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This article deals with averaging principle for stochastic FitzHugh–Nagumo system
with different time-scales. Under suitable conditions, the existence of an averaging
equation eliminating the fast variable for this coupled system is proved, and as
a consequence, the system can be reduced to a single stochastic ordinary equation
with a modified coefficient. Moreover, the rate of convergence for the slow component
towards the solution of the averaging equation is of order 1/2.
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1. Introduction

The FitzHugh–Nagumo (F–N) system [9,28] is a simplified version of the well-known Hodgkin–Huxley
model [19], which describes the mechanism of the neural excitability, excitation phenomena for macro-
receptors and other natural membranes. This system has attracted a lot of interest and there is extensive
literature on mathematical analysis for it. The wellposedness and regularity of solutions for F–N system with
inhomogeneous boundary conditions are considered in [20]. Boundedness and convergence to equilibrium
for F–N system are studied in [24]. Also see Marion [27] and Shao [31] for results on long time behavior of
the system and Deng [8], Jones [21] for existence and stability of traveling waves.

Quite recently much attention has also been brought to the dynamical property of F–N system with
stochastic or random perturbations. The existence of random attractors for the stochastic F–N system
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defined on unbounded domain Rn has been studied in Wang [36]. The asymptotic limit for stochastic F–N
system with small excitability has been derived by Lv and Wang [26]. The authors show that the solution of
the stochastic F–N system subjected with additive noise converges in probability to that of the limit system.
Other topics on stochastic F–N system, such as stochastic resonance, stochastic bifurcation and stochastic
synchronization, can be found in [32,38,18,25], and the reference therein.

In this paper, we will consider the stochastic F–N system subjected with multiplicative noise that is white
in time and homogeneous in space. Let D = (0, l) ⊂ R and consider the equations

∂Xε
t (ξ)
∂t

= −γXε
t (ξ) + Y ε

t (ξ) + σ1
(
Xε

t (ξ)
)
ẆQ1

t , (1.1)

∂Y ε
t (ξ)
∂t

= 1
ε

∂2Y ε
t (ξ)

∂ξ2 + 1
ε

(
g
(
Y ε
t (ξ)

)
−Xε

t (ξ)
)

+ 1√
ε
σ2

(
Xε

t (ξ), Y ε
t (ξ)

)
ẆQ2

t (1.2)

for t > 0, ξ ∈ D, with initial conditions Xε
0(ξ) = X0(ξ), Y ε

0 (ξ) = Y0(ξ), and zero Dirichlet boundary
conditions, where the nonlinear function g satisfies certain dissipative conditions, σ1 and σ2 are real-valued
functions which are assumed to be Lipschitz continuous and linear growth, the parameter γ is a positive
number and ε is a small positive parameter describing the ratio of time scale between the process Xε

and Y ε. With this time scale the variable Xε is referred as slow component and Y ε as the fast component.
The driving processes WQ1 and WQ2 are mutually independent Wiener processes on the stochastic basis
(Ω,F ,Ft,P), which will be specified later. In many cases, one is concerned with predicting time evolution
of Xε in case of ε is small or its asymptotic behavior under the limit ε → 0. Then a reduction system for Xε,
capturing the dynamics of the slow motion, is desirable. The main purpose of this article is to study the
asymptotic limit (ε → 0) for slow variable Xε in the context of an averaging method. Our results show that
the asymptotic behavior can be characterized by a stochastic differential equation with averaged coefficient.

The theory of averaging principle serves as a tool in study of the qualitative behaviors for complex systems
with multiscales. It was first studied by Bogoliubov [2], then by Gikhman [13], Volosov [35] and Besjes [1]
for a non-linear ordinary differential equations. Subsequently, the theory of averaging was developed by
Khasminskii [22] to the stochastic ordinary equations with different time-scales. The results in [22] showed
that a stochastic averaging principle occurs for the slow component in a weak sense. Taking into account
the generalized and refined results, it is worthy quoting the paper by Veretennikov [33,34], the work of
Freidlin and Wentzell [10,11] with notably extensions to convergence in probability. The mean-square type
convergence was treated in Golec and Ladde [17] and Givon and co-workers [15]. For the strong convergence,
we refer to [16] and [14]. We also refer to the recent paper by Xu, Duan and Xu [39] which deals with
averaging principle for stochastic differential equations (SDEs) with non-Gaussian Lévy noise. In particular,
the convergence order is also estimated in terms of noise intensity.

However, there are few results on the averaging principle for stochastic systems in infinite dimension
space. The recent work by Cerrai and Freidlin [6] presents an averaged result slow-fast stochastic partial
differential equations (SPDEs) with additive noise and Cerrai [5] deals with the case of multiplicative noise.
The two papers show that the averaging principle, in sense of convergence in probability without an explicit
rate, holds for that stochastic systems.

In the case that noise is of additive type, Wang and Roberts [37] show that the strong convergence
(approximation of trajectories) rate is to be 1/2 for stochastic partial differential equations with slow
and fast components. Also, Bréhier [3] obtains the weak convergence (approximation of law) rate 1 under
condition that the noise included only in the fast component. These order is the same as for SDEs (see [22,
23]).

As far as multiplicative noise is concerned, in [12] the Khasminskii technique [22] is used to prove the
strong convergence principle for SPDEs with two time scales. But the explicit order of convergence is not
presented. To this purpose, we will study the order for convergence principle uniformly in time for stochastic
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F–N system (1.1)–(1.2), which is stronger than the convergence in [6,5,37]. To be more precise, we will prove
that,

E sup
0�t�T0

∥∥Xε
t − X̄t

∥∥2 = O(
√
ε )

for fixed T0 > 0. Here, the norm ‖ · ‖ denotes the usual norm defined on Hilbert space L2(D) consisting
of square integral real valued function on the interval D = (0, l), the X̄t is the solution of a reduced
equation which approximates the slow component Xε in F–N system. To achieve this, a key step is to show
the existence for an invariant measure with exponentially mixing property for the fast equation, where
a dissipative condition is needed. As a result, an effective dynamics for slow equation can be derived by
averaging its parameters in the fast variable. From a technical point of view, one of the main novelties of
this paper is that we obtain an explicit rate of convergence to the averaged effective dynamics, which is
crucial for numerical analysis.

This paper is organized as follows. In Section 2 we present the framework and some preliminary results.
Section 3 deals with the ergodicity of the fast equation with frozen slow component. In Section 4, some
priori estimates are presented. These results will be utilized in the subsequent discussion. In Section 5 we
prove the strong convergence version for stochastic averaging principle with an explicit convergence order.

Throughout this paper, the letter C below with or without subscripts will denote positive constants whose
value may change in different occasions. We will write the dependence of constant on parameters explicitly
if it is essential.

2. Framework and preliminary results

Let D = (0, l) ⊂ R be an open bounded interval and H be the Hilbert space L2(D) equipped with the
inner product (·,·)H and corresponding norm ‖ · ‖. Given T0 > 0, consider the following system of stochastic
FitzHugh–Nagumo equation on the interval D with separated time scales

∂Xε
t (ξ)
∂t

= −γXε
t (ξ) + Y ε

t (ξ) + σ1
(
Xε

t (ξ)
)
ẆQ1

t , (2.1)

∂Y ε
t (ξ)
∂t

= 1
ε

∂2Y ε
t (ξ)

∂ξ2 + 1
ε

(
g
(
Y ε
t (ξ)

)
−Xε

t (ξ)
)

+ 1√
ε
σ2

(
Xε

t (ξ), Y ε
t (ξ)

)
ẆQ2

t (2.2)

for t > 0 with the initial conditions

Xε
0(ξ) = X0(ξ) ∈ H, Y ε

0 (ξ) = Y0(ξ) ∈ H (2.3)

and boundary conditions

Y ε(t, 0) = Y ε(t, l) = 0, 0 � t � T0, (2.4)

where γ is a positive parameter, the small parameter ε is positive and represents the ratio of time scale in
this system. The mapping g : R → R is a nonlinear function satisfying conditions for all ξ ∈ R

g(ξ)ξ � −aξ2m + b, (2.5)∣∣g(ξ)∣∣ � c|ξ|2m−1 + d (2.6)

and

g′(ξ) � λ, (2.7)
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here a, b, c, d and λ are positive constants, m is a positive integer. Note that g(ξ) = ξ(ξ − 2)(1/2 − ξ) is an
example.

Define the abstract operator A = ∂ξξ with zero Dirichlet boundary condition. Let {ek}k∈N denote the
complete orthonormal system of eigenvectors in H such that, for k = 1, 2, . . . ,

Aek = −αkek, ek|∂D = 0,

with 0 < α1 � α2 � · · · � αk � · · · . Let V be the Sobolev space H1
0 of order 1 with Dirichlet boundary

conditions, which is densely and continuously injected in the Hilbert space H. Identifying H with its dual
space we get a Gelfand triple

V ⊂ H ⊂ V ∗

and

A : V → V ∗.

Due to the Poincaré inequality, we have

〈Av, v〉 = −‖∇v‖2 � −α1‖v‖2, (2.8)

where 〈·,·〉 denotes the dual pairs of (V ∗, V ).
Next we recall the definition of Wiener process on Hilbert space H. For more details, see [30]. For i =

1, 2, let {ei,k}k∈N be eigenvectors of a nonnegative, symmetric operator Qi with corresponding eigenvalues
{λi,k}k∈N, such that

Qiei,k = λi,kei,k, λi,k > 0, k ∈ N.

For i = 1, 2, let WQi
t be an H valued Qi-Wiener process with operator Qi satisfying

Tr Qi =
∞∑
k=1

λi,k = ρi < ∞. (2.9)

Then

WQi

t =
∞∑
k=1

λ
1
2
i,kβi,k(t)ei,k, t � 0,

where {βi,k(t)}i=1,2
k∈N

are independent real-valued Brownian motions on a probability base (Ω,F ,Ft,P). For
i = 1, 2, we recall that for an Ft-adapted process Φt satisfying the condition

E

T∫
0

∥∥Φt(·)
∥∥2

dt =
T∫

0

∫
D

∣∣Φt(ξ)
∣∣2 dξ dt < ∞,

the stochastic integrals

Ii
t(Φ) =

t∫
Φt dW

Qi

t , t ∈ [0, T ]

0
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is well defined [30] and has the Itô isometry:

E
∥∥Ii

t(Φ)
∥∥2 = E

t∫
0

‖Φs‖2
Qi

ds,

where

‖Φs‖2
Qi

=
∞∑
k=1

λi,k‖Φs‖2, s ∈ [0, T ].

To give precise results, we rewrite the system (2.1)–(2.4) to abstract stochastic evolutionary equations

dXε
t

dt
= −γXε

t + Y ε
t + σ1

(
Xε

t

)
ẆQ1

t , (2.10)

Xε(0) = X0, (2.11)
dY ε

t

dt
= 1

ε

(
AY ε

t + g
(
Y ε
t

)
−Xε

t

)
+ 1√

ε
σ2

(
Xε

t , Y
ε
t

)
ẆQ2

t , (2.12)

Y ε(0) = Y0 (2.13)

with (X0, Y0) ∈ H ×H.
To ensure the existence and uniqueness for system (2.10)–(2.13), we impose the following conditions on

diffusion coefficients:

Assumption 1. The real-valued functions σ1 and σ2 satisfy the global Lipschitz condition, specifically, there
exist constants Lσ1 and Lσ2 such that

∣∣σ1(u1) − σ1(u2)
∣∣2 � Lσ1 |u1 − u2|2, (2.14)∣∣σ2(u1, v1) − σ2(u2, v2)

∣∣2 � Lσ2

(
|u1 − u2|2 + |v1 − v2|2

)
(2.15)

for all u1, v1, u2, v2 ∈ R.

Remark 2.1. With Assumption 1, it immediately follows

∣∣σ1(u)
∣∣2 � 2Lσ1 |u|2 + 2

∣∣σ1(0)
∣∣2, (2.16)∣∣σ2(u, v)

∣∣2 � (1 + 
)Lσ2

(
|u|2 + |v|2

)
+ C�

∣∣σ2(0, 0)
∣∣2 (2.17)

for u, v ∈ R and all 
 > 0. Thus σ1 and σ2 satisfy the sublinear growth condition.

We now introduce some definitions of solutions of system (2.10)–(2.13) and the results of the existence
and uniqueness. Denote by {eAt}t�0 the C0-semigroup generated by A, then the mild solution [30] of
(2.10)–(2.13) is given by

Xε
t = e−γtX0 +

t∫
0

e−γ(t−s)Y ε
s ds +

t∫
0

e−γ(t−s)σ1
(
Xε

s

)
dWQ1

s ,

Y ε
t = eAt/εY0 + 1

ε

t∫
eA(t−s)/ε(g(Y ε

s

)
−Xε

s

)
ds + 1√

ε

t∫
eA(t−s)/εσ2

(
Xε

s , Y
ε
s

)
dWQ2

s .
0 0
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We also recall the strong solution [7] for system (2.10)–(2.13) in the sense

(
Xε

t , ϕ
)
H

= (X0, ϕ)H +
t∫

0

(
−γXε

s + Y ε
s , ϕ

)
H
ds +

t∫
0

(
ϕ, σ1

(
Xε

s

)
dWQ1

s

)
H
,

(
Y ε
t , ϕ

)
H

= (Y0, ϕ)H + 1
ε

t∫
0

〈
AY ε

s , ϕ
〉
ds + 1

ε

t∫
0

(
g
(
Y ε
s

)
−Xε

s , ϕ
)
H
ds + 1√

ε

t∫
0

(
ϕ, σ2

(
Xε

s, Y
ε
s

)
dWQ2

s

)
H

for any ϕ ∈ V . Since the function g is not global Lipschitz, the classical wellposedness result [30] for
stochastic system (2.10)–(2.13) do not hold. By adapting the cutoff technique as in [4], we can show that
for every ε > 0, T0 > 0, Assumption 1 guarantees a unique strong solution (Xε, Y ε) ∈ (L2(Ω × [0, T0];V ) ∩
L2(Ω;C([0, T0];H)))2, which is also a mild solution, for the system (2.10)–(2.13). Furthermore, we possess
the energy identities

∥∥Xε
t

∥∥2 = ‖X0‖2 + 2
t∫

0

(
−γXε

s + Y ε
s , X

ε
s

)
H
ds + 2

t∫
0

(
Xε

s , σ1
(
Xε

s

)
dWQ1

s

)
H

+
t∫

0

∥∥σ1
(
Xε

s

)∥∥2
Q1

ds, a.s. (2.18)

and

∥∥Y ε
t

∥∥2 = ‖Y0‖2 + 2
ε

t∫
0

〈
AY ε

s , Y
ε
s

〉
ds + 2

ε

t∫
0

(
g
(
Y ε
s

)
−Xε

s , Y
ε
s

)
H
ds

+ 2√
ε

t∫
0

(
Y ε
s , σ2

(
Xε

s, Y
ε
s

)
dWQ2

s

)
H

+ 1
ε

t∫
0

∥∥σ2
(
Xε

s , Y
ε
s

)∥∥2
Q2

ds, a.s. (2.19)

for t > 0.
For the process of solution for the fast motion equation, we introduce the following assumption:

Assumption 2. For given T0 > 0 and some ε0 > 0 the solution process {Y ε}ε∈(0,ε0),t∈[0,T0] is uniform bounds
in L2(Ω,H). That is, there exists a constant C such that

sup
ε∈(0,ε0),t∈[0,T0]

E
∥∥Y ε

t

∥∥2
< C. (2.20)

Remark 2.2. In the particular case, where σ2 is bounded, one has

sup
ε∈(0,1),t∈[0,T0]

E
∥∥Y ε

t

∥∥2 � C < ∞. (2.21)

In fact, by making use of (2.18) and (2.19) first, then taking (2.5), (2.8) and (2.9) into account, we can
deduce that

E

(
1
ε

∥∥Xε
t

∥∥2 +
∥∥Y ε

t

∥∥2
)

� 1
ε
‖X0‖2 + ‖Y0‖2 + 1

ε
Ct + 1

ε
E

t∫ ∥∥Xε
s

∥∥2
ds,
0
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which implies

sup
0�t�T0,0<ε<1

E
∥∥Xε

t

∥∥2 � CT0 < ∞. (2.22)

Then taking expectation on both sides of the identity (2.19) we have

E
∥∥Y ε

t

∥∥2 = ‖Y0‖2 + 2
ε

t∫
0

E
〈
AY ε

s , Y
ε
s

〉
ds + 2

ε

t∫
0

E
(
g
(
Y ε
s

)
−Xε

s , Y
ε
s

)
H
ds + 1

ε

t∫
0

E
∥∥σ2

(
Xε

s, Y
ε
s

)∥∥2
Q2

ds,

which means

d

dt
E
∥∥Y ε

t

∥∥2 = 2
ε
E
〈
AY ε

t , Y
ε
t

〉
+ 2

ε
E
(
g
(
Y ε
t

)
, Y ε

t

)
H
− 2

ε
E
(
Xε

t , Y
ε
t

)
H

+ 1
ε
E
∥∥σ2

(
Xε

t , Y
ε
t

)∥∥2
Q2

. (2.23)

By invoking Poincaré inequality (2.8), condition (2.5) and the boundedness of σ2, we get

2
〈
AY ε

t , Y
ε
t

〉
+ 2

(
g
(
Y ε
t

)
, Y ε

t

)
H

+
∥∥σ2

(
Xε

t , Y
ε
t

)∥∥2
Q2

� −2α1
∥∥Y ε

t

∥∥2 + C. (2.24)

Using Young’s inequality in form of |a1a2|2 � α1
2 |a1|2 + Cα1 |a2|2 for the third term on the right-hand side

of (2.23), we obtain

2
∣∣(Xε

t , Y
ε
t

)
H

∣∣ � α1
∥∥Y ε

t

∥∥2 + Cα1

∥∥Xε
t

∥∥2
. (2.25)

By (2.23), (2.24) and (2.25) we get that

d

dt
E
∥∥Y ε

t

∥∥2 � −α1

ε
E
∥∥Y ε

t

∥∥2 + C

ε
E
∥∥Xε

t

∥∥2 + C

ε
.

According to (2.22), this implies that

d

dt
E
∥∥Y ε

t

∥∥2 � −α1

ε
E
∥∥Y ε

t

∥∥2 + C

ε
. (2.26)

With the aid of Gronwall’s inequality introduced in [14], the estimate (2.21) can be derived from (2.26).
This illustrates Assumption 2 is reasonable.

In order to obtain strong convergence results for averaging principle, we need to assume some dissipative
condition on fast motion equation.

Assumption 3. Assume that the growth rate of nonlinear term g and diffusion term σ2 in fast component
equation is smaller than the decay rate α1 of A, that is

η := 2α1 − 2λ− ρ2Lσ2 > 0. (2.27)

Assumption (2.27) is interpreted as a strong dissipative condition which yields a unique invariant measure
possessing exponentially mixing property for Markov semigroup associated to fast variable equation.
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3. Ergodicity for the fast motion equation

For fixed x ∈ H we consider the following problem associated with the fast equation with frozen slow
component

dYt

dt
= AYt + g(Yt) − x + σ2(x, Yt)ẆQ2

t , (3.1)

Y0 = y. (3.2)

By arguing as before, for any fixed slow component x ∈ H and any initial data y ∈ H, system (3.1)–(3.2)
has a unique strong solution denoted by Y x,y

t . The energy equality (2.19) reads

∥∥Y x,y
t

∥∥2 = ‖y‖2 + 2
t∫

0

〈
AY x,y

s , Y x,y
s

〉
ds + 2

t∫
0

(
g
(
Y x,y
s

)
, Y x,y

s

)
H
ds

− 2
t∫

0

(
x, Y x,y

s

)
H
ds + 2

t∫
0

(
Y x,y
s , σ2

(
x, Y x,y

s

)
dWQ2

s

)
H

+
t∫

0

∥∥σ2
(
x, Y x,y

s

)∥∥2
Q2

ds,

which implies

d

dt
E
∥∥Y x,y

t

∥∥2 = 2E
〈
AY x,y

t , Y x,y
t

〉
+ 2E

(
g
(
Y x,y
t

)
, Y x,y

t

)
H
− 2E

(
x, Y x,y

t

)
H

+ E
∥∥σ2

(
x, Y x,y

t

)∥∥2
Q2

. (3.3)

From Poincaré inequality (2.8) we have

〈
AY x,y

s , Y x,y
s

〉
� −α1

∥∥Y x,y
s

∥∥2
. (3.4)

By (2.5) and (2.17) in Remark 2.1 we have

2
(
g
(
Y x,y
s

)
, Y x,y

s

)
H

+
∥∥σ2

(
x, Y x,y

s

)∥∥2
Q2

� (1 + 
)ρ2Lσ2

(∥∥Y x,y
s

∥∥2 + ‖x‖2) + C. (3.5)

If we choose 
 > 0 such that ρ = 2α1 − (1 + 
)ρ2Lσ2 > 0, and then take ρ > 0 for Young’s inequality in the
form |a1a2| � 1

4ρ|a1|2 + Cρ|a2|2, we obtain

∣∣(x, Y x,y
s

)
H

∣∣ � 1
4ρ

∥∥Y x,y
s

∥∥2 + Cρ‖x‖2. (3.6)

From (3.3)–(3.6), we immediately see that

d

dt
E
∥∥Y x,y

t

∥∥2 � −ρ

2E
∥∥Y x,y

t

∥∥2 + C
(
1 + ‖x‖2).

According to Gronwall’s inequality introduced in [14], this means

E
∥∥Y x,y

t

∥∥2 � C
(
e−

ρ
2 t‖y‖2 + ‖x‖2 + 1

)
, t > 0 (3.7)

for some constant C > 0. Let Y x,y′

t be the solution of system (3.1)–(3.2) with initial value Y0 = y′. Thanks
to (2.7), (2.8) and (2.15), it is immediate to check that for any t � 0,
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E
∥∥Y x,y

t − Y x,y′

t

∥∥2 �
∥∥y − y′

∥∥2
e−ηt. (3.8)

For any x ∈ H denote by P x
t the Markov semigroup associated to Eqs. (3.1)–(3.2) defined by

P x
t ψ(y) = Eψ

(
Y x,y
t

)
, t � 0, y ∈ H,

for any ψ ∈ Bb(H) the space of bounded functions on H. We also recall a probability μx on H which is
called an invariant measure for (P x

t )t�0 if
∫
H

P x
t ψdμ

x =
∫
H

ψdμx, t � 0

for any bounded function ψ ∈ Bb(H). Thanks to (3.7), by adapting the arguments used in [4] and [6], it is
possible to show that there exists a unique invariant measure μx for the semigroup P x

t , which satisfies
∫
H

‖y‖2μx(dy) � C
(
1 + ‖x‖2). (3.9)

Set f(x, y) := −γx + y, x, y ∈ H and define the averaging function

f̄(x) :=
∫
H

f(x, y)μx(dy).

According to (3.9) we have

∥∥f(x, y) − f̄(x)
∥∥2 � C

(
1 + ‖x‖2 + ‖y‖2). (3.10)

By the invariant property of μx and (3.8) we have

∥∥Ef(x, Y x,y
t

)
− f̄(x)

∥∥2 =
∥∥∥∥
∫
H

E
(
f
(
x, Y x,y

t

)
− f

(
x, Y x,z

t

))
μx(dz)

∥∥∥∥
2

�
∫
H

E
∥∥Y x,y

t − Y x,z
t

∥∥2
μx(dz)

� e−ηt

∫
H

‖y − z‖2μx(dz)

� Ce−ηt
(
1 + ‖x‖2 + ‖y‖2). (3.11)

4. Some a priori estimates

In this section, we present some a priori estimates for solution processes Xε and Y ε.

Lemma 4.1. For any X0, Y0 ∈ H there exists a constant C > 0 such that

sup
0<ε<ε0,0�t�T0

E
∥∥Xε

t

∥∥2 � C
(
1 + ‖X0‖2). (4.1)

The above lemma is a direct result of energy equality (2.18) and (2.20) and so the proof is omitted.
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Lemma 4.2. For all t ∈ [0, T0], h ∈ (0, 1), the mean square displacement of the solution Xε for slow equation
satisfies

sup
0<ε<ε0

E
∥∥Xε

t+h −Xε
t

∥∥2 � Ch. (4.2)

Proof. It is clear that for all t ∈ [0, T0], h ∈ (0, 1),

Xε
t+h −Xε

t =
(
e−γh − 1

)
Xε

t +
t+h∫
t

e−γ(t+h−s)Y ε
s ds +

t+h∫
t

e−γ(t+h−s)σ1
(
Xε

s

)
dWQ1

s

and hence

E
∥∥Xε

t+h −Xε
t

∥∥2 � C
∣∣e−γh − 1

∣∣2E∥∥Xε
t

∥∥2 + Ch

t+h∫
t

e−2γ(t+h−s)E
∥∥Y ε

s

∥∥2
ds

+ C

t+h∫
t

e−2γ(t+h−s)(1 + E
∥∥Xε

s

∥∥2)
ds,

so that, from (4.1) and (2.20),

sup
0<ε<ε0,0�t�T0

E
∥∥Xε

t+h −Xε
t

∥∥2 � Ch

is obtained. �
Next, we introduce an auxiliary process (X̂ε

t , Ŷ
ε
t ) ∈ H×H. Fix a positive number δ < 1 and do a partition

of time interval [0, T0] of size δ. We construct a process Ŷ ε
t , with initial datum Ŷ ε

0 = Y0, by means of the
equations

dŶ ε
t = 1

ε
AŶ ε

t dt + 1
ε

(
g
(
Ŷ ε
t

)
−Xε

kδ

)
dt + 1√

ε
σ2

(
Xε

kδ, Ŷ
ε
t

)
dWQ2

t , Ŷ ε
kδ = Y ε

kδ

for t ∈ [kδ,min{(k + 1)δ, T0}), k � 0, where Xε
kδ and Y ε

kδ are slow and fast solution processes at time kδ,
respectively. Denote �·
 to be the integer function and define the process X̂ε

t by integral

X̂ε
t = X0 +

t∫
0

(
−γXε

s(δ) + Ŷ ε
s

)
ds +

t∫
0

σ1
(
Xε

s

)
dWQ1

s

for t ∈ [0, T0], where s(δ) = �s/δ
δ is the nearest breakpoint preceding s. We will establish convergence of the
auxiliary processes Ŷ ε

t to the fast solution process Y ε
t and X̂ε

t to the slow solution process Xε
t , respectively.

Lemma 4.3. There exists a constant C > 0 such that for any t ∈ [0, T0] it holds

E
∥∥Y ε

t − Ŷ ε
t

∥∥2 � Cδ (4.3)

and

E sup
0�t�T0

∥∥Xε
t − X̂ε

t

∥∥2 � Cδ. (4.4)
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Proof. For t ∈ [0, T0] with t ∈ [kδ, (k + 1)δ) we have

E
∥∥Y ε

t − Ŷ ε
t

∥∥2 = 2
ε

t∫
kδ

E
〈
A
(
Y ε
s − Ŷ ε

s

)
, Y ε

s − Ŷ ε
s

〉
ds

+ 2
ε

t∫
kδ

E
(
g
(
Ŷ ε
s

)
− g

(
Y ε
s

)
, Y ε

s − Ŷ ε
s

)
H
ds

+ 2
ε

t∫
kδ

E
(
Xε

s −Xε
kδ, Y

ε
s − Ŷ ε

s

)
H
ds

+ 1
ε

t∫
kδ

E
∥∥σ2

(
Xε

kδ, Ŷ
ε
s

)
− σ2

(
Xε

s , Y
ε
s

)∥∥2
Q2

ds.

This show that

d

dt
E
∥∥Y ε

t − Ŷ ε
t

∥∥2 = 2
ε
E
〈
A
(
Y ε
t − Ŷ ε

t

)
, Y ε

t − Ŷ ε
t

〉
+ 2

ε
E
(
g
(
Ŷ ε
t

)
− g

(
Y ε
t

)
, Y ε

t − Ŷ ε
t

)
H

+ 2
ε
E
(
Xε

t −Xε
kδ, Y

ε
t − Ŷ ε

t

)
H

+ 1
ε
E
∥∥σ2

(
Xε

kδ, Ŷ
ε
t

)
− σ2

(
Xε

t , Y
ε
t

)∥∥2
Q2

. (4.5)

From Poincaré inequality (2.8) we have

E
〈
A
(
Y ε
t − Ŷ ε

t

)
, Y ε

t − Ŷ ε
t

〉
� −α1E

∥∥Y ε
t − Ŷ ε

t

∥∥2
. (4.6)

And by condition (2.7) we have

E
(
g
(
Ŷ ε
t

)
− g

(
Y ε
t

)
, Y ε

t − Ŷ ε
t

)
H

� λE
∥∥Y ε

t − Ŷ ε
t

∥∥2
. (4.7)

Also by (2.15) and (2.9) we obtain

E
∥∥σ2

(
Xε

kδ, Ŷ
ε
t

)
− σ2

(
Xε

t , Y
ε
t

)∥∥2
Q2

� ρ2Lσ2

(
E
∥∥Xε

kδ −Xε
t

∥∥2 + E
∥∥Ŷ ε

t − Y ε
t

∥∥2)
� Cδ + ρ2Lσ2E

∥∥Ŷ ε
t − Y ε

t

∥∥2
, (4.8)

where we used (4.2) in the second inequality since t ∈ [kδ, (k+1)δ). Then by taking η = 2α1−2λ−ρ2Lσ2 > 0
for Young’s inequality in the form of |ab| � η

4 |a|2 + Cη|b|2 we obtain

E
∣∣(Xε

t −Xε
kδ, Y

ε
t − Ŷ ε

t

)
H

∣∣ � η

4E
∥∥Y ε

t − Ŷ ε
t

∥∥2 + CηE
∥∥Xε

t −Xε
kδ

∥∥2

� Cδ + η

4E
∥∥Y ε

t − Ŷ ε
t

∥∥2
. (4.9)

By taking (4.5), (4.6), (4.7), (4.8) and (4.9) into account, we get

d
E
∥∥Y ε

t − Ŷ ε
t

∥∥2 � − η
E
∥∥Y ε

t − Ŷ ε
t

∥∥2 + C
δ

dt 2ε ε
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and then, due to Gronwall’s inequality presented in [14], we have

E
∥∥Y ε

t − Ŷ ε
t

∥∥2 � Cδ.

Therefore the first assertion follows. As for the second estimate, we have by Hölder’s inequality and the
Burkholder inequality that

E sup
0�t�T0

∥∥Xε
t − X̂ε

t

∥∥2 � C

T0∫
0

E
∥∥Xε

s −Xε
s(δ)

∥∥2
ds + C

T0∫
0

E
∥∥Y ε

s − Ŷ ε
s

∥∥2
ds.

Using (4.2) and the first estimate (4.3), we immediately get the desired second estimation. �
5. Averaging principle

In this section we will consider the effective dynamical system

∂X̄t

∂t
= f̄(X̄t) + σ1(X̄t)ẆQ1

t , (5.1)

X̄0 = X0 (5.2)

with

f̄(x) =
∫
H

f(x, y)μx(dy), x ∈ H,

where f(x, y) = −γx+ y and μx denotes the unique invariant measure for system (3.1)–(3.2) introduced in
Section 3. Moreover, due to [6], the mapping f̄ : H �→ H is Lipschitz continuous. Our aim here is proving
the main result of this paper. Namely, we are going to verify that the sequence {Xε

t : t � 0}ε>0 converges
to the solution process {X̄t: t � 0} of the averaged system (5.1)–(5.2) in space L2(Ω,C([0, T0];H)) as ε

goes to zero. To this end, we shall explore the difference between the solution of the averaged equation and
the auxiliary process X̂ε

t . Next, by the construction of Ŷ ε
t and a time shift transformation, we have for any

fixed k and s ∈ [0, δ) the equalities

Ŷ ε
s+kδ = eAs/εY ε

kδ + 1
ε

kδ+s∫
kδ

eA(kδ+s−r)/ε(g(Ŷ ε
r

)
−Xε

kδ

)
dr

+ 1√
ε

kδ+s∫
kδ

eA(kδ+s−r)/εσ2
(
Xε

kδ, Ŷ
ε
r

)
dWQ2

r

= eAs/εY ε
kδ + 1

ε

s∫
0

eA(s−r)/ε(g(Ŷ ε
r+kδ

)
−Xε

kδ

)
dr

+ 1√
ε

s∫
0

eA(s−r)/εσ2
(
Xε

kδ, Ŷ
ε
r+kδ

)
dW ∗Q2

r , (5.3)

where W ∗Q2
t = WQ2

t+kδ −WQ2
kδ is the shift version of WQ2

t and hence they have the same distribution. Let
W̄t be a Wiener process defined on the same stochastic basis and independent of WQ1

t and WQ2
t . Construct

a process Y Xε
kδ,Y

ε
kδ by means of
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Y
Xε

kδ,Y
ε
kδ

s/ε = eAs/εY ε
kδ +

s/ε∫
0

eA(s/ε−r)(g(Y Xε
kδ,Y

ε
kδ

r

)
−Xε

kδ

)
dr

+
s/ε∫
0

eA(s/ε−r)σ2
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

r

)
dW̄r

= eAs/εY ε
kδ + 1

ε

s∫
0

eA(s−r)/ε(g(Y Xε
kδ,Y

ε
kδ

r/ε

)
−Xε

kδ

)
dr

+ 1√
ε

s∫
0

eA(s−r)/εσ2
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

r/ε

)
d ¯̄W

ε

r, (5.4)

where ¯̄W
ε

t =
√
εW̄t/ε is the scaled version of W̄t. By comparison, (5.3) and (5.4) yield

(
Xε

kδ, Ŷs+kδ

)
∼

(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
, s ∈ [0, δ),

where ∼ denotes coincidence in distribution sense. Set

J ε
k := E

∥∥∥∥∥
δ∫

0

(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

, 0 � k � �T0/δ
 − 1,

then we state the critical lemma, which will be used later.

Lemma 5.1. Suppose that Assumptions 1–3 hold, then there exists a constant C > 0 such that

J ε
k � Cδε, 0 � k � �T0/δ
 − 1. (5.5)

Proof. Let Qy denote the probability law of the diffusion process {Y x
t : t � 0} which is governed by differ-

ential equation

dY x
t = AY x

t dt +
(
g
(
Y x
t

)
− x

)
dt + σ2

(
x, Y x

t

)
dW̄t.

When its initial value is Y x
0 = y and we denote the solution by Y x,y

t . The expectation with respect to Qy

is denoted by Ey. Hence we have

Ey
(
ψ
(
Y x
t

))
= E

(
ψ
(
Y x,y
t

))
for all bounded function ψ. For more details on Qy the readers are referred to [29]. First we note that it is
easy to show that J ε

k < ∞, k = 0, 1, . . . , �T0/δ
 − 1. Let {ek}k∈N be an orthonormal basis of H. Then by
the Fourier expansion and the Fubini theorem, we see that

J ε
k =

∞∑
i=1

E

∣∣∣∣∣
δ∫

0

(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
− f̄

(
Xε

kδ

)
, ei

)
H
ds

∣∣∣∣∣
2

= 2
δ∫ δ∫ ∞∑

i=1
E
[(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
− f̄

(
Xε

kδ

)
, ei

)
H

(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

τ/ε

)
− f̄

(
Xε

kδ

)
, ei

)
H

]
ds dτ,
0 τ
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k = 0, 1, . . . , �T0/δ
 − 1. For i = 1, 2, . . . , define

Ji(τ, s, x, y) := E
[(
f
(
x, Y x,y

s

)
− f̄(x), ei

)
H

(
f
(
x, Y x,y

τ

)
− f̄(x), ei

)
H

]
.

It follows from the Markov property of Y x,y
t that

Ji(τ, s, x, y) = Ey
{
Ey

[(
f
(
x, Y x

s

)
− f̄(x), ei

)
H

(
f
(
x, Y x

τ

)
− f̄(x), ei

)
H

∣∣M x
τ

]}
= Ey

{(
f
(
x, Y x

τ

)
− f̄(x), ei

)
H
× EY x,y

τ
[(
f
(
x, Y x

s−τ

)
− f̄(x), ei

)
H

]}
for i = 1, 2, . . . , where M x

t denotes the σ-field generated by {Y x
r ; r � t}, EY x,y

τ [(f(x, Y x
s−τ ) − f̄(x), ei)]

means the function Eỹ[(f(x, Y x
s−τ )− f̄(x), ei)] evaluated at ỹ = Y x,y

τ . Therefore the Hölder inequality yields

∞∑
i=1

Ji(τ, s, x, y) �
{
Ey

∥∥f(x, Y x
τ

)
− f̄(x)

∥∥2} 1
2
{
Ey

(∥∥Eỹ
(
f
(
x, Y x

s−τ

))
− f̄(x)

∥∥2
ỹ=Y x,y

τ

)} 1
2 ,

which, with aid of (3.7), (3.10) and (3.11), implies that

∞∑
i=1

Ji(τ, s, x, y) � C
{
Ey

∥∥f(x, Y x
τ

)
− f̄(x)

∥∥2} 1
2
{
Ey

(
1 + ‖x‖2 +

∥∥Y x
s−τ

∥∥2) · e−η(s−τ)} 1
2

� C
(
1 + ‖x‖2 + ‖y‖2)e− η

2 (s−τ). (5.6)

Let Mε
kδ be the σ-field generated by Xε

kδ and Y ε
kδ, which is independent of {Y x,y

r : r � 0}. By adapting the
approach in [29] (Theorem 7.1.2) we can deduce from (5.6) and Lemma 4.1 that

J ε
k = 2

δ∫
0

δ∫
τ

∞∑
i=1

E
(
E
[(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
− f̄

(
Xε

kδ

)
, ei

)
H

(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

τ/ε

)
− f̄

(
Xε

kδ

)
, ei

)
H

∣∣Mε
kδ

])
ds dτ

= 2
δ∫

0

δ∫
τ

E

[( ∞∑
i=1

Ji(τ/ε, s/ε, x, y)
)∣∣∣∣∣

(x,y)=(Xε
kδ,Y

ε
kδ)

]
ds dτ

� C

δ∫
0

δ∫
τ

e−
η
2 (s−τ)/ε ds dτ

= 2ε
η

[
δ − 2ε

η

(
1 − e

δη
2ε
)]
,

which completes the proof. �
Lemma 5.2. Suppose that Assumptions 1–3 are satisfied. Then for any T0 > 0, we have

E sup
0�t�T0

∥∥∥∥∥
t∫

0

(
f
(
Xε

s(δ), Ŷ
ε
s

)
− f̄

(
Xε

s

))
ds

∥∥∥∥∥
2

� C

(
δ + ε

δ

)
, (5.7)

where C is a constant independent of (ε, δ).
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Proof. Notice that for any t ∈ [0, T0), there exists an nt = �t/δ
 such that t ∈ [ntδ, (nt+1)δ∧T0). Therefore,
we have representation in the form

t∫
0

(
f
(
Xε

s(δ), Ŷ
ε
s

)
− f̄

(
Xε

s

))
ds := I1(t, ε) + I2(t, ε) + I3(t, ε), (5.8)

where

I1(t, ε) =
nt−1∑
k=0

(k+1)δ∫
kδ

(
f
(
Xε

kδ, Ŷ
ε
s

)
− f̄

(
Xε

kδ

))
ds,

I2(t, ε) =
nt−1∑
k=0

(k+1)δ∫
kδ

(
f̄
(
Xε

kδ

)
− f̄

(
Xε

s

))
ds =

ntδ∫
0

(
f̄
(
Xε

s(δ)
)
− f̄

(
Xε

s

))
ds,

I3(t, ε) =
t∫

ntδ

(
f
(
Xε

ntδ, Ŷ
ε
s

)
− f̄

(
Xε

s

))
ds.

Concerning I2(t, ε), we have the inequalities

E sup
0�t�T0

∥∥I2(t, ε)∥∥2 � CE sup
0�t�T0

ntδ∫
0

∥∥Xε
s(δ) −Xε

s

∥∥2
ds

� C

T0∫
0

E
∥∥Xε

s(δ) −Xε
s

∥∥2
ds

� Cδ (5.9)

for T0 > 0, where the last inequality is due to (4.2). We proceed next to the estimation of I3(t, ε). Set

f̃(x) =
∫
H

yμx(dy), x ∈ H,

which, according to (3.9), possesses property

∥∥f̃(x)
∥∥2 � C

(
1 + ‖x‖2), x ∈ H, (5.10)

then

f̄(x) = −γx + f̃(x). (5.11)

For all T0 > 0, we have by (5.11) and Hölder’s inequality the estimate

E sup
0�t�T0

∥∥I3(t, ε)∥∥2 � δCE sup
0�t�T0

t∫
�t/δ�δ

∥∥Xε
�t/δ�δ −Xε

s

∥∥2
ds + δCE sup

0�t�T0

t∫
�t/δ�δ

∥∥Ŷ ε
s

∥∥2
ds

+ δCE sup
0�t�T0

t∫ ∥∥f̃(Xε
s

)∥∥2
ds. (5.12)
�t/δ�δ
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Let us denote by I1
3 (T0, ε), I2

3 (T0, ε), I3
3 (T0, ε) the three terms in the right hand side of (5.12), respectively.

We observe that

I1
3 (T0, ε) � δCE

{
max

kδ�t�(k+1)δ,
0�k��T0/δ�−1

t∫
kδ

∥∥Xε
kδ −Xε

s

∥∥2
ds

}

+ δCE

{
max

�T0/δ�δ�t�T0

t∫
�T0/δ�δ

∥∥Xε
�T0/δ�δ −Xε

s

∥∥2
ds

}

� δC

�T0/δ�−1∑
k=0

(k+1)δ∫
kδ

E
∥∥Xε

kδ −Xε
s

∥∥2
ds + δC

T0∫
�T0/δ�δ

E
∥∥Xε

�T/δ�δ −Xε
s

∥∥2
ds.

By (4.2), the above inequality yields

I1
3 (T0, ε) � δC

�T0/δ�−1∑
k=0

(k+1)δ∫
kδ

δds + δC

T0∫
�T0/δ�δ

δds

� Cδ. (5.13)

Repeating the same argument used in the estimation of I1
3 (T0, ε), it follows that

I2
3 (T0, ε) � δC

�T0/δ�−1∑
k=0

(k+1)δ∫
kδ

E
∥∥Ŷ ε

s

∥∥2
ds + δC

T0∫
�T0/δ�

E
∥∥Ŷ ε

s

∥∥2
ds. (5.14)

Note that we can easily deduce the auxiliary process Ŷ ε possess the property

sup
0<ε<ε0

sup
0�t�T0

E
∥∥Ŷ ε

t

∥∥2 � C

for some constant C > 0. Hence (5.14) yields

I2
3 (T0, ε) � Cδ. (5.15)

Using (5.10) and (4.1) we can deduce

I3
3 (T0, ε) � δCE sup

0�t�T0

t∫
�t/δ�δ

(
1 +

∥∥Xε
s

∥∥2)
ds

� Cδ2 + δC

T0∫
0

E
∥∥Xε

s

∥∥2
ds

� Cδ. (5.16)

Collecting together (5.12), (5.13), (5.15) and (5.16) we obtain

E sup
∥∥I3(t, ε)∥∥2 � Cδ. (5.17)
0�t�T0
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Concerning I1(t, ε), we can deduce

E sup
0�t�T0

∥∥I1(t, ε)∥∥2 = E sup
0�t�T0

∥∥∥∥∥
�t/δ�−1∑

k=0

(k+1)δ∫
kδ

(
f
(
Xε

kδ, Ŷ
ε
s

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

� E sup
0�t�T0

{
�t/δ


�t/δ�−1∑
k=0

∥∥∥∥∥
(k+1)δ∫
kδ

(
f
(
Xε

kδ, Ŷ
ε
s

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2}

� T0

δ

�T0/δ�−1∑
k=0

E

∥∥∥∥∥
(k+1)δ∫
kδ

(
f
(
Xε

kδ, Ŷ
ε
s

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

� T 2
0
δ2 max

0�k��T0/δ�−1
E

∥∥∥∥∥
(k+1)δ∫
kδ

(
f
(
Xε

kδ, Ŷ
ε
s

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

= T 2
0
δ2 max

0�k��T0/δ�−1
E

∥∥∥∥∥
δ∫

0

(
f
(
Xε

kδ, Ŷ
ε
s+kδ

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

= C

δ2 max
0�k��T0/δ�−1

E

∥∥∥∥∥
δ∫

0

(
f
(
Xε

kδ, Y
Xε

kδ,Y
ε
kδ

s/ε

)
− f̄

(
Xε

kδ

))
ds

∥∥∥∥∥
2

= C

δ2 max
0�k��T0/δ�−1

J ε
k .

Taking (5.5) into account, we can deduce that

E sup
0�t�T0

∥∥I1(t, ε)∥∥2 � C
ε

δ
,

which, taking into account (5.8), (5.9) and (5.17), gives

E sup
0�t�T0

∥∥∥∥∥
t∫

0

(
f
(
Xε

s(δ), Ŷ
ε
s

)
− f̄

(
Xε

s

))
ds

∥∥∥∥∥
2

� C

(
δ + ε

δ

)
.

The proof is completed. �
Lemma 5.3. Suppose that Assumptions 1–3 hold, then there exists a constant C such that

E sup
0�t�T0

∥∥X̂ε
t − X̄t

∥∥2 � C

(
δ + ε

δ

)
. (5.18)

Proof. For any t ∈ [0, T0] we write

X̂ε
t − X̄t =

5∑
i=1

Ai(t), (5.19)

where
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A1(t) =
t∫

0

(
f
(
Xε

s(δ), Ŷ
ε
s

)
− f̄

(
Xε

s

))
ds,

A2(t) =
t∫

0

(
f̄
(
Xε

s

)
− f̄

(
X̂ε

s

))
ds,

A3(t) =
t∫

0

(
f̄
(
X̂ε

s

)
− f̄(X̄s)

)
ds,

A4(t) =
t∫

0

(
σ1

(
Xε

s

)
− σ1

(
X̂ε

s

))
dWQ1

s ,

A5(t) =
t∫

0

(
σ1

(
X̂ε

s

)
− σ1(X̄s)

)
dWQ1

s .

Using Hölder’s inequality, the Burkholder–Davis–Gundy inequality and (4.4) we obtain

E sup
0�t�T0

∥∥A2(t)
∥∥2 + E sup

0�t�T0

∥∥A4(t)
∥∥2 � CE sup

0�t�T0

t∫
0

∥∥Xε
s − X̂ε

s

∥∥2
ds

� CE sup
0�t�T0

∥∥Xε
t − X̂ε

t

∥∥2

� Cδ. (5.20)

It is also easy to see that, for any u ∈ [0, T0], the estimation

E sup
0�t�u

∥∥A3(t)
∥∥2 + E sup

0�t�u

∥∥A5(t)
∥∥2 � CE sup

0�t�u

t∫
0

∥∥X̂ε
s − X̄s

∥∥2
ds

� C

u∫
0

E sup
0�r�s

∥∥X̂ε
r − X̄r

∥∥2
ds. (5.21)

Form (5.7), (5.19), (5.20) and (5.21), we have for all u ∈ [0, T0],

E sup
0�t�u

∥∥X̂ε
t − X̄t

∥∥2 � C

(
δ + ε

δ

)
+ C

u∫
0

E sup
0�r�s

∥∥X̂ε
r − X̄r

∥∥2
ds,

which, with aid of Gronwall’s inequality, yields

E sup
0�t�T0

∥∥X̂ε
t − X̄t

∥∥2 � C

(
δ + ε

δ

)
.

The proof is completed. �
With Lemma 4.3 and Lemma 5.3 in hand, we now formulate the main result in this paper.
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Theorem 5.1. Suppose that Assumptions 1–3 hold and X0, Y0 ∈ H, then we have the stochastic averaging
principle with convergence rate 1/2, that is,

E sup
0�t�T0

∥∥Xε
t − X̄t

∥∥2 = O(
√
ε ).

Proof. Thanks to (4.4) and (5.18) we obtain

E sup
0�t�T0

∥∥Xε
t − X̄t

∥∥2 � C

(
δ + ε

δ

)
.

Taking δ =
√
ε in above inequality, we get

E sup
0�t�T0

∥∥Xε
t − X̄t

∥∥2 � C
√
ε,

which completes the proof. �
Remark 5.1. It should be stressed that we have confined ourselves to the case the diffusion coefficient of
the slow variable do not depend on the fast variable, that is, σ1(x, y) = σ1(x). In fact, a simple example
(see [14]) can show that for slow-fast system, strong convergence does not hold where the noise coefficient
of the slow variable depends on fast variable.
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