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1. Introduction

The Banach-Stone theorem is a classical result in the theory of function spaces which describes all linear
isometries from C'(X) onto C(Y) as weighted composition operators based on a homeomorphism between
the compact spaces X and Y. Stemming from this result, linear isometries on different contexts have been
studied extensively. Indeed, the isometries of most of the well-known function spaces and algebras whose
underlying spaces are (locally) compact have been described, similarly, as weighted composition operators
(see, e.g., [4]). However, without assuming compactness, a linear isometry from Cy(X) onto Cy(Y") does not
yield a homeomorphism between the Tychonoff spaces X and Y (see [7, Example 1.2]), a fact which might
explain the scarcity of results concerning isometries between function spaces in a noncompact framework
(see [1] and [2]).

In this paper we study surjective linear isometries defined between spaces of scalar-valued absolutely
continuous functions on arbitrary subsets of the real line (with at least two points). We use, following the
direction of [6], a natural norm || - || in this context and show how || - ||-isometries are related to supremum
norm isometries. It should be noted that we provide an example which shows that the space of absolutely

* This work was partially supported by a grant from the IMU-CDC. J.J. Font was supported by Spanish Government grant
MTM2016-77143-P (AEI/FEDER, UE) and Generalitat Valenciana (Projecte GV /2018/110).
* Corresponding author.

E-mail addresses: m.hosseini@kntu.ac.ir (M. Hosseini), font@mat.uji.es (J.J. Font).

https://doi.org/10.1016/j.jmaa.2020.123962
0022-247X/© 2020 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2020.123962
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2020.123962&domain=pdf
mailto:m.hosseini@kntu.ac.ir
mailto:font@mat.uji.es
https://doi.org/10.1016/j.jmaa.2020.123962

2 M. Hosseini, J.J. Font / J. Math. Anal. Appl. 487 (2020) 123962

continuous functions is not uniformly dense in the space of all bounded uniformly continuous functions
and, consequently, the known results concerning supremum norm isometries cannot be used in this context.
Indeed, we have to apply some technical lemmas to obtain the description of the isometries, which turns
out to be based on a homeomorphism between the closure of the domains. As a consequence, we get
generalizations of [6, Example 5] and [5, Corollary 4.4] to a noncompact framework.

2. Preliminaries

Let X be a subset of the real line R with at least two points. We recall that a scalar-valued function f
on X has bounded variation if the total variation V(f) of f is finite, i.e.,

V(f):= sup{z |f(zi) — f(zi—1)| :n € Nyzg, 21, ey 2p € Xy <21 < ... < xn} < 0.

i=1

Moreover, a scalar-valued function f on X is said to be absolutely continuous if given € > 0, there exists a
4 > 0 such that

n

Z |f(bi) = flai)] <e,

i=1

for every finite family of non-overlapping open intervals {(a;, b;) : i = 1,--- ,n} whose extreme points belong
to X with > | (b; — a;) < 6. We denote by AC,(X) the space of all scalar-valued absolutely continuous
functions of bounded variation on X, equipped with the norm || - || = max{|| - ||, V(-)}, where || - ||oc denotes

the supremum norm of a function. Let us remark that when X is bounded, each absolutely continuous
function is automatically of bounded variation, and in this case we simply write AC,(X) = AC(X).

Given a scalar-valued function f on X, we denote the cozero set and the support of f by coz(f) and
Supp(f), respectively. For the case where f is bounded, we denote the maximum modulus set of f by
My ={zeX:|f(x)[=1=fls} )

Meantime, for any f € ACy(X), let f be the unique extension of f to the Stone-Cech compactification,
BX, of X.

3. The results

From now on, we shall assume that X and Y are arbitrary (not necessarily closed or bounded) subsets
of the real line with at least two points. Moreover, T' will stand for a surjective linear || - [|-isometry from
ACy(X) onto AC,(Y') with respect to the norm || - || such that T'1 is bounded away from zero, which is to
say that there exists ¢ > 0 such that, for each y € Y, we have |T'1(y)| > t. In particular, this is clearly the
case when 7’1 is a unimodular function. Furthermore, it is shown that if the underlying spaces X and Y are
connected, then T'1 is bounded away from zero (see Corollary 3.15).

Note also that when the underlying spaces X and Y are compact, the condition that “T'1 is bounded
away from zero” coincides with property P in [2] and property Q in [3] (see also [5]).

Lemma 3.1. Each absolutely continuous function f on X has a unique absolutely continuous extension f to
the closure X of X.

Proof. Since f is uniformly continuous, f has a unique uniformly continuous extension to the closure X
of X, which we denote by f. We claim that f is absolutely continuous. To this end, let € > 0 and choose
d > 0 associated to the absolutely continuity of f with respect to 5. Assume that {(a;, b;) :i=1,---,n} is
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a finite family of non-overlapping open intervals whose extreme points belong to X and S (b —a;) < %.
With no loss of generality, assume that

ar <bp<ay<by <---<ap<b,.

Put
Ty =a1, T3 =0b1, 3 =az, -+ ,Tapn_1 = Apn, Tan = bp.

For each i € {1,---,2n}, consider z} = x; if z; € X, otherwise, if x; does not belong to X, we choose z} in
X as follows:

If 21 ¢ X, select 2 € X such that |z — 2}| < 3%, |f(z1) — f(z})] < ==, and we have either x} < 21, or
x1 < 2} <x2. If 29 ¢ X, choose 2, € X such that |xe — 25| < 31 |f(z ) f(ah)] < ==, and we have either

3n’

max{z],x1} < ¥y < T2, Or Ty < xhH < T3.

B;y continuing this process, for 2 < ¢ < 2n — 1, if 2; ¢ X, take x} € X such that |z; — 2}| < 3%,
|f(z:) — f(2})] < 55, and we have either
max{z,_q,zi_1} <z} <z, or x; < T} <z
i—1yLi—1 i @y % 3 i+1-
Meantime, for i = 2n, if 22, ¢ X, we choose x4, € X such that |2, — zh,| < 2, |f(z2n) — f(2h,)] < 5=,
and also o, < xh, or max{zh, |, Ton} < Th, < Top.
We rename again z; by a} if i is odd, and by b} if 4 is even. Hence we get af,--- ,a,,, b}, -+ ,b), € X and

{(a},b}) : i =1,..,n} is a finite family of non-overlapping open intervals whose extreme points belong to
X. Also

n 5 0 25
bl— b/-—bi bi— i i—l- — — — =.
E_ ay) EZ (| |+ | a;| + |a az\)<§ 3n+3+g ™
Thus it follows that

FODI+[7(67) = Fai)] + [f(ai) = flai))

HM:
5’
|/\
M:
q

which implies that f is absolutely continuous. O

As a consequence of this lemma, the spaces of absolutely continuous functions defined on an arbitrary
subset of the real line and on its completion coincide. In the next lemmas, we shall assume that X and Y
are closed subsets of the real line.

Lemma 3.2. If f € ACy(X) and |Tf|lcc > V(T'f), then V(f) < || flloo-

Proof. Let f € AC,(X) and yo € BY such that |ﬂ(y0)| = ||Tf|lso > V(Tf). Suppose, contrary to what we
claim, that V(f) > || f|lc- Let € be a positive scalar such that || f|lec + € < V(f).

As yo € BY, choose a net (y;); in Y such that y; — yo. Since T'1 is bounded away from zero, there exists
t > 0 such that for every i we have |T1(y;)| > t. Then |Tv1(y0)| > ¢ because T1 is a continuous function.
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Meantime, since || f||cc + € < V(f), it is clear that

I £ €ll = max{[[f £ el|co, V(f + €)}
= max{||f & €], V()}
= V() =1l

On the other hand, we have || Tf£€T1| = || f£el| and ||Tf| = || f||. Now it easily follows that || Tf £eT1| =
ITf|l = |Tf(yo)|, and so

ITf(yo) £ €T(yo)| < |Tf £ eTl|oo < |Tf £ €T = [T f(y0)|-

Then |f}'(y0):|:eﬁ(yo)| < |f}(y0)| which implies that 71(yo) = 0. This contradicts the fact that [71(yo)| >
t. Therefore, V(f) < ||fllco- O

Lemma 3.3. If f € ACyw(X), then ||Tflloco = || f|loo-
Proof. We divide the proof of this lemma into three parts as follows:

(i) First we show that for any f € AC,(X), ||Tfllcc < ||fllco- We verify this part by an argument similar
to the proof of [8, Proposition 1.3]. Let f € AC,(X) and yo € SY with \f}(yo)\ = [|Tf|lcc- Assume, on the
contrary, that [|f[lec < [[Tf]le. Let € be a positive scalar such that || f|ls +€ < \Tf(yo)\ Choose A > 0
large enough so that (A + 1)|Tf(y0)| = H)\Tf(yo) +Tfloo > V()\Tf(yo) +Tf)=V(Tf). Then, taking into
account Lemma 3.2, we have

INTHTF (o)) + flloo = VT X (TF(w0)) + ).

Hence, from the above relations, it follows that

INT=HTF (50)) + Flloo < IMTHTF(10)) oo + 11 F oo
< AT HTF o))l + 1 Fllse = AT F (o)l + 1 fllse
< AT F(yo)| + 1T F(wo)l — € = (A + DITF(yo)| -
= |INTf(yo) + Tf|| — €
= [INTH(Tf (o)) + fI| — €
= [IANT"H(TF(y0)) + flloo — €,

™

which is a contradiction showing that [|Tf|lcc < || f]]co-

(ii) We claim that for each z € X, |[T~11(z)| = 1. Suppose, contrary to what we claim, that there exists
zo € X and |T~11(z0)| < 1. Note that ||T~!1||« = 1, because from the above part we have

1= 1l < T 1l < 17711 = 1] = 1.
Define the function h by h(z) := 1 — |T~!1(x)| for all z € X. It is easy to see that h € AC,(X). Moreover,
|h(z)| + |T~*1(x)| =1 for all z € X, h(zg) =1 — |T"*1(xo)| and Th = T1 — T(|T~11]|). Since Th # 0, we
have 1 < max{||1 + Th||s, |1 — Th|/s}. On the other hand, again from (i), it follows that

11+ Thlloo = IT(TT 1 £ 1)l < 17711 % h|oo.
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Thus there exists 2’ € SX with 1 < max{@(x’)—&—]/’:_l/l(x’)\, Ih(z") —:F:Tl(x’)\} Consequently, 1 < |h(z')|+

|1/C1/1(a:' )| = 1, which is a contradiction. Hence the claim has been proved.

(iii) Finally, let f € ACy(X). By (i), |ITflloc < |Iflloo- Next, taking into account (ii), an assertion

similar to the part (i) for T=! shows that ||f|lcc = |[T7H(Tf)|lcc < |Tflloo- Therefore, ||f|lco = [|Tf]lo0, as
desired. O

Remark 3.4. From Lemma 3.3, one might think that all the results concerning || - ||-isometries on AC,(X)-
spaces could be deduced from similar ones concerning supremum norm isometries (see basically [1]) provided
ACy(X) was uniformly dense in the space of all bounded (uniformly) continuous functions on X. However,
such density result is not true as the following example shows: let X = N, M be the set of odd numbers,
N Dbe the set of even numbers, and define g(x) =1 if x € M, and g(x) = 0 if z € N. Then g is a bounded
and uniformly continuous function but there is no function f of bounded variation with || f — gl < 3-
Lemma 3.5. T'1 is a unimodular constant function.

Proof. If | X| = 2, then it is easily seen that |Y| = 2 and so the result follows from [5]. Otherwise, we can
assume y1, yY2, y3 are distinct points in Y such that y; < ys < y3. Define

Y3
—_— eyY).
Yo — — s X(y2,ys] (y)> (y )

Yy—u Y
= _— +
f(y) ( " Xy1,y2] (y) s

Clearly, f € ACy(Y). Since ||f]| = V(f) =2 > ||fllc = 1 and T is an isometry with respect to || - || and

- lloos we get [T fl =2> [T flloo = 1. Hence V(f £ T3) = |f £ T3l = T f £ 5] = V(T f) = 2.
So it follows that

2= v (rer) 2 |(r2ry) w0 - (1475 0

- KfiT%> (y2) — <fiT%) (y3)

[\

= ’:I:%Tl(yl) — (1 + %Tl(yg))' + ‘1 + %Tl(yz) - (%Tl(y:a))‘

- (122

)

which implies that T1(ys) — (% + %) = 0. Hence T1(y2) = w Using an argument
similar to the part (ii) in the proof of Lemma 3.3, one can observe that |T'1(y2)| = 1. Now, from the
fact that each point in the unit circle is an extreme point of the closed unit ball of C, it follows that
T1(y1) = T1(y2) = T'1(ys). This argument shows T'1 is a unimodular constant function. O

In the sequel, without loss of generality, we shall assume that 7" is unital, i.e., T1 = 1.
The next result may be considered as a version of the additive Bishop’s lemma for absolutely continuous
function spaces.

Lemma 3.6. (1) Let f € ACy(X) and xo € X. If f(xo) = 0, then for any r > || fl|co, there exists h € ACy(X)
such that h(xg) =1, My = {zo} and |||f| + rh|lcc = ||f £ 7rh]lcc = 7.

(2) Assume that f € ACy(X), xo € X, f(xo) # 0 and r > IU“](CJJ;SI Then there exists a non-negative
function u € ACH(X) such that u(xzg) = 1, M, = {zo} and |||f] + ru|f(zo)|llc = I + ruf(zo)]|co =
|f (o) (1 + 7).

Furthermore, for every scalar e with |e| > | f(xo)| we have |||f] + rule|l|oo = |f(z0)| + Tle].
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Proof. (1) We prove this first part following the ideas given in the proof of [9, Lemma 1]. Assume that
f(zo) =0 and r > || f]leo- Let {V,,} be a decreasing sequence of neighborhoods of z¢ in X such that each
V,, is compact and (), Vi, = {z¢}. Define

Unz{xevn:|f(x)|<%} (n € N).

It is apparent that for each n € N, U, is a neighborhood of zg in X, U,41 C U, and (,—, U, = {z0}.
For any n € N, choose a function h, € ACy(X), hn(z9) = 1,0 < h,, < 1, V(hy,) < 2, and h,, = 0 on
X\U,. Puth=r>>, g—: First we note that since |[hl| < 7Y 02, HZZH < 2r and h has a compact support
(Supp(h) C U; C Vi), the function h belongs to ACy(X). Clearly, 0 < h < 1 and h(zg) = 1. Finally, by an

argument similar to [9], it can be checked that ||| f]| + 7h|lcc = ||f £ 7|l = 7

(2) We prove the second part by an argument similar to the one in the proof of [5, Lemma 3.8]. Clearly,
there is a decreasing sequence {V,,} of neighborhoods of x( in X such that each V;, is compact and Moy Vi =
{zo}. Put eg = f(x0). For any n € N, we define

e
U, = {1: eV ||If(@)] — leol| < 2|n3-‘1 }

It is obvious that U, is a neighborhood of zy in X and U,,+; C U, for all n € N. For each n € N, choose
U, € ACy(X) such that 0 < u, <1, up(z0) =1, V(u,) <2, and u,, =0 on X\ V,,. Now, set u = > 7 | Lx

n=1 2n*
Since u has a compact support (Supp(u) C Uy C Vi) and > oo, % < 2, u belongs to AC,(X). By
arguments similar to [5], one may observe that ||| f| + ruleo|||co = ||f + Tu€0]|co = |eo|(1 + 7), and that for

every scalar e with |e| > |eg| we have ||| f| + rulel|lcoc = |eo| +7le|. O

Lemma 3.7. T and T~ are disjointness preserving maps, i.e., they map functions with disjoint cozeros to
functions with disjoint cozeros.

Proof. Taking into account Lemma 3.6 (2), the result can be obtained by an approach similar to [2, Propo-
sition 4.7] and [5, Lemma 3.9]. O

Given z € X, we define
Fo i ={f € ACy(X) : f(x) =1 = [[flloc},
which is a non-empty set. We also set
T, = {Mz;: f € Fub,

where Mz = {y Ve BY : \va(y)| =1= Hff”oo} Let us also recall that Tf denotes the unique extension of
T f to the Stone-Cech compactification, 8Y, of Y.

Lemma 3.8. Given x € X, the set I, is non-empty.

Proof. It is a typical result in the context of supremum norm isometries, but we include its proof for the
sake of completeness. Since SY is compact, it is enough to show that the family {Mi“? : f € F.} has the
finite intersection property. To see this, let fi, ..., f, in Fy. Define f =", % It is clear that f € F,. By
Lemma 3.3, HZA’}’HOO = |Tfllooc = ||fllec = 1. Hence there exists a point y in the compact set Y such that
|f?(y)| = 1. Hence we have
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n

Tf
Z fn(y)

i=1

IN

1=|Tf(y) =

TR = 1T fillo
Z; = gZ; s

which yields that |ﬁ(y)| =1fori=1,...,n. Thusy € N M. Therefore, we get Z,, # 0, as desired. O
i=1 ¢

In the next lemma we show that the subset Z, of SY is indeed a subset of Y. To this end, let us first
introduce two types of functions in ACy(X) as follows:

Type 1. There are a,b € R such that a < b,

F(@) = Xppotoo (@) + T—X(@)(@) (@ € X),

and {0,1} C £(X).

Type 2. There are a,b € R such that a < b,

F@) = X(—o0,a (@) + ——p Xay () (2 € X)),
and {0,1} C f(X).
Let also S; denote the set of all functions of type i (i = 1,2).
Lemma 3.9. Given x € X, T, is a subset of Y.

Proof. If Y is compact, then the claim clearly holds. Otherwise, taking into account the closedness of X
and Y, we are in one of the following cases:

Case 1. X and Y are unbounded both from below and from above. We first prove the following claim.
Claim 1. For each f € S1US3, {0,1} CTf(Y) C[0,1].

Let f € Si. It is easy to find nonzero functions g,h € AC,(X) such that coz(f) N coz(g) = @ and
coz(1— f)Ncoz(h) = 0. Hence coz(Tf)Ncoz(Tg) = 0 and coz(T(1— f))Ncoz(Th) = @ by Lemma 3.7. Now,
since T'g # 0 and Th # 0, we conclude that there exist y,y’ € Y such that T'f(y) =0 and T(1 — f)(y’) = 0.
Thus, from T'1 = 1 it follows that T'f(y") = 1. Therefore, {0,1} C T'f(Y). Finally, ift € Tf(Y) and ¢ ¢ [0, 1],
then taking into account that |¢| + |1 — ¢| > 1 we conclude that V(T'f) > 1, which is impossible because
ITfl=1=|T/f|lco- A similar discussion shows that the result holds for any function in Ss. Now, the proof
of Claim 1 is completed.

Given f € S1 U Sy, we have T'f is continuous and V(f) < 1. Hence, thanks to Claim 1, it is not difficult
to check that there exists yg € R such that we have one of the following forms

Tf'(*OO,yo]ﬂY =0 and Tfl(yo,Jroo)ﬂY # 0,

or

Tf|(7oo,yg)ﬂY 7é 0 and Tf|[yo,+oo)ﬂY =0.
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For each x € X, define

zZ—a z—0b

fol2) = —— X@o)(2) + — Xp)(2) (2 € X),

for some a,b € R with a < = < b.

We can find f; € S1 and fo € Sy such that coz(f1) Ncoz(f2) = @ and coz(fi) Ncoz(fz) =0 (i = 1,2).
From the argument after Claim 1, it follows that coz(T'f;) is included in a bounded subset of R. Thus
Supp(T'f..) is a compact subset of Y.

Now, since f, € F, and Supp(7T'f,) is a compact subset of Y, one easily concludes that Z,, C Supp(T'f,) C
Y.

Case 2. X and Y are bounded below and unbounded above. In this case we first prove the following claim.

Claim 2. For each f € S1, we have 0 € Tf(Y) and 1 € Tf(Y) C [0, 1]. Moreover, for each f € Sa, we have
1eTf(Y)and 0 Tf(Y)CJ0,1].

Let f € S3. We have 2 = | Tf|loo + 1 = ||Tf + 1||co, which, taking into account that T'1 = 1, follows
straightforwardly from Lemma 3.3 because |T'f 4+ 1|locc = ||f 4+ 1llcc = | flloc + 1 = [|Tf||cc + 1. Thus there
is a sequence {y,} in Y such that {Tf(y,)} is convergent and |Tf(y,) + 1| — 2. Now it is easily derived
that T'f(y,) — 1. Therefore, 1 € Tf(Y).

Now, choose h € ACy(X) such that coz(f) N coz(h) = 0. Then coz(Tf) N coz(Th) = O because T is a
disjointness preserving map by Lemma 3.7, and as a consequence, since Th # 0, we have 0 € Tf(Y). (Note

that there is not necessarily such a function for 1 — f (compare with Claim 1). For example, let X = [0, +00)
and define f(z) = (—x + 1)x[0,1(7).) In a similar way to Case 1, it can be checked that T'f(Y") C [0, 1].

Now take f € S;. Clearly 1 — f is a function in S5. Then from above, we get 1 € T(1— f)(Y) and
0e€T(1-f)(Y)C|[0,1], which show that 0 € Tf(Y) and 1 € Tf(Y) C [0, 1] because T1 = 1 and the proof
of Claim 2 is done.

If x € X and x # min X, then by considering f, as in Case 1 and using a similar reasoning, we conclude
that Z, C Y. Note that, for example, if X = [0,400), =0, and f,(z) = (= + 1)X[0,1(x), we cannot find
f € Sy with coz(fz) Necoz(f) = 0 (compare with Case 1). Then we have to apply another method for the
minimum point of X as follows:

Suppose that z = min X. We first consider the case where x is a limit point of X. Define

zZ—a

fo2) = 2 () (2 € X)),

where a € R with z < a. Obviously, f, € S2. Assume that there exists yo € R such that

T fel(—soolny =0 and T fe|(yy,4+00)ny # O

Then we can find a nonzero function g € ACy(Y') such that coz(g) N coz(T(1 — f;)) = 0. Then we have
coz(T71g) Ncoz(1 — f.) = 0, by Lemma 3.7. Hence T~ 1g(z) = 0 for all 2 # z, which is impossible. This
contradiction implies T fz|[y,+oc)ny = 0 for some y € R. Especially, we get T'f, has a compact support.
Hence, as above, Z,, C Y.

Now assume that the minimum point z of X is an isolated point. Let f, = X {,}- Then 1— fr = X(2,400)nx-
Suppose that there exists yo € R such that T f.](y,,+o0)ny 7 0. Then T'fe = X(yo,400)ny and T(1 — f;) =
X(=oo,yo)ny because T fp +T (1 — f) = 1 and coz(T f,) Ncoz(T(1 — f,)) = 0. Since Y is unbounded above,
we can choose g € AC,(Y) such that coz(g) Ncoz(T(1 — f;)) = 0 and g # aT'f, for all « € C. Thus
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coz(T~'g) Ncoz(1 — f,) = 0, by Lemma 3.7. Since 1 — fz = X(z,400)nx> We get T g = agx g,y for some
ag € C, and so g = apT'x{,}, which is a contradiction. This argument shows, especially, that T'f, has a
compact support and, similarly to above, one can see that 7, C Y.

The other following cases can be obtained in a similar manner.

Case 3. X is bounded but Y is unbounded.
Case 4. X (resp. Y) is bounded below (resp. above) and unbounded above (resp. below).
Case 5. X (resp. Y) is bounded above (resp. below) and unbounded below (resp. above). O

Lemma 3.10. Given x € X, there exists a unique point y € Y such that T f(y) = 0 for any f € ACy(X) with
f(z) = 0. Moreover, T,, = {y}.

Proof. Let x € X and y € Z,. Assume that f € AC,(X) and f(z) = 0. We claim that T'f(y) = 0. Contrary
to what we claim, suppose that T'f(y) # 0. Take r > || f]|oo- Lemma 3.6 (1) allows us to choose h € AC,(X)
such that h(z) = 1,0 < h <1 and |||f| 4+ rh|lco = ||f £ 7h||cc = 7. Notice that |Th(y)| = 1 because y € Z,.
Then it follows that

r=|f£rh|le = [T(f £7h)]
> |Tf(y) £rTh(y)| >,

which is a contradiction showing that T'f(y) = 0.

Since 7! is an isometry with 7711 = 1, then similarly, for y, there exists 1 € X such that T~tg(z1) =
for all g € AC,(Y") with g(y) = 0. These two claims combined imply that for each f € ACy(X) with f(z) =
we have f(z1) = 0, which easily implies that 21 = = because AC,(X) separates the points of X.

Hence we have proved that y is the point in Y so that f(xz) = 0 if and only if Tf(y) = 0 for any
f € ACy(X). Apparently, taking into account that ACy(Y') separates the points of Y, such y is unique.
Hence 7, = {y}. O

The above discussion allows us to define a function ¢ : X — Y such that for each € X, ¢(x) is the
unique point obtained in the above lemma. Indeed, ¥ (x) is the point with the property that f(x) = 0 if
and only if T f(¢(x)) = 0 for any f € ACy(X), and we also have Z, = {t(x)}. It is clear that ¢ is bijective
then we set ¢ := 171,

Lemma 3.11. For each f € ACy(X) andy € Y, Tf(y) = f(p(y)).

Proof. Let f € AC,(X) and y € Y. Since (f — f(e())(¢(y)) = 0, from Lemma 3.10, we have
T(f = fley)ly) = 0. Whence Tf(y) = T(f(o(y)))(y) = [f(e(y)) since T is unital. Therefore,
Tf(y) = flely). ©

Lemma 3.12. ¢ is a monotonic function.

Proof. We consider two cases based on the cardinal number of Y. If |Y'| = 2, it is plain that ¢ is monotonic.
Now, suppose that |Y| > 2. Without loss of generality, we assume that y,y’ € Y, y < ¢’ and ¢(y) < ¢(v').
We verify that ¢ is increasing (a similar argument shows that ¢ is decreasing if ¥’ < y). Let y; € Y. We
consider the following cases:

(1) If y < y1 < ¥/, then we claim that ¢(y) < ¢(y1) < o(v').
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(2) If y1 <y <y, then we claim that ¢(y1) < ¢(y) < o(v').
(3) If y <y < y1, then we claim that ¢(y) < p(v') < ¢(y1)-

Contrary to what we claim in (1), let us suppose that y < y; < ¢’ but we have either ¢(y1) < p(y) < o(¥/'),
or p(y) < p(¥) < ¢(y1). Then defining

zZ—=Y
hz) = X(oou(2) + - — yi Xwan)(2) (2 €Y),

or

2t

h(z) = Xy +00)(2) +
() X[y ,+ )() y/_y1

X[y1,y’)(z) (z€Y),
from Lemma 3.11 it follows that

1T 8l = V(T h) 2 [T W(p(y1)) = T~ hie(y)] + 1T h(p(y) — T~ h(e(y")]
= [h(y1) = h(y)| + [h(y) — h(y)| = [0 = 1| +[1 - 0] =2,

or
1T~ ) = V(T 0) = [T~ h(e(y)) = T~ h(e())] + [T~ h(e(y) = T~ hlp ()
= |h(y) = ()| + [h(y") = h(yy)| =10 = 1] + |1 - 0] = 2.
Then we get ||T~1h|| > 1 while | T~ 'h| = ||k|| = 1, a contradiction. Thus the first claim is derived. By a

similar discussion, we can deduce the other two claims. Now, it is not difficult to see that ¢ is increasing.
Therefore, ¢ is a monotonic function. 0O

Meantime, taking into account the representation of 7', it is easy to deduce that ¢ is a homeomorphism.

Now we state our main result which is obtained immediately from the previous lemmas. Let us recall
here that, according to Lemma 3.1, for each f € AC,(X), f denotes the extension of f to the closure X of
X. A similar notation is used for functions in AC,(Y).

Theorem 3.13. If T : ACy,(X) — ACy(Y) is a surjective linear isometry such that T1 is bounded away
from zero, then there exist a monotonic homeomorphism ¢ : Y — X, and a scalar \ with |\| = 1 such that

Tf(y) = f(p(y)) forall f € ACy(X) andy €Y.

Remark 3.14. (1) Note the surjective linear isometry T in the above result induces a homeomorphism
between the closures of X and Y but not necessarily between X and Y. Indeed, since as mentioned after
Lemma 3.1, the absolutely continuous functions on a set and its completion are the same, we can define a
surjective linear isometry T": AC(0,1) — AC|0, 1] whereas (0, 1) and [0, 1] are not homeomorphic.

(2) Tt should be noted that, as the following example, borrowed from [5, Remark 4.2 (ii)], shows, there
exists a surjective linear isometry T for which T'1 is not bounded away from zero, and of course, T is not a

weighted composition operator:
Let X =Y ={1,2}. Define T: AC(X) — AC(Y) by Tf(1) = f(1) and Tf(2) = f(1) — f(2).

However, the next result, which may be considered as a generalization of [6, Example 5] and [5, Corollary
4.4], states that if the underlying spaces are connected then 7'1 is always a unimodular function.
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Corollary 3.15. If X (or Y) is connected and T : ACy(X) — ACy(Y) is a surjective linear isometry,
then there exist a monotonic homeomorphism ¢ : Y — X, and a unimodular scalar \ such that Tfly) =
M (o(y)) for all f € ACy(X) andy €Y.

Proof. We assume, without loss of generality, that Y is connected. For simplicity, set
N =coz(T1) ={y €Y : T1(y) # 0},

and Z =Y \ V. Clearly N # @ because T is an isometry, and also A is an open subset of Y. Take yo € N.
Choose an absolutely continuous function f on Y such that f(yo) = 2, My = {wo}, [[fllec = If]| = 2,

V(f) <1,and |f| < 2 on Y \ K for some compact subset K of Y. An argument similar to the proof of

Lemma 3.2 shows that V(T f) < ||T7!f]|oo, which yields [|T71f|| = |T~!f|loc = 2. Hence there is a point

—_~—

xo € BX such that T—1f(zo) = 2¢% for some § € (—x,7]. It is apparent that
3=+ 1T I = Nl + T I = (1€ + T flloo = € + T flloo = [(e7 + T2 f)(20)| = 3,

and so | Te® + f|| = | Te?® + f]o = 3. Then there exists an y € Y with [Te?(y)+ f(y)| = 3. Whence y = yo
because of the equation ||T1| = 1 and the properties of f. Therefore, we can deduce that |Te®(yo)| = 1.
Consequently, we can write

N={yeY:|Tl(y)| =1}

Next, from the continuity of T'1, it easily follows that A is a closed subset of Y. Then N is a non-empty
clopen subset of Y. Therefore, from the connectedness of Y, we have A/ = Y, which especially shows that
T1 is a unimodular function and hence the rest of the proof follows from Theorem 3.13. O
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