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In this paper, we develop the sensitivity analysis for quasi variational inclusions
by using the implicit resolvent equations technique without assuming the differen-
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1. INTRODUCTION

Variational inequalities arise in various models for a large number of
mathematical, physical, regional, engineering, and other problems. Varia-
tional inequalities have been generalized and extended in different direc-
tions using novel and innovative techniques. For the recent state of the art,
see [1-28] and the references therein. A useful and important generaliza-
tion of the variational inequalities is called the quasi variational inclusion.
Noor [12, 16-18], Uko [26], Ding [3], and Huang [6] have used the
resolvent operator and resolvent equations techniques to study the exis-
tence of a solution of variational inclusions. Noor [12] has shown that the
variational inclusions are equivalent to the resolvent equations. This
equivalence has led to the suggestion and analysis of various iterative
algorithms for solving quasi variational inclusions and related problems.
Much attention has been given to developing a sensitivity analysis frame-
work for classical variational inequalities and some results have been
obtained with special structures. The techniques suggested so far vary with
the problem being studied. Sensitivity analysis for variational inequalities
(2.4) has been studied by many authors, including Tobin [25], Kyparisi [8,
9], Dafermos [2], Qiu and Magnanti [21], Yen [27], Noor [15, 19], and Liu
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[10] using quite different techniques. Moudafi and Noor [11] and Noor [19]
have considered the sensitivity analysis for variational inclusions and mixed
variational inequalities using the resolvent equations technique. In this
paper, we extend this technique to study the sensitivity analysis of quasi
variational inclusions. We first establish the equivalence between the
mixed variational inequalities and resolvent equations. We use this equiva-
lence to develop sensitivity analysis for the quasi variational inequalities
(2.1) without assuming the differentiability of the given data. Using the
ideas of Dafermos [2] as extended by Noor [14, 15, 19] and Moudafi and
Noor [11], we develop a sensitivity analysis framework for quasi variational
inclusions, which is based on a direct fixed point formulation of the mixed
variational inequalities. This fixed point formulation is obtained by a
suitable and appropriate rearrangement of the resolvent equations. We
would like to point out that the resolvent equations technique is quite
general and flexible. This technique has been used by Noor [12, 16, 17] to
suggest some iterative methods for solving mixed variational inequalities.

2. PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are
denoted by (-,-) and ||-|| respectively. Let T: H - H be a nonlinear
operator and let A(:,-): HX H - R U {+%} be a maximal monotone
operator with respect to the first argument.

We consider the problem of finding u € H such that

0 Tu+ A(u,u). (2.1)

Inclusion of type (2.1) is called the mixed quasi variational inclusion, which
has many important and useful applications in pure and applied sciences;
see, for example, [3, 6, 12, 16—-18] and references therein.

We note that if A(-,-) = de(-,-), where de(:,-) is the subdifferential
of a proper, convex and lower-semicontinuous function ¢(-,-): H X H —
R U {+ o} with respect to the first argument, then problem (2.1) is equiva-
lent to finding u € H such that

(Tu,v —uy + ¢(v,u) — ¢(u,u) >0, forallv e H. (2.2)

The problem of the type (2.2) is called the mixed quasi variational
inequality problem, which has many important and significant applications
in regional, physical, mathematical, pure, and applied sciences; see [1, 4, 7,
12-19].

If o(,u) = ¢(u) for all u € H, then problem (2.2) is equivalent to
finding u € H such that

(Tu,v —uy + ¢(v) — ¢(u) >0, forallveH, (2.3)
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which is known as the mixed variational inequality. For the applications,
sensitivity analysis, and numerical methods, see [2, 3-7, 11-20].

We note that if ¢ is the indicator function of a closed convex set K in
H, then problem (2.3) is equivalent to finding u € K such that

(Tu,v —uy >0, forallv ek, (2.4)

which is called the classical variational inequality, introduced and studied
by Stampacchia [24] in 1964. For recent applications, numerical methods,
sensitivity analysis, and physical formulations, see [1-28] and the refer-
ences therein.

We recall that T is a maximal monotone operator, then the resolvent
operator J, associated with T is defined by

J(u) = (I +pT) *(u), forallueH,

where p > 0 is a constant and I is the identity operator. The resolvent
operator J; is a single-valued operator which is defined everywhere on the
whole Hilbert space H and is nonexpansive.

Remark 2.1. Since the operator A(-,-) is a maximal monotone opera-
tor with respect to the first argument, we define

Jat = (I + pA(u))ilu, forallu € H,

the implicit resolvent operator associated with A(:, u) = A(u).

Related to the mixed variational inequality (2.1), we consider the prob-
lem of finding z, u € H such that

T4z + p 'Rz = 0, (2.5)

where p > 0 is a constant and R, =1 —J,, Here [ is the identity
operator and J, = (1 + pA(u))~* is the resolvent operator. Equations of
the type (2.5) are called the implicit resolvent equations. For the formula-
tion and applications of the resolvent equations, see Noor [12, 16—-19].

If A(u,u) = dop(u, u), where dp(u, u) is the subdifferential of proper,
convex and lower-semicontinuous function ¢(u, 1), then problem (2.5) is
equivalent to finding z,u € H such that

T,z + P Ryuz =0, (2.6)

where J,,, = (I + pde(-,u))~" is the resolvent operator associated with
de(-,u) = o(u). Noor [16] has established the equivalent between the
problems (2.2) and (2.6). This equivalent was used to suggest some iterative
algorithms for solving mixed quasi variational inequalities (2.2).
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We note that if de(-,u) = ¢(u), where ¢: H > R U {+}, then T,
=T,=(I+ pde)~* and the problem (2.6) collapses to finding z € H
such that

T,z + p~'R,z = 0. (27

Equations of type (2.7) are called resolvent equations, which were intro-
duced and studied by Noor [14]. For the applications of resolvent equa-
tions, see [12, 14, 16—18] and references therein.

We remark that if ¢ is the indicator function of a closed convex set K
in H, then J, = Py, the projection of H into K. Consequently, the
resolvent equations (2.7) are equivalent to finding z € H such that

TPz + p'Qxz =0, (2.8)

where Q. =1 — P,. The equations (2.8) are called the Wiener—Hopf
(normal maps) equations, which were introduced by Shi [23] and Robinson
[22] independently. Using essentially the projection technique, Shi [23] and
Robinson [22] have established the equivalence between the variational
inequalities (2.4) and the Wiener—Hopf equations (2.8). For the general-
ization and the extensions of the Wiener—Hopf equations and their appli-
cations, see Noor [13-16, 19, 20] and references therein.

We now consider the parametric versions of the problems (2.1) and (2.5).
To formulate the problem, let M be an open subset of H in which the
parameter A takes values. Let T(u, A) be given operator defined on
H X M and taking value in H. from now on we denote 7,(-) = T(-, )
unless otherwise specified. The parametric quasi variational inclusion
problem is to find u € H such that

0e T (u) +A,(u,u). (2.9)

We also assume that, for some A € M, the problem (2.9) has a unique
solution .

We remark that if A(u,u) = de(u, u), the subdifferential of a proper,
convex and lower-semicontinuous function ¢(u, u) with respect to the first
argument, then problem (2.9) is equivalent to finding u € H such that

(Ty(u),v —u) + ¢(v,u) — ¢(u,u) >0, forallv € H, (2.10)
which is called the parametric mixed quasi variational inequality.

Related to the parametric quasi variational inclusion (2.9), we consider
the parametric resolvent equations. We consider the problem of finding
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z,u € H such that
T/\JA)\(“)Z + p_lRA)\(u)Z =0, (211)

where p > 0 is a constant and J, z and R, z are defined on the set of
(z, ) with A € M and take values in H. Equatlons of the type (2.11) are
called the parametric implicit resolvent equations.

We now establish the equivalent between the problems (2.9) and (2.11),
which is the main motivation of our next result. For a different proof, see
Noor [16].

LEMMA 2.1. The parametric quasi variational inclusion (2.9) has a solu-
tion u € H if and only if the parametric resolvent equations (2.11) have a
solution z,u € H, where

u=J

)

z (2.12)
and
z=u— pT(u). (2.13)
Proof. Let u € H be a solution of (2.9). Then

pT(u) + pA(u,u) 0 (for a constant p > 0)
=4
—u+ pT(u) +u+ pA(u,u) 20

o
u =JAA(H)[M - PTA(U)]

Take z =u — pT,(u). Then z = T2
Thus

2 =JLaw? = PLaw?
that is,

-1 —
T/\JA)\(u)Z + P RAA(LI)Z =0.

From Lemma 2.1, we see that the parametric quasi variational inclusion
(2.9) and the parametric resolvent equations (2.11) are equivalent. We use
this equivalence to study the sensitivity analysis of the mixed variational
inequalities. We assume that for some A € M, problem (2.11) has a
solution z and X is a close of a ball in H centered at z. We want to
investigate those conditions under which, for each A in a neighborhood of
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A, problem (2.11) has a unique solution z(A) near z and the function z(\)
is continuous (Lipschitz continuous) and differentiable.

DerFINnITION 2.2. Let 7, be an operator on X X M. Then, for all
A€M, u,v € X, the operator 7, is said to be:

(@ locally strongly monotone if there exists a constant « > 0 such
that

(T(u) — T(v),u —v) = allu —oll%;

(b) locally Lipschitz continuous if there exists a constant 8 > 0 such
that

173(w) = Ti(0) | < Bllu — vl
We also need the following condition for the operator J,(u).

Assumption 2.1. For all u,v,w € H, the operator J,(u) satisfies the
condition

I TacW = La@yW | < yllu = ol

where y > 0 is a constant.

3. MAIN RESULTS

We consider the case when the solutions of the parametric implicit
resolvent equations (2.11) lie in the interior of X. Following the ideas of
Dafermos [2] and Noor [14, 15, 19], we consider the map

F(z) =14z — P14 02 (forall (z,A) e X X M)
= u— pT(u), (3.)
where

u=J, z. (3.2)

We have to show that the map F,(z) has a fixed point, which is a
solution of the resolvent equations (2.11). First of all, we want to prove
that the map F,(z), defined by (3.1) is a contraction map with respect to z
uniformly in A € M.

LEmmA 3.1, Let T be locally strongly monotone with constant « > 0 and
locally Lipschitz continuous with constant B > 0. If Assumption 2.1 holds,
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then, forall z,,z, € X and A € M, we have
[F(z1) = Ei(z,) | < 6llzy = 2,

where

0=(\/l—2pa+pzﬁz)/(l— y) <1

for

p— a/B <a? — B2~ v) [B? (33)
a>B/y2-7v), vy<L (3.4)
Proof. Forall z;,z, € X, A € M, we have, from (3.1),
| F(2:) = B(z)[* = llwy = up = p(T(1r) = Ti(u))
= lluy = upl® = 2K Th(y) = T(uy), g — uy)
+ o2 Ti(uy) = T(u) [
< (1= 2pa+ pB?)lluy — u,l’,

which implies that

1Fi(21) — Fi(22) |l < (\/1 - 2pa + p'B? )”ul = Uall. (35)
Now from (3.2) and Assumption 2.1, we have
lluy — u,ll =||JA,\(u1)Zl - JAA(uz)ZZH

S||JAA(ul>Zl =Ly || + || Jayun?r = JAA(unZzH

< 'Y”ul - uz” + ”21 - Zz”;
which implies that
lluy — u,ll < (1/(1 = y)llzy — z,ll. (3.6)
Combining (3.5) and (3.6), we have
(VT =2pa+ p87) @ = )]z, -z

0”21 - 22||,

IA

”F/\(Zl) - F/\(Zz)”

where 6 = (1/1 — 2pa + pB?) /(1 — y) < 1.
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From (3.3) and (3.4), it follows that 6 < 1 and consequently the map
F,(z) defined by (3.1) is a contraction map and has a fixed point z(A),
which is the solution of the resolvent equation (2.11). 1

Remark 3.1. From Lemma 3.1, we see that the map F,(z) defined by
(3.1) has a unique fixed point z(A), that is,

z(A) = F(2).
Also, by assumption, the function z, for A = A is a solution of the
parametric resolvent equations (2.11). Again using Lemma 3.1, we see that
z, for A = A, is a fixed point of F,(z) and it is a fixed point of F(z).
Consequently, we conclude that

(%) =2 = {(z(%)). (3.7)

Using Lemma 3.1, we prove the continuity of the solution z(A) of the
parametric resolvent equations (2.7), which is the main motivation of our
next result.

LEMMA 3.2. If the operator T, is locally strongly monotone Lipschitz
continuous and the map X = J, ,z is continuous (or Lipschitz continuous),

then the function z(A) satisfying (2.11) is continuous (or Lipschitz continu-
ous) at A = A.

Proof. For all A € M, invoking Lemma 3.1 and the triangle inequality,
we have

lz(x) =z [l = B(2(1) = BE(z(V)]|
<[E(z(D) = B(zD) |+ B (z(D) = E(z(V)]

< blz(x) —z(X) | +| F(2(R)) = BE(z(D)].  (38)

From (3.1) and the fact that the operator 7, is Lipschitz continuous, we
have

[E(z0) = B =]u(X) = u(X) = p(Ti(u(R) = Ba(D)]
< o T(u(M) = Ti(u() |
< pullx = Al (3.9)

where u > 0 is a Lipschitz continuity constant of 7,
Combining (3.8) and (3.9), we obtain

[z =2 < -

“ - -
HIIA—)\II, forall A, A € X,
from which the required result follows.
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Now using the technique of Dafermos [2], we can prove the following
result.

LEMMA 3.3.  If the assumptions of Lemma 3.2 hold, then there exists a
neighborhood N € M of A such that, for A € N, z()) is the unique solution
of the resolvent equations (2.11) in the interior of X.

THEOREM 3.1. Let u be the solution of the parametric quasi variational
inclusion (2.9) and let Z be the solution of the parametric resolvent equations
(211) for A = A. Let T(u) be the locally strongly monotone Lipschitz
continuous operator for all u,v € X. If the map A — J, ,(2) is continuous

(or Lipschitz continuous) at A = A, then there exists a neighborhood N ¢ M
of A such that, for A € N, the parametric resolvent equations (2.11) have a
unique solution z()) in the interior of X, z(A) = z, and z()) is continuous (or
Lipschitz continuous) at X = A.

Proof. The proof follows from Lemmas 3.1, 3.2, and 3.3 and Remark
3.1.

Remark 3.2. Since the quasi variational inclusions include the classical
variational inequalities, mixed (quasi) variational inequalities, and comple-
mentarity problems as special cases, the technique developed in this paper
can be used to study the sensitivity analysis of these problems. In particu-
lar, if A(u,u) = dp(u, u), we can obtain the sensitivity analysis of mixed
quasi variational inequalities (2.2), which appears to be a new result. The
fixed formulation of the quasi variational inclusions allows us to study the
Holder and Lipschitz continuity of the solution of the parametric problems
essentially using the technique of Yen [27]. In fact, our results represent a
refinement and significant improvement of previous known results of
Dafermos [2], Moudafi and Noor [11], and Noor [19], and others in this
field. It is worth mentioning that the resolvent equations technique does
not require the differentiability of the given data.
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