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1. Introduction

This paper is devoted to semilinear elliptic partial differential equations with homogeneous Dirichlet boundary condition
of the form
Au= f(x,u) in§2,
ueH\(), (P)
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where £2 is a bounded domain of RN, N > 3, with smooth boundary 32, Du denotes the gradient of u, Du = (Dju)i=1,...N,
D; = 9/0x;, and A is the elliptic operator, not in divergence form, given by

N N
Au=— " Di(a;j(0)D;u) + Y ai()Diu +ag()u.
i,j=1 i=1

Problems of this type are studied by many authors with different methods and techniques: truncation and approximation
arguments, super- and sub-solutions, fixed points theorems and so on. Among the others, we recall the papers [1,4-6,9,13,
15,16,18] and references therein.

Due to the presence of a lower order term containing Du in A, problem (P) has not a variational structure. Despite that,
here we study it performing variational techniques, combined with an iterative scheme. The idea consists of ‘freezing’ the
gradient in A in order to construct a partial differential equation with a variational structure, so that it can be treated via
critical points theory. Using this new problem and an iterative technique, it is possible to get an existence and regularity
result for (P).

This method was first introduced in [7] (see also [11,12,14]) in order to study a semilinear equation governed by the
Laplacian operator —A, when the nonlinear term depends also on the gradient of the solution, i.e. when it is of the form
f=fkx,u, Du).

Here we adapt this technique in order to consider an equation with an operator more general than the Laplacian. In
dimension N =3 and when f = f(x, u, Du), this problem was solved in [14]. The aim of this paper is to extend this result
to a general dimension N. We were able to do this only in the semilinear case, that is when f = f(x, u).

The difficulty in treating problem (P) with the method introduced in [7] is mainly related to how getting uniform
estimates on the C:*-norm of the solutions of the problem associated with (P). This kind of regularity on the solutions is
one of the key point for performing the iteration scheme.

This paper is organized as follows. In Section 2 we give the assumptions on the data of the problem and we state our
existence and regularity result (cf. Theorem 1). Section 3 is devoted to the proof of the main result of the paper.

2. Assumptions and statement of the main theorem
2.1. Assumptions on the data

In this paper we consider the semilinear elliptic problem (P) where the elliptic operator A given by

N N
Au=— )" Di(aj(®)Dju) + Y ai(x)Diu +ao(x)u,
i,j=1 i=1
is such that a;j : 2 — R are functions of class C(£2) with ajj=ajj, i,j=1,...,N, and
N
MEP < Y ai(&igj < Alg)? (21)
i,j=1
a.e. in £2 and for any £ € RN, for some positive constants A and A, while a;,a9: 2 — R, i=1,..., N, are bounded measur-
able functions with ag(x) > 0 a.e. in £2. In the following we denote by a the vector-valued function a = (a;)i=1,.. N and with
lallc = maxi=1,.. N lGillcc.
The nonlinear term f: 2 x R — R is a function satisfying the following conditions
f is locally Lipschitz continuous in £2 x R, uniformly with respect to x € £2; (2.2)
X, t . . =

]il’I(l) f(t ) =0, uniformly with respect to §2 and to each bounded subset of RN, (2.3)

t—

there existc; > 0, 1 <s < 4/(N —2) such that | f(x,t)| <c1(1 + [t]°) in 2 x R; (2.4)

there exists i > 2 such that 0 < wF(x, t) < tf(x,t) in 2 x R\ {0},

t
where F(x,t) = / f(x, T)dt forall (x,t) € 2 x R. (2.5)
0
In the following we denote by Lg, R > 0, the Lipschitz constant of f, i.e.
X, t1) — f(x,t R
Lstup{|f( I;) {(I Dl e teR H<R. i=1.2 ;érz}. (2.6)
1— 0
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Conditions (2.2)-(2.4) yield that for any ¢ > 0 there exists §(&) > 0 such that
|fx. 0] <elt|+8(e)tf* (2.7)
and, as a consequence
[Fx, 0] <elt? + ()t (28)

uniformly in 2 x R.
While, by (2.5) it easily follows that there exist c3, c3 > 0 such that

Fix,t) > cot|* —c3 in2 xR. (2.9)
A model for f is given by the function
Fx 0 =b@ltltg (),
with g € Lip;o(R) N L®(R), g > 0 in R, while b € Lipj,(£2), b > 0 in £ and s is given in assumption (2.4).

2.2. Notations

Throughout the paper we denote by H(l)(Q) the usual Sobolev space equipped with the norm

172
||u||=</|Du|2dx>
2

and by L9(£2), with g € [1, c0), the usual Lebesgue space with the norm defined as

1/q
lullg = (/Iulqu> .
2

Moreover, C1®(£2) is equipped with the usual norm | - ||1.¢, while C}Q'“(ﬁ) will be the following set

CrY(2) = {u e @): llull1,« <R}

with o € (0,1) and R > 0.
Finally, in the following A will denote the first eigenvalue of the Laplacian operator —A in £2, that is

) [ |Du|?dx
A= inf 2
uen @)\ (0} Jo Iul?dx

while Sq will be the constant of the Sobolev embedding H&(Q) > L9(£2) for any 1 < q < 2*.

2.3. Main theorem

Problem (P) has not a variational nature, in the sense that it is not the Euler equation of some functional. Despite that,
following [7,11,12], here we study (P) via variational techniques.
The main result of the paper is the following.

Theorem 1. Assume conditions (2.2)-(2.5) hold true. Then there exist two positive constants R and C depending only on ajj, i, j =
1,2, 3, ap, c1, C2, €3, S, 4, N and £2, such that if

lalleo < C (2.10)

and

Lr < (AA1)/2, (2.11)

then problem (P) admits a non-trivial solution u belonging to C1-*(£2) for any o € (0, 1).

The constant Lz mentioned in Theorem 1 is defined in formula (2.6), while the explicit formulas for R and C will be
given in (2.17) and (2.18), respectively.
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2.4. Definition of the constants appearing in Theorem 1

Let us fix a function i in Hg)(.Q) with ||ii]| = 1 and let us define the constant

e 1 1/(s—1)
=\ ——F (212)
4\8 5(11/8)S5E]
and the function
_ A ”aO”oo 2 Wy
h(t) = 5+ o t* —cot”|lufly + 3121+ H, t>0, (213)
1

where § is given in (2.7). Note that H depends only on a;, i,j=1,...,N, §, s and £ and therefore only on a;;, i, j =
1,...,N, cq, s and £2.

Being u > 2 by (2.5), it is easily seen that h(t) - —oo as t — +oo. Thus, there exists T > 1, depending only on a;j,
i,j=1,...,N, agp, c1, C2, c3, i and £2, such that

h(T) <O0. (2.14)
Let us define the following constant
A ”aO”oo 2
=(= T“+H 215
o ( e L (215)

and fix ¢ > 0 as follows
e W=DH+ V(- 1H? + 2u(n = 2)T%0
- A —2)T ’
Note that ¢ depends only on ajj, i, j=1,..., N, ap, c1, €2, 3, S, u and £2.

Finally, let &' =1 — @ € (0,1) (thanks to the choice of s, cf. assumption (2.4)) and let us define the following
constants

(2.16)

¢ = kN-DIN[N/(N — 2)]<N—2>/2,

with k suitable positive constant depending on &’ (see the proof of [17, Theorem 2.4] for more details),

~ , C
Ky =CN/2¢ [(q + llaolloo) (121 + S5.¢%)182] + —A}
1
K2 = CV2121(121 + S5.¢°),

C=K1+1,

and

C=c11221(1+ C%) +182|Cllao o,

all depending only on a;j, i, j=1,...,N, ap, c1, ¢2, €3, S, 4, N and £2.

Furthermore, let Cpor be the embedding constant in the Morrey Theorem and Ccz be the constant in the Caldéron-
Zygmund Theorem applied in L9(£2), g € [1, +00). It is well known that the constant Cyjor depends only on s and £2, while
Ccz depends only on ajj, i, j=1,...,N, g and £2.

Now we can define the constants R and C appearing in Theorem 1. We put

R = 2CpmorCczC (217)
and
VvA1H 1 1 AJ/A
C:min{ Lk  —, 1}. (218)
V3cT  2CmorCez| 2] K2R 2
Both R and C depend only on a;;, i, j=1,...,N, agp, 1, C2, 3, S, i, N and £2. Note that it also holds true that
VA H
c< ¥ (2.19)
V3¢

since T > 1.
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3. Proof of Theorem 1

Problem (P) is not variational in nature, due to the presence of Du in the lower order term of A. Despite that, we will
treat it via variational techniques. Precisely, we associate, in a suitable way, with our problem a semilinear elliptic equation
and we essentially adapt to our case the idea introduced in [7] which consists of ‘freezing’ the gradient of u in the lower
order terms of the equation. In this way we have to manage a PDE which can be studied using the classical critical points
theorems. In particular in this work we use the Mountain Pass Theorem of Ambrosetti and Rabinowitz [3].

Proof of Theorem 1. Let o € (0, 1) be fixed and let ¢ be as in (2.16), R as in (2.17) and C as in (2.18). Let us fix w in
H}(2) N Cy*(2), with |w] <c.
In order to prove Theorem 1 we proceed by steps:

Step 1: we associate a new PDE (P, ), variational in nature, with problem (P);

Step 2: we prove the existence of a non-trivial weak solution u,, for (P, ) using the Mountain Pass Theorem of Ambrosetti
and Rabinowitz [3] and we estimate the H(l)(.Q)—norm of uy;

Step 3: we show that u,, is of class C1** and we give some estimates on the C*-norm of u,;

Step 4: we consider a sequence of problems (Py) and, through an iteration technique, we construct a non-trivial solution u
of the equation (P).

Step 1: a variational problem ( P, ) associated with (P). Let us consider the following semilinear elliptic PDE

Awly = f(X,uy) in$2,

uw € H)(£2), (Pw)
where
N N
Awu=— " Di(aj()Dju) + Y " a;(X)Diw + ao(x)u. (3.1)

i,j=1 i=1

Problem (P, ) has a variational nature, indeed its weak solutions can be found as critical points of I, : Hg)(Q) —-R
defined as

N N
1 1
Iy(u) = 5 Z /a;j(x)DiuDju dx + §/ao(x)u2 dx — / F(x,u)dx + Z /ai(x)uDiwdx.
i,j=1g 2 o i=1 5
The functional I,, is well defined in H(l)(.Q) and it is Fréchet differentiable in H(l)(.(Z). thanks to the Sobolev embedding
theorems and (2.4).

Step 2: existence of a non-trivial weak solution u,, for (P, ) and estimates on the H (1,(.1?)-n011n of u,. It is enough to find
a non-trivial critical point for I,,. For this purpose we apply the Mountain Pass Theorem to I.
First of all, let us study the geometry of I,,. The non-negativity of ap, Holder inequality, (2.8) and the choice of w, yield

A \/§||a||oo
Iy(u) > = Duzdx—s/uzdx—(Ss/u”]dx—i w|lu
w () 2/| | [u] &) | lul \/)L—]H [zl
2 2 2

roe 5 P Vo
> (= —— llul® =s@lullit) + = lull® — —=llalleollu
<4 M)” [ @lullyy 4|| I «/)\_l” lloo llull

A A 3
= [(— - i) —8(e)Si ||u||5‘1] ull® + [Zuun - Qnanw]nuu,

4 A\ VA1
for any € > 0 and for some positive constant §(¢). Choosing & = % we obtain
A A V3¢
Le@) = 2 =801/l ) jul?+ | Sul — ~=|la ull.
w(W) (8 (A21/8)S i llull lul”+ 4|I I «/ﬂ” lloo [I1utl]

Now, let us take u € H})(Q) with |u|l = p. Since (2.10) and (2.19) hold true, we can choose p > 0 such that % >

8
8()»)\1/8)521},05*1 and %p > j——%ﬂauw. So that we get

Ly () = B,



R. Servadei / J. Math. Anal. Appl. 383 (2011) 190-199 195

for some positive g depending only on ajj, i, j=1,..., N, ap, ¢1, €2, €3, 5, ® and £2.
Taking into account the choices of T and i, (2. ) (2.10) and (2.18) we have

V3T
/e

since (2.14) holds true. Hence, there exists e = Til € Hg)(.Q), depending only on T and therefore only on a;j, i, j=1,...,N,
aop, c1, €2, c3, W and $£2, such that I, (e) < 0. Thus, I, has the geometrical structure required by the Mountain Pass Theorem.

It is standard to prove that [,, verifies the Palais-Smale condition. Then, by the Mountain Pass Theorem, the functional
Iy has a non-trivial critical point u,, such that

llaoll N
Iy (Ti) < (2+7ﬁ§-ﬂ—quwﬁ+wmr+

lalloe <h(T) <0,

Iw(uy) = inf max I ) >8>0,
w(lw) yer o W(V( )) =B
where I' ={y € C([0, 1; R): ¥(0) =0 and y (1) =e}.
Now, let us estimate the H})(Q)-norm of the solution u,, uniformly with respect to w. The Mountain Pass characteriza-
tion of the critical level gives

Iw(uw) < trel?&)ﬁ Iw(y@®) forally er.

Taking y (t) = te, where t € [0, 1], by (2.5), the definition of e, (2.10) and (2.18) we get

A2 2 ) V3ct
Iw(Uuyw) < max{—1|le —|la el — | F(x,te)dx a e
w(lw) te[o’l]{ 5 llell +2M llaolico llell / (x, te)dx + llallool II}
Q

VA
A aoll V3c
<(—+ = )llel® + ~=llallss el

2 " Ton N

A ol s

—+ — T H=o, 3.2
<(2+ e )12y (32)

where o is the constant defined in (2.15).
Furthermore, the definition of I, yields

1,, 11 , (1 1 5
Ly (uw) — —(I (Uw), uw) > (— - —)klluwll + (— - —) fao(X)uW - / F(X,uw)
2 2 u 2 pu J J

N
+ 1 / F&x uwuw + (1 — l) Z /a,-(x)uWDiwdx.
® n7 i3
2 2

Thus, taking into account that u,, is a critical point of I, (3.2), (2.5), the non-negativity of ap and again (2.10) and (2.18),
we get

L PO (L PR (L /ammz
] m wil X 2 M w ) M 0 w
2

<o+ (1 M)“ff/”i”“u Ul

1\H
<o+ (1 - *)*”uw”,
w)T

which, by direct calculations, yields

luwll <c, (33)

since i > 2. Here the constant c is the one defined in (2.16). Hence, we have shown that, starting from w € Hé(.Q) such

that ||w| < c, we can find a non-trivial weak solution u,, € Hé(.Q) of (Py) such that |uw| <c.
Now we claim that

luwll = b, (34)

for some positive constant b depending only on ajj, i, j=1,..., N, ag, c1, C2, €3, S, i and £2. Since u,, is a weak solution
of (P, ), using the non-negativity of ap and (2.7) we get
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N
Mluw]|? </f(x,uw)ude—Z/ai(X)uwD,-wdx
2

i:19
V3c
<eg/|uw|2dx+6(s)9/|uw|5+1 e+ ¥ Z ol

3 (o
< 37 luwl® + 8@ luw ™ + T H.

for any ¢ > 0, thanks to (2.10), (2.18) and (3.3). Thus, the claim easily follows, being s > 1. We remark that the constant b
does not depend on w.

Step 3: C1*“-regularity of u,, and estimate on the C**-norm of u,,. Now let us prove that u,, € C**($2) and |[uw|1.« <R.
Since uy € H(l)(Q) is a weak solution of problem (P ), u, solves the semilinear PDE with homogeneous Dirichlet
boundary condition
Auy =g(x) in 2,
u=0 onas2,

where
_ N
Au=— Z Di(aij(x)Dju)
ij=1

and g(x) = f(, uw () = XIL; ai(X)Diw(x) — ao(uw (x) in £2.
The term g satisfies the following growth condition

lg®)] <c1(1+ [uw®]’) + llallooR + laollo [uw(x)| ae.in 2, (35)

thanks to assumption (2.4) and the regularity of a, ag and w. _
It is standard to show that u,, is a classical solution of (P, ) (see, for instance, [2]). In particular u,, € C(£2), and so
Uy, € L°°(£2). Let us estimate the L°°-norm of u,,. First of all note that |g(x)| = h(x)(1 + |uy (x)|), where

hx) = g

1+ uw®)]

cad+ [uw (X)I°) + llalloc R + llao oo [Uw (x)]
= 1+ [uw®)

< (c1+ llallosR + llaolloc) (1 + [uw @ [).

Hence, h € L2"/5(£2) and
Ihll2+/s < (c1 + llallooR + llaollco) (1921 + llttwll3)- (3.6)
Then, using [17, Theorem 2.4] with ¢’ =1 — # € (0, 1) (thanks to the choice of s), we get the following estimate
|uw )] < V2 (Jluwll2 + 1211 ]l2e/s) in 2, (3.7)

where C =kN=2/N[N/(N — 2)]N=2/2 with k suitable positive constant depending on &’ (see [17, Theorem 2.4] for more
details). Thus, by (3.6) and (3.7), the Sobolev embeddings theorems and the fact that |ju || <c, we have

luwlloo < K1 4+ K2lla|loR, (3.8)
where Ky = CN2¢'[(c1 + ||aglloo) (|£2] + S5.¢%)| 2] + ILA] and Ky = CN/2¢'12|(122| + S5.¢°) depend only on ajj, i, j=1,..., N,
1
ap, C1, C2, €3, S, W, N and £2. Then, by (2.10) and (2.18) we get
lulloo < K1 +1=:C, (3.9)

where C depends only on a;j, i, j=1,...,N, ap, c1, €2, €3, S, 4, N and £2.



R. Servadei / J. Math. Anal. Appl. 383 (2011) 190-199 197

Hence, by (3.5) g € L°(£2) and so g € L1(£2) for all q € [1, +00). Using the Sobolev embedding theorems, (3.3) and (3.5),
we get
lgllg <ci121(1 4 lluwlly) + 1821 lallooR + 1821180l 0o tw oo
<c1l21(14C) +[21llalleoR + 182]Cllaolloo
<C+12]lallR, (3.10)

where C = ¢1]22|(1 + CS) + |.Q\é||ao\|oo depends only on a;j, i,j=1,...,N, ag, 1, 2, ¢3, S, 4, N and £2. Hence C is
independent of w and R.
Being a;j € C(£2), i, j=1,..., N, by the Caldéron-Zygmund Theorem (see, for instance [10, Lemma 9.17]) we also have
that u € H>9(£2) and
luwll2.q < Cezllgllgs (3.11)

where Ccz is a positive constant depending only on £2, q and the coefficients a;j, i, j=1,...,N.
Taking g > N, by Morrey Theorem (see, for instance [8, Section 5.6, Theorem 5]), we easily deduce that u € C%(£2), for
any « € (0, 1), and

luwll1,e < CMorlltwllz,g, (3.12)

where Cyor iS a positive constant depending only on « and £2.
Combining (3.10)-(3.12) we get

luwll1,e < CmorCez[C + 121llalloR]. (3.13)
and so, by (2.10) and (2.18) we have

luwllt,e < R/24 CmorCezl2]llallooR < R/2+R/2=R

In conclusion we have shown that

if[wlli,e <R then|luwllia <R,
that is on the C1*-norm of u,, we have the same control as for |w|/{ . This will be important in order to perform an

iterative technique.

Step 4: the iterative scheme. Let us fix ug € C}z’“(ﬁ) N H(l)(SZ) with ||ug]| < ¢ and consider the following sequence of semi-
linear elliptic PDE

Apun = f(x, up),
up € HY (), (Pn)

where Aju = Ay, ,u and n e N (cf. the definition (3. 1))
Every Eq. (P;) admits a non-trivial solution u, € H] 0(82) such that |jup|| > b for any n € N, where b is independent of n.
Moreover, u, € C}2 “(82), that is u, € C1%(£2) and llunll1,e <R for any n € N. In particular we have that

lun(®)| <R ae.in 2 foranyneN. (3.14)

Moreover, the following equations hold true for any v € H&(SZ) andneN

Z /a,](x)D upD; vdx+Zfa (x)Djup_ 1vdx+/ao(x)unvdx_/f(x uy)vdx,

l]]_Q Q

Z /a,](x)D Upy1Dj vdx+Z /a,(x)D unvdx+/a0(x)un+1vdx_/f(x Up41)Vdx.

i,j=1g i=1 g Q

Taking v = up4+1 — up as a test function in both these equations, subtracting one equation from the other and using the
non-negativity of ap, we get
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N
Mlupsr — upl? < /[f(x, Unt1) — f (X un) | (Ungr — up) dx — Z/ai(X)Di(un — Up—1)(Unt1 — Un) dX
2 =12

<LR/|un+1 — up|?dx + ||a||wf|Dun_Dun—1|(un+l — Up)dx
2 2

Lg 2, llalleo
— lung1 — unll” +

Al VA

for any n € N, being (2.2), (2.6) and (3.14) valid. Then, by (2.10) and (2.18), it follows that

< llun — un—1llllun+1 — tall,

Lg A
Alupyr —upll < A—Ilun+1 —upll + 5|Iun —up—1ll, VYneN.
1

Now (2.11) yields
Lg A
0<|A—— Jllupy1 —unll < S llun —up—1ll, VneN,
A 2

so that (u,), is a Cauchy sequence in HE,(.Q), again thanks to assumption (2.11). Thus
Up — u in HY(2) asn — oo (3.15)

for some u € Hé(Q). Passing to the limit in the weak form of (P) as n — oo it is easy to see that

N N
Z /aij(x)DiuDjvdx+Z/a,-(x)D,-uvdx—}—fao(x)uvdx:/f(x,u)vdx,
i=1 g 2 2

i,j=1g

that is, u is a weak solution of Eq. (P).

We claim that u #0 in £2. By (3.4) and (3.15), it easily follows that ||u]| > b > 0, so that the claim is proved. Hence u is
a non-trivial weak solution of Eq. (P).

Finally, since u, € C}Q’“(ﬁ) for any n € N, the sequences (u,), and (Duy,), are equicontinuous and equibounded in £2.
The Ascoli-Arzeld Theorem implies that u, — u and Du, — Du uniformly in §2 as n — oo, so that u € C'(§2). With the
same arguments we also deduce that u e C}e’“(ﬁ).

Then, Theorem 1 is completely proved. O

Remark. In the proof of Theorem 1 it is crucial to show that (uy), is a Cauchy sequence in H(l)(SZ). Indeed, as a consequence,
we have strong convergence of the whole sequences (un), and (Duy)n in L2(£2) and not only up to subsequences.

Acknowledgment

The author would like to thank Professor Michele Matzeu for useful discussions.

References

[1] B. Abdellaoui, L. Boccardo, 1. Peral, A. Primo, Quasilinear elliptic equations with natural growth, Differential Integral Equations 20 (9) (2007) 1005-1020.
[2] A. Ambrosetti, A. Malchiodi, Nonlinear Analysis and Semilinear Elliptic Problems, Cambridge Stud. Adv. Math., vol. 104, Cambridge University Press,
Cambridge, 2007.
[3] A. Ambrosetti, P. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973) 349-381.
[4] L. Boccardo, Positive solutions for some quasilinear elliptic equations with natural growths, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei
Mat. Appl. 11 (1) (2000) 31-39.
[5] L. Boccardo, T. Gallouet, Strongly nonlinear elliptic equations having natural growth terms and L' data, Nonlinear Anal. 19 (6) (1992) 573-579.
[6] L. Boccardo, F. Murat, ].P. Puel, Resultats d’existence pour certains problémes elliptiques quasilinéaires, Ann. Sc. Norm. Super. Pisa Cl. Sci. 11 (2) (1984)
213-235.
[7] D. De Figueiredo, M. Girardi, M. Matzeu, Semilinear elliptic equations with dependence on the gradient via mountain-pass techniques, Differential
Integral Equations 17 (1-2) (2004) 119-126.
[8] L.C. Evans, Partial Differential Equations, Grad. Stud. Math., vol. 19, American Mathematical Society, Providence, RI, 1998.
[9] V. Ferone, F. Murat, Nonlinear problems having natural growth in the gradient: an existence result when the source terms are small, Nonlinear Anal. 42
(2000) 1309-1326.
[10] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, Berlin, Heidelberg, New York, 2001.
[11] M. Girardi, M. Matzeu, Positive and negative solutions of a quasi-linear elliptic equation by a mountain pass method and truncature techniques,
Nonlinear Anal. 59 (2004) 199-210.
[12] M. Girardi, M. Matzeu, A compactness result for quasilinear elliptic equations by mountain pass techniques, Rend. Mat. Appl. 29 (1) (2009) 83-95.
[13] O.A. Ladyzhenskaya, N.N. Uraltseva, Linear and Quasilinear Elliptic Equations, Academic Press, New York, London, 1968.
[14] M. Matzeu, R. Servadei, A variational approach to a class of quasilinear elliptic equations not in divergence form, Discrete Contin. Dyn. Syst. Ser. S
(2011), in press.



R. Servadei / J. Math. Anal. Appl. 383 (2011) 190-199 199

[15] M. Mihailescu, P. Pucci, V. Radulescu, Eigenvalue problems for anisotropic quasilinear elliptic equations with variable exponent, ]J. Math. Anal.

Appl. 340 (1) (2008) 687-698.
[16] R. Filippucci, P. Pucci, V. Radulescu, Existence and non-existence results for quasilinear elliptic exterior problems with nonlinear boundary conditions,

Comm. Partial Differential Equations 33 (2008) 706-717.
[17] P. Pucci, R. Servadei, Regularity of weak solutions of homogeneous or inhomogeneous quasilinear elliptic equations, Indiana Univ. Math. J. 57 (7) (2008)

3329-3363.
[18] Z. Wang, ]. Zhang, Positive solutions for one-dimensional p-Laplacian boundary value problems with dependence on the first order derivative, ]. Math.

Anal. Appl. 314 (2006) 618-630.



	A semilinear elliptic PDE not in divergence form via variational methods
	1 Introduction
	2 Assumptions and statement of the main theorem
	2.1 Assumptions on the data
	2.2 Notations
	2.3 Main theorem
	2.4 Deﬁnition of the constants appearing in Theorem 1

	3 Proof of Theorem 1
	Acknowledgment
	References


