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This paper is concerned with positive classical solutions to the Hartree equation

−Δu =
(

1
|x|n−α

∗ up

)
up−1 in Rn.

When n ≤ 2, we show that the equation has no positive solution. When n ≥ 3, 
we prove that the equation has no positive solution if p < n+α

n−2 , we also classify all 
positive solutions to the equation in the critical case p = n+α

n−2 . The main novelty 
of this paper is that we cover the full range 0 < α < n and −∞ < p ≤ n+α

n−2 in our 
results.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction and main results

We study the existence and nonexistence of positive solutions to the Hartree equation

−Δu =
(

1
|x|n−α

∗ up

)
up−1 in Rn, (1)

where we always assume throughout this work that 0 < α < n and p ∈ R. Unless specified, positive solutions 
of (1) are always understood in the classical sense. That is, we call u a positive solution of (1) if u ∈ C2(Rn), 
u > 0 and u verifies (1) pointwise.

Equation (1) is also known as the stationary Choquard or Schrödinger-Newton equation which arises nat-
urally in a variety of applications, for instance, the physics of multiple particle systems, quantum mechanics, 
Hartree-Fock theory, physics of laser beams and so on, which we refer to [11,14,16].
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The existence of positive solutions for such an equation is a topic of intensive research recently, see 
[3,5,8,9,12,13,18] and the references therein. In [8], Lei studied positive solutions of (1) in the case n ≥ 3
and α = 2. He proved that the equation has no positive solution if 1 ≤ p < n+2

n−2 . He also showed that, if 

p = n+2
n−2 , then every positive solution u of (1) must assume the form u(x) = c 

(
μ

μ2+|x−x0|2
)n−2

2 for some 

c, μ > 0 and x0 ∈ Rn. Equation (1) with more general values of α was studied by Du-Yang in [3] and 
Guo-Hu-Peng-Shuai in [5], where they classified positive D1,2(Rn) solutions of (1) when p = n+α

n−2 under the 
additional assumption α ≥ n − 4. They required this technical restriction since their method only works 
for the case p ≥ 2, which is equivalent to α ≥ n − 4 when p = n+α

n−2 . A Liouville type theorem was also 
established recently by Yang-Xu [18] for positive H1

loc(Rn) ∩ C(Rn) solutions of (1) when 1 ≤ p < n+α
n−2 . 

However, the assumption α ≥ n − 4 is still needed in [18]. On the other hand, there is no existence or 
nonexistence result in literature for the case p < 0 to the best of our knowledge.

Motivated by the above works, in this paper, we introduce some new ideas that allows us to investigate 
existence and uniqueness of positive solutions of (1) in the full range 0 < α < n and −∞ < p ≤ n+α

n−2 . Our 
main results are the following theorems.

Theorem 1. If n ≤ 2, then (1) has no positive solution for all p ∈ R.

Theorem 2. Let n ≥ 3. If p < n+α
n−2 , then (1) has no positive solution. If p = n+α

n−2 , then every positive 
solution u of (1) must assume the form

u(x) = μ
n−α

2 Q(μ(x− x0)) for some μ > 0 and x0 ∈ Rn,

where

Q(x) =
[
RnI

(
n− 2

2

)
I

(
n− α

2

)]− n−2
2(α+2)

(
1

1 + |x|2
)n−2

2

with Rn = Γ(n−2
2 )

4π
n
2

and I(s) = π
n
2 Γ(n−2s

2 )
Γ(n−s) .

In Section 2, we prove Proposition 3, which implies Theorem 1 and Theorem 2 in the case p < 1. The 
case p ≥ 1 in Theorem 2 will be proved in Section 3 via the method of moving planes in integral forms 
introduced by Chen-Li-Ou [1]. Throughout this paper, we use C to denote various positive constants. At 
times, we append subscripts to C to specify its dependence on the subscript parameters. We also denote by 
|Ω| the Lebesgue measure of a measurable set Ω and by BR the ball of center 0 and radius R > 0.

2. The singular cases

Proposition 3. Equation (1) has no positive solution if one of the following conditions holds

(i) n = 1, 2,
(ii) n ≥ 3 and p < 1.

In order to prove Proposition 3, we utilize the following optimal nonexistence result for nonnegative 
nontrivial supersolutions of (1) in exterior domains with p > 0.

Theorem 4 (see Theorem 1 in [15]). Let p, ρ > 0 and consider the problem

−Δu(x) ≥
∫

n

up(y)
|x− y|n−α

dy · up−1(x) for x ∈ Rn \Bρ. (2)

R \Bρ
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In dimension n = 1, 2, problem (2) has no nonnegative nontrivial solution. In dimension n ≥ 3, problem (2)
has a nonnegative nontrivial solution if and only if the following assumptions hold simultaneously:

p >
n + α− 2
n− 2 if α > n− 2,

p ≥ 2 if α = n− 2,

p ≥ n

n− α/2 − 1 if α < n− 2,

p >
n + α/2 − 1

n− 2 .

Proof of Proposition 3. It suffices to consider three cases.
Case 1: n = 1, 2 and p > 0. By Theorem 4, equation (1) has no positive solution in this case.
Case 2: n ≥ 3 and 0 < p < 1. Clearly, all assumptions in Theorem 4 imply p > 1. Therefore, as a 

consequence of Theorem 4, equation (1) has no positive solution when 0 < p < 1.
Case 3: p ≤ 0. By contradiction, suppose that (1) has a positive solution u. For each r > 0, we define

u(r) = 1
|∂Br|

∫
∂Br

udσ

the spherical average of u. Then we have

−|∂Br|u′(r) = −
∫

∂Br

∂u

∂ν
dσ = −

∫
Br

Δu dx =
∫
Br

(
1

|x|n−α
∗ up

)
up−1dx > 0.

Therefore, u is decreasing in (0, ∞). This fact and Jensen’s inequality imply

(
1

|x|n−α
∗ up

)
(0) =

∫
Rn

up(y)
|y|n−α

dy =
+∞∫
0

∫
∂Br

up(y)
rn−α

dσdr ≥
∫
Rn

up(|y|)
|y|n−α

dy ≥ up(0)
∫
Rn

1
|y|n−α

dy = ∞,

which is absurd. �
3. The subcritical and critical cases

In this section, we assume n ≥ 3 and 1 ≤ p ≤ n+α
n−2 .

Lemma 5. Let u ∈ C2(Rn) be a positive function. If u is a solution of (1), then u satisfies the integral 
equation

u(x) = Rn

∫
Rn

up−1(y)
|x− y|n−2

(
1

|x|n−α
∗ up

)
(y)dy, x ∈ Rn, (3)

and vice versa, where Rn = Γ(n−2
2 )

4π
n
2

.

Proof. We recall that G(x, y) = Rn

|x−y|n−2 is the Green’s function for −Δ on Rn. If u ∈ C2(Rn) is a positive 
solution of (3), then
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−Δu(x) =
∫
Rn

−Δ
(

Rn

|x− y|n−2

)
up−1(y)

(
1

|x|n−α
∗ up

)
(y)dy

=
∫
Rn

δx(y)up−1(y)
(

1
|x|n−α

∗ up

)
(y)dy =

(
1

|x|n−α
∗ up

)
(x)up−1(x).

That is, u satisfies (1).
Conversely, assume that u is a positive solution of (1). For arbitrary R > 0 and x ∈ BR, let

vR(x) =
∫
BR

GR(x, y)
(

1
|x|n−α

∗ up

)
(y)up−1(y)dy,

where GR is the Green’s function for −Δ on BR, which is given by

GR(x, y) = Rn

⎛
⎜⎝ 1
|x− y|n−2 − 1∣∣∣ R

|x|x− |x|
R y

∣∣∣n−2

⎞
⎟⎠

(see [4, Chapter 2]). Then we have

⎧⎨
⎩−ΔvR =

(
1

|x|n−α ∗ up
)
up−1 in BR,

vR = 0 on ∂BR.

Hence
{
−Δ(u− vR) = 0 in BR,

u− vR ≥ 0 on ∂BR.

This implies u − vR ≥ 0 in BR for all R > 0 thanks to the maximum principle. For arbitrary x fixed, by 
letting R → ∞, we deduce

u(x) ≥ v(x) :=
∫
Rn

Rn

|x− y|n−2

(
1

|x|n−α
∗ up

)
(y)up−1(y)dy.

On the other hand,

−Δv(x) =
(

1
|x|n−α

∗ up

)
(x)up−1(x), x ∈ Rn.

Therefore,

{
−Δ(u− v) = 0 in Rn,

u− v ≥ 0 in Rn.

From the Liouville theorem for entire harmonic functions, we must have u − v ≡ C0 ≥ 0. Hence

u(x) =
∫

Rn

|x− y|n−2

(
1

|x|n−α
∗ up

)
(y)up−1(y)dy + C0 ≥ C0.
Rn
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Consequently,

∞ > u(0) ≥ v(0) =
∫
Rn

Rn

|y|n−2

⎛
⎝∫
Rn

up(z)
|y − z|n−α

dz

⎞
⎠up−1(y)dy

≥ C2p−1
0

∫
Rn

Rn

|y|n−2

∫
Rn

1
|y − z|n−α

dzdy.

Since the last integral is infinite, we deduce that C0 = 0. Therefore, u satisfies (3). �
Let u be a positive solution of (1). By setting v = 1

|x|n−α ∗ up and using Lemma 5, we may transform (1)
to the equivalent integral system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u(x) = Rn

∫
Rn

up−1(y)v(y)
|x− y|n−2 dy, x ∈ Rn,

v(x) =
∫
Rn

up(y)
|x− y|n−α

dy, x ∈ Rn.
(4)

Let u and v be the Kelvin transform of u and v centered at the origin, respectively. That is,

u(x) = 1
|x|n−2u

(
x

|x|2
)

and v(x) = 1
|x|n−α

v

(
x

|x|2
)

for x ∈ Rn \ {0}.

Then

u(x) ∼ 1
|x|n−2 and v(x) ∼ 1

|x|n−α
as |x| → ∞ (5)

and (u, v) satisfies the integral system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u(x) = Rn

∫
Rn

up−1(y)v(y)
|x− y|n−2|y|γ dy, x ∈ Rn,

v(x) =
∫
Rn

up(y)
|x− y|n−α|y|γ dy, x ∈ Rn,

(6)

where

γ = n + α− p(n− 2) ≥ 0.

For any λ ∈ R, let Tλ = {x ∈ Rn | x1 = λ} be the moving plane, Σλ = {x ∈ Rn | x1 < λ} be the region 
to the left of the plane and xλ = (2λ − x1, x2, . . . , xn) be the reflection of the point x = (x1, x2, . . . , xn)
about the plane Tλ. We also define

uλ(x) := u(xλ), Uλ(x) := uλ(x) − u(x), vλ(x) := v(xλ), Vλ(x) := vλ(x) − v(x).

Moreover, for λ < 0, we denote

Σ∗
λ = Σλ \ {0λ}, Σu

λ = {x ∈ Σ∗
λ | Uλ(x) < 0}, Σv

λ = {x ∈ Σ∗
λ | Vλ(x) < 0}.
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From (6), we deduce that, for any x ∈ Σ∗
λ with λ < 0,

u(x) = Rn

∫
Σλ

up−1(y)v(y)
|x− y|n−2|y|γ dy + Rn

∫
Σλ

up−1
λ (y)vλ(y)

|x− yλ|n−2|yλ|γ dy (7)

and

uλ(x) = Rn

∫
Σλ

up−1(y)v(y)
|xλ − y|n−2|y|γ dy + Rn

∫
Σλ

up−1
λ (y)vλ(y)

|xλ − yλ|n−2|yλ|γ dy. (8)

Combining (7), (8) and using the fact that |x − yλ| = |xλ − y| and |x − y| = |xλ − yλ|, we have

Uλ(x) = Rn

∫
Σλ

(
1

|x− y|n−2 − 1
|xλ − y|n−2

)(
up−1
λ (y)vλ(y)

|yλ|γ − up−1(y)v(y)
|y|γ

)
dy

≥ Rn

∫
Σλ

(
1

|x− y|n−2 − 1
|xλ − y|n−2

)
up−1
λ (y)vλ(y) − up−1(y)v(y)

|y|γ dy.

(9)

By the mean value theorem, one may show that, for any 0 < a ≤ b and q ≥ 0,

aq − bq ≥ max{q, 1}bq−1(a− b). (10)

With the aid of (10), for each y ∈ Σ∗
λ, we have four possible cases:

• If uλ(y) ≥ u(y) and vλ(y) ≥ v(y), then up−1
λ (y)vλ(y) − up−1(y)v(y) ≥ 0.

• If uλ(y) ≥ u(y) and vλ(y) < v(y), then up−1
λ (y)vλ(y) − up−1(y)v(y) ≥ up−1(y)Vλ(y).

• If uλ(y) < u(y) and vλ(y) ≥ v(y), then

up−1
λ (y)vλ(y) − up−1(y)v(y) ≥

(
up−1
λ (y) − up−1(y)

)
v(y) ≥ max{p− 1, 1}up−2(y)v(y)Uλ(y).

• If uλ(y) < u(y) and vλ(y) < v(y), then

up−1
λ (y)vλ(y) − up−1(y)v(y) =

(
up−1
λ (y) − up−1(y)

)
vλ(y) + up−1(y) (vλ(y) − v(y))

≥ max{p− 1, 1}up−2(y)v(y)Uλ(y) + up−1(y)Vλ(y).

Therefore, in all cases, we have

up−1
λ (y)vλ(y) − up−1(y)v(y) ≥ max{p− 1, 1}up−2(y)v(y)U−

λ (y) + up−1(y)V −
λ (y), (11)

where, as usual, we denote a− = min{0, a} for any a ∈ R.
Substituting (11) into (9), we obtain

Uλ(x) ≥ C

∫
u

up−2(y)v(y)Uλ(y)
|x− y|n−2|y|γ dy + C

∫
v

up−1(y)Vλ(y)
|x− y|n−2|y|γ dy. (12)
Σλ Σλ
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By a similar reasoning, we have

Vλ(x) =
∫
Σλ

(
1

|x− y|n−α
− 1

|xλ − y|n−α

)(
up
λ(y)
|yλ|γ − up(y)

|y|γ
)
dy

≥
∫
Σλ

(
1

|x− y|n−α
− 1

|xλ − y|n−α

)
up
λ(y) − up(y)

|y|γ dy,

(13)

which yields

Vλ(x) ≥ p

∫
Σu

λ

up−1(y)Uλ(y)
|x− y|n−α|y|γ dy. (14)

Applying Hölder’s and the Hardy-Littlewood-Sobolev inequality (see [17,10]), from (12), we have

‖Uλ‖
L

2n
n−2 (Σu

λ)
≤ C

∥∥∥∥up−2vUλ

|x|γ

∥∥∥∥
L

2n
n+2 (Σu

λ)
+ C

∥∥∥∥up−1Vλ

|x|γ

∥∥∥∥
L

2n
n+2 (Σv

λ)

≤ C

∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ)
‖Uλ‖

L
2n

n−2 (Σu
λ)

+ C

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)
‖Vλ‖

L
2n

n−α (Σv
λ)
.

(15)

Similarly, from (14), we have

‖Vλ‖
L

2n
n−α (Σv

λ)
≤ C

∥∥∥∥up−1Uλ

|x|γ

∥∥∥∥
L

2n
n+α (Σu

λ)
≤ C

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ)
‖Uλ‖

L
2n

n−2 (Σu
λ)
. (16)

Combining (15) and (16), we derive

‖Uλ‖
L

2n
n−2 (Σu

λ)
≤ C

(∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ)
+

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ)

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)

)
‖Uλ‖

L
2n

n−2 (Σu
λ)
, (17)

where the constant C is independent of λ. Note that, with the aid of (5), one may check that

up−2v

|x|γ ∈ L
n
2 (Rn \Bε) and up−1

|x|γ ∈ L
2n

α+2 (Rn \Bε) for all ε > 0. (18)

Proof of Theorem 2. Due to Proposition 3, it suffices to consider two cases.
Case 1: The subscritical case 1 ≤ p < n+α

n−2 . In this case, γ > 0.
We start moving the plane Tλ from near λ = −∞ to the right along the x1 direction until it reaches the 

limiting position in order to derive symmetry. This procedure contains two steps.
Step 1. We show that, for λ sufficiently negative,

Uλ ≥ 0 in Σ∗
λ. (19)

Indeed, from (18), we can choose R0 > 0 sufficiently large, such that for λ ≤ −R0, we have
∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ)
+

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ)

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)
≤ 1

2C , (20)

where the constant C is the same as in (17). Therefore, (17) and (20) imply ‖Uλ‖
L

2n
n−2 (Σu

λ)
= 0 and hence 

|Σu
λ| = 0 for λ ≤ −R0. Thus, (19) holds for λ ≤ −R0. This completes Step 1.
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Step 2. Let

λ0 = sup{λ ≤ 0 | Uμ ≥ 0 in Σ∗
μ for all μ ≤ λ}. (21)

In this step, we show that

λ0 = 0. (22)

Suppose on contrary that λ0 < 0. We already have Uλ0 ≥ 0 in Σ∗
λ0

. Hence, it follows from (13) that

Vλ0(x) ≥
∫

Σλ0

(
1

|x− y|n−α
− 1

|xλ0 − y|n−α

)(
1

|yλ0 |γ − 1
|y|γ

)
up(y)dy > 0. (23)

Then (9) implies

Uλ0(x) ≥ Rn

∫
Σλ0

(
1

|x− y|n−2 − 1
|xλ0 − y|n−2

)(
1

|yλ0 |γ − 1
|y|γ

)
up−1(y)v(y)dy > 0. (24)

That is, Uλ0 > 0 in Σ∗
λ0

. We will obtain a contradiction with (21) by showing there exists ε > 0 small 
enough such that Uλ ≥ 0 in Σ∗

λ for all λ ∈ [λ0, λ0 + ε).
It can be clearly seen from (17) that, our primary task is to prove that, one can choose ε > 0 sufficiently 

small such that ∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ)
+

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ)

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)
≤ 1

2C (25)

for all λ ∈ [λ0, λ0 + ε), where the constant C is the same as in (17).
From (18), there exists R > 0 large enough such that

∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ\BR)
+

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ\BR)

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)
≤ 1

4C (26)

for all λ ∈ [λ0, λ0/2).
Since Uλ0 > 0 in Σ∗

λ0
, which means Σu

λ0
= ∅, we have lim

λ→λ+
0

|Σu
λ ∩BR| = 0. Therefore,

∥∥∥∥up−2v

|x|γ

∥∥∥∥
L

n
2 (Σu

λ∩BR)
+

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σu

λ∩BR)

∥∥∥∥up−1

|x|γ

∥∥∥∥
L

2n
α+2 (Σv

λ)
≤ 1

4C (27)

for λ sufficiently close to λ0.
Combining (26) and (27), we arrive at (25).
We deduce from (17) and (25) that, there exists an ε ∈ (0, |λ0|/2) sufficiently small such that |Σu

λ| = 0
for all λ ∈ [λ0, λ0 + ε). Hence Uλ ≥ 0 in Σ∗

λ for all λ ∈ [λ0, λ0 + ε). This contradicts with the definition of 
λ0 in (21). Therefore, (22) must hold and hence U0 ≥ 0 in Σ0. This completes Step 2.

Similar to the previous steps, one can move the plane Tλ from +∞ to the left to get that U0 ≤ 0 in Σ0. 
Hence, U0 ≡ 0 and u is symmetric about T0. We can repeat the previous reasoning to any direction in order 
to deduce that u is radially symmetric about 0. So is u.

Since equation (1) is invariant under translations, we deduce that u is radially symmetric about any point 
in Rn. This only occurs if u is constant. However, it is absurd since a positive constant function does not 
satisfy (1).
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Case 2: The critical case p = n+α
n−2 . In this case, γ = 0.

Since a positive constant function does not satisfy (1), there exists a hyperplane H such that u is not 
symmetric about H. Without loss of generality, we may assume H = T0.

Step 1 is entirely the same as that in the subcritical case, that is, we can show that for λ sufficiently 
negative,

Uλ ≥ 0 in Σ∗
λ. (28)

Let

λ0 = sup{λ ≤ 0 | Uμ ≥ 0 in Σ∗
μ for all μ ≤ λ}.

Unlike the subcritical case, we are not able to rule out the possibility λ0 < 0 since the integrals in (23)
and (24) are zero when γ = 0. Indeed, we have to consider two possibilities.

Possibility (i): λ0 < 0. We show that Uλ0 = 0 in Σ∗
λ0

. Otherwise, assume Uλ0 ≥ 0, but Uλ0 
≡ 0 in Σ∗
λ0

. 
It follows from (13) that

Vλ0(x) =
∫

Σλ0

(
1

|x− y|n−α
− 1

|xλ0 − y|n−α

)(
up
λ0

(y) − up(y)
)
dy > 0

and hence (9) implies

Uλ0(x) = Rn

∫
Σλ0

(
1

|x− y|n−2 − 1
|xλ0 − y|n−2

)(
up−1
λ0

(y)vλ0(y) − up−1(y)v(y)
)
dy > 0.

Similar to the subcritical case, one can show that the plane Tλ can move a little bit to the right such 
that (28) still holds. This contradicts the definition of λ0. Hence, we must have Uλ0 = 0 in Σ∗

λ0
.

Possibility (ii): λ0 = 0. In this case, we move the plane Tλ from near +∞ to the left and let

λ1 = inf{λ ≥ 0 | Uμ ≤ 0 in Σμ \ {0} for all μ ≥ λ}.

If λ1 = 0, then we derive that u is symmetric about T0. Hence, u is also symmetric about T0. This 
contradicts the previous assumption. Therefore, λ1 > 0 and we may argue as in Possibility (i) to conclude 
that u is symmetric about Tλ1 .

In any case, u is symmetric about Tμ0 for some μ0 
= 0. Hence,

lim
x→0

u(x) = u(0μ0) and lim
x→0

v(x) = v(0μ0),

which yield

u(x) ∼ 1
|x|n−2 and v(x) ∼ 1

|x|n−α
as |x| → ∞.

This enables us to apply the method of moving plane to system (4) directly and show that u is symmetric 
and monotone decreasing about Tμ1 for some μ1 ∈ R.

Since (1) is invariant under rotations and translations, the above arguments show that for any direction 
l, the solution u is symmetric about some hyperplane Hl which is orthogonal to l. This implies that u is 
radially symmetric about some point. Hence, u must assume the form u(x) = μ

n−2
2 Q(μ(x − x0)) due to a 

recent result by Guo-Hu-Peng-Shuai [5] (see also [2,6,7] for the detail computation of coefficient of Q). �



10 P. Le / J. Math. Anal. Appl. 485 (2020) 123859
References

[1] W. Chen, C. Li, B. Ou, Classification of solutions for an integral equation, Comm. Pure Appl. Math. 59 (3) (2006) 330–343.
[2] W. Dai, J. Huang, Y. Qin, B. Wang, Y. Fang, Regularity and classification of solutions to static Hartree equations involving 

fractional Laplacians, Discrete Contin. Dyn. Syst. 39 (3) (2019) 1389–1403.
[3] L. Du, M. Yang, Uniqueness and nondegeneracy of solutions for a critical nonlocal equation, Discrete Contin. Dyn. Syst. 

39 (10) (2019) 5847–5866.
[4] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics in Mathematics, Springer-

Verlag, Berlin, 2001. Reprint of the 1998 edition.
[5] L. Guo, T. Hu, S. Peng, W. Shuai, Existence and uniqueness of solutions for Choquard equation involving Hardy–

Littlewood–Sobolev critical exponent, Calc. Var. Partial Differential Equations 58 (2019) 128.
[6] P. Le, Liouville theorem and classification of positive solutions for a fractional Choquard type equation, Nonlinear Anal. 

185 (2019) 123–141.
[7] P. Le, Symmetry and classification of solutions to an integral equation of the Choquard type, C. R. Math. Acad. Sci. Paris 

357 (2019) 878–888.
[8] Y. Lei, Liouville theorems and classification results for a nonlocal Schrödinger equation, Discrete Contin. Dyn. Syst. 38 (11) 

(2018) 5351–5377.
[9] E.H. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Stud. Appl. Math. 

57 (2) (1976/77) 93–105.
[10] E.H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of Math. (2) 118 (2) (1983) 

349–374.
[11] E.H. Lieb, B. Simon, The Hartree-Fock theory for Coulomb systems, Comm. Math. Phys. 53 (3) (1977) 185–194.
[12] P.-L. Lions, The Choquard equation and related questions, Nonlinear Anal. 4 (6) (1980) 1063–1072.
[13] L. Ma, L. Zhao, Classification of positive solitary solutions of the nonlinear Choquard equation, Arch. Ration. Mech. Anal. 

195 (2) (2010) 455–467.
[14] I.M. Moroz, R. Penrose, P. Tod, Spherically-symmetric solutions of the Schrödinger-Newton equations, Classical Quantum 

Gravity 15 (9) (1998) 2733–2742. Topology of the Universe Conference (Cleveland, OH, 1997).
[15] V. Moroz, J. Van Schaftingen, Nonexistence and optimal decay of supersolutions to Choquard equations in exterior 

domains, J. Differential Equations 254 (8) (2013) 3089–3145.
[16] G.I. Nazin, Limit distribution functions of systems with many-particle interactions in classical statistical physics, Teoret. 

Mat. Fiz. 25 (1) (1975) 132–140.
[17] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, vol. 30, Prince-

ton University Press, Princeton, N.J., 1970.
[18] J. Yang, X. Yu, Liouville type theorems for Hartree and Hartree-Fock equations, Nonlinear Anal. 183 (2019) 191–213.

http://refhub.elsevier.com/S0022-247X(20)30021-4/bibD3B5A67EB9318F99612AC5405D99EA0Bs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib106B695FD5E4E2AB745966188848E054s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib106B695FD5E4E2AB745966188848E054s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib300A9116058EA694BAC6449D1D273DA4s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib300A9116058EA694BAC6449D1D273DA4s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib98DE52CDC4087ADEEBECD261F6CC46D7s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib98DE52CDC4087ADEEBECD261F6CC46D7s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib35C060120E6341D661269F15D4E2D665s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib35C060120E6341D661269F15D4E2D665s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib589D8EF14708900A0387033FE180C56Ds1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib589D8EF14708900A0387033FE180C56Ds1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib9A2AE98ADFAEECC4598575C614EE00D4s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib9A2AE98ADFAEECC4598575C614EE00D4s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib4231B7F9EBAE5B4553E2801E96C65901s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib4231B7F9EBAE5B4553E2801E96C65901s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib46103410513B6CBB4B0667D3EBDBAB8Bs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib46103410513B6CBB4B0667D3EBDBAB8Bs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibFC20DB724D9015893E0D30C33A4F25F6s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibFC20DB724D9015893E0D30C33A4F25F6s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib5CCC0A284CE0FE63F06450763D169C9Bs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib15CFCC066927447AA5E183E88ABFF029s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib63A7F4125864760AA00FF65544494CE5s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib63A7F4125864760AA00FF65544494CE5s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibDDDC31D89F4CFBB020347FD16DB90364s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibDDDC31D89F4CFBB020347FD16DB90364s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibA46AA1DE9F1911AE219C0AA161B788D5s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bibA46AA1DE9F1911AE219C0AA161B788D5s1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib3FB1AFE4AAD585973CD5BEDB5581462Es1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib3FB1AFE4AAD585973CD5BEDB5581462Es1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib3744EEF90B963D3D2C8EED31A248DBDFs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib3744EEF90B963D3D2C8EED31A248DBDFs1
http://refhub.elsevier.com/S0022-247X(20)30021-4/bib16309BBD169C8F931CA55F30898A8749s1

	On classical solutions to the Hartree equation
	1 Introduction and main results
	2 The singular cases
	3 The subcritical and critical cases
	References


