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polynomial sequences, we examined such expressions in full detail as well as in a
systematic and unified manner. Two new very general integer—valued polynomial

ﬁizgﬁleued polynomials families (along with six other families derived from them, also integer—valued,
Trigonometric sums including three previously studied) were obtained and they are related to each
Finite summation other by a binomial transform of sequences and associated with certain cosecant
Binomial transform and cotangent sums.

Cotangent sums © 2020 Elsevier Inc. All rights reserved.

Cosecant sums

1. Introduction

A polynomial P,(z) = ap2™ + ap_12" "t + ... + a1z + ap, n € N := {1,2,3,...,}, is said to be
integer—valued (or integral-valued) if it takes an integer value whenever z is an integer. These polynomials,
of which the most known example is the sequence of binomial coefficients {(%)}52 with (3) = 1 and
(5) =a(x—1)(x—2)--- (x — n+1)/n!, were introduced by Polya and have been extensively studied in the
meantime. It is possible to characterize all integer—valued polynomials by using (z) every integer-valued
polynomial can be written as an integer linear combination (combination with coefficients from the set
of integers) of binomial coefficients in exactly one way. The converse is also true (see, for instance, [15,
pp. 129-133] and [5]).

In recent years, it has been shown that some finite trigonometric sums give rise to integer—valued polyno-
mials. Byrne and Smith [4, Theorems 1 and 2], resorting to the Lagrange interpolation formula, established

that evaluation of the cotangent sums,

pala) = Y (-1 oot (BEEDT) (1)

p=1 q
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and

— 2 o 2n (2p—1)ﬂ'
(q) p;ct (74(1 ) (1.2)

with n and ¢ non—negative integers, leads to two sequences of integral-valued polynomials whose coefficients
could be determined recursively from certain relations. Six more such mutually different, and, in this in-
stance, explicitly defined polynomial sequences were found by Hassan [13, Remark 4.5 (5), Equations 3.44,
3.46, 3.48, 3.50, 4.5, 4.22, 4.23 and 4.24] using a sampling theorem associated with second—order discrete
eigenvalue problem and through considering

q q
2n pm 2n p
E sec (2q+1> and E tan (2q—|—1> (1.3)

as well as

Zcotzn (%) and chc (qu‘+1>1)> (1.4)

and another four trigonometric sums. Annaby and Hassan [2, Theorem 4.1], making use of the Hermite
interpolation, deduced additional four, not necessarily distinct, recursively defined sequences of integer—
valued polynomials associated with

zq: sin (w) trig? "2 (%) (trig = csc, sec) (1.5)

p=1

and

Zqzl(—l)pl sin (@) trig?” (%) (trig = cot, tan). (1.6)

Finally, interpolation was also used by Annaby and Asharabi [1] to obtain several integer—valued polyno-
mials.

Herein, it was aimed to avoid utilizing somewhat specialized methods, examples being the Lagrange
and Hermite interpolation, and consider integral-valued polynomials arising in finite summation of various
trigonometric sums by making use of more familiar arguments commonly used in work with polynomials
in general. By doing so, the main intention was to provide, in a general context as well as in a systematic
and unified manner, more straightforward proofs for some already known and to generate and prove new
results.

2. Statement of main results

Two definitions are needed before we can proceed. When two sequences, {a,}>°_, and {b,}5°_,, are
related as

n

_ Z (o and a=S0m*(0)n (e Noi=N Ugo) (21)

k=0

we say that the sequence {b,}°_, is the (direct) binomial transform of the sequence {a,}°_, and that
{an}2_, is the inverse binomial transform of {b,}>°_, [19, pp. 13 and 22]. A polynomial sequence is a
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sequence of polynomials indexed by the non—negative integers 0,1,2, 3, ..., in which each index is equal to
the degree of the corresponding polynomial.

Observe that, throughout the text, as usual, d;; stands for the Kronecker delta and we set an empty sum
to be zero. Our main results are as follows.

Theorem 1. Let us define two sequences of real functions in x, { Agn(x)}2 o and {Bay(z)}22 4, by generating
relations

Z Aoy () 2" and Gp(z,t) = Z Bay, () 2,
n=20
where
x
Ga(x,t) = e [1+ ¢ tan (zarctant) |
and

tan (z arcsin t)

V1—1t2

Gp(z,t) =z +tx
Then, the following holds:

a) The sequences {Aapn(2)}52 and {Ban(2)}52, are related to each other through the binomial transform
of sequences

n

Boy(x Z( )Agk and Ao (z Z ) k( >B%( ) (n€Np),

while their ordinary generating functions, G ao(x,t) and Gg(x,t), are related to each other with

1 t 1 t
GB(I’,t) = ?}‘;2 GA (l’, \/1—_—t2) and GA((E,t) = m GB <f£, ﬁ)

b) {A2,(2)}52 o and {Ba,(x)}2 o are polynomial sequences defined explicitly by

Agp () = (_1)%;: <Z> ZQM 212 Z m(l +m> ((m _;folk - 1) + (-1

=0 m=—1

—lz+n-1
Bon( 92n—21-2 ym (m T
2 xz Z <l—|—m)< 2n—1 + don

¢) {A2,(2)}52y and {Ban(x)}22 , are sequences of integer-valued polynomials with rational coefficients.

We have that Ag(x) = Bo(x) = x, while, for any positive integer n, Asp(x) and Ba,(x) are polynomials
in a variable x of degree exactly equal to 2n. Concerning the sequence {Bapn(z)}22 1, each Bay(x) is even
and has a root at x = 0. In case of { A, (2)}52 1 each Agn(x) has a root at x =0 and at x = 1.
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Remark 1. We remark that the polynomial sequence {Ba,(z)}%2 , could be defined by By(x) = x and
by means of Gg(z,t) — x = tatan(zarcsint)/v/1 — 2 to generate all other polynomials in {Bsa, ()} ;.
However, for the purposes of the binomial transform, it is necessary to work with {Ba,(x)} , and to
employ the complete generating function G g(z, ).

Corollary 1. Assume n to be any positive integer and consider the polynomial sequences {As,(x)}22 , and
{Ban(2)}52 defined by Theorem 1.

a) Let Asn(x) = xagn—1(x) and Bap(z) = 2 bap_1(x).
Then, {agn-1(z)}22 1 and {ban_1(x)}2 | are integer-valued polynomial sequences.
b) Let

A3, (x) 1 Ay, (27)
B3, (x) 1By, (21)
and
Asr () 2A2n(2z +1)
By (x) L By(20+1)—1]

Then, {A5, (2)}52 1, {B5,(2)}52 1, {A5k ()}, and {B3*(x)}2° | are sequences of integer-valued poly-
nomials with rational coefficients.

Theorem 2. Let {Aay,(2)}22 , and {Ban(2)}52, be the integer—valued polynomials defined as in Theorem 1.
Then, for any positive integer n and q, we have that

pilcot% ((2}72—(]1)7r) Asnlg) and chc ( 2 — L ) = Bou(q)-

2q

Corollary 2. Under the same assumptions as in Theorem 2, for a positive integer n and q, the following
summations hold

p=1 p=1
q q q

2p—1 2
) t%((p ”T)—Ztan% o >_Ztan2n( W)
ot 2(2q+1) — 2qg+1 ot 2q+1
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Xq:CSCZn<(2pl)ﬂ—) —Zq:SGCQn( pm )_iseCQn( 2p71' )
— 2(2g+1) _p 2¢+1 _p:1 2¢+1

=1

:g (22pq+11) ):%[32n(2q+1)—1].

Remark 2. Five (among eight) sequences of integral-valued polynomials given in Theorem 1 and Corollary
1 are new: {A2,(2)}5% o, {Ban(2)}22 ¢, {a2n—1(2)}32 1, {b2n—1(2)}52 1, and {B3, ()} . On the other
hand, {43, (x)}2 ,, the sequence associated with the sum (1.2), was deduced by Byrne and Smith [4,
Theorem 2], while the polynomial sequences {A3" (x)}22 , and {B3;(x)}52 , associated with the sums in
(1.4) were obtained by Hassan (see, respectively, Theorem 4.3 and Eq. (3.18) together with Remark 4.5 (2)
in [13, pp. 822 and 817]. Clearly, all these three known sequences along with the new one {B3, (z)}>2 , are
straightforward special cases of more general, and novel, results stated by Theorem 1.

Remark 3. Some of the above sums were previously evaluated in closed form by Hassan: Zq_ Lese?((2p —

D)r/(4q)) [13, p. 817, Eq. (3.7)], 355, cot>((2p — 1)7/(4q)) [13, p. 817, Eq. (3.8)], 22210802”((21)*
D)7/(2(2¢+1)) [13, p. 818, Eq. (3.18)] and 3¢ _ cot?((2p — 1)7/(2(2¢ + 1)) [13, p. 818, Eq. (3.19)].

However, although no recorded summation of cs,(q) = gzlcot2"((2p — 1)m/(2¢q)) and sa,(q) =
22:1 esc®((2p — 1)m/(2q)) may be found in the literature, in fact, these, and, moreover, all sums given
by Corollary 2 can be summed by means of already known results. Namely, by c2,(q) = C2,(2¢) — Can(q)
and san(q) = SQn(Q q) — San(q), the sums c2,(q) and s2,(q) are related to Ca,(q) = Zg;ll cot?(pr/q)
and Sa,(q) = Zp L csc®™(pm/q) whose summations are known. Ca,(g) and Sa,(g) were first closed—form
summed by Chu and Marini [6, p. 137 and p. 126]. Furthermore, Cy, (q) was differently evaluated by Cvijovié
and Klinowski [8, p. 156], Cvijovié¢, Klinowski and Srivastava [9, p. 251, Corollary 1], Berndt and Yeap |3,
p. 364] and Cvijovié [7, p. 1137], while summations for Ss,(q) were reported by Cvijovié, Klinowski and
Srivastava [9, p. 251, Corollary 1] as well as Cvijovié and Srivastava [10, Eq. (2.8)]. A general review of such
series can be found in [11].

To summarize, two explicit formulae for the polynomial sequences { Az, (2)}5%L o and {Ba,(x)}22 , given
by Theorem 1(b), provide, in a relatively simple manner, closed-form summations of 16 families of finite
trigonometric sums (which, in essence, amounts to eight distinct families) specified in Theorem 2 and
Corollary 2. These summations, in comparison with existing ones, apart from being deduced through a
systematic and unified approach, are also in a more compact and simple form.

3. Proof of the results

The Gauss (or ordinary) hypergeometric o F} is, as usual, defined by the following hypergeometric series
[14, Ch. 15, p. 384, Eq. (15.2.1)]

2F1

a, ,Y;Z] — Z (@)n(B)n Z_T: (3.1)

on the disk |z| < 1, and by analytic continuation elsewhere. Here, a variable z and, respectively, numerator
and denominator parameters «, 3 and v are, in general, complex numbers, provided that ~ is not zero or
a negative integer, while (-),, denotes the Pochhammer symbol [14, Ch. 5, p. 136, Egs. (5.2.4) and (5.2.5)]
given by

(A T +n) 1 (n=0)
N = (=1) ”!< )_W_{A(AJrl)m()\Jrnl) (n € N) (3:2)
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in terms of the familiar (generalized) binomial coefficient () or classical gamma function I' (when A #
0,—1,—2,...). On the circle of convergence, |z| = 1, the series converges absolutely if R(y — a — ) > 0.

In order to establish the main results we need several (known) auxiliary, rather heterogeneous results
collected separately here for a better clarity of the proofs given below and proved for the sake of a self-
contained presentation.

Proposition 1. Let two even-indexed sequences of real functions of a single real variable, {az,(z)}5 o and
{bon (2)}52 ), be defined by generating relations

Az, t) = Z agn () t2" and B(x,t) = Z bon () 2" (3.3)
n=0 n=20

Then, these sequences are a binomial transform pair, as defined in (2.1), if and only if their ordinary
generating functions, A(x,t) and B(z,t), are related as

1 t 1 t

Proof. Suppose that {ag,(2)}52  and {b2, ()} are the pair, then the first relation between generating
functions in (3.4) could be deduced like this

1 t > o 1
—1 — t2 .A(:c, —1 — tQ) = Z O,Qm(l')t 4(1 — t2)m+1

while the second one (3.4) follows in the exact same manner.

Two summations are employed here, 1/(1 —¢)™ 1 =37 ("t™)¢n |¢| < 1, [16, p. 564, Eq. (5.2.11.3)]
and the elementary double series identity > 7 >0 (A(k,n) = > 00 o> r_ o A(k,n — k) [18, p. 57, Eq.
(2)]. The former is available upon mth derivation of the both sides of the well-known 1/(1 —¢) =Y ",
[t| < 1, with respect to ¢, whereas the simple short proof of the latter can be found in [18, p. 57].

Conversely, suppose that A(x,t) and B(z,t) are related as proposed, then, by an analogous argument, it

is easy to conclude that {az,(2)}52  and {be,(2)}2, form a binomial transform pair. 0O

Proposition 2. For any real 6 and m a non-negative integer, we have that

1 e 2m
s 2m—1 k—1 :
sin®” 1 §cos § = SomFT g (-1) < N k> sin [2 (k — 1)6]. (3.5)

k=—-m
Proof. To derive the formula (3.5), it suffices to use the following identity
(_1)m22m+2,L Sin2m+1 0 cos = (629 _ 6710)2”””1(610 + 6720)

in conjunction with the last line of this expression
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RHS : = (619 _ 6—19>27n+1(619 +e—19) _ (610 _ 6—10)27”(6210 _ 6—219)
i 2m
_ (200 —210 2m—k —210(m—k)
- - -1
@) 3 ()

_ 2m k( > —210(m—k—1) _ 7219(m7k+1)]

2t (%) (s (20m — = 1)) = sin (2 — & + 19)]

2m

m m—k— .

=2(-1) zZ(—l) 1(k)sm[2(m—k—1)9]. O
k=0

Proposition 3. (See, for instance, [17, p. 389, Eq. (7.3.1.94)].) If 0 # (2n 4+ 1)% for any integer n, then

2sin(af)
asin(26)

*QFl

;sin? 01 . (3.6)

Proof. Making use of the familiar binomial expansion (u + v)* = >oreo (z)ukUA’k, the Euler identity
e = cosf + 1sin @ and the Moivre identity (ele)A = "M there is no difficulty in showing that

oo

1 sin(af) a 2 ok
cos® 16 sinf _kX_:O<2/€+1)( tan”6)".

Next, we need the following identities involving the Pochhammer symbol, (a)2,, = 22" (a/2)m(1/2+a/2)m
(1+ a)m = (a)m(a + m)/a as well as its special value (%)m = 272m(2m + 1)!/m!, which are all valid for
each non-negative integer m and can be derived (or, use identities tabulated in [17, pp. 647-648]) starting
from the definition in (3.2) by applying known properties of the gamma function, for instance, the Legendre
duplication formula. Now, since we have

( a )_a2k<a>_ a—2k (_a) _a(lia)Qk_(l_%)k(%_%)kg
2k+1)  2k+1\2k)  @k+1!1" T @+ (3, K

and, on taking into account (3.1), we get

1 sin(af) - - (1 - %)k(% - %)k (*taHQ ‘9)k
cos® 16 q siné _kzo (%)}c k!
1-3, % -3 sin? 0

Finally, the expansion (3.6) is deduced upon transforming the obtained Gauss hypergeometric function
by the Pfaff transformation [14, p. 390, Eq. (15.8.1)]

577_05. z

F
241 77271

] = (1 - Z)ﬁgFl

o, 3
2. O
v
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Proposition 4. We have

l—a,1+a 1 & a+m—1
L2 _1\ym—1 2m
2F1[ %,z] —4a22m:1( 1) < 9 — 1 )(22) . (3.7)

Proof. Like in the proof of Proposition 3, we need (14+a),, = (a)m,(a+m)/a and (%)m =272m(2m+1)!/m!,
while (1 —a);, = (—=1)"(a —m)am/(a)m follows from the definition in (3.2) in conjunction with the gamma

function properties (or, use tabulated identities in [17, pp. 647—648]). Then

m (CL - m)2m(a’ + m) _ (—1)m (a - m)2m+1

¢ (3),,m =D (2m + 1)! (2m+1)
B mo1(—a—m)ami1 mf o+m
=y (2m+1)!+ == <2m+1>'

In other words, the next holds

4az22F1

l—a,1+a

hence the sought formula (3.7). O

Proposition 5. For any real 6 and 6, 0 — § # 2k, k being an integer, the following summation holds true

(n € N). (3.8)

nil sin @ cos 0 B nsin(2nb)
— cos? 6 — cos? (5 4 m) ~ cos(2nb) — cos(2nd)

Proof. Note that the factorization of the polynomial Py, (x) = 2™ — 22" cos(nd) +

22" — 2" cos(nd) + H [x 2xcos(5+kﬂ>+1}
Pl n

(see, for instance, [12, p. 41, Eq. (1.395)], or deduce the factorization upon solving the equation P, (z) = 0)
yields the partial-fraction decomposition

z_: 1—2? _ (1 —a2°m)
— a?—2xcos (04 2ET) +1 2" — 22" cos(nd) + 1
which enables straightforward deduction of the summation (3.8) upon putting = €2* and cos?§ =
(1+ x)?/(4x) in the expression Lhs = Rhs, with
= (1+2)2
Lhs := Z Thr
=1+ a2 —2wcos (20 4 27)

1+m/@@
Z 2/(4x) — cos? (6 + &)

and

n(l —22")(1 + x)? L n(a™ —z™™) 1+
(z2m — 227 cos(2nd) +1) (2" +a" —2cos(2nd)) 1 — =z’

Rhs :=
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Now we are ready to prove our main results. The fact that {As, () }52 ; and {Ba,(x)}52  are a transform
pair (see Theorem 1(a)) much simplifies the proof of results stated in Section 2. We choose to consider
{Ban(z)}22 , in detail, assertions for {Aa, ()}, then follow by the binomial transform. The formal series
method used by Wang and Zheng [20] is provided here with necessary proofs and all details.

Proof of Theorem 1. To prove Part a, recall that Proposition 1 provides a necessary and sufficient condition
in terms of generating functions for two even-indexed sequences related by the binomial transform. It is
therefore enough to simply verify that there exist such relations between G4(x,t) and Gg(z,t), which is
straightforward, so as to conclude that the sequences of functions, {As,(2)}52 , and {Ba,(x)}52 ,, are
related to each other through the binomial transform of sequences.

Part b. To deduce the required explicit formulae, it is sufficient to consider only the sequence {Ba,(z)}22
using Gp(z,t) — z (see Remark 1) since the formula for {As,(x)}52 , follows at once by Theorem 1(a) from
the formula for {Ba, (x)}52 .

First, observe that the formal expansion

sin(2 z6) B > 2k+42 . 9kt1 i}
s (Z20) —cosZ ) ,;O esc?F 2 (26) sin? ¥+ (26) cos(x0) (3.9)
is readily available from
sin(2 z6) _ sin(xf) cos(z0) sin?(x6)
cos(2x0) —cos(2x6)  sin®(zd) sin?(x0) — sin?(x0)
_ sin(6) cos(z6) i sin(z0)\ **
~ sin®(xd) = \sin(zd)

Next, upon substituting ¢ = sin # along with using

sin(2z6)/(cos(2z6) — cos(2x0)) |6 _ . =tan(z0)
- 2z
and Proposition 2, the expansion (3.9) becomes
tan(z arcsint) = Z sin?**1 (z arcsin t) cos(x arcsin t)
k=0
Z:: —(2k+1) l;k(_l)l_l (kz N l) sin [2 (I — 1)z arcsint].
Last, by utilizing the relationship
sin(aarcsint) _ WtoF, 1+3,1-3% 2
ip s
implied by Proposition 3, we obtain
tx = b 2k
tan(x arcsin t) ~(2k+2) —1)it < )
e R Y

4 (l - l)l‘ t22F1

1+(l—1)x,1—(l—1)x.t2
§7 9
2
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which, in view of Proposition 4, results in

tx 2n 2n—2k—2 l+n 2k
tan( atarcslnt g t"x E 2 E
V1—1¢12 k+1

X ((l - ;)sjln - 1). (3.10)

Here, the sum with the index k is finite and k& runs from 0 to n — 1 because the binomial coefficients with x
vanish for k > n. Finally, by extracting the coefficient of t>™ in (3.10), the derivation of the explicit formula
for {Ban(2)}52 ; is concluded. The term dp,z needs to be added into the formula to take into an account
the case By(z) = x.

What remains is to show that {Ba,(2)}52 , is a polynomial sequence. Indeed, By(z) = x, whereas each
Bay,(z) for a fixed n, n > 1, is a linear combination of polynomials in z of degree 2n — 1

(") I )

=1

where m varies from —[ to [ and [ varies from 0 to n — 1. In addition, {Ba,(x)}22 ,, which is the binomial
transform of {Ba,(2)}5% ¢, is a polynomial sequence too.

Part c. In proving the assertions of this part, we need the explicit formulae for { Ao, (z)}22 , and {Bay, (z)}22
given in Theorem 1(b).

Recall basic facts about integer—valued polynomials. Note, that (fl), defined as (g) = 1 and (f‘;) =
z(x—1)(x—=2)---(x—n+1)/nl,n=1,2,..., is an integer—valued polynomial in x of degree n. Also, any
linear combination of integer-valued polynomials with integer coefficients is integer-valued. Hence, we can
infer that ((m_;ij"_l) in Theorem 1(b) is a polynomial in (m — 1)z +n—1 of degree 2n — 1, which in turn

means a polynomial in = of degree 2n — 1, and it takes integer values whenever z is an integer. To conclude,

m—1) z+n71)
2n—1

with integer coeflicients and therefore yield two sequences of integral-valued polynomials of degree 2n.

in essence, the formulae for {As,(2)}52 , and {Ba,(2)}22 , amount to linear combinations of ((

With regard to roots of the polynomials, upon inspection of the formulae for {As,(z)}22 , and
{Ban(z)}22 ), it is obvious that z = 0 annuls all the polynomials Ag,(z) and Ba,(x), n > 1. Further-
more, the formula for {Ag,(z)}52 , at once gives A, (1) =0, n > 1, upon resorting to the identity

e Ser( DA ) v

which is easily derivable, one of the ways being by induction on k.

In order to show that all Bs,(z) are even, it suffices to apply (2) = (—1)* ( ’\+k 1) [17, p. 647] and
—(m—1) a:+n71) _ _((mfl) z+n—1
2n—1 2n—1

—z the formula for By, (x) does not change, in other words we have By, (—x) = Ba, ().

verify the identity ( ) Clearly, in view of this identlty, when changing x to

Proof of Theorem 2. Note that, by the transform given by Theorem 1(a), the summation in terms of
{A2n(2)}52; follows at once from the sum with {Ba, (z)}22 .

As a result, we consider only a cosecant sum (for any fixed n > 1) by means of the generating function
Gp(z,t)—x = tatan(rarcsint)/v/1 — ¢2 (see Remark 1). The main ingredient of the proof is Proposition 5,

and, upon using ¢t = sin 6 and tan(z0) = sin(2x6)/(cos(2z60) — cos(2xd)) we get

‘ =T )
6= 2z
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g sin6 sin(2 ¢b)
cos cos(2q) — cos (2¢(—7/(29)))

o Z Sin2 0 - io: Zq: Sin2" 0
N 2 ((2p2—1)7r> im0 — gin2n ((2p—1)7f)
; —

n=1p 2q

_ gsind

Gp(z,sinf) —zf,_, 50

tan (gb) =

-5 ey 3 (220

In other words, for any positive integer n and g, it is shown that we have

Gp(z,t) —z|,_, = Zt2”2csc ( (2p = Lm ) = thnan(Q),

n=1 (] n=1
which leads to the claimed summation formula by extracting the coefficient of 2™,

Proof of Corollary 1. As to prove Part a, recall that = 0 annuls all the polynomials Ay, () and Ba, (),
n > 1 (see Theorem 1(c)). Hence, factorizations As,(x) = xaz,—1(z) and Ba,(x) = x ba,—1(x), where,
because of the form of the explicit formulae (linear combinations of integral-valued ((m_ﬁit"_l) with
integer coefficients), all as,—1(z) and ba,_1(x) must take integer values at any integer x. This completes

the proof.

Part b. For any even integer 2¢q and any positive integer n, by Corollary 1(a), we have A,,(2q) =
2qas,-1(2¢q) and Bg,(2q) = 2qban—1(2q), where as,—1(2¢) and as,—1(2 q) are necessarily integer-valued.
That is, all Az, (2¢q) and Ba, (2 q) are even integers, therefore all Ay, (x)/2 and Bay,(z)/2 are integer—valued
polynomials.

Regarding the case of any odd integer 2q + 1, recall that it was shown by Hassan that the sequences
{45 (2)}oZ and {B3};(2)}5Z 1, which are associated with the sums >37_ cot?™ ((2p—1)m)/(2(2q+1)))
and ZZ: Lesc?™ ((2p—1)m)/(2(2¢q+1))), are integral valued (see, respectively, Theorem 4.3 and Eq. (3.18)
together with Remark 4.5 (2) in [13, pp. 822 and 817]). On the other hand, by making use of elementary series
and trigonometric identities, it was shown here that As,(2¢+1) =2 ZZ: Leot?™ (2p—1)m)/(2(2¢+1)))
as well as B, (2¢+1)—1=2371_, esc?™ ((2p — D)m /( (2¢ + 1))) (see Corollary 1 and the proof of
Corollary 2). In that way A3: = 145, (2z + 1) and B3 = 1(Ba,(2z + 1) — 1) were obtained.

Proof of Corollary 2. The required summations are readily derivable by making use of either such elementary
series identities as (for example)

2ot (5751) <o (5= a0) - X (38555

p=1

or by simple arguments, for instance to show Y1, cot®” ((2p — 1)7)/(2(2¢ + 1))) = A2,.(2¢ +1)/2 as
follows: In view of

2q+1 q

80 22q+ D) —(2p+ )
Xon(2q+1) ot?n [ =) = t27
2n(24F Z 0 ( 2q+1)) ZCO < 2(2q+1)

p=gq+1 p=1

- S (S)
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we have

4. Concluding remarks

By Theorem 1, two new very general families of integer—valued polynomials with rational coefficients
and associated with finite trigonometric summation, Ay, (z) and Ba,(x), were introduced. As illustrative
examples for reference, we list a few of them, respectively generated by

1 a
A2n<.’17) = W W GA(t,.’L') o (n S N)
and
1 d2n
BQn((E> = m dtﬁ GB(t,I) o (n S N),

or by means of the corresponding explicit formula given in Theorem 1(b). In general, Ay, (x) is of degree
2n in x and these first several polynomials are

Ag(x) = 2% — x,

A4($)=%x4 — 2%+,

Ag(z) = a® —22* + B 2” -,

Aulo) = dh 0% 180+ Bt 182 1

Aro(z) = gz 0" — g ot + T 2° — Tt + 3R a” — o,
Mrala) = 1858 1% — 205 10 4 825 S0 B oA 02y,
Similarly

By(z) = 2,

By(z) = %304 + %xQ,

Bo() = 2%+ Lot + 52

Bs(z) = 4L 2 + S af + ot 4+ 1822,

Buola) = 25 010+ 3505+ B a® + Mt 4 1202

R A

In addition, by Corollary 1, six more example sets for ag,—1(x) and ba,—1(x) as well as A}, (z), B3, (x),
Asr () and B3 (x) are readily available, since A, (x) and Ba, () include these integer-valued polynomials
as special cases. It is noteworthy that five of these polynomial sequences were not previously studied,
{A2n () 152 05 {Ban (@) 7% 05 {a2n—1(2)}52 1, {b2n—1(2)}72 1, and {B3,(2)}7 .

In conclusion, the polynomials As, (x) and B, (x), and their special cases, enable closed-form summation
of a great deal of general families of finite sums involving even-powered trigonometric functions, which
generalize the identities like
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q q
o ((2p—)m 2 o [ (2p—1)m 2
_— = — - < — 2
g csc < o ) q q and pg 1co‘c (2(2q ) q° +q,

which are valid for any positive integer ¢, and that somewhat surprisingly such sums are positive integers
for each value of q.
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