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1. Introduction

The study of self-adjoint extensions of Sturm-Liouville operators has a long history (i.e. [2,13,33-35]),
but very little is known about the powers of these operators, and much less about more general differential
operators. For instance, the abstract format of boundary conditions that yield self-adjoint extensions of
general differential operators has only recently been described, see e.g. [28-32]. Other progress was made
towards the study of self-adjoint extensions of powers of differential operators when Littlejohn and Well-
man characterized the left-definite domains [19] associated with self-adjoint differential operators that are
bounded below. Left-definite domains, related to the study of left-definite Sturm-Liouville problems, are
self-adjoint extensions that can be characterized via powers of the initial operator, see Subsection 2.1 for a
detailed discussion. The broader study of these spaces dates back to at least 1973, when Pleijel investigated
the Legendre polynomials [25,26] and gave a description comparable to that of Proposition 3.1.

In order to compensate for studying higher order equations, we are primarily concerned with the powers
of Sturm—Liouville operators that possess a complete set of orthogonal eigenfunctions. The Bochner classi-
fication [4] tells us that, up to a complex linear change of variable, the only Sturm-Liouville operators with
polynomial eigenfunctions are those of Jacobi, Hermite, Laguerre and Bessel. Of these, the Jacobi differential
operator requires the most boundary conditions to be self-adjoint, so our analysis is centered around this
operator. The Legendre expression is a special case of the Jacobi expression that has an immense amount
of literature, so it is discussed in Subsection 3.1. The new framework built to discuss self-adjoint extensions
of these operators should also reduce to cover the Laguerre expression as well (see Remark 4.15). Hermite
and Bessel operators are already essentially self-adjoint.

The left-definite domains associated with powers of the Jacobi operator are particularly useful, as they
contain all of the Jacobi polynomials (Theorem 2.4) and offer a starting point for the study of other self-
adjoint extensions. Unfortunately, while these left-definite spaces have descriptions, little is known about
which boundary conditions should be imposed to yield them from their maximal domains. A previous
manuscript of the authors [12] gives examples of left-definite domains for low powers of the Legendre
operator, but achieves limited results for general powers. This was mostly due to difficulties handling the
sesquilinear forms generated by the Green’s formula, see equation (4.2).

In the current paper, a different approach is taken. The Jacobi polynomials, for «, 3 € [0,1), can be
decomposed as

PeA (@)= a1 —2)™ - (14 ),
=0

and are dense in L7, 5(—1,1) := L?[(=1,1), (1 —2)*(1 + x)#dz]. The functions (1 —2)7 and (1+z)7, j € Ny,
describe the behavior of these polynomials near the endpoints. Likewise, the second linear independent
solution to the Jacobi differential equation can be described by the functions (1 —z)~**J and (1 + z)~#+J
near the endpoints; Remark 4.11 explains this in more detail. These four classes of functions are the key
to describing the maximal and minimal domains associated with powers of the Jacobi operator. Likewise,
the defect spaces can be written with these functions as a basis. This allows the language of self-adjoint
extension theory, Glazman—Krein—Naimark (GKN) theory, to be translated so that all self-adjoint extensions
of powers of the Jacobi operator can be described via these functions (see Corollary 4.10).

GKN theory (see Theorem 2.10) is usually implemented by finding basis elements of the defect spaces
and combining them in some way determined by a unitary matrix. These basis elements, called deficiency
elements in the literature, are solutions to

Uf(z) = +if (z),
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where £[-] is the symmetric operator of interest. Modern uses of this method are found, for instance, in [2,14].
Unfortunately, these deficiency elements are difficult to identify for singular Sturm—Liouville expressions, and
even more difficult to work with. The deficiency elements for the Jacobi expression are Jacobi functions of the
first and second kind with complex indices, and therefore computing inner products and sesquilinear forms
is practically unfeasible. This inability to handle explicit solutions also prohibits the use of other general
results, e.g. those in [29,30]. These obstacles were the main motivation for studying the use of orthogonal
polynomials as GKN boundary conditions in [12]. The functions determined by endpoint behavior above
are found to express the contribution these deficiency elements have on self-adjoint extensions.

The improved framework for self-adjoint extension theory allows, in particular, for improved descriptions
of the left-definite domain. Several sets of boundary conditions, both in GKN and non-GKN formats, are
discussed and proven to be equal in Section 5. These descriptions generalize and confirm a conjecture from
[12] (and a related one from [22]) that applies to all left-definite domains of Sturm-Liouville operators with
a complete set of orthogonal polynomials. While we do not consider the spectral properties of self-adjoint
extensions, forthcoming work explores the impact of the new framework.

1.1. Outline

Section 2 introduces the background necessary to tackle self-adjoint extensions of higher-order differential
equations. Left-definite theory, in Subsection 2.1, creates a continuum of Hilbert spaces from a differential
operator that are given via composition, and indicates when a self-adjoint extension possesses a complete set
of orthogonal eigenfunctions. The boundary conditions for these domains are formulated via GKN theory,
and require the introduction of several subspaces: the maximal domain, defect spaces, and minimal domain.

Section 3 analyzes the domains of both the Legendre and Jacobi differential operators. In this scenario,
decompositions of the maximal and minimal domains form the base case for how our methods will work
with compositions. However, we present the n = 1 (operator that is not composed) case from a different
perspective that is crucial to our analysis. The definition of the left-definite operator is easily verified as a
byproduct of these domain decompositions.

Section 4 hosts the main results of the paper. Namely, the maximal domains associated with compositions
of the Jacobi operator are each characterized in terms of smoothness conditions that originate from the
sesquilinear form. This origin makes calculations within the maximal domain streamlined, and as a result
the minimal domain is found to possess all functions of the type (1—x)7, (1—x)~** (14+2)? and (1+x)~ A+
for j > n. The span of the finitely-many leftover functions, when j € Ny and j < n, are proven to be equal
to the defect spaces in Subsection 4.1, forming a basis that is much easier to use than the deficiency elements
present in classical self-adjoint extension theory. Remark 4.15 discusses a possible reduction of the method
for powers of the Laguerre operator.

Section 5 studies the ramifications of the results in Section 4 on left-definite theory. A conjecture from [12]
concerning how left-definite spaces can be written as GKN boundary conditions is generalized and proven for
powers of Jacobi operators. This result allows left-definite spaces to be described in several different forms,
with and without GKN boundary conditions, giving further insight into the structure of the domains.

1.2. Notation

We use £ to denote differential expressions (on a separable Hilbert space H), although we mostly work
with general Sturm-Liouville expressions in Lagrangian symmetric form. Sets and spaces are generally
denoted with “mathcal”; the Hilbert space H, the minimal domain Dy,;,, the defect spaces D4 and D_, etc.

The notation {¢, X'} will refer to an operator that acts via the expression £ on the domain X'. The maximal
domain, the largest subset of H with ¢(Dpax) C H, is denoted by Diax, or Dmax(¢) to emphasize the
expression. Boldface letters are used for operators, with the maximal and minimal operators abbreviated
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as Lmax = {£, Dmax} and Ly = {¢, Dmin}. In this context, L = {{,Dy,} is used to denote self-adjoint
operators. The domain of a general operator A is referred to by D(A).

It is a common goal of many results to show that evaluation of a sesquilinear form is finite. These
evaluations involve limits, and finite constants are thus often removed from the calculations as they are
unimportant to convergence. We use the notation =2, instead of =, to denote this removal of constants when
rearranging terms.

2. Classical self-adjoint extension theory and left-definite theory

Consider the classical Sturm-Liouville differential equation

d

= [P0+ dtaly = —xute (2.)

where y is a function of the independent variable z, p(x), w(x) > 0 a.e. on (a,b) and g(x) real-valued a.e. on
(a,b). Furthermore, 1/p(z),q(z),w(z) € L [(a,b),dr]. Additional details about Sturm-Liouville theory
can be found, for instance, in [1,3,8,15,36]. This differential expression can be viewed as a linear operator,

mapping a function f to the function £[f] via

W == (1 o L] + ). (2:2)

This unbounded operator acts on the Hilbert space L?[(a,b), w], endowed with the inner product (f, g) :=
f: f(z)g(x)w(x)dz. In this setting, the eigenvalue problem ¢[f](x) = Af(x) can be considered. The expres-
sion £[-] defined in equation (2.2) has been well-studied, see [17] for an in-depth discussion of its relation
to orthogonal polynomials. However, the operator {¢, L?[(a,b),w]} is not self-adjoint a priori. Additional
boundary conditions are required to ensure this property.

Furthermore, the operator ¢"[-] is defined as the operator ¢[-] composed with itself n times, creating a
differential operator of order 2n. Every formally symmetric differential expression £"[-] of order 2n with
coefficients ay, : (a,b) — R and ap € C*(a,b), for k =0,1,...,n and n € N, has the Lagrangian symmetric
form

) =D (=1 (ai(2) fP @)D, @ € (a,b). (2:3)

j=1

Further details can be found in [6,10,22].

The classical differential expressions of Jacobi, Laguerre and Hermite are all semi-bounded and admit
such a representation. Semi-boundedness is defined as the existence of a constant k € R such that for all x
in the domain of the operator A the following inequality holds:

(Ax,z) > k(z, ).

This additional property, combined with self-adjointness, allows for a continuum of nested Hilbert spaces
to be defined within L?[(a,b),w] via the expressions £"[-]. Indeed, this continuum is a Hilbert scale, and
many facts about the spectrum and the operators can be deduced using this point of view (e.g. [5,20]). More
details about Hilbert scales can be found in [2,18]. This particular Hilbert scale with self-adjoint operators
that are semi-bounded is the topic of left-definite theory [19].
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2.1. Left-definite theory

Left-definite theory deals primarily with the spectral theory of Sturm-Liouville differential operators,
while the terminology itself can be traced back to Weyl in 1910 [35]. More explicit connections between
classical left-definite Sturm—Liouville problems and boundary conditions date back to at least 1973, when
Pleijel studied the Legendre polynomials [25,26]. A general framework for the left-definite theory of bounded-
below, self-adjoint operators in a Hilbert space wasn’t developed until 2002 in the landmark paper by
Littlejohn and Wellman [19]. Specifically, the left-definite theory allows one to generate a scale of operators
(by composition), each of which possess the same spectrum as the original.

Let V be a vector space over C with inner product (-, -) and norm || - ||. The resulting inner product
space is denoted (W, (-, -)).

Definition 2.1 (/19, Theorem 3.1]). Suppose A is a self-adjoint operator in the Hilbert space H = (V, (-, -))
that is bounded below by kI, where k > 0. Let > 0. Define H,, = (V,, (-, - ),) with

V, = D(A"/?)
and
(z,y)y = (A2, AT/2y) for (z,y € V)).
Then H, is said to be the rth left-definite space associated with the pair (H, A).
It was proved in [19, Theorem 3.1] that H, = (V,, (-, -)) is also described as the left-definite space

associated with the pair (H, A"), and we call H, the rth left-definite space associated with the pair (H, A).
Specifically, we have:

(1) H, is a Hilbert space,

(2) D(A") is a subspace of V.,

(3) D(A") is dense in H.,

4) (z,z), > k" {(z,z) (x € V,), and

(5) (z,y)r = (A"z,y) (x € D(AT), y €V;).

The left-definite domains are defined as the domains of compositions of the self-adjoint operator A, but
the operator acting on this domain is slightly more difficult to define.

Definition 2.2. Let H = (V, (-, -)) be a Hilbert space. Suppose A : D(A) C H — H is a self-adjoint operator
that is bounded below by k& > 0. Let r > 0. If there exists a self-adjoint operator A, : H, — H, that is
a restriction of A from the domain D(A) to D(A"), we call such an operator an rth left-definite operator
associated with (H, A).

The connection between the rth left-definite operator and the rth composition of the self-adjoint operator
A is now made explicit.

Corollary 2.3 ([19, Corollary 3.3]). Suppose A is a self-adjoint operator in the Hilbert space H that is bounded
below by k > 0. For eachr > 0, let H, = Vp, (-, )r) and A,. denote, respectively, the rth left-definite space
and the rth left definite operator associated with (H,A). Then

(1) D(A") = Vs, in particular, D(AY?) = V; and D(A) = Vs;
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(2) D(A,) = D(AU*2/2) in particular, D(A1) = D(A3/?) and D(Az) = D(A?).

The left-definite theory is particularly important for self-adjoint differential operators that are bounded
below, as they are generally unbounded. The theory is trivial for bounded operators, as shown in [19,
Theorem 3.4].

Our applications of left-definite theory will be focused on differential operators which possess a complete
orthogonal set of eigenfunctions in #H. In [19, Theorem 3.6] it was proved that the point spectrum of A
coincides with that of A, and similarly for the continuous spectrum and for the resolvent set. Moreover, it
turns out that a complete set of orthogonal eigenfunctions will persist throughout each space in the Hilbert
scale.

Theorem 2.4 ([19, Theorem 3.7]). If {pn}52 is a complete orthogonal set of eigenfunctions of A in H,
then for each r > 0, {¢on 2, is a complete set of orthogonal eigenfunctions of the rth left-definite operator
A, in the rth left-definite space H.,.

Another perspective on the last theorem is that it gives us a valuable indicator for when a space is a
left-definite space for a specific operator.

On the side we note that left-definite theory can be extended to bounded below operators by applying
shifts to create a semi-bounded operator. Uniqueness of left-definite domains are then given up to the chosen
shift.

A description of these left-definite spaces in terms of standard boundary conditions on a Hilbert space
has been noticeably missing, despite the broad framework and range of results described above. A previous
paper of the authors [12] attempted to remedy this deficiency, and gave both abstract and constructive
approaches to the problem.

2.2. FExtension theory

There is a vast amount of literature concerning the extensions of symmetric operators. Here we present
only what pertains to self-adjoint extensions and is related to our endeavors. Readers already familiar with
the classical self-adjoint extension theory for ordinary differential operators may find it preferable to skip
this subsection and revisit it as needed later, as the content is somewhat standard.

Definition 2.5 (variation of [23, Section 14.2]). For a symmetric, closed operator A on a Hilbert space H,
define the positive defect space and the negative defect space, respectively, by

Dy :={feDA") : A"f=if} and D_:={feDA") : A"f=—if}.

We can assume without loss of generality that all considered operators are closed. This is because [6,
Theorem XII.4.8] says that the self-adjoint extensions of a symmetric operator coincide with those of the
closure of the symmetric operator.

We are particularly interested in the dimensions dim(Dy) = my and dim(D_) = m_, which are called
the positive and negative deficiency indices of A, respectively. These dimensions are usually conveyed as
the pair (m4,m_). The deficiency indices of A correspond to how “far” from self-adjoint A is. A symmetric
operator A has self-adjoint extensions if and only if its deficiency indices are equal [23, Section 14.8.8].

Theorem 2.6 (/23, Theorem 14.4.4]). If A is a closed, symmetric operator, then the subspaces Da, Dy, and
D_ are linearly independent and their direct sum coincides with Dax, i.e.,

Da- =Da + Dy +D_.
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(Here, subspaces X1, Xa, ..., X, are said to be linearly independent, if Zle x; =0 for x; € X; implies that
all z; =0.)

We now let ¢[-] be a Sturm—Liouville differential expression in order to introduce more specific defi-
nitions. It is important to reiterate that the analysis of self-adjoint extensions does not involve changing
the differential expression associated with the operator at all, merely the domain of definition, by applying
boundary conditions.

Definition 2.7 (/23, Section 17.2]). The maximal domain of ¢[-] is given by

Dinax = Dmax (£) := {f :(a,b) = C : f,pf" € ACoc(a,b), f,0[f] € LQ[(a,b),w]}.

The designation of “maximal” is appropriate in this case because Dpax(¢) is the largest possible subspace
for which ¢ maps back into L?[(a,b),w]. For f,g € Dmax(f) and a < a < B < b the sesquilinear form
associated with ¢ by

[f, 9]

= [{tr@5@ - @ @)} v (2.4)

@

Theorem 2.8 (/23, Section 17.2]). The limits [f, g](b) := lim,_,,—[f, 9](x) and [f,g](a) := lim,_,.+[f, g](z)
exist and are finite for f,g € Dpmas(£).

The equation (2.4) is Green’s formula for /[ -], and in our case can be explicitly computed using integration
by parts to be a modified Wronskian

b b

[f, ]| =p@)[f (x)g(x) = f(x)g'(x)]] . (2.5)

a a

Definition 2.9 (/23, Section 17.2]). The minimal domain of ¢[-] is given by

Diin = Dmin(g) = {f € ’Dmax(g) : [fa g”z =0 Vge Dmax(g)}'

The maximal and minimal operators associated with the expression ¢[-] are defined as Lyin = {¢, Dmin }
and Lyax = {¢, Dmax} respectively. By [23, Section 17.2], these operators are adjoints of one another,
i.e. (Limin)* = Lax and (Lpmax)* = Liin.

In the context of differential operators, Theorem 2.6 is commonly known as von Neumann’s formula [23,
Section 14.5]. If Dyax, Dmin and Dy, D_ are the maximal, minimal and defect spaces associated with the
differential expression ¢ -], respectively, then the formula reads

Dinax = Dimin + Dy +D_. (2.6)

The decomposition can be made into an orthogonal direct sum by using the graph norm, see [12].

From [23, Section 14.8.8] we know that, if the operator L, has any self-adjoint extensions, then the
deficiency indices of LY, have the form (m, m), where 0 < m < 2n and 2n is the order of "] -]. Glazman [13]
proved that the number m can take on any value between 0 and 2n. In regards to differential expressions, the
order of the operator is greater than or equal to each of the two deficiency indices by necessity. Hence, Sturm—

Liouville expressions that generate self-adjoint operators have deficiency indices (0,0), (1,1) or (2,2). This
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is related to the discussion of an expression being limit-point or limit-circle at endpoints, see [2,6,23,33-35]
for more details.

The following theorem gives a concrete relation between the defect spaces and GKN boundary conditions,
and is used to prove the main GKN theorems. To this end, let ¢;, for j = 1,...m, denote an orthonormal
basis of Dy. The functions ©; are thus an orthonormal basis of D_.

Theorem 2.10 (/23, Theorem 18.1.2]). Every self-adjoint extension L™ = {£™,D}} of the minimal operator
L., ={0",Dr. ..} with deficiency indices (m,m) can be characterized by means of a unitary m X m matriz
u = [uji] in the following way:

Its domain of definition DY is the set of all functions z(x) of the form

2(z) = y(z) + ¢ (2),

where y(x) € DI and () is a linear combination of the functions

() = pj(x) + Zukjgok(x), j=1,...,m.
k=1

Conversely, every unitary m x m matric u = [u;j] determines (in the way described above) a certain

n
min’

self-adjoint extension L™ of the operator L The correspondence thus established between L™ and wu is

one-to-one.

In order to formulate the GKN Theorems, we recall an extension of linear independence to one that mods
out by a subspace. This subspace will be the minimal domain in applications.

Definition 2.11 (/25, Section 14.6]). Let X3 and X5 be subspaces of a vector space X’ such that X; < Xs.
Let {z1,22,...,2.} C Xy. We say that {1, xs,...,2,} is linearly independent modulo X; if

T
Zaimi € Xy implies ; =0 forall i =1,2,...,7.
i=1

The following two theorems form the core of GKN theory.

Theorem 2.12 (GKN1, [23, Theorem 18.1.4]). Let L™ = {{", D'} be a self-adjoint extension of the minimal
operator LT . = {¢™ DI .} with deficiency indices (m,m) and associated sesquilinear form [-,],,. Then the

min

domain DY, consists of the set of all functions f € D}, . which satisfy the conditions

mazx’

b
=0, k=1,2,...,m, (2.7)

a

[fa wk]n

3
max

n
mn

where wy, ..., Wy €D are linearly independent modulo DI . for which the relations

b
=0, j,k=1,2,....m (2.8)

a

[wj, wi]n
hold.

The requirements in equation (2.8) are commonly referred to as Glazman symmetry conditions. The
converse of the GKN1 Theorem is also true.
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Theorem 2.13 (GKN2, [23, Theorem 18.1.4]). Assume we are given arbitrary functions wy,ws, ..., Wy €
DTL

max

which are linearly independent modulo DI, and which satisfy the relations (2.8). Then the set of all

min
n
min*

functions f € DI . which satisfy the conditions (2.7) is domain of a self-adjoint extension of L

These two theorems completely answer the question of how boundary conditions can be used to create
self-adjoint extensions. Applications of this theory hinge on determining the proper wy’s that will define
the domain of the desired self-adjoint extension.

3. Domains of Sturm-Liouville operators

We begin by discussing domains associated with the Legendre and Jacobi differential operators, with a
slightly different perspective on each. The simple results in this section mainly serve as an introduction
to the methods of Section 4, where analysis is more complicated. Some results may also be derived from
existing literature, such as [16, Section 3], but methods of proof are different.

3.1. The Legendre operator

As a first example, we consider the classical Legendre differential expression given by

Uf)(@) = =((1 = 2*)f'(2)) (3.1)

on the maximal domain

Duax = {f : (=1,1) = C : [, f" € ACioe(=1,1); £, £[f] € L*(—1,1)}. (3-2)

This maximal domain defines the associated minimal domain given in Definition 2.9, and the defect indices
are (2,2), with both endpoints in the limit-circle case. The symmetric expression given in equation (3.1)
possesses the Legendre polynomials Py, (z), m € Ny, as a complete in L?(—1, 1) set of functions f(x) = P,,(z)
that satisfy the eigenvalue equation

(f)(x) = m(m + 1) f(x)

for each k. We also recall that Legendre polynomials [24, Section 14.3] can be written as:

Pute) = o+ 1515002 = 3 (2) (7Y (") e, 3.3

= J J

where oF(a,b;c; x) is the Gauss hypergeometric series. Of course, the series can be written with powers of
(1 + x) using a transformation such as [24, Equation 15.8.7]. The Legendre polynomial P, (z) is in Dpax
for each m € N.

The associated sesquilinear form is defined, for f, g € Dpax, via equation (2.4). Integration by parts easily
yields the explicit expression

[f,9l(£1) = lim (1 2®)[f'(x)g(x) — f(2)g' (x)]-

Theorem 2.8 says that the sesquilinear form is both well-defined and finite for all f, g € Dyax. We will use
specific choices of the function g(z) to say that this imposes a certain degree of regularity on f(z) and f’(x).



10 D. Frymark, C. Liaw / J. Math. Anal. Appl. 489 (2020) 124155

Proposition 3.1. Let f € D,,4.- Then,

lim (1—2%)f(z) =0, and lim (1 —2%)f () is finite.

rz—+1F rz—+1F

Proof. We prove the proposition at the endpoint 1, and the result at —1 will similarly follow.
Let f € Dmax- The function 1 € Dy trivially, so

[f,1](1) = lim (1 — 2?)f'(z) is finite.

r—1—

Hence,

lim (1 —2?)f'(z)(1 —2) = lim (1 —2%)f (z)- lim (1—2) = 0. (3.4)

r—1— r—1— r—1—

The function (1 — z) is also clearly in Dpax, so by equation (3.4)

[f,1—2](1) = lim (1 —2?)[—f(z) — f(z)(1 —z)] = lim (1 —2?)f(z) is finite.

r—1— r—1—

Without loss of generality, let ¢ be a nonzero positive constant such that

c:= lim (1 —2?)f(z).

x—1—

If ¢ is negative, simply take the absolute value of both sides. Define 7 := ¢/2 so that

r < lim (1 —2%)f(x).

z—1-

Dividing both sides by (1 — 22) yields

lim —— < lim f(z). (3.5)

a—1- (1 —22)  as1-

The definition of the maximal domain says that f € L?(—1,1), so f € L*(—1,1) by the embedding of L?
spaces. Integrating both sides of equation (3.5) thus yields a contradiction to the fact that f € L'(—1,1)
by the comparison test. As ¢ was an arbitrary constant, we conclude that c=0. O

We now define a class of C*°[—1, 1] functions, for j € Ny, by their behavior near the endpoints. We take
representative elements of this class, for j € Ny, to be denoted by

n (1—=x), for x near 1
P = , and
0, for x near — 1

_ 0, for x near 1
(p. = X .
! (14+z)7, for xz near —1

Note that the functions ¢ and ¢ simply behave like the function 1 near the endpoints 1 and —1 respec-

(3.6)

tively. It is also clear that the functions are in the maximal domain D,,,x. This class of functions will be
shown to play an important role within the maximal domains associated with powers of the Legendre and
Jacobi differential equations.

Corollary 3.2. For j > 1, the functions np;, ¢; belong to the minimal domain associated with the Legendre
differential expression (3.1).
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Proof. The definition of the minimal domain (Definition 2.9) means the theorem is equivalent to showing
that

1
[f7 (P;r] =0, Vf € Dax-

—1

Hence, for all f € Dyax and 5 > 1,

[0 =P ] (1) = Jim (1= 2?) { () [~ — 2} ] = /()1 - 27}
The two conclusions of Proposition 3.1 together imply that the limit is 0, as desired. The result follows for
the functions ¢; analogously. O

The characterizations of the maximal domain in Proposition 3.1 and the minimal domain in Corollary 3.2
are related. If functions in the maximal domain possess only a certain amount of blow-up, then the minimal
domain will include functions with regularity sufficient to eliminate such singularities.

In particular, the maximal domain is rarely rewritten in the literature (see e.g. [11, Theorem 10.1],
and [16,26]), but to the best knowledge of the authors, the properties in Proposition 3.1 are new. Indeed,
investigations of the maximal domain are usually only done for the purpose of finding specific self-adjoint
descriptions. This goal becomes much easier when additional properties of the maximal and minimal domains
are known.

In order to show this, consider the self-adjoint operator T generated via expression (3.1) that contains
the Legendre polynomials (see e.g. [19,21,22]). The domain of this operator can be written as

Dt ={f € Duax : [f,1](£1) =0}.

The deficiency indices of ¢ are well-known to be (2,2) so two boundary conditions are imposed, one at
each endpoint [3,9]. There are many characterizations of the operator T in literature, but the following one
is particularly insightful for us.

Lemma 3.3 ([11, Theorem 7.1]). Let f € Dyay. Then f € Dy if and only if f € AC[—1,1]. In particular,
f € Dy implies

L_I:IinH f(z) is finite.

This condition is comparable to that of Proposition 3.1. Indeed, the juxtaposition of these two results is
one of the central themes of our investigation of domains for higher order operators. The maximal domain
will ensure that some limits of derivatives are finite when a certain degree of regularity is present. On the
other hand, inclusion in the left-definite domain ensures that limits of the same derivatives with half as
much regularity are finite. The distinction between which limits are 0 and which are finite will be the center
of discussion in Section 5.

For contrast, we define the domain

DL(m) = {f € Dnax [fa Pm](il) = 0}7 (37)
where P,, is the mth Legendre polynomial, m € Ny. The following surprising theorem can be formulated.

Theorem 3.4. The self-adjoint operators T = {{,Dr} and L(m) = {{, Dy(,)} are equal.
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Proof. The definition is equation (3.3) says P, (x), m € Ny, can be decomposed as

m

P (z) = Zaj(l — ),

Jj=0

where a; € R are constants. The case m = 0 follows trivially. Fix m € N and let f € Dr. Then, by linearity
of the sesquilinear form,

m

[f, Pl (1) = D~ a[f, (1 = 2)](1) = ao[f, 1)(1) = 0.

Jj=0

All but one term vanished due to the fact that cpj, j > 1, is in the minimal domain by Corollary 3.2. The
final equality holds because of the definition of Dy. Similarly, if we write equation (3.3) in terms of (1 + x)
with new constants b; then

[ Prml(=1) = ij[f, (1+2))(~1) = bo[f, 1](~1) = 0.

Hence, f € D). The reverse inclusion follows analogously, and the theorem is proven. O

It should be noted that Theorem 3.4 is not new to the literature, although it’s proof uses the new
properties of the maximal domain and is more efficient. The result appears in a previous paper of the
authors [12] that focused on which GKN boundary conditions can be utilized to describe the left-definite
domain. Therein, a constructive approach is applied to determine that even for the square and cube of the
Legendre operator, an appropriate amount of any Legendre polynomials can be chosen as GKN boundary
conditions and still yield the left-definite domain.

The Legendre differential expression is a special case of the Jacobi differential expression, with « = 5 = 0.
It is therefore natural to consider whether the previous results hold for more general parameters.

3.2. The Jacobi operator

Let 0 < a, 5 < 1, and consider the classical Jacobi differential expression given by

laplf](z) = — (1 —2)** (1 +2)" T f (@) (3.8)
on the maximal domain

DD = {f € L2 5(~1,1) | f,f € ACoc; baplf] € L2 4(—1,1)},

where the Hilbert space Liﬁ(fl, 1) := L?[(-1,1), (1 = )*(1 + )”]. This maximal domain defines the
associated minimal domain given in Definition 2.9, and the defect indices are (2,2). The specified values
of a, B will ensure that the differential expression is in the limit circle case at both endpoints, and so are
assumed throughout. If either parameter is equal to or larger than 1, then all of our conclusions still hold,
but some boundary conditions will be satisfied trivially. If either are less than 0, the corresponding endpoint
is regular and although it still requires a boundary condition, these are much simpler and don’t need to be
in the GKN format. See [3,9,36] for more details.

The Jacobi polynomials P,Ef”e)(a:), m € Ny, are complete in L2, 5(—1,1) set for which f(z) = P&Q’B)(x)
solves the eigenvalue equation of the symmetric expression given in equation (3.8), that is:
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o plfl(@) =m(m+a+B+1)f(z)

for each m. We also recall the Jacobi polynomials [24, Section 18.5] can be written as:

PP (z) = (@ Dm ;!1)’” Fi(-m,m+a+B+La+1;(1—-2)/2)
L&Y (mtat Bt j 4 Dy ;
_jz_:o <_§> e (1- 2y, (3.9)

where o F(a,b; c; x) is the Gauss hypergeometric series and (-); denotes the rising Pochhammer symbol. Of
course, the series can be written with powers of (1+z) using a transformation such as [24, Equation 15.8.7].
The Jacobi polynomial P&a’ﬁ)(z) is in Df{fgf) for each m € Nj.

The associated sesquilinear form is defined, for f,g € Dr(r?aif), via equation (2.4). Integration by parts

easily yields the explicit expression

[fgh(£D) == lim_(1-2)** (1 +2) " [f (2)g(x) — f(2)g(2)].

r—+1F

Note that the dependence of the sesquilinear form on the parameters « and [ is suppressed in the definition
for the sake of notation.

Theorem 2.8 says that the sesquilinear form is both well-defined and finite for all f,g € Dx(,?;’f ). We will
use specific choices of the function g(x) to say that this imposes a certain degree of regularity on f(x) and

f'(=).
Proposition 3.5. Let f € D%{’g). Then,

lim (1 —2)°T' 1 +2)’ M f(x) =0, and lim (1 —2)*T (1 +2)° T f/(2) is finite.

r—+1F rz—+1F

The proof is analogous to that of Proposition 3.1, but is repeated here because it will be used as a base
case for induction in the proof of Theorem 4.1.

Proof. Consider the endpoint 1. Let f € Dr(r‘fﬁ;f). The function 1 € Dr(fa’f ) trivially, so

[f,1]1(1) = lim (1 —z)*" f/(x) is finite.

r—1—

Hence,

lim (1 —2)*" f(2)(1 —2) = lim (1 —2)*T f'(z)- lim (1 —z) =0. (3.10)

rz—1- r—1— z—1—

The function (1 — z) is also clearly in D2 ), so by equation (3.10)

[f,1—2]1(1) = lim (1 —2)*M[—f(z) = f(2)(1 —2)] = lim (1 —2)*" f() is finite.

r—1— r—1—

Without loss of generality, let ¢ be a nonzero positive constant such that

c:= lim (1 — )" f(x).

r—1-

If ¢ is negative, simply take the absolute value of both sides. Define r := ¢/2 so that
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r< lim (1 —2)* f(z).

r—1—

Dividing both sides by (1 — z) yields

r
lim — < lim (1 —2)¢ . 3.11
S oy < Ap A -at@ (3.1
The definition of the maximal domain says that f € Li’ﬁ(—l, 1),s0 f € L}X’B(—l, 1) by the embedding
of LP spaces. Integrating both sides of equation (3.11) thus yields a contradiction to the fact that f €
L(i, ﬁ( —1,1) by the comparison test. As ¢ was an arbitrary constant, we conclude that ¢ = 0. The results at
the endpoint —1 similarly follow. O

Corollary 3.6. For j > 1, the functions <pj' and ¢} belong to the minimal domain associated with the Jacobi
differential expression (3.8).

Proof. The proof is analogous to that of Corollary 3.2, but relying on Proposition 3.5 instead of Proposi-
tion 3.1. O

It is somewhat surprising that the parameters a and 8 don’t distinguish Corollary 3.5 from Corollary 3.1
in the Legendre case. The range of the parameters seems to be the culprit, as 0 < «, < 1. Hence,
when the maximal domain is considered in the basis of Jacobi polynomials at each endpoint, the powers
of (1 —z) and (1 4 «) included in the minimal domain should be higher than «a and S, respectively. In
the Legendre case we have a = 8 = 0, so only the function 1 is outside the minimal domain. This idea
of a rough polynomial boundary that separates the minimal from the maximal domain also reflects the
duality described between the two operators mentioned after Corollary 3.2. A proof of the sharpness of this
boundary is still outstanding.

Now, consider the self-adjoint operator J(®#) generated via expression (3.8) that contains all of the
Jacobi polynomials, P&a’ﬁ ). The domain of this operator can be written [9, Section 3| as

Dy = {7 €D+ [£.1h(1) =0}

Following the convention of [12], the deficiency indices of ¢, g are (1,1), so one boundary condition is
imposed. The domain has a property that represents a generalization of Lemma 3.3.

Lemma 3.7. [9, Section 3] The domain Dyc.ps possesses the strong limit-point condition. That is, for all
f € Dya.n), we have

lim (1 —2)*" (1 +2)7 f(2)g'(z) =0,

z—+1F

for all g € Dyca.p) .

It should be noted that Lemma 3.7 also applies to the Legendre differential expression, but the stronger
Lemma 3.3 was used instead. The comparison of Lemma 3.7 and Proposition 3.5 thus offers another reference
point to the duality between the maximal and minimal domain.

It is possible to recover the first conclusion of Proposition 3.5 from Lemma 3.7 by setting g(x) = = €
Dl(r?aif). This yields that, for f € Dya.s),

li 1—z)*t1 B+l =0.
Jim(1-2)%7 (1 +2)"" f ()
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However, the description of the maximal domain in Proposition 3.5 should not be considered a gen-
eralization of the strong limit-point condition (for more see e.g. [7]). The strong-limit point condition is
achieved by imposing a boundary condition on the maximal domain, and hence it only holds for a spe-
cific self-adjoint extension. The maximal domains of powers of the Jacobi expression and their associated
left-definite domains in Section 5 have a similar relationship.

For contrast, we define the domain

Do) (m) = {f e Db . [f, P,Sf@} (£1) = o} , (3.12)
1
where P,(na’ﬂ ) is the mth Jacobi polynomial, m € Nj.

Theorem 3.8. The self-adjoint operators defined as J(P) = {0, D05} and I (m) = {E,DJm,m(m)} are
equal.

Proof. The definition in equation (3.9) says plep )(1:), m € Ny, can be decomposed as

m

P @) = 3 a1 =),

=0

where a; € R are constants. The case m = 0 is trivial. Fix m € N and let f € Dj(,p . Then, by linearity of
the sesquilinear form

m

(£ PeP] () =Y a; [£, (= 2], (1) = aolf. (1) = 0.

Jj=0

All but one term vanished due to the fact that <p;r, j > 1, is in the minimal domain by Corollary 3.6. The
final equality holds because of the definition of f € Dja.p).
Similarly, if we write equation (3.9) in terms of (1 + ) with new constants b; then

(£ RG] (1) = > bolf u(-1) = 0.

Jj=0

Hence, f € Dj(a.p)(1m)- The reverse inclusion follows analogously, and the theorem is proven. O

We now attempt to generalize these domain decompositions to those associated with powers of the Jacobi
differential expression.

4. Domains of powers of the Jacobi operator

Let 0 < o, 8 < 1 and n € N. It is known [9] that the nth composition of the Jacobi differential expression
(3.8) can be expressed in Lagrangian symmetric form as

G =~ g 2D Ok D =) L A, )
on the maximal domain

D;]r{gx = {f S Li,ﬁ(_la 1) | f7 f/7 .. -af(Qn_l) S ACIOC(_17 1)a Z,B[f] S Li’ﬁ(_la 1)}a
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where the Hilbert space Liﬁ(—l7 1) = L? [(—17 1), (1 —2z)¥(1 —l—x)ﬁ]. This maximal domain defines the
associated minimal domain given in Definition 2.9 and the deficiency indices of ¢§ are (2n,2n). To make
the notation more accessible, we are suppressing the dependence on a and 3 in the definition of D" | D;]nffl
and the defect spaces Di", pln
be found in [9].

The associated sesquilinear form is defined, for f,g € D

[12, Section 6] as

, see equation (2.6). Explicit values for the constants C'(n, k, «, 8) can also

J,n

max?

via equation (2.4). It can be written explicitly

M»

n
k=1 ]:1

08 faxl)g® )] “ 70 ) (4.2)

[ak<x>f<’“><x>]<’“”a@1><x>},

where ap(z) = (1 — z)*TF(1 + 2)f+F,
The functions (1 — x)7 and (1 + )7, for finite j € Ny, are in D3, because they are polynomials which
are bounded at the endpoints. Equation (4.1) allows us to easily calculate

k

051 — x) ZZC n,k,a, B,i,§)(1 —x)?FH(1 4 )k (4.3)

k=1 1=0

for some finite constants c(n, k,a, 3,1, j), which vanish when i — k > j. The expression for ¢}[(1 + z)]
can be determined analogously and is also a polynomial bounded on [—1,1]. Theorem 2.8 says that, for
f,g € DX | equation (4.2) is finite. The following theorem uses the functions (1 — )7 and (1 + z)7 in the

sesquilinear form to determine properties of functions in the maximal domain.

Theorem 4.1. If f € DX then for j =0,...,n

max’

lim (1 —2)*7 (14 2)%4 f0)(2) is finite. (4.4)

rz—+1F

Furthermore, for k=0,...,n and each j € N such that j < k,

lim [(1 — )T+ x)ﬁ'*'kf(k)(ac)} = is finite. (4.5)

rz—+1F

Proof. The case n = 1 was proven in Proposition 3.5. Without loss of generality, fix n € N such that n > 2
and let f € D"
1. Hence, functions of the form (1 + 2)?** are suppressed here and throughout the calculations, as they

'.. In order to avoid tedious repetition, we will only include the argument for the endpoint

contribute only a finite constant at that endpoint. The results at —1 follow by an analogous argument.
Notice that, by definition, the maximal domains for different compositions are nested and form the chain

+ C Dy €+ € Dz € D (4.6)
Theorem 2.8 says that [f, g],(—1) and [f, g],(1) both exist and are finite for all g € DJ." . The chain

in equation (4.6) then implies that [f, g],m(—1) and [f, g]m (1) exist and are finite for all m € Ny such that
m < n.

The main argument now includes a nested sequence of induction proofs. We claim that, for s € N and
r € Ng such that s <r <n—1,
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5) (r=(s+1))
lim [(1 —z)2F 0 () finite == lim [(1 —z)2t () finite. (4.7
r—1—

On the side, we mention that when r = s the statement has a special case that is also part of our goal for
the Theorem:

lirgl (1 —2)* ") () is finite. (4.8)
r—1"
Proceed by induction on s. Each value of s will also require a proof by induction, so begin with the base
case for s = 1.
We claim that for r =1,...,n
. (=1
lim [(1 — z)otr (x)} is finite. (4.9)
r—1—

The base case where r = 1 was shown in Proposition 3.5, and applies via equation (4.6). For the sake of
clarity, we provide the argument when r = 2 as well. We wish to examine [f, 1],,(1) for higher values of m.
Note that the limits in Proposition 3.5 are still finite when multiplied by powers of (1 — x). Thus,

2k (

F1l() = lim >3 (1= a)e 0 @)

e (4.10)

= lim (1—2)""f/(2) = [(1 - )" f"(@)]" is finite,

which implies that

lim [(1—2)**2f"(z)]" is finite. (4.11)

r—1—

Next, let m < n and assume the inductive hypothesis that for all s € Ny such that s <m — 1,

(s—1) . .
} is finite.

lim [(1 — )0t £ ()

r—1—

Then, [f,1],,(1) is finite because f € D" | so the expression of interest becomes

max?

m k .
. (k—3) )
— 1 _1\k+J _ ootk (k) (7—-1)
2], = Tim YD DR -t O @) )

k=1j=1
i (k—1)

= lim 3 (~1)FH! [(1 - x)a+’ff<k>(g;)} .

z—1—
k=1
The terms £k =1,...,m — 1 are all finite due to our inductive hypothesis, so the term for £ = m must also

be finite. The claim in equation (4.9), and hence the base case s = 1 in equation (4.7), is thus proven.
Unfortunately, the case s = 1 is not representative of what is to come, as the sesquilinear forms become
more complicated for higher values of s. We will show the case s = 2 for the sake of clarity. Examine,

2k . (k—j)
[, (1= 2)],(1) = lim > Z(—l)’“”{ [(1 —x)* TR (1 - x)“ﬂ FU ()

z—1-
¥ k=1 =1

k—j)

- [(1 - w)‘”’“f(’“)(w)}( (1— x)(j‘l)} is finite.
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The terms when k = j = 1 are finite by Proposition 3.5, and when k = 2, j = 1 by equation (4.9). The
remaining term, generated when k = j = 2, is thus finite:

CElilrlla_(l — x)* T2 (). (4.12)
Furthermore,
2 . (b=3) .
.1 = 2))s(1) = tim ;;(_mﬂ{ [ 21— ) ®] 7 Dy

- {(1 - x)a+kf(k)(aj)} = (1- x)(j_l)} is finite.

The terms where j = k are finite by Proposition 3.5 and equation (4.12). When j=1, terms are finite by
equation (4.9). The remaining term, generated when j = 2 and k = 3,

lim [(1—2)3 " (2)]' (4.13)
r—1—
is thus finite as well.
An induction argument on the sesquilinear form used, similar to that used to show equation (4.9), can
now be performed to show that for r =2,...,n

(r—2) . .
} is finite.

lim [ (1 - 2)°*" ()

r—1—

A proof of the statement is suppressed for brevity, and we proceed with our central inductive argument.

Assume the inductive hypothesis that for s <m —landr=m—1,...,n
. (r=s) . . .
lim [(1 — )t () is finite. (4.14)
r—1—

We calculate that
L, (=2 (1) (4.15)
= Jm ZZ ’““{ (1= @)t [ - x)m”](k)}(k_j) 0D ()

—1-
£ k=1 j=1

_ {(1 — x)”‘*’cf(k)(x)} = [(1- m)mfl](j_l) } is finite.

Terms where j = k < m are finite by Proposition 3.5 and the special case of the inductive hypothesis, as
stated in equation (4.8). Let k < m — 1. Since j < k, the terms on the left hand side of the sum, up to a
finite constant, can be simplified near x = 1 as

m k -
lim ZZ{ _ g)otk (1_1:)77171}(76)](19 )f(ifl)(:c) (4.16)

1
v k=1 =1

~ lim ZZ “*3 D+(m=k) ¢(i— 1(3:),

—1-
x k=1 j=1
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all of which are finite by the inductive hypothesis. If & = m, all of the terms in equation (4.16) are 0.
Terms on the right hand side of the sum in equation (4.15) are finite for ¥ < m — 1, and j < k, by the
inductive hypothesis. The term where both j = k = m thus finally yields

1ir{17(1 — )2+ ) (1) is finite. (4.17)
We similarly calculate that
m+1 k *) (k—7) ‘
=)™ (D) =t Y Y0 [ - o)) e
k=1 j=1
k ¢(k (k=4) —11G=-1 | . :
- [(1 )tk f( >(z)} [(1—2)™ ] } is finite.

Every term except for when k = m + 1 and j = m is finite either by the inductive hypothesis or is simply 0
(i.e. when j = kK = m 4+ 1). Hence,

/
lim [(1 - x)a+m+1f(m+1)(x)] is finite.
r—1—

Again, an induction argument on the sesquilinear form used, similar to that used to show equation (4.9),
can now be performed to show that for k =m,...,n

(k—m)
] is finite.

lim [(1 _ g)erth p(R) ()
rx—1—

The claim in equation (4.7) is thus proven by induction for s < k < n — 1. The claim is not true for
s < k = n simply because the index of the sesquilinear form cannot be further increased to n + 1 in the
previous calculations. However, the intermediate result that

lim (1 —2)**" () () is finite,

r—1—

does immediately follow. The theorem is thus proven. O

These properties of functions in the maximal domain also determine which functions are in the minimal
domain, similar to Corollaries 3.2 and 3.6.

Theorem 4.2. The functions pF and p;, s > n, belong to the minimal domain associated with the nth
composition of the Jacobi differential expression (4.1).

Proof. We will show the theorem for the functions ¢, s > n, and the corresponding statement for the

functions ¢, will follow.

J.n

The assertion that ¢ belongs to the minimal domain of ¢4, for all s > n, means that for all f € D3

we have [f, p7]n(1) = 0. We deconstruct the expression for the sesquilinear form given by (4.2) into the

terms
n k B
P(z) = Z Z(_l)kJrj [(1 _ m)a+k(1 + l,)ﬂ“rk [(1— x)s](k‘)} (k—3) f(jfl)(m),
k=1j=1
n k —j '
N(z) = 30 015 [(1 = @) (1 4 )P+ 0 () e,



20 D. Frymark, C. Liaw / J. Math. Anal. Appl. 489 (2020) 124155

It is clear that the (1 + x)?** terms above can be ignored in our calculations as they contribute a factor of
at most 291" near & = 1, which is finite. Other finite constants will also be omitted, as they can be pulled
outside the limits. We set out to prove the stronger condition that

lim P(z) = lim N(z)=0.

Tz—1— r—1—

Next, we calculate that

hm P(J)) =~ hm ZZ _ Oé+k .I)S_k} (k_j) f(j_l) (x)

1 1
¥ ¥ k=1j=1

ﬁmzz — z)ets] 070 fUD g

-
* k=1 j—1

fim 30301 - @)k 0D )

—1
¥ k=1j=1

— lim ZZ s k+1 1 )aHrjflJc(jfl)(x)7

—1-
* k=1 j=1

Q

I
3
M

s k+12 a—&-] 1f7 1( ) ) (418)

Theorem 4.1 says that

lim (1 — z)*T =1 U= (2) is finite,

r—1—

for j = 2,...,n. Additionally, for k =1,...,n, and s > n,

lim (1 —x)* "' =0.

r—1—

This implies

hmz - sk+1z a+] lfj 1() = 0.

x—1—

The remaining case where 5 = 1 requires Proposition 3.5 to see:

lim Z x)oTs TR f () = 0.

r—1—

We conclude that the limit in equation (4.18) is in fact 0, as desired.

On the other hand, the limit of N(z) is immediately known to be finite for each choice of j and k& due to
Theorem 4.1. Multiplication by the term (1 — 2)*~7*! then shows that the limit must be 0 for each j and
k. The theorem is thus proven. 0O

The properties of the maximal domain DJ:" in Theorem 4.1 were revealed by the 1nteract10n between

max

the composed operator ¢} and behavior near endpoints described by the functions {goj_} o " and {of }
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Theorem 4.2 then says that all other associated endpoint behaviors, that occur when j € N and j > n, are
in the minimal domain. However, the deficiency indices of ¢} are (2n,2n) and there are only 2n functions
that don’t seem to be in the minimal domain so far. The other 2n must behave differently.

We define a class of C°°[—1,1] functions by their boundary asymptotics, with elements of the class
denoted by wj+ and ¢}, for j € No:

W) = {(1 — )"t for x near 1 } and

0, for x near — 1

1/);(55) . {0, | for x near 1 } ’

(14 2)78*J,  for z near —1

(4.19)

the dependence of the functions @ZJ;F and 7/’3'_ on the parameters o and (3 is suppressed here for simplicity. The
choice of these functions is explained in Remark 4.11, but the following lemma tells us that such behavior
does occur in the maximal domain.

Lemma 4.3. The functions (1 — x)~°%7 and (14 2)~P*+9, for j € Ny, are in the mazimal domain D;",.

Proof. We will show the lemma for the functions (1 — 2)~**J and the analogous result will follow for the
functions (1+2)~#*. Fix n and let j € No. It is immediately clear that each function is in L2 4(—1,1) and
possesses the desired differentiability properties. It remains only to show that £3[(1—xz)~**/] € L2 ;(—1,1).
Calculate

1

O I e e R

B zn: [(1 — x)a+k(1 + l’)ﬂ+k(1 _ .’[)_D‘"'j_k] (k)

T - :c)al(l Ty 2 [+ =]
k=1

n k

~ ! PRt = )ikt
-~ (1—2)(1+z)P ;;[(1+ ) (1 ) ]
n k
— 1+ CC k z o x)—a+j—k+z’ )
Bk |

The differentiation performed on the second line requires that j > k to ensure the term is nonzero. We focus
on these values of k, as otherwise the term is trivially in L?x, ﬁ(—l, 1). The last line then states that the
worst behavior in any term of the double sum is (1 — z)~%, which occurs when j = k and ¢ = 0. This term
is still in Liﬂ(—l7 1) though. Every term in the double sum is thus in Liﬁ(—l, 1) so the result follows. O

The functions in equation (3.6) and equation (4.19) indeed exhibit behavior that is not in the minimal
domain.

Theorem 4.4. The functions <p;-', ;‘, w; and ¢, for j € Ng such that j < n, are not in the minimal

J.n
domain Dy,

Proof. We will prove the theorem for the functions gp}' and 7,/1;'; the analogous result will follow for the
functions ¢; and ¢;. Fix n and let y € Ny such that y < n. Functions in the minimal domain yield a
value of 0 when paired in the sesquilinear form with any other function from the maximal domain, so the
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strategy will be to show that a nonzero value is achieved when paired against one function in particular.
By definition,

[@y’ n—1— y] (71):()

Thus, consider [4,0;, 1/):_1_3/]” (1). As in the proof of Theorem 4.2, we break the sesquilinear form up into

two pieces:
n k A
Pla)i= 30 D (08 [ =) () (1 = et O] 0,
k=1 j=1
n k 4
N(w) =30 DD [ = ) )t (1 - ) (1 et O
k=1j=1

This yields

[ y,qpn - y] (1) = lim P(xz)— N(x).

rz—1-

The explicit values of constants here do not seem to be valuable, so we don’t present the intermediate steps
in the following calculations. First,

k .
i P % 1 B+k n—1—y (k—3) oy—j+1 S i
lim 1—1>H11—ZZ [(142)" (1 - 2) ] (1—-2x) for y>j—1,
k=1 j=1
n k k—j
~ li L+2)P (1 — )"tk for n—1-y>k—j—s.
ri?*kzﬂ;;( + ) (1—2x) or n y > j—s

If either of the conditions above are not met, then the term for such j and k is 0. It is also evident that the
exponent n + s — k will now make all other terms 0 in the limit unless s = 0 and & = n. The two conditions
above can thus be rewritten as j < y+ 1 and j > y + 1. We can thus conclude that a single finite term
remains, when k =n and j =y + 1. Second,

n k .
li ~ li Btk (1 _ pyety]F=9) 1 _ y—atn—y—j >
lim N(z) ~ Ilil{lﬁ ZZ (14 2)7H*(1 — 2)*1Y] (1—=x) for y >k,
k=1j=1
n k k—j
~ 1 (1+2)P (1 ntt—k
i S

where again if y < k terms are 0. However, the only way the exponent n+t —k =01isif t =0 and k = n.
This contradicts our earlier assumption though, as y < n — 1. We can conclude that all terms are 0 and the
limit of N(z) as © — 1~ is zero. In conclusion, we have shown that

[@y?zl)n 1— y] C(avﬁayyn)’

-1

a nonzero, finite constant depending on «, 8 y and n. The theorem follows. O

The functions {wi} " clearly have a special interaction with the functions {wi} _, - More can be said

when the indices of these functlons add to be more than n.
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Lemma 4.5. Let s,t € Ny such that s,t <n. If s+t > n, then

1

1
R P e L e
Proof. We will prove that
v !
[os 0], =0, (4.20)
and the analogous result will follow for the functions defined by their asymptotics at x = —1. Fix n and let

s,t € Ng such that s+t > n. Consider equation (4.20) and notice that evaluation at the endpoint z = —1
is 0 by definition. Break down the sesquilinear form at the endpoint x = 1 into two parts, as in the proof of
Theorem 4.4:

n k ]
(k—3) )
Pla) = 30 S (-1 [(1 - ) H (1 )P ()] O] @y,
k=1j=1
G k+j k k (k) (k=7) (j-1)
N@)i= Y0 S04 [ =)t )P -] [ e O,
k=1j=1
We calculate that
L (k—3)
1 ~ |i Btk _ N\t1\FTI _os—j+1 > 5
xlgl_P( ) lligl_ZZ[(l—l—x) (1 ﬂ?)] (1 a:) for s>j5—1,
k=1 j=1
k k—j
~ 1 ﬁ+k11_ stt=k+itl fo 4 s i
i E S e i

The exponent s +t — k + ¢ + 1, noting the hypothesis s +¢ > n and the ranges of k£ and ¢, has a minimum
value of 1. Hence, the limit is 0 because powers of (1 —z) will remain in each term of the last sum. Similarly,

lim N(z)~ lim ZZ [(1 + x)ﬁ““(l _ JL,)ours](kﬂ') (1 —2) =0+ for s>k,

z—1- z—1—
n k j
~ lim Z Z (1 + x)ﬁ”rkfz(l _ x)s+t7k+z+1.

The condition s > k immediately implies that the limit is 0 because powers of (1 — z) will survive in each
term of the sum. Thus, equation (4.20) is proven and the lemma follows. O

Theorem 3.8 revealed that the functions ¢; were building blocks of the Jacobi polynomials near the
endpoints. Orthogonal functions, like the Jacobi polynomials, will be zero when plugged into the sesquilinear
form, as it is defined by Green’s formula (2.4) as the difference of two inner products. While the functions
@; are not orthogonal, they still retain this property of eliminating each other in the sesquilinear form.

Lemma 4.6. Let s,t € Ny be such that s,t < n. Then

1
=0.

= [esser ]

(o, 0],
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Proof. We will prove that the expression

[eh ], | =0, (4.21)

—1

and the analogous result will follow for the functions defined by their asymptotics at x = —1. Fix n and let
s,t € Ng such that s,¢ < n. Consider equation (4.21) and notice that evaluation at the endpoint z = —1 is
0 by definition. Break down the sesquilinear form at the endpoint x = 1 into two parts, as in the proof of
Theorem 4.4:

k=1j=1
We calculate that
n k (k—3)
li ~ i B+ki1 _ \at+t]\ETT _o\s—j+1 > > G
lim P(x) Ilifil ZZ [(1+2) 5 (1 — 2)**] (1—-1x) for t >k s>7—1
k=1j=1
n k k—j
~ li 1 Btk—i(q _ pyatstt—k+itl
s EgForrass

The exponent o+ s+t — k + 7 + 1, noting the hypothesis ¢t > k and the ranges of s and 7, has a minimum
value of a + 1. Hence, the limit is 0 because powers of (1 — z) will remain in each term of the last sum.
Similarly,

k .

lim N(z)= lim 5+k (1 —z)>ts (k=3) 1— )7+ > >45-—1
Tz—1- x—)l*zz ) ] ( $) or S_k’ t_]

k=1 j=1

n k k—j
~ lim 1 ﬁJrk 7 1— oz+s+t7k+i+1.
r—1— Z + JL‘ ( ZC)
k=1 j=11=0

The condition s > k again implies that the limit is 0 because powers of (1 — z) will survive in each term of
the sum. Thus, equation (4.21) is proven and the lemma follows. O

It does not appear that the functions 1); can be used in the sesquilinear form, in some order, to discern
properties of the maximal domain similar to Theorem 4.1. It is also unclear what happens when two 1),
functions are paired in the sesquilinear form. However, the interactions discovered so far are strong enough

to have important repercussions for self-adjoint extensions of the operator ¢3.

4.1. Self-adjoint extensions

We now use the set of functions that we have found to be in D;L;LX\Dmm at each endpoint to define two
finite-dimensional subspaces of D, :

D" .= span{{@j }J 0 {¢ } }, DY} = span{{ga {w+} }
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We first show that the basis functions in each of the two spaces are linearly independent modulo the
minimal domain D;{l;ﬁ As the two subspaces themselves are clearly linearly independent, each basis function

being 0 at the other endpoint, this will result in showing that
dim (D” 4+ D%) = 4n.

Theorem 4.7. The basis functions of D and D%} are all linearly independent modulo the minimal domain
DJ,n

min-*

Proof. We will show the result for the basis functions of D, and the proof for the basis functions of D"

will follow analogously. Fix n and consider the matrix of sesquilinear forms,?

3.1], defined by

similar to that in [12, Equation

[¢0, o] [©0, Pn—1] [©0, 10] [©0, ¥n—1]
M, — [©n—1, 0] [Pn—1,0n-1] | [¢n—1,%0] [On—1,%n_1] 7 (4.22)
(Y0, ©o) (Y0, Pn—1] (Yo, o) (Yo, Yn—1]
anl,@o} [wnflﬂonfl] anh?ﬂo] [¢n71,¢n71]

where each sesquilinear form is evaluated from —1 to 1. If the matrix M,, has full rank, then the vec-
tors {ap;“ };:01 and {wj};:ol are all linearly independent modulo the minimal domain by [12, Prop. 2.14].
Lemma 4.5 says that the upper-right and lower-left blocks of M,, are upper diagonal matrices, and Theo-
rem 4.4 says that those diagonal entries are nonzero. Lemma 4.6 additionally says that the upper-left block
consists of only zeros. We conclude that M,, has full rank and the result follows. O

Theorem 4.4 shows that the ¢; and v; functions are not in the minimal domain associated with powers of
the Jacobi differential equation, but are in the maximal domain. Theorem 4.7 then says that these functions
span a 4n dimensional subspace of the maximal domain. Thus, we can appeal to equation (2.6), which says
that there are only 4n dimensions in the maximal domain modulo the minimal domain and draw additional
conclusions.

Corollary 4.8. The defect spaces Di’" +plr=pnr } D%

Proof. Fix n € N. Theorem 4.7 says that D" + D" is comprised of 4n dimensions in the maximal domain
DI but not in the minimal domain D}". Hence, D" + D%} C Di’” 4+ D?". Equation (2.6) and the fact
that the dimensions of both spaces coincide then implies that the defect spaces ’Di’" + DI are equal to
D" +D%}. O

Note that Theorem 4.2 also now follows from Corollary 4.8.

n—1
1s linearly independent modulo the minimal domain.

m=0

Corollary 4.9. The collection {Pr(na’ﬁ)}

Proof. The result is immediately implied by the decomposition of Jacobi polynomials in equation (3.9) and
Theorem 4.7. O

2 The “+” superscript is suppressed for all functions in the matrix for the sake of simplicity.
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Self-adjoint extension theory is centered around the defect spaces, so their decomposition into the span of
simple functions offers a convenient interpretation of Glazman—Krein—-Naimark Theory via Theorem 2.10.
Corollary 4.10. All self-adjoint extensions of the symmetric differential expression l} on D;]n::1 can be ex-
pressed as an 2n X 2n unitary matriz Uy, : D7 — D" .

Proof. Every self-adjoint extension L = {¢}, Dy} of the operator Ly, = {E?,D;}n’i’;} can be characterized
by means of a unitary 2n x 2n matrix V(2n) : Di’" — DY via Theorem 2.10. Theorem 4.7 then says that
D™ and D" are each 2n subspaces of D" Diﬁl

Equation (2.6) and the fact that the dimensions of both spaces coincide allows us to define change of
basis maps as the unitary matrices Uy : Di’” — D% and U_ : DY s D", The following commutative
diagram holds:

Di,n V(n) D.}n
U+l lU,
pr 2, pr

Therefore, U(n) = U_V(n)U;" and is unitary. 0O

The structure of the self-adjoint extensions revealed in the previous Corollaries has several implications.
Indeed, it has already been mentioned in equation (4.6) that the maximal domain associated with a power
p will be contained in the maximal domain associated with a power q if p < g. Is there any similar assertion
we can make for minimal domains or defect spaces?

A priori, the answer is no. Definition 2.5 says that the defect spaces consist of solutions to the eigenvalue
problem for one choice of A in the upper-half plane and one choice in the lower-half plane, although here
it was given with A = 4. Ordinary differential equations with two limit-circle endpoints, like Jacobi,
have discrete spectrum though and solutions to the uncomposed equation are known. Let the two linearly
independent solutions (called deficiency elements) be denoted by ¢x and ¢y, so that Lo g[@2] = Mg and
8,17/3[@5)\} = A). Consider the change of deficiency elements between n = 2 and n = 3 when the defect
spaces are set by A = £i. They will have indices that are roots of unity of different orders but share no
other obvious properties.

Corollary 4.8 does not say that defect spaces are nested within each other like equation (4.6) because
they are associated with different maximal domains. It does say that defect spaces change in a predictable,
easily described way when n is increased though: the possibilities for endpoint behavior increases, as ¢; and
%; are no longer in the minimal domain for larger j.

Remark 4.11. The endpoint behavior exhibited by the functions <p;r, 1/);', ¢; and ¢, for j € N, is chosen
to approximate that of deficiency elements. To demonstrate, consider the two linearly independent solutions
to the equation £, g[f] = A\f. Near the endpoint = 1 [27, Section 4.2] they can be written as

oFi(—pp+ta+pf+1a+1;(1—12)/2),
((1 _‘r)/2)_a2F1(_M_a7M+ﬂ+1;1 —O[;(l —.%')/2),

and near x = —1 as

2B (= p+a+B+1;8+1;(1+1)/2),
(1+2)/2) 7 oFi(—p = B p+ a+1;1 = B; (1 4+ 2)/2),
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where A = p(p+a+F+1) and 2F(a, b; ¢; ) denotes the Gauss hypergeometric series. Deficiency elements
are simply these functions for specific choices of A\, as described above. If these series are all truncated so
that only powers less than n remain, the resulting behavior of x is captured by linear combinations of the
functions gpj7 w;, ¢; and ;. Corollaries 4.8 and 4.10 thus say that the only behavior of the deficiency
elements contributing to the domain are those that come from our functions with j < n.

This structure can be used to describe domains of self-adjoint domains in different ways. Consider the
self-adjoint operator J ?a 8) acting via (4.1) with domain that contains all of the Jacobi polynomials, Py(na’ﬁ ),
The domain of this operator can be written as

B) . B _ -
Dy, = {f e pld . [ﬁpja >]n(i1) —0forj=0,....,n— 1}.

This characterization is a consequence of Corollary 4.9 and the matrix constructions of [12, Section 3]
which show the domain includes all of the desired functions. An in depth discussion of similar domains is
included in Section 5, where it is also shown that DJ?@ o is the left-definite domain associated with the nth
composition of the Jacobi differential equation.

Lemma 4.12 ([9, Definition 5.1]). The left-definite domain associated with the nth composition of the Jacobi
differential equation can be characterized as follows:

Dip o = {f e Dh) (1 —x) 21 +2)/2f0) ¢ L?X”@(fl,l) for j :O,...,Zn}.

Lemma 4.12 offers a comparison between the maximal domain, described in Theorem 4.1, and the left-
definite domain. In other words, functions in the maximal domain are roughly half as regular as functions in
the left-definite domain. This is the analog of the comparison made between Lemma 3.7 and Proposition 3.5
for the (n = 1) Jacobi operator.

The functions <p;r and ¢ are motivated by Jacobi polynomials, and it would be ideal to use Jacobi poly-
nomials as boundary conditions. Therefore, it is necessary to compare the effect of using Jacobi polynomials
and gpj and ¢ as GKN boundary conditions.

mazx*®

[f, (L= 2)" ] (£1) = [f, (1 + 2)"]n(£1) = 0.

Proposition 4.13. Let m € Ny and f € D" . Assume [ﬁ Pj(ouﬁ)] (£1) = 0 for all j = 0,...,m. Then

Proof. If m > n, the conclusion is trivially implied by Theorem 4.2, so assume that m < n. Proceed by
induction. The base case for m = 0 is trivial:

R ) = (2D = [ (1= 2) (D) = £ (1+2) ] (£1) = 0.

=0 for all j = 0,...,r. We will show
—1
[f, (1 —=2)"]»(1) = 0 and the [f, (1 4+ 2)"],(—1) = 0 statement will follow analogously. The decomposition in

equation (3.9) still applies:

Assume the claim is true for m = r — 1, and let [f, Pj(a’ﬂ)}
n

0=[£.PP] W)=Y alf0-2)],0)

= ar[f, (1 = 2)"]n(1) + ar—1[f, (1 = w)r_l]n(l) + -+ aolf, 1a(1)
=[f, (1= 2)]a(1).
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The final equality follows by the inductive hypothesis, and the proposition is proven. 0O

The extension of Theorem 3.8 to higher order compositions of the Jacobi differential expression is now

available. Let M = {my,...,m,} C Ny, denote a set of n indices. Define the domain
Dy () = {f epln . [f, p,ggvml (£1) = 0 for all m; € M} : (4.23)
’ n
where P\”) is the m;-th Jacobi polynomial.

Theorem 4.14. The self-adjoint operators
sy = {630, b and 3, (M) = {65, Dy a0}
are equal.

Proof. The definition in equation (3.9) says pLP (z), m € Ny, can be decomposed as

m

Pl (a) =Y aj(1 - )
§=0

for some constants a; € R. Let m; € M and f € DJn e . If m; < n the definition of DJn 5 immediately
implies

1

[£PeP] | =0

-1

Let m; > n. Then,
(£ PE?] )= [f.1=a)], (1) (4.24)
7=0
= ap-1 [f,(L=2)" 7] (1) + -+ aolf, 1n(D).

Theorem 4.2, which says that (1 — x)7, 5 > n is in the minimal domain, eliminate most terms. The n

remaining terms evaluate to zero, as Dy»

- has n relevant boundary conditions via Proposition 4.13. As

m; € M was arbitrary, we conclude
(LB =0,

for all m; € M. The endpoint —1 follows analogously and f € DJn (M)

Now, assume that f € DJn (M y does not imply f € D_]ﬂa 5 . The presence of 2n GKN boundary
conditions in the definition of DJ(nmﬁ)( M) means that the minimal domain is extended by a maximum of
2n dimensions. This maximum is achieved if and only if the boundary condition functions are all linearly
mdependent modulo the minimal domain by the GKN2 Theorem 2.13. However, the inclusion DJn » C

Py (M) implies that the minimal domain has been extended by at least 2n dimensions by Corollary 4.9.
We conclude that the domains must be equal, and hence the operators J7 (a.8) and J? (o 8) (M) are equal. O

Remark 4.15. All results from this section should be easily adapted to the left-definite spaces associated with
the Laguerre operator with parameter o > —1 and o? # 1/2. The Laguerre polynomials lie in (0, 00) and
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so their decomposition, in analogy to equation (3.9), is with respect to the monomials. The main difference
is that the Laguerre differential expression normally has deficiency indices (n,n). Thus, we write n GKN
boundary conditions and the condition of each sesquilinear form at infinity will be trivially satisfied. The
functions xi and mla“ (the + denoting that the monomial behavior is only near the endpoint 0) should
belong to the minimal domain for j € Ny such that j > n. More information on powers of the Laguerre
operator can be found in [19, Section 12].

5. Equality of left-definite domains

Left-definite domains have appeared in Sections 3 and 4, but mainly as a comparison to the charac-
terizations of the maximal domain, see Lemmas 3.3, 3.7 and 4.12. However, if a Sturm-Liouville operator
contains a complete set of eigenfunctions, Theorem 2.4 says that a simple identifying feature of left-definite
domains associated with powers of the Sturm—Liouville operator is the inclusion of this set of eigenfunctions.
Thus, left-definite domains are often the nicest self-adjoint extensions to work with, and are of particular
importance.

We now let L™ be a self-adjoint operator defined by left-definite theory on L?[(a,b), w] with domain D}
that includes a complete system of orthogonal eigenfunctions. Enumerate the orthogonal eigenfunctions as
{Pi}72,. Let L™ operate on its domain via £"[-], a differential operator of order 2n, n € N, generated by
composing a Sturm—Liouville differential operator with itself n times. Furthermore, let L™ be an extension
of the minimal operator L, that has deficiency indices (n,n), and the associated maximal domain be
denoted by D[

max-*

Also, let M = {mq,...,my,} C Ny denote a set of n indices. Define

1

CTn(j\/l) = {fepglax : [f’PmJ]n

:0forallmj6./\/l}.

-1
This allows us to compare several different possible characterizations of the left-definite domain:

A, = {f €Dl : fif's e fPY € ACioe(a,b); (p(a))" £ € LQ[(a,b)vw]} ,

b

Bn: fEDI?lax : [faPJ}n

Il
—

—Oforj—O,l,...,n—l},

a

G.(M) = {f € Dle ¢ 1P

A
i
=

b
= 0 for any n distinct j € N} , and
a

Fu

Il
—N

. (7—1) b
feDy.. : {aj(x)fm(x)} ’ )azoforjzl,Z,...,n}.

The p(z) above is from the standard definition of a Sturm-Liouville differential operator, given in equation
(2.2), and the a;(x)’s are from the Lagrangian symmetric form of the operator in (2.3). The union in the
definition of 5n is taken over all sets of indices M that are of size n, while the tilde notation is used to
distinguish the domain from that of C, in [12, Section 6]. In the current notation, C,, = Cn (M) for a single
unknown M. Hence, the inclusion B,, C C,, is not obvious, and would imply that if the first n eigenfunctions
can be used as boundary conditions for a domain, then any n would suffice. The opposite inclusion 5n c B,
is thus also not trivial.

These domains seem very different, yet progress has already been made on the equality of these domains
in this manuscript and elsewhere. There is a proof of A, C F, in [21,22] for the special case where the
differential operator ¢"[-] denotes the nth composite power of the Legendre differential expression and
the eigenfunctions {P;}32, are the Legendre polynomials. This scenario for small n was discussed in [12,
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Section 4]. The conditions in JF,, are particularly notable, as they represent easily testable conditions that
are not in the GKN format.

The nth left-definite domain, D} is found to be equal to A, for the Jacobi differential operator in [9,
Corollary 5.1] and the Laguerre differential operator in [19, Corollary 12.9]. Indeed, the main condition of
A, simply involves the term associated with f(") when ¢" [f] is decomposed into a sum of derivatives of
f. We restrict our attention to these operators so the equality Df = A, holds. Significant progress on the
equality of the domains was achieved in [12, Section 6], where the following theorem was proven.

Theorem 5.1. Let L™ be a self-adjoint operator defined by left-definite theory on L?[(a,b),w] with the left-
definite domain Dy. Let L™ operate on its domain via £"[-], a classical Jacobi or Laguerre differential
expression, with o, > —1 or a > —1 respectively, of order 2n, where n € N, generated by composing the
Sturm—Liouville operator with itself n times. Furthermore, let L™ be an extension of the minimal operator
L” . . which has deficiency indices (n,n). Assume A, = B, and that f € F,, implies that f", ..., f7=2 ¢

L2[(a,b),dz]. Then D} = A, = B, = Cp(M) = F, Vn € N.

The decompositions, techniques and results in this paper offer significant improvements to the theorem.
However, in some cases the methods from [12] are sufficient, so we avoid reproving these facts for the sake of
brevity. The improved theorem, and confirmation of [12, Conjecture 6.1] for the Jacobi differential equation
now follows.

Theorem 5.2. Let L™, n € N, be a self-adjoint operator defined by left-definite theory on L*[(a,b), w] with the
left-definite domain D}. Let L™ operate on its domain via £™[-], a classical Jacobi differential expression of

order 2n, with parameters a,, 8 > 0, generated by composing the Sturm—Liouville operator with itself n times.

n
man’

Furthermore, let L™ be an extension of the minimal operator L which has deficiency indices (2n,2n).

Then Df = A, = B, = Cp, = Fn, Vn € N.

Proof. The comments prior to Theorem 5.1 mention that D} = A,, for the Jacobi left-definite domains.
The equality A, = B, was actually shown in Corollary 4.9, due to the framework from [12, Theorem
3.2]. In particular, the fact that B,, includes all of the orthogonal eigenfunctions and satisfies the Glazman
symmetry conditions of Theorem 2.12 is guaranteed by the matrix construction of [12, Section 3]. The
equality B, = CN,L is already proven in Theorem 4.14 as M was arbitrary. Finally, B,, C F,, was proven
in [12, Theorem 6.2]. The reverse inclusion, F,, C B,, then follows immediately by a dimension argument
similar to that at the end of the proof of Theorem 4.14. The distinction between boundary conditions with
limits and GKN boundary conditions is unimportant to self-adjoint extension theory, only that the minimal
domain can be extended by a maximum number of dimensions which is equal to the number of boundary
conditions imposed. O

It should be mentioned that alternative proofs of some inclusions between the spaces are readily available.
For instance, if A,, = F,, it is possible to show F,, C B,, using the induction arguments from Theorem 4.1 in
an opposite fashion. The Theorem also answers a conjecture concerning left-definite domains of the Legendre
operator from [22].

The main advancements of Theorem 5.2 are the expansion of (ZL(M) to the larger class C~n, and the
removal of L? restrictions on functions from F,,. Thus, explicit boundary conditions of both GKN and
the non-GKN variety have been shown to define the left-definite domains associated with powers of some
classical Sturm—Liouville differential operators.

We conclude our discussion of left-definite domains by mentioning a peculiar perspective on the domain
Fn. In particular, it is easy to see upon examination that
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Indeed, the proof of Theorem 4.1 analyzes such limits and evaluations of the sesquilinear form in different
spaces. Such a representation is clearly not covered in the classical texts on GKN theory [1,23] and hence
represent non-GKN boundary conditions, despite this description using sesquilinear forms. It is thus the only
domain of the four considered that explicitly builds upon itself as the number of compositions is increased.
As a comparison, B,, reuses functions when n is increased to n+ 1, but the calculations required to verify the
conditions are quite different because they use the n + 1 sesquilinear form. In the F domains, the boundary
conditions from F,, are all included verbatim in F,, ;. It is also clear that the function 1 is unique in its
ability to define such domains, as no other eigenfunction is available when n = 1 by Corollary 3.6. However,
if other operators are considered, such a structure could possibly be generated by other functions.
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