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1. Introduction

We consider the following free boundary problem in two dimensions

Apu =0, in 2,
u=0 ou = on
=V, an = 8o, .]01 (11)
ou
u=1, —=g1, on]i,
on

where Ay, 1 < p < oo, is the p-Laplacian, g;,i =0, 1 are prescribed functions, £2 C R? is unbounded with 92 = Jo U J1,
and n is the unit exterior normal.

This kind of free boundary problems arises from the theory of nonlinear potential flows of power-law types. In (1.1),
the p-Laplacian may be seen as an incompressibility condition, the level sets of u correspond to the stream lines, and the
conditions about g—ﬁ on the free boundary are pressure conditions on the boundary of the fluid due to Bernoulli’s law. We
refer to [3] for more detailed background of this problem and the research book [2] for general theory of free boundary
problems.

In this paper, we will prove the following Liouville-type theorem about the free boundary problem (1.1).

Theorem 1.1. Assume that u € C,lo‘ca([}) satisfies (11) and 0 < u < 1 in £2. If J; is the graph of a function in CI]O‘C“ (R) and g; is
a constant for each i = 0, 1, then u is a linear function and J;, i = 0, 1 are two parallel straight lines.

The above theorem extends the result of [5], where the authors proved similar result for uniformly elliptic equations of
the form F(D2u) =0.
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Notice that it is not trivial to extend the result of [5] to p-Laplacian. One of the difficulties lies in the fact that, for
p-Laplacian, the solution u and the free boundary have at most C'® regularity. Thus, sometimes we cannot apply the
Hopf lemma directly even if |Vu| is away from zero. This difficulty is overcome by perturbing the comparison functions
appropriately.

Comparing with [5], another different point in our proof is that we do not invoke the Harnack inequality to analyze the
level sets of u in £2. We will perform analysis only on Jo and J; and prove that they are straight lines directly. We sketch
the idea of the proof as follows. First, we notice that the blow up limits of the level sets of the fundamental solution are
all straight lines. Based on this observation, we can prove that the free boundary is nearly flat in the following sense: there
exists a linear function g, such that Jo lies below the 0-level set of g and J; lies below the 1-level set of g. Then, by
comparing u with linear functions, we show that the free boundary tends to be more and more flat. We remark that this
method can be applied to more general elliptic equations.

From now on, we assume that u satisfies the assumptions in Theorem 1.1. That is, we assume that there exist ¢; €
Co%(R), i=0,1, such that

2 ={(s.1); go(s) <t <1(5), seR},
Ji={6.0; t=¢i(s), seR}, i=0,1
and u € C,lo‘ca(.(}) satisfies

O<u<1, Apu=0, ing,

u=0, |Vu|=cop, on Jo,

u=1, |Vul=c, on Ji,
where ¢;, i =0, 1 are constants. For convenience, we extend u to the whole of R? by setting u =1 above J; and u =0
below Jg.

In the proof, we will use some properties of the p-Laplacian. We recall that

Apu=V-(|VulP~2vu), 1<p <oco.

As is well known, the weak comparison principle holds for the p-Laplacian. The strong comparison principle and the Hopf
lemma hold as well if the gradient of one of the comparison functions does not vanish (see, e.g., [4,6]).

The proof of Theorem 1.1 is based on maximum principle. Particularly, we will employ the sliding method, for which we
refer to [1].

We fix some notations and terminologies which will be used frequently in the proof. For x,y € R?, x - y is the inner
product of x and y. We define the vertical distance of two sets A and B in the plane to be

dy(A,B)=inf{(x—y)-ez; x€ A, yeB, x-e1 =y -e1},

where e; = (1,0) and e; = (0, 1). We say A lies above B if d,, (A, B) > 0, and A lies strictly above B if ANB =¢ in addition.
The notation that A lies below or strictly below B is defined in a similar way. If A lies above B and AN B # (J, we say A
touches B from above. Let v: A — R and w: B — R. We say v touches w from above if v > w in AN B and v(x) = w(x)
for some x € AN B, and x is called a contact point.

The rest of the paper is organized as follows. In Section 2, we will prove two comparison lemmas. In Section 3, we will
present the proof of Theorem 1.1.

2. Two comparison lemmas
In this section, we prove two comparison lemmas, where u is compared with fundamental solution of the p-Laplacian

and linear functions respectively.
Denote o = ﬂ—j for p # 2. We define

Ry —Ix*

Rgr  PF2
YRo.Ry (X) = Yo,k (IX]) =4 071

InRo—In |x| -2

InRp—InR;’ p=2s

where Ry < |x| < Ro. Notice that g, g, is the fundamental solution of the p-Laplacian and

YRo,Ry =1 ONdBg, i=0,1,

0< WRO,R1 <1 in BRO —BR].
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Lemma 2.1. Assume thatc; = 1. Let0 <8 <1,k > 1 and

o
_ HGEEE p¢2,

1
SInk’

Ro =kR;.

Ry
p=2,

If Bg,(2) lies above Jo, then Bg, (2) lies above ] and
U(X) = Yry R, (X —2), VX € Bry(2) — Bg, (2).

Proof. By a translation, we may assume that z=0.
We slide yg, g, up-down.
Denote

Vi=Bg, — BRl +tey, teR,
Ve(X) = YRo.r, (X —tez), x€ V.

Let

t*=inf{teR; vs <uinVsNR2orVsN 2 =0, foralls > t}.

We claim that t* < 0. Clearly, if this holds, then we are done.

We prove by contradiction. Suppose that t* > 0. We will derive a contradiction.

Since u =1 on J; and ¥, g, =0 on dBg,, we have (dBg, + t*e2) N 2 # @, and hence V+ N §2 # @. By definition of t*,
u touches vy from above at some point in Vi N £2.

Let x* € Vi+ N 2 be a contact point. By the strong comparison principle, we may assume that x* € 9(V N §2). Then, we
have either x* € Jo N (0Bg, +t*ey) or x* € J1 N (dBg, +t*e2).

Since t* > 0, dBg, + t*e; lies strictly above Jg. Hence

u>0 ondBg,+te;.
Thus, we must have x* € J1 N (dBg, +t*e). Since u touches vy« from above at x* and 0 <u <1 in £, we conclude that
[Vu(x*)| < |Vve (x*)| =8 < 1.

This contradicts the assumption that c; = 1. Hence, we must have t* < 0. This proves the lemma. O

Let y,z € R%. We use [y,z] to denote the line segment jointing y and z which contains both y and z. We denote
y,2)=1[y,z]—{z} and (y,2) =y, 2] = {y, 2}

Lemma 2.2. Assume that co =c1 = 1. Let yg, z0 € R2 be such that

(Yo —20) -e1 #0.

Denote by v = (v1, v2) the unit normal of [yo, zo] with v, > 0 and let
f=®—yo)-v, xeR?
Yi=Yo+ex/va, z1=2z9+ex/vy,

D={xeR* x=0yo+(1—0)zo+rez, 0<0 <1, 0<ir<1/v2}.
If

uzf onl[yo. y11Ul[zo,21], (21)
then the parallelogram D lies above Jo and

u>f inD.

The proof of Lemma 2.2 is more complex than that of Lemma 2.1. When we slide f up-down, we cannot apply the Hopf
lemma if the contact point lies on J; since J; has only Cllo‘ca regularity. To obtain the desired conclusion, we will perturb f
and slide the perturbed function up-down.
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Proof of Lemma 2.2. First, we observe that |V f| =1 and

[¥0.20] C {f =0}, y1.z1]1 C{f =1}.

The assumption (2.1) implies that {yq, zo} lies above Jo, and {y1, z1} lies above J;.
We slide f up-down.
Denote

Vi=D+tey, telR,
ve(x) = f(x —tey), xe Ve

Let

t*=inf{teR; vs <uinVsNQR2or Vs N2 =0, foralls > t}.

13

If we can show that t* <0, then we are done. We prove this by the method of contradiction. Suppose that t* > 0. We

will derive a contradiction.

Since u=1 on J; and f =0 on [yo, z0], we have Vi N 2 # (. By definition of t*, u touches v from above at some

point in Vi N £2. Let x* be an arbitrary contact point.
Claim 1. x* € J1 N ((y1,z1) +t¥ey).

Proof. Since t* > 0, by assumption (2.1), we have

u>ve onlyo, y1)Ulzo, z1) +t7es.

Since {y1, z1} lies above Ji and t* > 0, {y + t*e2, z1 + t*ey} lies strictly above J;. Hence

y1+tiey, z1 +tfey ¢ Vs N Q2.

So we have x* ¢ [yo, y1]1U [20, z1] + t¥e;.
If x* € V= N 2, then, by the strong comparison principle, we have u = v+ in V= N £2. This implies that Vg N 2
and u = v+ on Vi, which contradicts (2.2). Hence, we have x* ¢ Vi N2 and u > v+ in V= N £2.
If x* € Jo N ((yo, z0) +t*ez), then
V(%)= |Vux)|=1.

This contradicts the Hopf lemma. Hence, we also have x* ¢ Jo N ((¥o, zo) + t¥e>).
Thus, we must have x* € J1 N ((y1,2z1) +t¥e). O

Claim 1 implies that [y1, z1] + t*e; touches J; from above and [yg, zo] + t*e; lies strictly above J.
We perturb f a little and slide the perturbed function up-down again.
Let 0 < € < 1 be a small constant to be chosen later and § =1 — €. Denote

=4f,
yi=yo+ez/(6v2),  Z1=20+e2/(612),
D={xeR; x=0yo+(1—0)zo+1rez, 0<0 <1, 0<r<1/(@w2)}.

A1

Notice that |[Vf| =8 <1 and

[yo.z0l C{f =0}, [F1.z1]1C{f=1).

Denote

W = D +tey,
we(x) = f(x—tey), xe Wy,

and let

t=inf{teR; ws <uinWsN 2 or WsN 2 =4, foralls > t}.

Claim 2. If € is small enough, then 0 <t < t* and [yo, Zo] + te lies strictly above Jq.

(2.2)

= Vt*
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Proof. By definition, we have f < f in D. Hence, f < t*. Since t* > 0, we may choose € small enough such that f > 0.
As € tends to zero, we have

dy([71. 211+ t*ez, [y1, z1]1 + t*e2) = dy ([¥1. 211, [y1, z1]) = O.
Since dy ([Yo, zo] + t*ez, Jo) > 0, we may choose € small enough such that
dv([y1. 21] + thez, [y1. z1] + t¥e2) < dy([yo. z0] + t*e2, Jo).
It follows that [yg, zg] + ey lies strictly above Jo. O

Now, we may argue as before. By definition of t, u touches wj; from above. Let X be an arbitrary contact point.
Claim3.x <€ J1 N ((J1,Z1) + tey).

Proof. Since > 0, by assumption (2.1), we have X ¢ [yo, 1] U [20, Z1]. Invoking to the strong comparison principle, we
derive X ¢ W; N £2. Since [yo, zo] + tey lies strictly above Jo, we have X ¢ Jo N ([yo,20] + tez). Thus, we obtain X € J1 N
((y1,Z1) +tex). O

As a consequence of Claim 3, we have
[Vu®)| < [Vwi®)|=8 < 1.
This contradicts the assumption that [Vu| =1 on J;. Hence, we must have t* < 0. This completes the proof. O

3. Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. The proof consists of three steps. First, we prove that co =c; #0
(Lemmas 3.1, 3.2). Then, we show that there exists a linear function g, such that J; lies below the i-level set of g for i =0, 1
respectively (Lemmas 3.3-3.5). At last, we prove that u = g in §2 by the sliding method (Lemmas 3.6, 3.7).

Lemma3.1.c; >0,i=0,1.

Proof. Let xp € £2,x1 € Jo and r > 0 be such that B;(xg) C £2 and 9B;(xg) N 952 = {x1}. Denote

V(X) =my, r (X —Xo)

where m = mingg, (x,) U > 0. By the weak comparison principle, we have
2

u>v inBr(xg) — B’%(xo).
It follows that
co=|Vux1)|>|Vv(xy)| > 0.

Let w =1 — u. We observe that w satisfies a similar free boundary problem as u with Jo and J; interchanged. Hence,
according to the above conclusion, on the O-level set of w, we have

IVw|=|Vu|=c; > 0.

This completes the proof. O
Lemma 3.2. co = ¢1.

Proof. By a dilation, we assume that c; = 1. ~
Let §,k, Ro and Ry be as in Lemma 2.1. There exists t € R, such that Bg,(tey) touches Jo from above at some point xq.
By Lemma 2.1, we have

co=|Vuxo)| = |V¥ry,r, (Ro)|- (3.1)
Take 8,k — 1 in (3.1). Noticing that

lim |Vgy.g, (Ro)| =1,
§,k—1
we get co > Cq.
Consider w =1 — u. By the above conclusion, we have c1 > co as well. Hence, co =c1. O
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By a dilation, we will assume that co =c; =1 from now on.
Let

21 = {x e R%; xlies strictly above J1},
20 = {x € R?; xlies strictly below Jo}.
We denote by COV(£2;) the convex envelope of £2;,i=0, 1.
Lemma 3.3. ] lies below COV(£21) and ] lies above COV(£2p).
Proof. Let yg, zp € £21 and yg # zg. We claim that [yg, zo] lies above Jo. If (yo — zp) - €1 = 0, the claim holds obviously. If
(Yo — z0) - e1 #0, then, we invoke to Lemma 2.2 to obtain the claim. This proves the first assertion of the lemma.
We consider w =1 — u and obtain the second assertion of the lemma. O

Lemma 3.4. The boundaries of COV(82;), i = 0, 1 are two parallel straight lines.

Proof. The boundaries J; of COV(£2;), i =0, 1 are graphs of Lipschitz functions, which we denote by ¢;, i =0, 1 respectively.
Suppose by contradiction that they are not parallel straight lines. Then

Jim (1(5) — do()) = oo (32)
Let 8, k, Ro, R1 be as in Lemma 2.1. By (3.2), there exists sg € R, such that
$1(5) — do(s) > 2Ry, Vs> so. (3.3)
Denote s1 = sg + 2Ry. There exists t € R, such that BRO (s1e1 +tey) touches ]0 from above. Then, by Lemma 2.1, we conclude
that Bg, (s1e1 +tep) lies above Jq. This contradicts (3.3). Hence, J;, i =0, 1 are two parallel straight lines. O

Let Ip be the boundary of COV(£2gp), and w = (it1, (42) be its unit normal with @, > 0. By a translation, we assume that
0 €lp. Then

lo= {xeRz; x-pu=0}.
We denote
gx)=x- W, xeR?
and let I; be the 1-level set of g. Define T? to be the truncation function at levels 0 and 1, that is
T9(t) = min{max(t,0},1}, teR.

We wish to prove u= T?(g). Clearly, this will establish Theorem 1.1.
Lemma 3.5. [; lies above J1 andu > T?(g).

Proof. Let §, k, Rg, R1 be as in Lemma 2.1. Since B’RO(RO,u) lies above Iy, it lies above Jg. In view of Lemma 2.1, we have

U(X) > YRy Ry (X — Ropt), VX € Bgry(Rop) — Br, (Rop).
Taking &,k — 1, we get the desired conclusion. O

Lemma 3.6. For each z € ly, we have either z € Joorz+e /2 € J1.

Proof. Without loss of generality, we assume that z=0.
We prove by contradiction. Suppose that 0 ¢ Jo and ez/u2 ¢ J1. Then, by Lemma 3.5, we have
u(x) > gx), Vxel0,ea/ua).
So there exists € > 0, such that

ux) > g(x+e€ey), Vxe[—eey, (1/1uz —€)ez). (3.4)

Denote yg = —ee;. Let s € R,s # 0. Then, zgp = (s, (1 — su1)/i2) € l1. Denote by v the unit normal of [yg, zo] with
v -ey > 0. We observe that

lim (v —u)=0. (3.5)

[s|—>o0
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We wish to employ Lemma 2.2. Let yg, zop be defined as above and y1, z1, f be as in Lemma 2.2.
First, we check (2.1). Since zg lies above ], we have

uzf onlz,z].

According to (3.4) and (3.5), there exists sg > 0, such that

uz>f onlyo,yil

if |s| > sg. Hence, (2.1) holds if |s| > sq.
Now it follows from Lemma 2.2 that Jq lies below [yg, zo] if |S| > so. Taking |s| — oo, we find that Jg lies below [y —€e;.
But this contradicts the fact that Iy is the boundary of COV(§2p). Hence, we must have either 0 € Jo or e3/u2 € J1. O

Lemma3.7. u = T%(g).

Proof. If [y touches Jo from above or I{ = J1, we get u = T? (g) by the Hopf lemma. Otherwise, there exists z € ly, such that
z¢ Jo and z+ey/u2 ¢ J1. But this contradicts Lemma 3.6. This proves the lemma. O

The proof of Theorem 1.1 is completed.
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