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1. Introduction and motivation

For the two indeterminates x and g, the shifted factorial of x with base g reads as
*qo=1 and xq@,=0-x)1A—qgx)---(1— q"'x) forneN.
When |q| < 1, there are two well-defined infinite product expressions:
[o¢]
® Do =[](1-¢% and xq),=x /(@ q), -
k=0

The product and the fraction of shifted factorials are abbreviated respectively to

[a, B, -, 730l = (@ Dy (B @y (Vi Dy s
[a, B, ...,y ] (@, (B D (Vs Dy
A B O Ay By (Ci )y
Following Bailey [ 1] and Gasper-Rahman [6], the basic hypergeometric series is defined by

o0
ap, ay, ..., a 15" ag, ai, ..., a
1+’¢S[0 b b ‘I?Z}:Z{(—U"q(”} [qo b b q] z",
n

n=0 ’
where the base g will be restricted to |q| < 1 for non-terminating g-series.
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As the g-analogue of the Kampé de Fériet function, Srivastava and Karlsson [11, P. 349] define the generalized bivariate
basic hypergeometric function by

ars [ Q1 .o, 000 Ap, .., Ap) C1yovvy G5 q: XYy
v ﬁ]""’ﬁﬂ: b],...,bu; d],...,dv; 1], k

& o 0 Gl [ar . G e, - Gl gl XTyq(2) () o
mn=0 [B1, -, Bus qlman [b1, ..., bu; qlmlds, ..., dy; qln (@ Dm(q; Pn

It is not hard to check that, when i, j, k € Ny, this double series 05;251) is convergent for |x| < 1, |y| < 1and |q] < 1.

Two of the most important and useful transformations in the theory of basic hypergeometric series are the g-analogue
of Kummer-Thomae-Whipple and the Hall transformations on 3¢,-series (see [6, 11I-9 and I1I-10])

bd d
wft e e ][ ] e e e, .

T e d, bd/ace
a, , e b/c,d/c,bd/ace|
32 |: b, d q ] 32 [ bd/ac, bd/ce q; C:| . (2)
0:3:1

They have been used to investigate systematically summation and reduction formulae for the @7’ o P and d> u * series
by Jia et al. [2,7,9]. By considering the limit case n — oo of Watson’s g-Whipple transformation (see [6 II- 18]) which
results in another 3¢,-series transformation, the first author and Chu [5] recently derived several new transformations and
well-poised reduction formulae for the g-Clausen series cb?fi:i, cbzzfg;i, cbzlfg;i, CD]] ]ZIAL and @332 Jeugt [12] established the
invariant transformation group for the double Clausen series with A +r = 3 and u + u = 2. Further works can be found in
Chu-Jia [2,3], Chu-Srivastava [4] and Jia-Wang [8], as well as Singh [10].

To present a full coverage of double g-Clausen series, the objective of this paper is to investigate further the @213 ~
(Do 352

Q

o

. bd | _[c,bd/ac, bd/ce
’ ace - b, d, bd/ace

IZ)L

and

., series by Sears transformations. Several new transformations and reduction formulae are established for the basic
Clausen hypergeometric series. In particular, four bibasic reduction formulae are obtained. We strongly believe that the
new identities obtained in this paper will be useful in the theory of (multivariable) orthogonal polynomials.

2. Non-terminating double series @,
By means of the two transformations for 3¢, -series (1)-(2), in this section we shall establish four general transformations
for g-Clausen series <D] 2 l , which lead us to two reduction formulae and two symmetric transformations for the basic

Clausen hypergeometrlc series.

Theorem 1. For an arbitrary sequence {$2(j)}, there holds the transformation

S e [

_[d/a, bd/ce o [a,b/c,b/e
- |:d, bd/ace q]m; [q, b, bd/ce

q] 20) (32)

d n
q} <a) (3b)
. , q~ ", bd/ace q"a
X j:ZO‘Q(’) |:b/c,b/e, q"bd/ce| 4 ]j g (3 )< d ) (3c)

provided that both double series displayed above are absolutely convergent.

Proof. Rewrite the double sum in (3a) as

B[+
fp\ace | [bd] 7] ] 4

. = . a qja, c, e

q] 20) (42)

q'bd]
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Applying the g-analogue of the Kummer-Thomae-Whipple transformation (1) to the inner 3¢,-sum, we have

b da, c, e ¢bd7 _ [d/a,q”bd/ce " da, ¢bjc, gb/e

db.¢dd| T ace | 7| ¢d, ¢'bd/ace 32 @b, q?bd/ce
_[d/a, bd/ce ] [b, d, bd/ace ]i la,b/c, b/e; qliy; d l
| d bdjace] 1| |a b/c, bje qjizo (a; @)i(b; @irj(bd/ce; @)izj\a )

Substituting the above relation into (4a)-(4b), we find the following expression:

i
o /[
qud) [ a } [c,e
Q:| q
OO,.’]Zo<ace L Bl P

—Z Q(’)[bd/ace } [a,b/c.besqly  (d)
b/c,b/e| 1] (q: q)i(b: ey (bd/ce; iry \ @)

i,j=0
Letting n := i + j on the right-hand side of the last equation and then keeping in mind the following relation,

d, bd/ace
d/a, bd/ce

q]Q(i)

(4
1 _ (=1iq” () @™ q)
(q; Qn—j(bd/ce; @i [q, bd/ce; qln (q"bd/ce; @);
we get the general transformation displayed in Theorem 1. O

(5)

Alternatively, permuting the parameters of the 3¢,-series displayed in (4b) gives

4 |:qia, c, e Q"bd:| " |:e, c. da qud]
32 ¢b, ¢d b ace 32 ¢b, ¢d b e
Applying formula (1) to the 3¢,-series on the right-hand side yields
| o q’a Q'bd ¢d/e, ¢bd/ac 51e ¢b/c, bja| dd
@b, gd| 9 ¢d, ¢bd/ace | 1|_ 3% ¢b, ¢bd/ac| T &
__|d/e, bd/ac b, d, bd/ace = b/c e,b/a ¢d 1
- [ d, bd/ace q] [ b/c, d/e q}j;[b, bd/ac q]iﬂ[ q ql(e)'

Substituting them successively into (4a)-(4b), we obtain the following general transformation between two non-

1:2;A42
terminating double series &, ¢’ i *and @, ipt2r

Theorem 2. For an arbitrary sequence {2 (j)}, there holds the transformation

= (gbd\ T a e .
qi|°°i7f2—;)<ace> |:b’d q]i+j|: q q]ig(]) (6a)

. = .. | a, bd/ace b/c e,b/a ¢d i
_”Z_;)Q(’)[b/c dfe| 9 Hb,bd/ac q]iﬂ[ q q]i<e>’ (6D)

provided that both double series displayed above are absolutely convergent.

d, bd/ace
d/e, bd/ac

Instead, applying the Hall transformation (2), we can reformulate the inner 3¢,-series displayed in (4b) as

b da,c,e q’bd c,lq"bd./ac, qubd/ce # qib/g,qid/c, dbd/ace e
¢b, dd| T ace ¢b, ¢d, ¢bd/ace 003 2 ¢'bd/ac, q¥bd/ce ¢

q] [b, d }i [b/c, d/c, bd/ace; qli; r
L Lbres drel | 2 g qrubd/acs @iy (bd/ce; qrigy

Substituting this expression into (4a)-(4b), we get the following transformation:

N
) qud [ : ] I:C’e

Q] q
OCiJX_;)(ace) 2 I P

] [b/c,d/c, bd/ace; qlit; X
(q; @i(bd/ac; q)irj(bd/ce; q)ita;

| ¢, bd/ac, bd/ce
~ | b, d, bd/ace

b, d, bd/ace
¢, bd/ac, bd/ce

q]ﬂ(i)

= ZQ(’) |:b/c djc| @

l]—
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Replacing further the summation indices by n := i + j and then applying relation (5) to the above transformation leads us
to the following theorem.

Theorem 3. For an arbitrary sequence {£2(j)}, there holds the transformation

() [
i\ ace | [bd] 7] ] 4
| c,bd/ac, bd/ce [b/c, d/c, bd/ace

qu g, bd/ac, bd/ce

- |: b, d, bd/ace s
n n N J
; a" a -(
X ;9(’) [b/c,d/c,q”bd/ce ql(_l)]q ( )<C)’ (70)

provided that both double series displayed above are absolutely convergent.

q] 20) (7)

q} c" (7b)

Similarly, exchange the parameters of the 3¢,-series displayed in (4b) as
da, ¢, e| dbd] _ ¢, da, el  gbd
3¢2 |: qlb, q’ld q; ace - 3¢2 q’lb, qld q; ace .
According to formula (2), the 3¢,-series on the right-hand side can be reformulated as

c.qdae|] @bd]  [da, ¢bd/ac, ¢bd/ae b/a,d/a, ¢bd/ace -
3921 gib gd| T ace | = | b, g'd, gbd/ace w3¢z ¢bd/ac, ¢bdjae | T T¢
q} [b,ad q} [b/a;]d/a q} ( q,-a)i.
o9 i+j i

ace
Substituting them successively into (4a)-(4b), we obtain another general transformation on both non-terminating double

. 1:2; 1
series @2:0#.

__|a, bd/ac, bd/ae
| b, d, bd/ace

> bd/ace
q]z [bd/ac, bd/ae

J i=0

Theorem 4. For an arbitrary sequence {$2(j)}, there holds the transformation

b, d, bd/ace >\ ( ¢bd i a c,e .
|:a, bd/ac, bd/ae q}w;<aw> [b,d qu[ q qlﬂ(l) (8a)
o bd b/a,d N
= Z‘?U)[bd/ac/,ﬁ/ae Q] [ / “ /e Q](ffa)’ (8b)
i,j=0 i+j i

provided that both double series displayed above are absolutely convergent.
According to Theorems 1-4, by concretely specifying £2(j) in different manners, two reduction formulae and two

symmetric transformations will be established.

2.1
For the 2 (j) sequence given by

) ()1 —q” "bd/ce [ «, B, b/c, bje, bd/ce
20) = (174 )W [q, bd/ace, bd/ecce, bd/Bce

bd? !
q]j (aﬁace) ’

evaluating the inner sum with respect to j in (3c) by means of the terminating g-Dougall-Dixon formula (see [6, [I-21])

o |@ e —ava b o g q'*"a . 9)
o Vva,  —va, qa/b, qa/c, q'""a] " he -

and then simplifying the corresponding equation displayed in Theorem 1, we obtain the following reduction formula.

’

qa, qa/bc
qa/b, qa/c
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Proposition 5 (Reduction Formula).

i 1 —qu“bd/ce a c,e
1— ¢ 'bd/ce | b.d 1 L 4

i,j=0
__ | d/a, bd/ce a, bjc,b/e, bd/oz,Bce
= q| 493 b, bd/ace, bd/Bce| 9

¢bd , B, b/c, bJe, bd/ce
ql( )( g )|:q,ollad/ace, bd /ace, bd/Bee

] ()
o

In particular, the limiting case e — oo of this proposition results in the following transformation, which is equivalent to the
Corollary 6 (e — oo in Proposition 5).

Jackson transformation (cf. [6, I1I-4]).
a, ¢| bd]l [d/a a, bjc| d
2¢2 |:b, d q; Cl(,’] - |: d qi|oo2¢1|: b q,a .

d, bd/ace

Corollary 7 (e = 1in Proposition 5).

i( 1)}1—q2’ hd/c (5) [bd/c, b/c,  a, «, B

If taking e = 1 in this proposition, we shall get another transformation formula, which can be obtained by letting n — oo
1bd/c q, d, bd/ac, bd/ac, bd/Bc

in Watson’s g-Whipple transformation (cf. [6, llI-18], see also Chu-Zhang [5]).
bd? !
q] i \aBac
a, b/c, bd/aBc| d
Q] 302 |: / fop a:| )

bd/ac, bd/Bc
Furthermore, the special case « 8 = bd/ce reduces to the following summation formula.

d j_ d/a, bd/ce
q], a] = | d. bdjace

__|d/a,bd/c
~ | d, bd/ac

Corollary 8 (o8 = bd/ce in Proposition 5).

1[5
i L4

X 1—q¥ bd/ce [ a
— ¢—'bd/ce | b.d

qud (1) [ b/c.b/e, bd/ce
1
— q:|i ( ace = )l q, bd/ace a o
2.2
Specializing the £2(j) sequence in Theorem 2 by

o [dye ] 1
23) = ,
» |: a1 i (q; @)

we obtain a transformation between two double g-Clausen series 452155511. After making the parameter replacements a —
ab, b — abcd, ¢ — bd, d — be, the following symmetric transformation can be established.
Proposition 9 (Symmetric Transformation).

e ac e, cd c qijbi
oSl [l
o Z abed, ce| 7] | q pLacl " (@ @)

i,j=0
] [e,bd’ q] |:b q] g’
i q i ab j(Q; Q)j.

> ab
= [c. be; gloo Z [abcd be

ij=0

2.3

In Theorem 3, specify the £2(j) sequence by
2j—1

(J) 1 =g bd/ce[a,B.b/c,d/c,bd/ce

Q) = (~1/q"* ) ¢—1bd/ce [q,a bd/«ce, bd/Bce

] ().
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Proposition 10 (Reduction Formula).
i 1-— qu—lbd/ce a c,e
1—g¢ 'bdjce | b.d] 7] | a |9

i,j=0
} [b/c, d/c, bd/ace, bd/oBce
4¢3

__ | ¢, bd/ac, bd/ce
| b,d, bd/ace bd/ac, bd/ace, bd/Bce

According to the g-Dougall-Dixon formula (9), evaluating the inner sum with respect to j displayed in (7c) and simplifying
the corresponding equation gives rise to the following reduction formula.
J
bd
ace q.a, bd/ace, bd/Bce| 1] \ ape
q; c:| .

The limiting case e — oo of this proposition yields another transformation between the ,¢, and ;¢ series.

LI} 2¢1[b/c’ b(ciiécCJc q; C].

Combining with Corollary 6, we can derive from the last corollary the following formula on both ,¢;-series, which is
equivalent to the Heine transformation (cf. [6, I1I-2]).
q; c:| .

d
" |:a, béc :|=|:c, bd/ac q} 2¢1|:b/c, bgﬁc

. b, d/a
In particular, the special case 8 = bd/ce of this proposition reduces to the following summation formula.

a
q Cj
Jj

] (q”bd)i(_UJqG) [a, B,b/c,d/c, bd/ce

Corollary 11 (e — oo in Proposition 10).

a, ¢/ bd] [c¢, bd/ac
2¢2 |:b, d q; (1(:j| - |:b, d

Corollary 12 («8 = bd/ce in Proposition 10).
i
00 _ 2j—1 i .
Z 1 qq bd/ce [bad q} [c,e q} ¢bd (_1)jq(;) [b/c,d/c,(l;d/ce
Fyr) 1—q¢ 'bd/ce [ D, L d ;

ace q,
d
o0

__ | ¢, bd/ac, bd/ce
~ | b, d, bd/ace

24

Specialize the £2(j) sequence in Theorem 4 by

_ 1

(g9

Under the parameter replacements a — ac, b — abcx, ¢ — ax, d — acdx, e — cx, we obtain another symmetric
transformation on both double g-Clausen series (D%;g .

£23)

abcx, acdx

Proposition 13 (Symmetric Transformation).
] g’ (bd)’
i,j=0

q} |:ax, o
L 9 i (@)

q] [bx, dx q
i+j q

[bd, abcx, acdx; qlso Z |: "

] q’(ac)’
i (@)

= bd
= [ac, abdx, bcdx; qleo Z abdx. bedx
ij=0 ’

0:3;A

3. Non-terminating double series @,,,"/

The Sears transformations (1)-(2) will be utilized further to establish the general transformations for the double
g-Clausen series q)ggz in this section. By specializing the parameters and the §2 (j) sequence, four bibasic reduction formulae
will be obtained.
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Theorem 14. For an arbitrary sequence {2 (j)}, there holds the transformation
i
o 220) a,c,e q%bd
| 20 fac ] 0
(b, d;qliyj L 4 \ ace
_ i £2() (bd/ace; q), |:a

00 i,j=0
b/c,b/e } ﬂl 10b
(bd/ce: Q)izz [b/c. bje. d/a: ql; | @ ql[ b |1 ,.ﬂ.(a : (10b)

provided that both double series displayed above are absolutely convergent.

d, bd/ace
d/a, bd/ce

i,j=0
Proof. Rewrite the double sum in (10a) as

q%bd i_ X, 20) a, c, e
q]i( ace ) N Z [b, d; q]j3¢2|:qib, ¢d

=0

q; —— (11)

ace

o 20) |:a, c,e
[b, d; qli q

According to (1), we can reformulate the above 3¢,-series as

qubd] B [q"d/a, ¢?bd/ce } [a, ¢b/c, ¢b/e
3¢

T ~oce ¢d, q¥bd/ace ¢'b, ¢¥bd/ce

q”bd]

ij=0

qid]
a;
a

b, d b/c,b/e 1 gd i
1] Lb/e.bje.d/a A R R Ty e ey

Substituting the last expression into (11) and then simplifying the resulting equation, we get the transformation displayed
in Theorem 14. O

a, ¢, e
3¢2[ db. ¢d

| d/a, bd/ce
— | d, bd/ace

q} (bd/ace; q)y; Y [3
J

i=0

Instead, applying the Hall transformation (2) to the inner 3¢,-series displayed in (11) yields

a, c, el q%bd ¢, q”bd/ac, g¥bd/ce ¢b/c, dd/c, q¥bd/ace
2| gib, gid =\ Jb. dd. ¢¥ 3¢2 2i % q;c
, ace ¢b, ¢d, q?bd/ace o q”bd/ac, q”bd/ce
qi| c'.
i+2j

_[c, bd/ac, bd/ce b, d o [b/c,d/c:qliyj [ bd/ace
b d bd/ace| 9| |b/c. d/c q},; (@ 9 bd/ac, bd/ce

Substituting this expression into (11) and then reordering the factors, we obtain another transformation formula.

q;

Theorem 15. For an arbitrary sequence {2 (j)}, there holds the transformation
, i
—  20) [a c,e :| q”bd
q T q (123)
} Z [b,d;qlivj L 4 i\ ace
o~ .. [b/c.d/c; qliy; bd/ace
=Y 20 & /

00 {j=0
q| (12b)
4= (@ ayilb/c, d/c; q); | bd/ac. bd/ce sz

provided that both double series displayed above are absolutely convergent.

b, d, bd/ace
¢, bd/ac, bd/ce

Specifying the parameters and the £2 (j) sequence such that the double sum (10a) and (12a) can be expressed as single series,
we can prove the following four bibasic reduction formulae.

3.1

Letting d = —b = « and replacing e by —e, we can rewrite the double sum in (10a) as

i
i AR N o iiﬂ(i) i (13)
q, o, — ; ace = (quaZ; q2)] .

i=0
Specifying further the £2(j) sequence in Theorem 14 by

()

B,y

Q(i)=[ 7
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and then evaluating the inner sum with respect to j displayed in (13) by means of the g-Gauss sum (see [6, 1I-8])

a bl ¢ | _ |c/a,c/b
201 |: cl & ab] - [c, c/ab

we get the following bibasic reduction formula.

q] , (14)

Proposition 16 (Reduction Formula).

>\ qi(a?/ace; q)y [a }[ﬂ,y
q' qz

= [a/a, —a/c,a/e; qli 9
q} [az/ﬁ,az/y‘(f] i[a,c,—aq]i(az/ﬁy;qz)i ai'
o Lo a@?/By — (q: qile?/B.e?/y: )i \ace |

o0 =0

—

qz] |:—a/c,a/e q
J

} (a/a)'(e?/ByY
i+

(a2 /ce; Qiroj

. |: o, az/ace

a/a, o /ce

In particular, taking ¢ = 1 in this proposition reduces to the following summation formula.

Corollary 17 (¢ = 1in Proposition 16).

= [a/a, —a,c/e; ql; L9] " ; 7 j(0?/e; @livaj \ @ By

. |:oz, az/ae

a/a, /e

a’/B.a* ]y
o Lo’ a?/By

qz] -
o0

Instead, specifying the §2(j) sequence in Theorem 14 by

S _ | B qz/ﬁ 2:| j—1 _2+j
-Q(I)—|:q2’ ¢ q j(ql oy

and then evaluating the inner sum with respect to j displayed in (13) by means of the g-analogue of Bailey’s ,F; (%) sum
(see[6,11-10])

a, q/a [ab, gb/a; ¢*1
@ [ q; —b} = (15)
- b (b: @)oo
we obtain another reduction formula.
Proposition 18 (Reduction Formula).
" L . i
i q'(a?/ace; @)y 1B, 4%/ B; 4% |:a q:| [—a/c, afe q] ¢V o
oo la/a, —a/c, a/e; qli (a?/ce; @iz L9] 7] - i (@ gh;\a
) i
_ [oﬂ/ﬁ q2:| [oc, o?/ace q] f: la, c, —e; qli [ q?’azﬁ q4] o
o’ oo La/a o fee| 7| S (q; i/ B; )i a7 /B] T ] \ace )
The special case ¢ = 1 of this proposition leads us to a summation formula.
Corollary 19 (¢ = 1in Proposition 18).
" i
- qu(az/ae; q)2i [ﬂqu/ﬂQ qz]j [a q] (a/e; @)iyj @ qj(,'q)azj _ [az/ﬁ‘ qz] |:0l, az/ae q:|
Ao laja, —a,afe; ql (@2/e; @iy L] 7] (g% g% \a o’ o Lasa o?re| T -
32
Making the parameter replacements b = —d = /o and replacing ¢ by —c, the double sum in (12a) can be reformulated
as

o0

Z a, —C, e
i—0 q, \/&a _\/&

a\'& 20
q]i (ace) 2 (P ;" . (16)

Jj=0
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Specializing further the £2(j) sequence in Theorem 15 by

ﬂy‘ ] o
0 — _
0= [q q 5y

and then computing the inner sum with respect to j displayed in (16) by means of the g-Gauss sum (14), we derive the
following bibasic reduction formula.

Proposition 20 (Reduction Formula).

2\ (a/ct; iy |:/3, Y 2} [ o /ace ] w j_ |
';)W ¢ e/t jLasac, afce q o \BY (=0
_ [ c, a/ace ] [a/ﬂ,a/l/‘ z] i [0, —c.e; qlie/By: i @
~ | a/ac, a/ce ¢ a/By| T ] & (@ oila/B aly; ¢l \ace

For the special case e = 1 of this proposition, we get the following summation formula.

a/p.aly
o[l e,

Corollary 21 (e = 1 in Proposition 20).

@/ByY [B. v (/. o [ ¢
Z @D |:q7 a/c? q2:| 2 (—¢) —|:

i,j=0 j (Q/C; q)i+2j (X/C

Alternatively, given the £2(j) sequence in Theorem 15 by
2() = [’ qm’}(¢a¥

according to the g-analogue of Bailey’s ,F; (%) sum (15), we can evaluate the inner sum with respect to j displayed in (16)
and establish further the following reduction formula.

Proposition 22 (Reduction Formula).

v @/ 0y [ ¢ 2] [ o /ace ] 1V ()

Lcanaran | arc || asac.are @7 O
__[c,aﬂwe ] [ /ﬂ‘ ] [a‘fe‘ﬂl[q lp ] @
= | /ac, a/ce| o @ itesB i [P/l ]\ ace

In particular, the special case e = 1 of this proposition reduces to the following summation.
Corollary 23 (e = 1 in Proposition 22).

i (@/c @i [ NG qz] (qi_lo‘)j (_C)i=|: c
= @ ailat g L oa/c? j (@/C; Ditaj a/c
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