1
T S(m=1)45¢ % 2.7 r+l—m
<on IV 5 s + Cor St Nl + Cor™n"[[ull;

r(2(m—1)4r)

<o |[Vu ™ E T |Fe + Cor®y ull T 4 Cor®y” [
<o |Vu"E | + Cor®|lul s
. 2( —+1 ) (+2 2 ) 6( 1)+5 o . 2 6
since =0 =1 < 6, G(Zn 1)+Tgr < 2, W <5, 7 > 1, and noticing that =" <6, gr 175 < 2

then by Lemma 2.3 (choosing p = 7"-{-3)17—1’ q=2,s= 7"—), we also have

G =Crf U T

Cry"

4r246r(m—1)

IET T 1 ol

r+m-—1
2

<Oy V™5 5

. e rGBm-Dt2r)
077 s(m 1)122/252 3127 HUHTGJ(;:L 11)4:;? + Corn'™ 1Hu”r

<on"||[Vu"E

7‘+m

<on"[|Vu ||L2+C o2 apull ™+ Corflgul

Sm]THVu

o 4.

Taking o appropriately small, and substituting the above two inequalities into (3.19), we obtain

S

es/nr(s)ur(x,s)dm < C3/T5||77U||%_4m6tdt. (3.20)
Q T
Letting 7; = 2rj_1 = 2irg, 1o = 5m, M; = teﬁgp : |lnu|| -5, then by a direct calculation, we conclude that
,00

5 77 —4m
M} < Cyr? M7,

by an iteration process, we see that



208 C. Jin / J. Math. Anal. Appl. 478 (2019) 195-211

4m

1 5

1 5 1— .

. rj rj T02.7
M; <Cy’r;" M; |

J 1 J 5 J 4 j 7y 2k—4m,
DIy Sy D Dy e S | VERY € Ry o1 T
To M,

§C3 < C4M0 k=1 2k
Next, we show that S = [];-; ’""iz;,fm > 0. Denote S,, = [];_, Toz:);,fm, then S, N\, S. We see that
lns_ln = > In(1+ TOQ}‘;%M), it is easy to see that 0 < In(1 + TOQ%”LM) < r02%’f4m, it implies that

e, In(1+ To?f;—’lm) converges since Y o ro;,t—”gm converges. Then there exists a positive constant A > 0
such that In Si A, namely S =e~4 > 0. Hence,

M; < C’4M5g7 for any j > 1.
Letting j — oo, we obtain
sup [[pu(z, )| = < Cysup |[nu(z, t)|Zsm,
t>T t>T
and this lemma is proved. O

Using the above lemmas, we finally prove that

Lemma 3.5. Let (u,v) € Xy x Xy be a solution of (1.1). Then

t1i>Igo a(t) =1,

and
. 112 _
tlggo/ lu(z,t) — 1]°dz = 0, (3.21)
Q

where a(t) is defined in Lemma 3.3.
Proof. We first show that

tlggo a(t) # 0. (3.22)

Otherwise, by Lemma 3.4, we have

lim fJu(-,#)||z~ = 0.

t—o0

Then there exists T' > 0, such that or any ¢t > T, u(z,t) < % a.e. in €. Choosing the test function

p= e*%SX[Tﬂ in (2.1), with u(z,0), ¢(z,0) being replaced by u(z,T) and ¢(x,T), we obtain

¢ ¢
/ue*%td:ﬂ - /ue*%de = u//u(l —u)e” 2 dxds — g//uefgsd:vds >0, fort > T,
T Q T Q

Q Q

which implies

/u(x,t)dx > e5(-T) /u(x,T)da: — 00, as t — oo.
Q Q
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It is a contradiction. Thus, we have (3.22). Next, we show

lim a(t) = 1.

t—o0

Suppose the contrary, by (3.22) and Lemma 3.3, there exists two sequences {t§-1)}j and {t§-2)}j with

t§-1),t§2) — 00 as j — 0o, such that

lim a(t) =0,  lim at?) =1, (3.23)

j—o0

since a is bounded. Note that
d/ ()| = %‘ /u(l —w)dz| < C,
Q

which implies that a is Lipschitz continuous. Then by (3.23) and intermediate value theorem, there exists

{t;g)}j with tég) — 00 as j — 00, such that

1
lim a(tég)) =-

j—o00 2

It contradicts with Lemma 3.3, and (3.21) is a direct result of Lemma 3.3. O
Next, we show that v — 0 as t — oo.
Lemma 3.6. Let (u,v) € Xy x Xy be a solution of (1.1). Then there exists a constant Ty, such that
[l < Ce#, (Bl < Ce™ 3
for any t > Tp.

Proof. Choosing the test function ¢ = vetxhs] in (2.2), and using Gagliardo-Nirenberg interpolation in-
equality and Cauchy’s inequality, for any s > 7 > 0, we have

1 S 1 S S
3 et/’l}de +/et/|Vv|2dxdt+§/et/v2dxdt:/et/v2(1—u)dxdt
Q r T Q T Q T Q

S

< [ elulallu 150

T

S S

3 1
< [ volfalolfallu— szt + Co [ e olfallu— 1o

T T

< Cg/et (IVollZllw = ez + [[vl|Z2 lu = 1|z2) dt.

T

By (3.21), there exists a large constant T' > 0, such that

1
Csllu(-,t) = 1|2 < 7 for any t>T.



210 C. Jin / J. Math. Anal. Appl. 478 (2019) 195-211

Then we obtain

3 [ 1 [
/etUde + 5 // |Vo|?eldxdt + 3 //ertdxdt <0, forany s>7>T. (3.24)
Q r T Q T Q

Choosing the test function ¢ = —e’x(; jAv in (2.2), and using Gagliardo-Nirenberg interpolation inequality
and Cauchy’s inequality, we have

S

1
5/\VU\26tdx //|Av|2 tdadt + = //\VU\Z tdadt = // (u — 1)Ave'dzdt

T

//|Av|2 tdxdt + = // )2e!dxdt
//|Av|2 Urdt 4 /Hv||L4||u—1|\L2|\u—1||me

1 3 1 h
5//|Av|2etdxdt+04/||V’u||22|\v||22||u—1|\Lzetdt+C5/||vH%2Hu—1||L26tdt
T Q T T

I /\

I /\

IN

IN

1 S S
5//|Av|2etdazdt + C’G/ ([IVoll72lu— 1| g2 + [[v]|72]ju — 1]|r2) e'dt, for any s > 7 > 0.

By (3.21), there exists a large constant 7" > 0, such that
1 /
Csllu(-,t) — 1|2 < 7 for any t>1T'.
Then for any s > 7 > Ty = max{7T,T"}, we obtain

1 S
/|Vv|26tdx //|AU|2 tdxdt + = //|VU|2€tdl‘dt 5//1)26tdxdt. (3.25)
)

) T Q T Q
Combining with (3.24), we obtain
[HU(',t)”%{l@t]j <0, foranys>rTt>Typ,
that is
(-, )13 < Jol-, To)| % e” T for any s > Tp. (3.26)
By Gagliardo-Nirenberg interpolation inequality and Sobolev inequality, we get
lollz= < CalIVoliw ol fs + Callvllze < Col[Foll3 0l + Callvl e,
combining with (3.26), we obtain
lo(, )= < Ce 3!, for any t > Tp.

The proof is complete. O
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Proof of Theorem 1.2. If p < 2, then
lu =1l < Cllu— 1] 12 = 0.

Noticing that

2 p=2
lu=1lze < Jlu—1f2llu =1l %, forany p=>2,
and using Lemma 3.5 and Lemma 3.6, we complete the proof of Theorem 1.2. O
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