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1. Introduction

The goal of our work is to derive uniform a priori estimates for transmission problems in media presenting high contrast
in their material properties. We investigate in particular the heat transfer equation

divagradg = f (11)
and the Maxwell equations given by Faraday’s and Ampére’s laws
curlE —iwpuoH=0 and curlH+ (iweg —0)E =j. (1.2)

Here, a represents the heat conductivity and ¢ the electrical conductivity. We assume that these equations are set in a do-
main 2 made up of two subdomains £2; and £2_ in which the coefficients a and o take two different values (a4, a_) and
(04, 0-), respectively. These equations are complemented by suitable boundary conditions. Our interest is their solvability
together with uniform energy or regularity estimates, namely

e when the ratio |a_|/|a+| tends to infinity in the case of Eq. (1.1),
e when o =0 (insulating or dielectric material) and o_ = o tends to infinity (highly conducting material) in the case of
Eq. (1.2).

We address different, though connected, issues for these two problems, namely the issue of uniform piecewise regularity in
Sobolev norms for solutions ¢ of Eq. (1.1), and the issue of uniform L? estimates for the electromagnetic field (E, H) solution
of system (1.2). None of these questions have obvious answers, all the more since we do not assume that the interface X
between 2 and §2_ is smooth.
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Fig. 1. The domain $2 and its subdomains £2 and $2_.

Our whole analysis is valid under the only following assumption on the interface
¥ is a bounded Lipschitz surface in R3. (1.3)

In the Maxwell case, similar estimates as ours are obtained in [7], but under a stronger regularity assumption on X. Our
approach differs, being based on a decomposition of the electric field given in [2]. The gradient part of the decomposition
is handled through the uniform regularity estimates proved for Eq. (1.1).

The paper is organized as follows. In Section 2 we introduce the notations and give the main results. In Section 3 we
prove uniform piecewise H?> estimates for solutions of the scalar interface problem (1.1) with exterior Dirichlet or Neumann
boundary conditions. In Section 4 we prove uniform estimates for the electromagnetic field (E, H) solution of the Maxwell
system (1.2) when the conductivity o of the conducting part is high. We conclude our paper in Section 5 by an application
of the previous uniform estimates to the convergence study of an asymptotic expansion as the conductivity tends to infinity.

2. Notations and main results

Let £2 be a smooth bounded simply connected domain in R® with boundary 082, and £2_ CC £ be a Lipschitz connected
subdomain of 2, with boundary X. We denote by 2, the complementary of £2_ in £2, see Fig. 1.
We denote by ¢ (¢ ™) the restriction of any function ¢ to £, (£2-).

2.1. Scalar problem

We consider both Dirichlet and Neumann external boundary conditions associated with Eq. (1.1) and introduce the
functional spaces suitable for their variational formulation: Vp = H}J(Q) for Dirichlet and Vy = {¢ € H'(2) | fQ @ dx = 0}
for Neumann. For any given function a = (a4, a_) determined by the two constants a; on £2+ and in either case (V = Vy
or V = Vp) the variational problem is: Find ¢ € V such that

Yy eV, /a+V<p+ VYt dx+ /a_V<p_ VY dx= —/f@dx—i— (ay —a_)/gﬁds, (2.1)
2 2 2 z
where the right-hand side (f, g) satisfies the regularity assumption
fel?(2) and gel?(X) (2.2)
and the extra compatibility conditions
/fdx:O and /gds:O ifV=Vy, and /gds:O if V="Vp. (2.3)
2 z x

Our main result in the scalar case is the following piecewise H3/2 a priori estimate, uniform with respect to the ratio
p :=a_(ay)~ L. It applies both to Dirichlet and Neumann boundary conditions.

Theorem 2.1. Let us assume that a # 0. There exists a constant pg > 0 independent of a,. such thatforalla_ € {z€ C| |z| > pola+|},
the problem (2.1) with data (f, g) satisfying (2.2)-(2.3) has a unique solution ¢ € V, which moreover is piecewise H3/2 and satisfies
the uniform estimate

le* 3.0, + 10713 0 <CollaslMIflo.e + lglo.x) (2.4)
with a constant Cp, > 0, independent of ay, a_, f, and g.

This statement is proved in the next section using an asymptotic expansion for ¢ with respect to the powers of p~! =

a,(a_)~". The estimate (2.4) will be a consequence of the convergence of this series in the piecewise H3/2-norm. The
dependence of pg and Cp, on the overall configuration is discussed in Remark 3.1 after the proof.
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Fig. 2. A non-Lipschitz interface X.

Remark 2.1. The estimate (2.4) is uniform for fixed a; when |a_| tends to infinity. The roles of a; and a_ can be exchanged
and an estimate similar to (2.4) proved. In fact, there holds a more precise estimate where a; and a_ play symmetric roles,
see Proposition 3.3.

Remark 2.2. In the Neumann case, the compatibility conditions (2.3) are necessary for the right-hand side of problem (2.1)
to be compatible for all values of (a_,a,), because of the factor (a; —a-) in front of the integral on X. If this factor is
replaced by 1, then, under the weaker conditions
—/fdx—i—/gds:O ifV=VyN and nothing if V =Vp, (2.5)
Q xz

problem (2.1) is still solvable for p large enough, see Proposition 3.4.

Remark 2.3. The assumption that X is Lipschitz is necessary: There exist non-Lipschitz interfaces such that estimate (2.4)
does not hold. In two dimensions of space, such an example is provided by the checkerboard configuration (Fig. 2), cf.
[5, Theorem 8.1].

Remark 2.4. If the Lipschitz interface X is polyhedral, there hold uniform piecewise H® estimates for any exponent s,
3 <s< sz, with some 3 <sy <2, cf. [14, Ch. 1, §1.5]:

[0 1s0, + 197 | < Cons(lasI ™I fls—2.2 + gl 5). (26)

This is a consequence of our proof (see Remark 3.1) in combination with elliptic estimates in polyhedral domain, cf. [6]. In

particular, if X contains some edge, then sy < 2.

Remark 2.5. If the interface X is smooth, there hold uniform piecewise H® estimates for any s > 2:
lo 5.0, + 10750 <CopsllasT 1 f Is-2.2 + I8l 5)- (2.7)

This is again a consequence of our proof in combination with standard elliptic estimates, cf. [1] for instance.

2.2. Maxwell problem
We consider two types of boundary conditions to complement the Maxwell harmonic equations (1.2) on 9£2: Either the

perfectly insulating conditions

E-n=0 and Hxn=0 onas2, (2.8a)
where n denotes the outer normal vector, or the perfectly conducting conditions

Exn=0 and H-n=0 onoas2. (2.8b)
In both cases, for the conductivity o = (0,0), we can prove uniform a priori estimates for the electromagnetic field as
o — oo provided the following condition on limit problems in the dielectric part £2; is valid:
Hypothesis 2.2. The angular frequency w is not an eigenfrequency of the problem

curlE —iwpugH=0and curlH+ iwggE=0 in 24,
Exn=0and H.n=0 on X, (2.9)
(2.8a) or (2.8b) onos2.
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Our main result for Maxwell equations is the following a priori estimate, uniform as ¢ — oo. The right-hand side j is
chosen to belong in H(div, £2) or Ho(div, £2) where:
H(div, 2) = {ue L*(2) | divu e L*(£2)} withL*(2) = L*(£2)’, (2.10a)
Ho(div, 22) = {u e H(div, £2) |[u-n=00n3:2}. (2.10b)
Theorem 2.3. Under Hypothesis 2.2, there are constants og and C > 0, such that for all o > o9, the Maxwell problem (1.2) with
boundary condition (2.8a) and data j € Ho(div, §2) has a unique solution (E, H) in L2(§2)2, which satisfies:

IEllo,2 + IIHllo,2 + /0 Ello,2_ < Clljllndiv.2)- (2.11)
A similar result holds for boundary conditions (2.8b) and data j € H(div, £2).

This theorem is proved in Section 4. It is based in particular on a decomposition of the electric field into a regular field
w in H'(£2) and a gradient field V¢ for which Theorem 2.1 will be used.

3. Proof of uniform scalar regularity estimates
3.1. The problem
Under the assumptions of Theorem 2.1, we normalize the equations by dividing by a... Denoting the quotient a_(a,)™!

by p, and still denoting by f the new right-hand side (i.e., the old one divided by a. ), we can write problem (2.1) in the
form of the following transmission problem

pPAp™ = f~ in$2_,
Apt=f+ in 24,
o =9t on X, (31)
gt — pdnp~ =(1—-p)g onXx,
(b.c.) ondsf2

where 9, denotes the normal derivative (inner for £2_, outer for 2, ). The external boundary conditions (b.c.) are either
Neumann or Dirichlet conditions.

Our method of proof for Theorem 2.1 consists in the determination of a series expansion in powers of p~! for ¢ solution
of (3.1): We are looking for solutions in the form of power series

o™ inf2y,
Ynco®np " inf2_.

Since the expansions are different according to the boundary conditions, we treat first the Neumann case in Section 3.2 and
the Dirichlet case in Section 3.3. We prove complementary results in Section 3.4.

@ (3.2)

3.2. Neumann external b.c.

Inserting the Ansatz (3.2) in system (3.1), we get the following families of problems, coupled by their conditions on X':
Ap, =0 in$2_,

% (3.3)
g =8 onx

and
Apf =fT iny,

¢ =¢, onx, (3.4)
gy =0 onas,

and for k € N* (here SL is the Kronecker symbol)
Ap, =8 f~ in £2_,

gy =—8lg+ e, onx

and
Apf=0 inQy,

¢ =¢, onx, (3.6)
Inpy =0 ondf.




G. Caloz et al. /J. Math. Anal. Appl. 370 (2010) 555-572 559

Thus we alternate the solution of a Neumann problem in £2_ and a mixed Dirichlet-Neumann problem in £2;. Since we
have assumed that X' is a Lipschitz surface, we have a precise and optimal functional framework to describe these operators
and their inverse.

We need the notation (s < 2)

H (U, A) = [ e H'(U) | Ap e L2(U)}. (3.7)

Using [9, Cor. 5.7] (see also [3] for a similar context) with the fact that X is Lipschitz, we obtain the following equalities
between spaces on £2_:

{p e H' (2-, A), dhol s eL2(2)}:H%(.Q,,A), (3.8a)

{9 eH'(2-,A), ¢ls e H'(D)} =H? (2_, A) (3.8b)
and on £

{p eH'(24.8). ¢z €H'(X), 0nplan € 2(02)} = HE (2. A), (3.92)

{p eH'(24.A). 80¢|x €13(5). pla €H'(02)} = H3 (2. A). (3.9b)

As a consequence of the previous equalities, the following definitions for the resolvent operators $3_ and R, make sense
and define bounded operators:

e R_ is the resolvent of the Neumann problem on £2_

9%,:i(F,G)eLZ(Q,)xLZ(z)’/Fdx+/cds:0}—>i@eﬂ%(g,,m)fqbdx:o} (3.10)
2_ )

where @ =R_(F, G) satisfies A® =F in £2_ and d,®@ =G on X, and
e R, is the resolvent of the Dirichlet-Neumann problem on $2;

Ry {(F, H) e 12(2,) x H (D)} —> H2 (24, A) (3.11)
where @ =R (F, H) satisfies A®@ =F in 2, ® =H on X and d,® =0 on 9£2.

A further consequence of equalities (3.8)-(3.9) is that the following trace operators make sense and define bounded
operators:

e 30 is the Dirichlet trace on X from inside £2_: ¢~ + ¢~|s and is bounded
70 . H3(Q_, A) — HI(D), (312)
. T}F is the Neumann trace on X from inside £2; : 97— 9,¢ ™|z and is bounded

T H2 (R4, A) — 12(2). (313)
Note that none of the two operators €% or ‘IL is bounded if H2 (£24, A) is replaced by the larger space H> (824).

3.2.1. Discussion of elementary problems
The Neumann problem (3.3) admits the solution ¢; = :_(0, g), since the compatibility condition [y, gds =0 holds by
assumption. We have the estimate

[90 1,3 o, < -8l (314)

where C_ is the operator norm of the operator R_.
Thus ¢, belongs to H% (£2_, A). Hence its trace Sggoo_ = ¢, | > belongs to H!(X). Next, problem (3.4) admits the solution
©d =R+ (fT, ¢y |x), and ¢ belongs to H2 (24, A) with the estimates
+ + —
leo ||H%((2+,A) <Ci(|f ”0,52+ + | @o ||1,>:)~ (3.15)

Here C; is the operator norm of the operator K.
Then we continue with problems (3.5) and (3.6) in a similar way, the only point to discuss being the compatibility
condition in the Neumann problem (3.5).
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Lemma 3.1. The Neumann problem (3.5) is compatible.

Proof. For k =1, we must show that

/f‘dx—i—/(—g—i—an(p:{)ds:O. (3.16)
el b

According to (3.4), Agoar = f4 in £2; and 3,,(/)3 =0 on 042. Integrating by parts, we get
fa,,<p0+ ds = / fy dx.
xz 24

Thus, we deduce from hypothesis (2.3) the compatibility condition (3.16).
For k > 2, let us assume that the term (p,i] was built. We must show that

/a,,<p,j_1 ds=0. (3.17)
b

According to (3.6), Ago,:i] =0in £24 and 3n§0,:i1 =0 on d42. Integrating by parts in £, we get (3.17). O

Consequently, for all k> 1, the Neumann problem (3.5) admits the solution ¢, :=R_ (8,1f‘, g +7! (pk 1)- Then ¢~
belongs to H%(Q,, A) with the estimates
lo ”HZ(_Q S C- (B (1F oo +11glo.5) + 3@ [, 5)- (3.18)

Finally problem (3.6) admits a unique solution (pk+ cH3 (824, A) with the estimate

e Cello |y s (319)

3 <
H2Z (24,A)
n (3.18) and (3.19), the constants C_ and C; are the same as in (3.14) and (3.15).
3.2.2. Uniform estimates
Let C° and C! > 0 be the operator norms of the Dirichlet and Neumann traces ¥° and ¥, respectively cf. (3.12) and

(3.13). We set oo = CC°C_C', with the constants C, in (3.15) and C_ in (3.14). According to (3.18) and (3.19), we see by
an induction on n € N* that

lea s
lei ], s

" or 3
< Cam gy

H2 (2 A) (3.20)

HZ(.Q A) H3 (2. A

Let pg > 0 such that p, Yo < 1. Then, for all p € C such that |p| > po, the series of general terms p "o et pT"pF converge
respectively in H> (£2_,A) and H> (24, A). We denote by ¢,y the sum of these series. Moreover, normal convergence is
geometric with common ratio |0~ !|a, bounded by po_loc. Hence

- -1
”‘p(p) ”H%(.Q,,A) Lo — |'O H|<ﬂ] HHZ(.Q D) H% HHZ(Q A (3.21)
”‘PEZ)”Hg(m,A) <C+Cop0 o~ ler HHZ(Q A) *les HHZ(Q A
According to (3.18) for k=1, and (3.14)-(3.15) for k=0,
lor ”HZ(.Q D) S C*(”f7||o,9, *liglo.x + C]C+(“f+”0.ﬂ+ +C°C-llglo.z)). 522

With (3.14), (3.15), (3.21) and (3.22), we deduce the uniform estimate for |p| > po

[ 3.0, + 195 15,0 < Cl0)(I fllo.e + liglo.x)- (3.23)
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3.2.3. Proof of Theorem 2.1 in the Neumann case
By construction, ¢, is solution of problem (3.1). Hence, ¢(,) € H'(£2). Setting

1
Plp) = Pp) — 20 / @ (p) (x) dx
2

we obtain a solution ¢ = goé ) of the variational problem (2.1), which moreover satisfies estimates (3.23), hence estimates
(2.4).

It remains to prove that the solution of the variational problem (2.1) is unique when |p| > po. Let ¢, € V be solution of
problem (2.1) for such a p and for f =0, g=0:

Y eV, /a+w:-vw+dx+/a,w;~V1Z*dx:o. (3.24)
24 2-

On the other hand, the power series construction yields a solution 1, of problem (2.1) with a; instead of ar and with
f =@« g =0 (note that these data satisfy assumption (2.3)):

YoeV, / a vy - vetdx+ / a_-vy, Vg dx= —/(p*(z) dx. (3.25)
24 Q- Q
Taking the conjugate of (3.25) for ¢ = ¢, and (3.24) for ¢ = v, we find
/(p*ga_* dx=0.
Q

Hence the uniqueness, which concludes the proof of Theorem 2.1.

Remark 3.1. From the above proof, we can see that the constants o9 and C,, depend only on the four operator norms co,
C! (trace operators 9 (3.12) and Tlr (3.13)), C_ and C4 (resolvent operators 23— (3.10) and %R (3.11)). The extension of
the estimates (2.4) to different sets of Sobolev indices, cf. Remarks 2.4 and 2.5, depends on the boundedness of the four
operators (the orthogonality conditions are understood for the last two ones):

T H(Q ) — HTI(Y),  TL:iH(R2) — HTI(D),
R_H2(2_) xH3(Z) — H(2_), My H2(24) x H2(Z) —> H(2,).
3 3

In particular, none of them is bounded for s = 3, so we cannot set s = 5 in estimate (2.6).

3.3. Dirichlet external b.c.

Here V = H(l)(.Q). When we consider the boundary condition ¢ =0 on 9£2 in problem (3.1), a similar construction can
be done. However, we need a special care to treat the compatibility conditions in §2_. Starting from the same Ansatz (3.2),
we get

Ap, =0 in2_,
%_ (3.26)
Onpg =g onXx
and
Apy = fr inf24,
(pa- =g, onZx, (3.27)
¢d =0 on a2,
and fork=1,2,...,
Ap; =8l f~ in2_,
(pk_ k f] 4 (3.28)
@, =—0,8+nep,_; onx
and
At =0 inf
e =Y Mdoq,
¢ =¢, onx, (3.29)
¢ =0 ondf.
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3.3.1. Discussion of elementary problems
Let ¢, € H%(.Q,, A) be the solution of the Neumann problem (3.26) under the condition f(z, @, dx = 0. Here we still
keep a constant to be adjusted; we call it co. Then ¢, = @, + co will be determined once cp is fixed and (3.27) will give a

unique ¢ € H3 (24, A).
We consider now (3.28) for k = 1, which is a Neumann problem with the compatibility condition

/f‘dx—i—/(—g—i—an(par)ds:O
2 b
and since [y, gds=0, it reads
/a,,<p0+ ds=— / f~dx. (3.30)
2.

X

But now we choose ¢4 = @; + coy where

Agy = fr ingy,

Pg =@, onx, (331)
@y =0 on 42

and
Ay =0 in 24,
v=1 on X, (3.32)
Y =0 onds2,

with

co=— (/8n<pgds+/f dx)//a,ﬂ//ds (3.33)

Clearly gZ)a' € H%(.QJr, A) is uniquely determined by (3.31), ¥ by (3.32), and ¢ by (3.33) since f): onY ds #~ 0 (principle of
maximum).

Thus we have completely determined ¢, =@, +¢o € H> (£2_, A) and (paL = gi)ar +coy € H> (£24+, A). Moreover the choice
of co gives the compatibility condition (3.30) of problem (3.28) for k = 1.

Again we take ¢, =@ +c1 € H%(IL, A), with @] uniquely determined by (3.28) with k=1 under the condition
Jo @7 dx=0.Then ¢ =@ +c1y € H2 (24, A), with @ uniquely determined by (3.29) with ¢ =@, on X and

—E/an@* ds/zfanw ds. (3.34)

We can continue this iterative process to construct the sequences {¢; }i>0 C Hz (£2_, A) and {(p He=0 C Hz (824, A).

3.3.2. Proof of Theorem 2.1 in the Dirichlet case

The absolute convergence of the series Zk>0 P~ gok in H3 (£2+, A) is obtained like in the Neumann case. The proof of
the uniqueness of solutions to problem (2.1) in 1 the Dirichlet case is also similar to the Neumann case.

3.4. Complements
In this subsection we give some complementary results, sharper or more general than those of Theorem 2.1.

3.4.1. Uniform estimates for ¢ — @o
As a consequence of the bounds (3.20), we have

oo
p—9o=> gnp "
n=1
and we deduce the following estimate between the solution ¢ € V of problem (2.1) and the solution ¢g of the limit problem
as p tends to infinity.
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Theorem 3.2. Let us assume that a; # 0. There exists a constant pg > 0 independent of a. such that foralla_ € {ze C| |z| >
polas |}, the unique solution @ € V of problem (2.1) with data (f, g) satisfying (2.2)-(2.3) converges in the piecewise H3/? norm to
the solution ¢q of the limit problem as p tends to infinity, with the uniform estimate

le* =050, + 1™ =5 |30 <Calpl™ (121"l fllo.c + lIgllo.x) (3.35)

with a constant C, > 0, independent of ay, a_, f,and g.

In this context, the above result gives sharper estimates than [8] where we find a characterization of limit solutions and
strong convergence results for similar (and more general) problems.
Likewise, an estimate of the remainder at any order is valid:
K
— — N
+lo =D enp
3.4 n=0

3,82_
2

K
ot =Y ofp"
n=0

3.4.2. Uniform estimates when a_ and a4 play symmetric roles

The framework of Theorem 2.1 can be extended so that a_ and a4 play symmetric roles, and so that the contributions
of the norms | f~|lo.o_ and ||f+|\0,_q+ are optimally taken into account in the right-hand side of estimates. For this, we
require the following assumptions

[fdx:[gds:O if V="Vy, (3.36a)
2 x

/ frdx= f f dx=/gds=0 if V.= Vpand |a_| > |a,], (3.36b)
2 2 x

no condition if V =Vpand |a_| < |ay]. (3.360¢)

Proposition 3.3. Let us assume that a4 # 0. There exists a constant po > 0 such that for all couples (a_, a4 ) such that
la_| = polay| or |ay|= pola—|

the problem (2.1) with data (f, g) satisfying (3.36) has a unique solution ¢ € V, which moreover is piecewise H3/? and satisfies the
uniform estimate

Ifllo.e | I1f"llo.2,

. _
o 1.0, + 1070 < (g +

+ ||g||0,2> (3.37)

with a constant Cp, > 0, independent of ay, a_, f,and g.

Proof. 1) Let us first prove estimate (3.37) in the Neumann case and when the modulus of p :=a_(a,)~"! is large enough.
After the change of data (f, g) — (aj_] f, g) as explained at the beginning of Section 3.1, proving estimate (3.37) reduces to
show

lei 130, +leals.e <C@(p™ 15 oo + 1500, +l8lo5). (3.38)

instead of (3.23) (note that the new factor |p~!| in front of || f~|lo._ is equal to |ay|/|a_]).
Estimate (3.38) is in fact a mere consequence of estimates (3.21) and (3.22), where we take advantage of the presence

7‘1 . p— —_ .
of the factor |[p~'| in front of the norm ||¢; IIH%(Q_,A) of ¢ in (3.21).

2) Still in the Neumann case, but when p :=ay (a_)~" is large enough, the sequence of problems to be solved is now
Apf =0 infy,

gy =g onX, (3.39)
dngg =0 onag,
Apy =f7 inf2_,

M (3.40)
9o =¢; onx,

and fork=1,2,...,
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Apl =81 fF in 24,
@ =—8,8+ @, , oOnXx, (341)
I =0 on a2,
Ap, =0 in$2_,

M . (3.42)
Y, =@, onlk.

The compatibility of the right-hand sides of problems (3.39) and (3.41) in £2 can be checked by arguments similar to those
used in the case when a_(ay)~! is large (Section 3.2.1). The estimate can be proved similarly.

3) In the Dirichlet case, if |a_| > |a+|, under assumption (3.36b), we see that in (3.33), we simply have

c0=—/3n¢§ds//8nwds.
b b

Thus f~ does not influence @g, and we have estimates like in (3.21) with the factor |p~!| in front of ||<p1’||H%(Q Ay

deduce estimate (3.37) like in the Neumann case.

4) Finally, in the Dirichlet case, if |a_| < |a4|, none of the elementary problems is of Neumann type. Hence no compatibility
condition is required and we can prove estimate (3.37) as previously. O

The compatibility conditions (2.3) (and a fortiori (3.36a)-(3.36b)) are not necessary for the solvability of problem (2.1):
For Neumann exterior boundary condition, the necessary and sufficient condition is

—ffdx+(a+—a7)/gds:o.
2 b

It depends on coefficients a.. If we want to have the compatibility of the right-hand side for any value of the coefficients
a+ we can either assume (2.3) or replace the coefficient in front of the integral j): by 1, defining the new problem

Yy eV, /a+V¢+ VYt dx+ /a_V(p_ VY dx= —/f@dx—i—/g@ds. (3.43)
24 2- Q z
Proposition 3.4. If we assume the compatibility conditions
—ffdx—i—fgds =0 ifV=Vy and nothing ifV =Vp, (3.44)
2 xz

then problem (3.43) is uniquely solvable if the modulus of p := a_(a,)~" is large enough and its solution satisfies the uniform estimate
le* 5.0, + 19715 0 <Colasl™ (IS 0.2 + lglo.5).
Remark 3.2. We pay the weaker assumption on the data by a weaker estimate since we have the same estimate for solutions

of problem (3.43) as for solutions of problem (2.1): In problem (2.1) the interface datum is (a; — a_)g (the coefficient
lay —a_| tends to infinity as |p| — oo) whereas the interface datum of problem (3.43) is g alone.

Proof. The construction of the terms of the series expansion is similar as in the proof of Theorem 2.1. Now we have ¢, =0
in the Neumann case, and ¢, = ¢o in the Dirichlet case. O

4. Proof of uniform estimates for Maxwell solutions at high conductivity

We consider now the harmonic Maxwell system (1.2) at a fixed frequency w satisfying Hypothesis 2.2. We are going to
prove the following sequence of statements:

Lemma 4.1. Under Hypothesis 2.2, there are constants oo and Co > 0 such thatif o > o any solution (E, H) € L2(£2)2 of problem (1.2)
with boundary condition (2.8a) and data j € Ho(div, £2) satisfies the estimate

IEll0,2 < Collilladiv, 2)- (4.1)

A similar statement holds for boundary conditions (2.8b) and data j € H(div, £2).
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This lemma is the key for the proof of Theorem 2.3 and is going to be proved in the next subsection, using in particular
our uniform estimates in the scalar case (this is the main difference with the proof of Theorem 2.1 in [7]). As a consequence
of this lemma, we will obtain estimates (2.11):

Corollary 4.2. Let o > 0. Let (E, H) € L?(£2)? be solution of problem (1.2) with boundary condition (2.8a) and data j € Ho(div, £2). If
E satisfies estimate (4.1), then setting

C1=14+ 1+ Joug)v/Co+ 1+ w/eoto)Co,
there holds

IEllo,2 + llcurlEflo, + || div(iweg — Q)EHQ_Q + Vo |Ello,2_ < Cilliluiv,2)- (4.2)
A similar estimate holds for boundary conditions (2.8b) and data j € H(div, £2).

Finally, estimate (4.1) implies existence and uniqueness of solutions.

Corollary 4.3. Let o > 0. We assume that estimate (4.1) holds for any solution (E, H) € L2(£2)2 of problem (1.2)-(2.8a) with j €
Hy(div, £2). Then for any j € Ho(div, £2), there exists a unique solution (E, H) € L?(£2)? of problem (1.2)-(2.8a). A similar result holds
for boundary conditions (2.8b) and data j € H(div, £2).

The previous three statements clearly imply Theorem 2.3. To prepare for their proofs, we recall variational formulations
in electric field for the Maxwell problem (1.2) with boundary condition (2.8b) or (2.8a), cf. [13] for instance. Let

H(curl, 2) = {u e *(2) | curlu e L*(2)}, (4.3a)

Ho(curl, £2) = {u e H(curl, 2) |u x n=0o0n 0£2}. (4.3b)
If (E, H) € L2(£2)? is solution of (1.2)-(2.8a), then E € H(curl, £2) satisfies for all E' € H(curl, £2):

/(curlE-curlE —K? E-E)dx— ivo / E- de:ivf] -E'dx (4.4)

22 2_ 2

where we have set k = w./€o/to and v = wp. If boundary conditions (2.8b) are considered, then E € Ho(curl, £2) and (4.4)
holds for any E’ € Ho(curl, £2).

4.1. Proof of Lemma 4.1: Uniform L? estimate of the electric field

Reductio ad absurdum: We assume that there is a sequence (Em,Hn) € L2(£2)2, m € N, of solutions of the Maxwell
system (1.2)-(2.8a) associated with a conductivity o, and a right-hand side j,, € Ho(div, £2):

curlEp —iopoHn =0 in £2, (4.5a)
curlHp + (iweg — om)Em =j,, in £2, (4.5b)
Hn xn=0 onas2, (4.5¢)

satisfying the following conditions

Op —> 00 asm— o0, (4.6a)
[Emllo.e =1 VmeN, (4.6b)
lim lH(iv,2) = 0 asm — oo. (4.6¢)

Note that the external boundary condition E; -n=0 on 952 is but a consequence of Eq. (4.5b), the boundary condition
(4.5¢c) and the condition j-n =0 on 32 contained in the assumption that j,, belongs to Ho(div, £2).
We particularize the electric variational formulation (4.4) for the sequence {Ey,}: For all E' € H(curl, £2):
/(curl Em - curl E' — k2 Em -E) dx — ivom, /Em CE dx=iv /jm .E dx. (4.7)
Q 2- Q

Choosing E' = Ep, in (4.7) and taking the real part, we obtain with the help of condition (4.6b) the following uniform bound
on the curls

lcurl Epllo.2 <k ++/Vlimllo.o- (4.8)
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4.1.1. Decomposition of the electric field and bound in H?
We recall that we have assumed that the domain £2 is simply connected and has a smooth connected boundary. Relying
to Theorem 2.9 and Theorem 3.12 in [2], we obtain that for all n € N there exists a unique w;, € H'(£2)> such that

curlwy,, = curl E, divw, =0 in£2, and wy,-n=0 onds2. (4.9)
Moreover, we have the estimate
lwWmll1,2 < Cllcurl Ep, |lo,52, (4.10)

where C is independent of m. As a consequence of the equality curlw;;, = curlE;;; and the simple connectedness of §2, we
obtain that there exists @, € H(£2) such that

Em =wWp + V. (411)
We write Eq. (4.5b) as

curlHpy, + (iweg — o m) (Wi + V@m) =jn-
Let ¢ € HI(£2) be a test function. Multiplying the above equality by Vi and integrating over £2, we obtain, using that

divw, =0:

/(iweo—gm)wm-v%dx:—/divjmwdx—om/wm-n|2$ds. (4.12)
2 2 X

Note that the boundary values curlH; -n=0 and j,, - n=0 on 952 have been used here.
Thus ¢y, is solution of the Neumann problem defined by the variational equation (4.12). Since

divj,, € >(£2) and /divimdx:/jm-nds:o,

Q a2
and
wm-neLz(E) and /wm-n|gds:/divwmdx:0,
z 2
the Neumann problem defined by (4.12) satisfies the assumptions of Theorem 2.1 with a_ = iwgyp — o and a4 = iwey.

Therefore we have the following uniform estimate for oy, large enough (i.e. for m large enough, cf. (4.6a))

lemls o, + 19ml3 0. < Co(ldivinllo.e + IWm - nllo.x).
Since ||wp, - n|lo,x is bounded by ||wy |12, the above inequality implies

lenls o, +19nlls0 <Colldivinlo.e + Iwnli.e). (413)
Finally (4.6¢), (4.8), (4.10) and (4.13) implies that

leills o, + lonls o +lwnlie <B (4.14)

for a constant B > 0 independent of m. With (4.11), (4.14) gives that the sequence {Ep} is bounded in H? on 2_ and 24
+ -
€31y o, + [Enly o <B.
Combining the above bound with (4.8), we obtain the uniform bound

IEnls o, +1Enls o + lcurlEnloe <C. (4.15)

4.1.2. Limit of the sequence and conclusion

The domains §2+ being bounded, the embedding of H? (§24) in L2(£2+) is compact. Hence as a consequence of (4.15), we
can extract a subsequence of {E;} (still denoted by {E;}) which is converging in L?(£2). By the Banach-Alaoglu theorem,
we can assume that the sequence curl E, is weakly converging in L?(£2): We deduce that there is E € L?(£2) such that

{ curl By, — curlE  in L2(£2),

416
E;,— E in L2(£2). (416)

A consequence of the strong convergence in L?(£2) and (4.6b) is that || E ||o.o = 1. Using Hypothesis (2.2), we are going to
prove that E =0, which will contradict | E ||p, = 1, and finally prove estimate (4.1).
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Taking imaginary parts in (4.7) when Ej, is the test-function, then letting m — +o0o and using (4.6c) we get |[E|o.2_ =0.
Hence,

E=0 in£_. (417)
Let us introduce the space
Ho(curl, 24, X) := {ueH(curl, 21) |u xn=00n X}.
In particular, (4.17) implies that E* := E|g, belongs to Ho(curl, 224, ).
Let @ € Hy(curl, 2+, X). Then the extension @y of @ by 0 on £2_ defines an element of H(curl, £2). We can use &g as
test function in (4.7) and we obtain
/(curlEm ccurl @ — k2Ep, @) dx=iv / jm - @ dx.
Q24 Q4

According to (4.16) and (4.6¢), taking limits as m — +oo, we deduce from the previous equalities

/(curl E™-curl® — k2E" - @) dx =0, (4.18)
24

i.e, ET e Ho(curl, 2, X) satisfies (4.18) for all @ € Hy(curl, 2, X). Integrating by parts we find (with @& the tangential
part of @ on 9£2)

(curlE™, curl(b)oym = (curlcurl E*, @) — (curlE* x n, &7)

0,24 982"
Thus we have
curlcurl EY — k2ET =0 in £2,,
Et xn=0 on X, (4.19)
curlET xn=0 onds.
Setting HT := (iwug) ! curl E*, we obtain that curlHt = —iwegEt and we deduce the remaining boundary conditions

H" -n=0 onX and E".-n=0 ondsf
from the previous relations. Hence (Et, H) € L(£2,)? is solution of problem (2.9). By Hypothesis 2.2, we deduce
Et=0 ing,.
Hence, with (4.17), we have E =0 in §2, which contradicts || E [lo,o =1 and ends the proof of Lemma 4.1.
4.2. Proof of Corollary 4.2
Let (E, H) € L2(£2)? be a solution of the Maxwell problem (1.2) with boundary condition (2.8a) and data j € Ho(div, £2).

We assume that

[Ello.2 < Collillaiv,2)- (4.20)
Then E € H(curl, £2) is solution of the variational problem (4.4). Taking as test function E itself, we obtain the identity

/(curlE-curlE—K2 E-E)dx —ivo / E- de:iv/i -Edx. (4.21)
Q Q- Q

Taking the real part of (4.21), we obtain
lcurl EI§ o = K?IIE[§ o — vIm(. E)o.q

hence, using inequality (4.20) and Cauchy-Schwarz inequality,

llcurl Ello, 2 < (kCo + v/vCo)llillniv, 2)- (4.22)
Then, taking the imaginary part of (4.21),

o|E[§ o =—Re(.E)o.o.
hence,

ValEllo.e- </ Colllluai.2)- (4.23)

Taking the divergence of equation curlH + (iwgg — 0 )E = j, we immediately obtain
|div(iweo — @)E| o = lIdivillo,e- (4.24)
Formulas (4.22) to (4.24) yield Corollary 4.2.
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4.3. Proof of Corollary 4.3
Let o0 and w (i.e., «) be fixed. Let us introduce the piecewise constant function ¢ on £2
a=1+—o0. (4.25)
With this notation, the sesquilinear form in the left-hand side of (4.4) becomes
/(curl E - curl E' — k2 E-E')dx. (4.26)

Q
The proof of Corollary 4.3 relies on a classical regularization procedure: We consider the functional space

Xt() = {E e H(curl, 2) | div(eE) € L*(2), E-n=00n3$2}.

Let s > 0 be a real number, which will be chosen later. Let us introduce the sesquilinear forms As and B: Xt(&) x
Xt(a) - C

As(E.E) = /(curl E - curl E' + sdiva E div E) dx, (4.27a)
2

B(E.E) :/gE-de. (4.27b)
2

With a right-hand side j € Ho(div, §2), we associate a new right-hand side j; depending on the parameter s defined as an
element of Xr(c)’ by

is(E) = / <j B % div jdiwﬁ) dx VE' €Xr(@). (4.28)

The regularized variational formulation is: Find E € Xt(¢) such that

VE e Xr(@), As(E.E')—«?B(E, E) =ivjs(E). (4.29)
As a consequence of [4, Th. 7.2], we obtain that if
2
K< . . .
5 is not an eigenvalue of the Neumann problem for the operator divaV, (4.30)

then any solution (E, H) € L>(£2)? of problem (1.2)-(2.8a) with j € Ho(div, £2) provides a solution of problem (4.29), and
conversely, any solution E of (4.29) provides a solution of (1.2)-(2.8a) by setting H = (i)~ curl E.

Thus, we choose s so that (4.30) holds.

Since the form As is coercive on Xt(c) and the embedding of L2(£2) in Xt(«) is compact, we obtain that the Fredholm
alternative is valid: If the kernel of the adjoint problem to (4.29)

FindE' € Xr(e), VEeXr(@). As(E.E)—«’B(E.E)=0, (431)

is reduced to {0}, then problem (4.29) is solvable.
We see that the assumption of Corollary 4.3 implies that (4.31) has only the zero solution, and that the same holds for
the direct problem

Find E e Xr(e), YE eXr(@). As(E.E)—«*B(E.E)=0, (4.32)
of course.
All this implies the unique solvability of problem (1.2)-(2.8a) with j € Ho(div, £2).

5. Application: Convergence of asymptotic expansion at high conductivity

In the Maxwell case, see Egs. (1.2), let us introduce the parameter

5= 250 (5.1)
o

Thus, when o — oo, § tends to 0. Note that the function o defined in (4.25) can be written

i
g=19++(1+8—2>19_. (5.2)
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Several works are devoted to the interesting question of an asymptotic expansion as § — 0 of solutions of the Maxwell
system (1.2) with complementing boundary conditions on 952 when the interface X is smooth: See [15,10,11] for plane inter-
face and eddy current approximation, [7] for impedance boundary conditions and [14] for perfectly insulating or perfectly
conducting boundary conditions.

5.1. Assumptions

We assume that X is a smooth surface, and we follow the approach of [14]. In order to fix ideas, we take perfectly
insulating boundary condition (2.8a) and assume Hypothesis 2.2 for this condition. By Theorem 2.3 there exists op such
that the conclusions of the theorem hold. From now on we assume that

. . wée
o >o0p, ie. §<8y withéy= —0. (5.3)

0o
Let j € Ho(div, £2) such that j=0 in £2_. Then for all § < §p, there exists a unique solution to problem (1.2)-(2.8a), which
we denote by (Es), H(s)). Then it is possible to construct series expansions in powers of § for the electric field E(+5) in the

dielectric part £2; and EG in the conducting part §2_:

Ef 00~ 8 EF (0, (5.4a)
j>0
— i o— . — y
E ()~ 281 E; (x;0) withE[ (x;8) = x(y3)W; (y,g, g) (5.4b)
j=0

In (5.4b), y = (yg, y3) are “normal coordinates” to the surface X' in a tubular neighborhood ¢/_ of X' in the conductor part
©_. In particular, y3 represents the distance to X. The function y — x(y3) is a smooth cut-off with support in /_ and
equal to 1 in a smaller tubular neighborhood of X. The functions W; are profiles defined on X x R,. Moreover, for any
jeN
E}L €H(curl, 24) and WjeH(curl, ¥ x Ry). (5.4¢)
There hold a similar series expansions in powers of é for the magnetic field H).
The validation of the asymptotic expansion (5.4) consist in proving estimates for remainders Ry;.s defined as
m .
Rm;s = E() —Z(S] E; in 2. (5.5)
j=0
This is done by an evaluation of the right-hand side when the Maxwell operator is applied to Ry.s. By construction
|14, Proposition 7.4], we obtain
curlcurl RY o —k?ayRY =0 inf2y,

— 2 _ = .
curl curl Rm;a —K O‘—Rm;s =jpms In 2_,

[Rm:s xn]ly =0 on X, (5.6)
[curlRy;5 X )]s =g on X,
curlR}  xn=0 on .

Here, according to (5.2), «y =1 and o =1+1i/82, and [E x n]s denotes the jump of E x n across X. The right-hand sides
(residues) j_., and g5 are, roughly, of the order §™.

5.2. Convergence result

The main result of this section is the following.

Theorem 5.1. Under Hypothesis 2.2 in the framework above (Section 5.1), we assume that we have for allm € N the following estimates
for the residues j., and g,.5 in (5.6)

limslo e +lmslls 5+ lcurls @slls 5 < Cmd™ ™, (5.7)

where Ciy > 0 is independent of 8, and mg € N independent of m and 8. Then for allm € N and 8 € (0, 8¢], the remainders Rp.s (5.5)
satisfy the optimal estimates

lyme 1 _
[ R%a”o,m + | curl R$;5||0,9+ +4872 ”Rm;BHO,Q_ +82||curl Rm;auo,g_ < Cpd™ (5.8)
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Proof. Here we denote by Cp, various constants which may depend on m but not on §.

STEP 1. We cannot use Theorem 2.3 directly because curl curl Ry;.5 — Kzng;(; does not define an element of H(div, £2). We
are going to introduce two correctors Cp.s and Dp;s satisfying suitable estimates and so that

[(Rm:s — Cmis) X n] =0 on X,
[curl(Ry;5 — Cm;s) x n], =0 on X, (5.9)
curl(Rm;s — C;5) x n=0 on a2

and
[@(Rim;5 — Cm:s —Dm;s) -n];, =0 on X,
[(Rm:s — Cm;s — Djm:s) X n] . =0 on X,

(5.10)
[curl(Rm:;s — Cm;5 — Dm;s) x n]. =0 on X,
curl(Rm;s — Cm:5 — Dm;s) x n=0 onos2.
STEP 1A. Construction of Cp,.s: We take Crp.5 =0 in £2_ and use a trace lifting to define Cp,.s in §25. It suffices that
Cg;g xn=0 on X,
curlCl xn=g,.5 onX, (5.11)
curlCl. s xn=0 on 8£2.

Denotmg by Cg and C3 the tangential and normal components of CJr .5 associated with a system of normal coordinates
= (¥p.y3), and by gg the components of g, s the above system becomes (cf. [14, Proposition 3.26])

Cs=0 on X,
03Cg —0gC3=gp onX, (5.12)
33Cﬁ—35C3=0 onads.

It can be solved in H2(£2;) choosing C3 =0 and a standard lifting of the first two traces on X and 852 with the estimate

”c$§5”2,9+ <C||9m;5||%,;- (5-13)

STEP 1B. Construction of Dy;s: Let us denote Ryy;s — Cpy;5 by S for short. Again, we take D, . 5=0 and use a trace lifting to
define D}, ;. It suffices that

D).;-n=[aS-n]x on¥x,

D}y xn=0 on X, (5.14)
curl D} xn=0 on XY U3R.

In normal coordinates and associated components, these conditions become, compare with (5.12)

D3=[QS'"]Z‘ on X,

Dg=0 on X, (5.15)
03Dg —03gD3=0 on X U3,

which can be solved in H2(2,) (first determine D3, then Dg) with the estimate

|o; Clias nls|; 5 (5.16)

ilae, <

Since [curl S x n]x =0, we find that, by construction

—k*[@S - n]x = [(curl curl § — k2aS) - n|,

—(curleurl G s —k°C )| - =gl o1
=curly gp.5 — i,:l;g ’E -n
Hence
llas sl 5 < Iutsgmaly s + lial o 517)

We deduce from assumption (5.7), and (5.13), (5.16), (5.17)
IChislzc, + 10015 0, < Cmd™ ™.
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Since by construction C,,.;, =D, ., =0 and [Cp;5 X n]x = [Dm;s X n]x =0, the above estimate implies

ICm:sll0.2 + llcurlCy;sllo.@ + [IDm:sllo.2 + llcurl Dpy;sllo. @ < Cm8™ . (5.18)
We set

Rm:s := Rm:5 — Cm:s — Dm:s (5.19a)
and

Tm:s = curlcurl ﬁm;,; - Kzgﬁm;(;. (5.19b)

Hence by construction, J,,.; € H(div, £2) with the estimates
1T m: 5 I cdiv, 2) < Cm8™ M0, (5.20)
STEP 2. We can apply Theorem 2.3 to the couple (E,H) = (ﬁm:g, (iwpe) ! curl ﬁmgs) and, thanks to (5.19b), obtain
IRm:sllo.2 + lcurl Rm;sllo.2 < CllTm:s v, 2)-
Combined with (5.20), this gives
IRm:sllo. + llcurl Rpsllo, @ < Cmd™ ™. (5.21)
Together with (5.18) and (5.19a), this estimate gives finally
IRm:sll0,2 + llcurl Ryp;s]l0, @ < Cm8™ . (5.22)

STEP 3. In order to deduce the optimal estimate (5.8) for Ry,,s, we use (5.22) for m + 1 4+ mop, which yields

IRmt14mo:slo.2 + llcurl Ry 14mg:sllo.2 < Cmd™ . (5.23)
But we have the formula
m—+1+mg

Rp;s = Z 5jEj+Rm+1+mo;5- (5.24)
j=m+1

Moreover by definition the Ej+ do not depend on § and the Ej’ are profiles: Using (5.4b) we find that for any j € N

57 3|E; oo + 8% [curlE] o o < CIWjlccurt, 5 xR, )- (5.25)

Combining with (5.4c), we obtain for any j € N
D TR 1 _
|ES ||H(curl,g+) +872|Ef oo +82|curlE; |, , <Cj. (5.26)

We finally deduce the wanted estimate (5.8) from (5.23) to (5.26). O

Remark 5.1. As a consequence of the works [7] and [14], we find the existence of asymptotics of the form (5.4) when the
interface X' is smooth, if the right-hand side j is smooth and has its support in the dielectric part §2,. Moreover, estimate
(5.7) is true for mg =1, cf. [14, Ch. 7].

Remark 5.2. If the interface has conical points, or is polyhedral, many difficulties are encountered for an asymptotic analysis.
We refer to [12] for an investigation of a scalar transmission problem with high contrast in polygonal domain.
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